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SMALL FUNCTIONS IN DISKS OF (C,
ALAIN ESCASSUT

ABSTRACT. Small functions were defined in complex analysis and next in ul-
trametric analysis. Order of growth and type of growth were also defined in
complex analysis and have a similar definition in ultrametric analysis. Here
we compare these two notions in the same way, on a complete ultrametric
algebraically closed field IK of characteristic 0 such as €,. Small functions
with respects to an entire function f were studied in several articles. Inside an
"open” disk, small functions also exist. After a general study, here we examine
how two analytic functions inside an open disk can share three small functions,
ignoring multiplicity and we give sufficient conditions proving that these two
functions are equal.

1. INTRODUCTION AND GENERAL PROPERTIES OF THE GROWTH

In complex analysis, a notion of small functions with respects to a ”"big” holo-
morphic function was introduced and particularly applied to the Nevanlinna the-
ory [2], [5]. On the other hand, as far as entire functions are concerned, a notion
of order of growth was also examined and led to another kind of small function.
These studies suggested symmetric studies in ultrametric analysis.[1], [3], [4], [6],
[7]. Then, inside an open disk of €, it is also possible to define an order of
growth and to make the same kind of work, defining small functions in a classical
way in an open disk F and then defining the order of growth in £ and comparing
the order of growth of two analytic functions in £. Thus, when 3 functions are
shared (ignoring multiplicity) by two functions, we can obtain criteria proving
that the shared functions are small and hence satisfy the hypothesis of known
theorems.

Notations and definitions. We denote by IK a complete algebraically closed
field of characteristic 0 such as €, and given a € IK and r > 0, we denote by
d(a,r) the disk {z € K |[x—a| <r} and. by d(a,r”) the disk {z € K |x—a| < r}.
More precisely throughout the paper, we put £ = d(0, R~) where R is a fixed
positive radius.

Given r1, 75 € IR such that 0 < r; < 79, we denote by I'(0, 7, r2) the annulus
{z € K r <|z| <ry}. We denote by Log the Neperian logarithm.

Now, we denote by A(FE) the IK-algebra of analytic functions in E i.e. the set
of power series >~ a,z™ converging in E and by A,(E) the set of f € A(E)
that are unbounded in F [4].

According to classical notations [4], given f € A(F) we put
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2 ALAIN ESCASSUT

|f|(r) = sup{|f(z)| | |z|] < r}, (0 < r < R) [4]. Then | .| is an ultrametric
multiplicative norm on A(E), and | f|(r) = lmyg—r |22 | f(2)] [4].

. o Log(Log(|f](r)))
Now, given f iA((f), :}f;d;e)f’;r)le p(f) = h:i]s%lip —Log(R—1))
5(f) = liminf —28 28U ),
P =l df = e (R — 1)
Next, if 0 < p(f) < +oo, we put o(f,r) = Log(|f|(r)(R — )"V, o(f) =
lim sup o(f,r)and o(f) = lirilli%r}fa(f, r). Then, p(f) is called the order of growth

r—R
of f, p(f) is called the lower order of growth of f, o(f) is called the type of growth.

of f.

On the other hand, for every r €]0, R[, if the set of the u > 0 such that
lirlr%l s(ry f)(R—r)* =0 is empty, we put 6(f) = +oo. Else, we then denote by
T

6(f) the lower bound of the u > 0 such that TEI]?_ s(r, f)(R—r)" = 0. Similarly,
if the set of the w > 0 such that rlirél_ Log(|f|(r))(R—1)* =0 is empty, we
put A(f) = 4+o00. Else, we denote by A(f) the lower bound of the v > 0 such
that TE%I, Log(|f|(r))(R—7r)*=0. And if 0 < p(f) < 400, we put ¥(f,r) =
s(r, f)(R —7)*%) and ¥(f) = limsupy(f,r). We call o(f) the cotype of growth

r—R~
of f.
A function f € A(F) is said to be regular if p(f) = p(f) and it is said to be

clean if o(f) = o(f).

We can now state some results on the function p [2]. Theorem (1.1) is easily
proved:
Theorem (1.1): Let f, g € A(E). Then

i) p(f +g) <max(p(f),p(g)) and if p(g) < p(f), then p(f + g) = p(f),
i) p(fg) = max(p(f), p(g))-

Theorem (1.2): Let f € A,(E). Then Vn € IN*, p(f™) = p(f). Let P € K[z].
Then p(P o f) = p(f).

Proof. Let n = deg(P). For r close enough to R, we have

Log(Log(|f(r))) < Log(Log(|P o f|(r))) < Log((n + 1)Log(|f[(r)))

= Log(n + 1) + Log(Log(| f|(r)))-
Consequently, the statement is immediate. 0

Definitions and notations: Given ¢ > 0, we denote by A,(E) the set of
functions h € A(F) such that p(h) < t. Given f,h € A(E), h is called a small

Log(|h
function with respects to f if lim og(|7l(r)) = 0 and we denote by A¢(E) the

r—&- Log(| f(r))
set of functions h € A(FE) that are small functions with respects to f. By Theorem

1.1 we have Corollary 1.3:
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Corollary (1.3): For anyt > 0, A(E) is a K-subalgebra of A(E).
Theorem (1.4): Let f(x) € A(E) be such that a(f) > 0. Then f is reqular.

Proof. Suppose first that p(f) # 0. Let a = o(f), and b = g. Then a =
lim}i%nf |£1(r) (R — r)PY) hence there exists R’ €]0, R[ such that

r—nT

Log(|f|(r)(R — 7)) > bVr €]R', R[, hence Log(| f|(r))(R — r)*Y) > b¥r >|R', R|

and hence
Log(Log(|f1(r))) + p(f)Log(R — 7) > Log(b) ¥r €|R', K.
Consequently,
Log(Log(| f|(r)))+ = (—p(f)Log(R2 — 1)) + Log(b) Vr €]R’, R],

e henee Log(Log(|f](+)) Loa(t
og(Log(|f|(r og
> p(f) + :
—Log(R —r) —Log(R —r)
When r tends to R, we can see that p(f) > p(f), hence f is regular. O

Corollary (1.5): Let f(x) € A(E) be clean and such that o(f) > 0. Then f

18 reqular.

Theorem (1.6) 33.9: Let f, g € A(E). Then o(fg) < o(f) + o(g). If
p(f) = p(g), then a(f) < a(fg). If p(f) = p(g), then max(a(f),o(g)) < o(fg).

Ifp(f) = plg) and o(f) > o(g) then o(f+g) = o(f). If p(f+9) = p(f) = p(9)
then o(f + g) < max(o(f),o(g))-

Proof. Letu=p(f), t = p(g) and suppose u > t. When r is close enough to R,

we have max(Log(| f|(r)), Log(|g|(r)) < Log(|f.g|(r)) = Log(|f|(r)) + Log(|g|(r))
and by Theorem 1.1, we have p(fg) = u. Therefore

o(fg) = limsup (Log(|f.g[(r) (R —)")

r—R~

< limsup (Log(| f|(r))(R — r)" )+hmsup (Log(lgl(r)(R —1)") = a(f) + a(g).

r—R~ r—R~

On the other hand,
o(f) = limsup Log(| f[(r))(R — r)* < limsup(Log(|fg|(r))(R —r)".

r—R~ r—+R~
le; p)(fg) = u, hence o(f) < o(fg). Particularly, if p(f) = p(g), then max(o(f),o(g)) <
a(fg).

Now, suppose again that p(f) = p(¢g) = u and suppose o(f) > o(g). Let u =
p(f), b=0(f). Thenb > 0. Let (r,)nen be a sequence such that lim,,, ;o 7, = R
and lirf (Log(| f|(rn))(R —1,)*) =b. Since o(g) < o(f), we notice that when

n—-+0oo

n is big enough we have |g|(r,,) < |f|(7,,). Consequently, when n is big enough,
we have |f + g|(rn) = |f|(r») and hence

(1) im(Log((f + gl(ra)) (R — 7)) = .



4 ALAIN ESCASSUT

By definition of o we have o(f +g) > lirf (Log(|f + g|(ra))) (R — 1,)?U+9 . By
n—-—+0oo
Theorem 1.1, we have p(f + ¢) < u, hence

o(f+g) > lim (Log(|f+g|(ra)))(B=ra)/*? > lim (Log(|f+g|(rn)))(R—ru)"
= lim Log(|f|(ra))(R — )" = o(f)

n—-+0o

therefore by (1), o(f + g) > o(f).
Finally, suppose now that p(f + g) = p(f) > p(g). Let u = p(f) and t = p(g).

Then,
o(f +g) = limsup(Log(|f + gl(r))) (K — r)*
< max (lim sup(Log([f[(r))) (R — r)*, limsup(Log(lg[(r))) (R — 7“)“)
r—R— r—R~
< ma (Tim sup(Log(|/|(r) (R—r)" lim sup(Log([ gl ())) (R=1)") = max(a (). (s)
which ends the proof. 0

Corollary (1.7) 33.10: Let f, g € A(E) be such that p(f) # p(g). Then
o(f+g) <max(a(f),o(g))-

Theorem (1.8): Let f(x) € A(E). Then As(E) is a IK-subalgebra of A(E).

Proof. Suppose first f € A(E) and let g, h € Af(E). Consider
r

Log(lg + h[(r)) < Log(lg|(r) + [h|(r))) < Log(|g|(r)) + Log(|[(r)). But by
hypotheses,

L Log(lgl(r) _ | Lo((Al())
r—k- Log(|f[(r))  r—r- Log(|f[(r))
hence g +h € Af(E).

Next, Log(|gh|(r)) < Log(|g|(r)|h|(r)) = Log(lg|(r)) + Log(|h|(r)) hence
_ Log(lghl(r)
r—r- Log(|f[(r))

which sows that gh € Af(E). Consequently, A;(E) is a subalgebra of A(E).
U

Theorem (1.9): Let f € A(E) be such that p(f) > 0. Then the IK-algebra
Az (E) s included in Ag(E).
Proof. Let g € A(E) be such that

P
Log(L
R/ < R SUCh that Og( Og(’f|(7’))) 2
—Log(R — )
r tends to R, we have

Log(Log(|g|(r))) _ Log(Log(|f[(r)))
—Log(R—r) — —Log(R—r)

hence Log(Log(|g|(r))) < Log(Log(|f(r))) — b(—Log(R — r)) therefore
Log(lgl(r)) < (Log(| fI(r)(R — )"

=0

=0

(9) = p(f) — b, with b > 0. There exists
p(f) —bVr e [R',R]. Consequently when

—b
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which leads to

This proves that g € A¢(E).
0

Remark 1: In other words, very small functions with respects to f are small
functions with respects to f. As shows Remark 2 below, the converse does not
hold in the general case.

Corollary (1.10):  Let f(z) € A(E) be regular. Then the IK-algebra J%(E)
is included in Ap(E).

Corollary (1.11): Let f(x) € A(FE) be such that o(f) > 0. Then .X,,(?)(E)
is a IK-subalgebra of A¢(E).

Corollary (1.12): Let f(z) € A(E) be clean and such that o(f) > 0. Then
App)(E) is a IK-subalgebra of As(E).

Theorem (1.13) 33.3: Let f € A(E) be clean, such that o(f) > 0 and let
h € A(E) be such that p(f) = p(h). Then h € Af(E) if and only if o(h) = 0.
Proof.  Let t = p(f). Since f is clean, we have

o(h) _ timsup, - Log((Hr)(R=1)' _ | Log((hl(r))

o(f)  lim,g- Log(|f](r))(R — )" r—r- 10g(|f](r))

o L Log(h|)
Now, h 1 Ay(E) if and only if 1 Tog(|FI(r))
ow, h lies in A;(E) if and only i 1:1113;13 log(f[(r))

=0, ie o(h)=0. O

|/1(r)

r

Thanks to the classical inequality |f’|(r) < [4], the following Theorem

1.14 is then immediate:

Theorem. (1.14) 33.5: Suppose IK has characteristic 0. Let f € A(E). Then
p(f") < p(f).

Remark 2: In a field of characteristic p # 0, certain analytic functions have a
null derivative. This is why we must suppose that IK has characteristic 0 in all
statement involving derivatives.

In complex analysis, many estimates were given concerning the growth order
of solutions of linear differential equations. Here, by and Theorems 1.1 and 1.14
33.5 we can immediately obtain Corollary (1.15) 33.6:

Corollary (1.15) 33.6: Suppose IK has characteristic 0. Consider the differ-
ential equation

(&) f"™ + an1(x) OV (@) + .. + ag(x) f(x) = 0
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with a; € A(E), 7 =0,...,n—1 and p(a;) < p(ag) Vj =1,...,n—1. Then every
non-trivial solution f of (£) satisfies p(f) > p(ao).

In [4], the following theorem is easily showed.

Theorem(1.16) 33.7:  Suppose IK has residue characteristic 0. Then for every
f € A(E) we have p(f') = p(f), 0(f") = 0(f), o(f') = o(f) and () = &(f).

Remark 3: Theorem (1.16) 33.7 does not hold in residue characteristic p > 0

because there exist functions f € A(E) such that p(f) > 0 and that f’ is bounded,
o pm

as shows the following example with R = 1: g(z) = Z T We can see
pm

m=0
that ¢'(x) = prm—l hence ¢’ is bounded and therefore p(¢') = 0. However,
n=0

consider the sequence (r,,)men defined as r,, = 1 — —. We can check that
pm
lg|(rm) > p™(r,)P", hence

1
Log(|g|(rm)) = m + p"Log(ry) = m + p™Log(1 — —).

M

When m is big enough, we have Log(l — p—m) > ;—,,2” hence

Log(lgl(ra)) = m—p" () =m 2.

Therefore, when m is big enough, we have

Log(Log(lg(rm))) _ Log(m—2) _ Log(m—2) p"
—Log(rm) 2 —Log(l _ me> plm = TLog(m — 2).

Thus, we have p(g) = +o0.

Theorem (1.17) 33.8: Let f € A(E). Then A(f) = p(f).

Proof.  First we will prove that p(f) < A(f). Obviously, we can assume that
A(f) < +oo. Let u be such that liI]I%l Log(|f|(r))(R—7r)*=0. Let us fix
r—I

e > 0. For r close enough to R, we have Log(|f|(r))(R — r)* < ¢, hence
Log(|f|(r)) < & _E et therefore
Log(Log(|f](r))) < Loge — uLog(R — r) hence

Log(Log(|f](r))) . Log(e)
(—Log(R —r)) — (~Log(R —r))

+ u,

and hence

. Log(Log(|f](r)))
lim sup =
r>r-  (—Log(R—7))
i.e. p(f) < u. This is true for every u such that lir]gl Log(|f|(r)(R—=7r)*=0
r—nT

and hence p(f) < A(f).
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On the other hand, we notice that, by definition of A(f), either A(f) = 0 and
then A(f) < p(), or

A(f) = sup{u €]0, +oo[ | limsup Log(|f|(r))(R —r)" > 0}.

r—R~

Thus, suppose that A(f) > 0. Let us take u €]0, A(f)[. We have a number b > 0
such that

lim sup(Log(|f|(r)(R — 7)) > b > 0.

r—R~

Let us fix € €]0, b]. There exists a sequence (7, )nen in |0, R[ such that lim r, = R

n—-+0o00

and such that, when n is big enough, we have b — e < Log(|f|(r))(R — )",
hence —uLog(R — r,,) + Log(b — €) < Log(Log(|f|(r))) therefore

Log(b—¢) _ Log(Log(/I(ra)
(=Log(R — 1)) = (=Log(R —1y))

L n
Consequently, lim sup og(Log(| f](ra)) > u, therefore p(f) > u. But this holds
n—-+00 <_L0g(R - Tn))

for every u < A(f). Thus, p(f) > A(f) and finally, p(f) = A(f). O

Remark 4: Let f € A(E) and g € Ay(F). Can we tell that g € A,y (E)?
Suppose that p(f) = 1 and consider a function h € A(FE) such that Log(\h\(r)) is

of the form w(r)Log(|f|(r)) with w(r) € [Log(LOg(|f|(T))) Log(LOg(|f|(,T)))]
and 0 < a < b. Then

Log(Log(|h|(r)))  Log(w(r)) + Log(Log(|f|(r))) ~ Log(w(r))

Log(Log((|f[(r))) Log(Log(| f|(r))) ~ Log(Log(| f](r))) .
and that belongs to
Log(a) — Log(Log(Log(|/[(r))) , ; 7 Log(b) — Log(Log(Log(If|(r))) 4 |

Log(Log(|f1(r))) Log(Log([f1(r)))

therefore

and hence p(h) = p(f).
On the other hand, by definition,

Log(|h|(r)) —w(r) € [ a b ]
Log(|f1(r)) Log(Log(|f1(r))) " Log(Log(|f[(r)))""

)

Log([|(r))

hence lim = 0 and hence h belongs to A;(FE).
AR Tog(71) e

Remark 5:  When f is not regular, a function h € .Zm\f)(E) does not always lie
in A¢(E). Indeed, suppose that p(f) — p(f) = 2b, with b > 0. We can construct
a function h € A(F) such that p(h) < p(f) — b and such that there exists a
sequence (7, )pen Where lim, ,p- 7, = R™, satisfying
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Log(Log(|(f](rn))) _ Log(Log([h|(rn))) _ Log(Log(lf](rs)))
Log(ry) - Log(ry) - Log(ry,)
So, we have

Log(Log(|f[(rn))) < Log(Log(|h|(rn))) < Log(Log(|f[(rn))) — bLog(rn)

hence Log(| f|(a)) < Log(|h|(r,) and hence 1 < —EZEE;?}E: g

—-b

which proves that
h ¢ A;(E), although h € A5 (E).

Corollary (1.18): Consider the differential equation
(&) F + an-a(@) f V(@) + .. + ag(2) f(z) = 0

with aj € A(E), 7 =0,...,n—1 and p(a;) < plag) Vj =1,....,n — 1. Then every
non-trivial solution f of (€) satisfies p(f) > p(ap).

Theorem (1.19) 33.4: Let f € A(E). Then ¢(fg) < ¥(f) + ¥(g). Moreover,
if p(f) = plg) then max(y(f), ¢ (g)) < ¢(f9g).

Proof.  Set p(f) =u, p(g) =t. Without loss of generality we can assume u > t.
By Theorem 1.1 we have p(f.g) = p(f) = u. Now, for each r > 0, we have

s(f.g,r) =s(r, f) + s(g,r) hence
¥(fg) = limsup(s(r, f)+s(g,7))(R—r)* < limsup s(r, f)(R—r)“+limsup s(g, 7)(R—r)"

r—R~ r—R~ r—R~

hence ¥(fg) < ¥(f) + ¥ (g). Now, suppose u = t. Then
U(fg) = limsup(s(r, f) + s(g,7))(R —r)* > limsup max(s(r, f), s(g,r)) (R — r)"

r—R~ r—R~

= max(¢(f), ¥(9))- U

Remark 6: Let f € A(E). Ifu > 6(f), then by definition, lirg s(ry f)(R—r)*=0.
r—R—
But if u < 0(f) then limsup s(r, f)(R — r)* = 400 because if lim sup s(r, f)(R — )" < 400,

r—R~ r—R~
’

we can find v €]u, 0(f)[ and then we can check that lim s(r, f)(R—1r)* =0, a

o r—R—
contradiction.

2. COUNTING FUNCTIONS AND APPLICATIONS

We can now examine the deep role of the order of growth. For convenience, we
need to define the counting function of zeros of an analytic function in the disk
E: let f € A(F). We denote by Z(r, f) the counting function of zeros of f in
d(0,7) defined in the following way.

Let (an), (1 < n < q(r)) be the finite sequence of zeros of f such that 0 <
la,,| < r, of respective order s,.

q(r)
We set Z(r, f) = max(wo(f),0)Logr + an(Logr — Log|a,|) and so, Z(r, f)
n=1
is called the counting function of zeros of f in d(0,r), counting multiplicity.
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In order to define the counting function of zeros of f ignoring multiplicity, we
put @ () = 0 if wy(f) = 0 and To(f) = 1 if wo(f) > 1.
Now, we denote by Z(f,r) the counting function of zeros of f ignoring multi-
plicity:
q(r)
Z(f,r) = wo(f)Logr + Z(Logr — Log|ay,|) and so, Z(f,r) is called the counting
n=1
function of zeros of f in d(0,1) ignoring multiplicity.
And we denote by Z°(f’,r) the counting function of the zeros of f’ that are
zeros of f — a, for any n < ¢(r). Now, by Theorem B 13 24 in [4], we have
Theorem 2.1:

Theorem (2.1) (2.1): Let f € A(E) and let r1,ry €]0, R satisfy r1 < rq. If f
admits exactly q zeros in d(0,ry) (taking multiplicity into account) and t different
zeros o, of respective multiplicity order m; (1 < j < t) in I'(0,ry,re), then f
satisfies

Z(ra, f) = Z(r1, f ng Log(r) — Log(la;])) + ¢(Log(rz) — Log(r1)).

Corollary (2.2): Let f(z) € A(d(0,R™)) be such that f(0) # 0, let r €]0, R|
and let a;, 1 < j < q be the zeros of f in d(0,7), of respective multiplicity m;.
Then

Z(r, f) = Log(|f(0) +Zma Log(r) — Log(|(a;1))-

Corollary (2.3): (Schwarz Lemma) Let D = d(0,s), let f € A(E). have
at least (resp. at most) q zeros in d(0,7) with ¢ > 0 and 0 < r < s. Then we

71(s) ) _ s,
Tt 2 G (resp 1y < Q)

have

Now we can prove the following Theorems 2.4 and 2.5:

Theorem (2.4) (1.20) 33.13: Let f € A(E) be such that, (f) < +oo. Then
o(f)=0.
Proof. Without loss of generality we can assume that f(0) # 0. Let us fix e > 0
and let R’ be such that Log(R) — Log(R') = €. Leq (a,)new be the sequence of
zeros of f, for each n € IN, let w,, be the order of a, and let r,, = |a,|. Now, let
u be the biggest integer n such that r,, < R' and for each r > 0, let m(r) be the
biggest integer n such that r, < r.

Let A, = > »_ow, and let B, = Log(|f(0)]) + > ._o wn(Log(R') — Log(ry,)).
Let us take r €|R’, R[. Thanks to Theorem 2.1, we can write

o(f, ) B-+ZTL4Wﬂma) Log(ra))
¢(f77n) A +Zn unn
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But by hypothesis, Log(r) — Log(r,) < € Vn > u, hence
U(f,’f‘) < BU + EZZL:(Z)JA wn‘
¢(f7 T) Au -+ 221:(2)+1 W,
Let us put ¢(r) = ZZL(Z)H wy,. Thus
o(f,r) _ Buteg(r)
w(.ﬁ T) N AU + ¢(T> .
But since f belongs to A(FE), it has infinitely many zeros in F, hence ¢(r) is an

increasing unbounded function tending to 400 when r tends to R. Consequently,
it is obvious that

. olfir)
lim =0.
r—R-(f,r)
Therefore, if limsup,_, - ¥(f,7) < +00, then o(f) = 0. O

Theorem (2.5) (1.23) 33.12: Let f € A(E) be such that p(f) < +oo. Then
O(f) —1<p(f) <O(f). Moreover, if 0 < (f) < oo, then p(f) = 06(f).

Proof.  We will denote by | . |, the Archimedean absolute value of IR. Let us
first choose u > 6(f). Then 111}21 s(ry f)(R —r)* = 0. Now, since 111}21 | fl(r) = +o0,
r—=Aan r—R~

we can take ¢ €]0, R[ such that |f|(¢) > 1. Then we can take b > 0 such that
s(ryf) <b(R—r)""Vrell,R|.
Now, taking r € [¢, R], by Theorem 2.4 we have
Log(| f](r)) < Log(|f[(£))) + s(r, f)(LOg(g))
which leads to
Log([f](r)) < Log(|f[(£))) + b(R — T)_“(Log(%))
hence

Log(Log(|1(r)) < Log(Log(|1(£))) + (1 — r)~*(Log(3)) )

therefore, by Lemma 1.17 33.11, we can derive
r

(1) Log(Log(|f](r))) < Log(Log(|f[(£))) 4 Log (b(R — )" (Log()) + 1>~

Now, since u > 0, there obviously exists h € [¢, R| such that b(R—r)* > 1 Vr €
[h, R~[, therefore by Lemma 1.17 33.11 again,

Log(Log(|f](r))) < Log(Log(|f[(£))) 4 Log (b(R — )" (Log(

1.e.

(2)
Log(Log(|f](r))) < Log(Log(\f\(5)))+L0g(b)—uLog(R—?‘)+L0g((L0g(%))+L0g(2)

r

€D+L%G+U
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Consequently, by (2), we obtain

Log(Log(/](r))) _ Log(Log(/1(£))) Log(b) Log(Log(f)+Log(2))

—Log(R—7r) ~ —Log(R—r) —Log(R—r) T T
We can check that
. Log(Log(71(0))) + Lo(b)

Log(Log(7) + Log(2))

r—R- —Log(R —r) ary 2 —Log(R — 1)
Log(L
and hence lim sup og(Log(| f|(r))) < u. Consequently, choosing ¢ > 0, there
r—R~ —LOg(R o T)
Log(Log(|f[(r)))

exists ' € [¢,1] such that < u+eVr € [u,R[ and hence

—Log(R — )
p(f) < u+ e. But since that holds for every u > 6(f) and for every € > 0, we
have p(f) < w and hence p(f) < 0(f).

Let us now show that p(f) > 0(f) — 1. By Theorem 2.4 we have
(3)
2 2 2 2

r r r r
Log(11(r)~Lo(If1() 2 u(’s. P)(Loa(r)-Loa(")) = (. 1) (Loa(R)~Log(r)).
Consider now a number v < 6(f) and a sequence (7,)new of 0, R[ such that
lim 7, = R and such that limsup s(r,, f)(R —r,)* > 0> 0. Then by (3) we

n—+00 n——4o00
have
b(Log(R) — Log(r,))

)
Consequently,
Log(Log(| f|(rs))) > Log(b)+Log(Log(R)—Log(r,)))—u(Log(R—7,)+Log(R+7,))+2uLog(R)

and therefore
Log(Log(|f](ra))) o Log(b) Log(Log(R) — Log(rn)) e | Log(R+7) + 2L0g(R)).

Log([f[(rn)) =

—Log(R—r,) — —Log(R—r1,) —Log(R —ry) —Log(R —ry)
Clearly,
. ( Log(b) ) ~ tm Log(R +rn) + 2Log(R) _ 0
n—+oo \Log(R — r,) n—r+00 Log(R —1y,)

and by elementary reasonings, we can check that
Log(Log(f?) — Log(t))

li =1
a2 Log(R —t) ’
therefore
L _
i Los(Log(R}) — Log(ra)) _
n—-+00 Log(R —13,)
Consequently,

. Log(Log(| f|(rn)))
1 >u—1
notey  —Log(R—r,) —
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and therefore
s L0811
r—R~ —LOg(R - T')
That holds for every u < 6(f) and shows that if 0(f) < +oo, then p(f) > 0(f)—1.
Next, if 6(f) = 400, then we would have p(f) = 400, which is excluded by
hypothesis since f € A(FE). Consequently, the inequality p(f) > 6(f) — 1 is
established.

Let us now show that p(f) > 6(f) when ¢(f) < +o0o. Suppose 8(f) > p(f) and
let u €]p(f),0(f)[. Then by Remark 1 we have limsup s(r, f)(R — r)* = +o00, but

r—R~

u— 1.

then limsup s(r, f)(R — 7)*Y) = 400, i.e. 1(f) = +o0, a contradiction. There-
r—R~
fore O(f) < p(f) and hence whenever ¥ (f) < 400, we have 6(f) = p(f). O

Theorem. 2.5 obviously suggests the following conjecture:
Conjecture: Let f € A(E). Then p(f) =0(f).

By Corollary 1 in [3] which is also Theorem C.9.19 in [4] we can state Theo-
rem (2.6) which is an easy consequence of the Nevanlinna Theorem on 3 small
functions for entire functions:

Theorem (2.6): Let f € A(IK) and let wy, wy € Af(IK) be distinct. Let S(r) =
max(Z(r,wy), Z(r,wy)). Then Z(r, f) < Z(r, f—w1)+Z(r, f—wy)+7S(r)+0(1).

Theorem (2.7): Let f € A,(FE) and let w; € A¢(E) (j =1,...,q) be q distinct
small functions with respects to f. Then

aZ(r.f) <2320, f = w)) + olZ(r, )

Proof. By Theorem 2.6, for every pair (i, j) such that 1 <1i < j < ¢, we have
Z(’f‘, f) S 7(T7f - wz) +7(Ta f - ’LU]') + O(Z(’f‘, f))
The number of such inequalities is then C’g. Summing up, we now obtain

1) CZr )< > Dl f—w)+ Z(r, f—wy) + o(Z(r, [)).

y L0 >

In this sum, for each index 4, the number of terms Z(r, f — w;) is clearly
C;_l = ¢ — 1. Consequently, by (1) we obtain

CqQZ(r, f)<(qg— 1)27(7"7f —w;) +o(Z(r, f))
and hence

gZ('r7 f) < ZZ(T,f — ’LUZ) + O(Z(Ta f))
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Theorem (2.8): Let f, g € A,(FE) be distinct and share q distinct small func-
tions ignoring multiplicity w; € Af(E)NAL(E) (j=1,...,q). Then

27(73 f—w) SZ0r,f—g)+o(Z(r, f))+0(Z(r,g)).

Proof.  Lat b be a zero of f — w; for a certain index i. Then it is also a zero

q

of g — w;. Suppose that b is counted several times in the sum Z?(r, f—w,),
j=1

which means that it is a zero of another function f —wj, for a certain index h # i.

Then we have w;(b) = wy,(b) and hence b is a zero of the function w; — wj; which

belongs to A;(E). Now, put Z(r, f —w;) = Z(r, f — w;) and for each j > 1,

let Z(r, f — w;) be the counting function of zeros of f — w, in the disk d(0,r7)

ignoring multiplicity and avoiding the zeros already counted as zeros of f —wy, for
q

some h < j. Consider now the sum Z Z(r, f —w;). Since the functions w; — w;,
j=1
belong to A¢(E), clearly, we have

D 2 f—wy) =3 Z(r, f = wy) = o(Z(r, f))

It is clear, from the assumption, that f(z)—w;(x) = 0 implies g(z) —w;(z) =0
and hence f(z) — g(xz) = 0. Since f — g is not the identically zero function, it
follows that

S 20 f —w)) < 20, f — ).

Consequently,
q

D2, f—wj) Z(r.f = g)+ olZ(r, f)) + o(Z(r, 9)).

OJ

Theorem 2.9: Let f, g € A,(E) be distinct and share q distinct small functions
ignoring multiplicity w; € Ap(E) N A (E) (j=1,...,q)
Then

M-

Z(r.f—wy) < Z(r, f = g) +o(Z(r, f)) + o(Z(r,9)).

1

J

Proof.  Suppose that f and g belong to A, (F), are distinct and share ¢ distinct
small functions LM. w; € Ay(E) N Ay (E) (j =1,...,q).

Lat b be a zero of f — w; for a certain index . Then it is also a zero of g — wj.
q

Suppose that b is counted several times in the sum Z Z(r, f — w;), which means
j=1
that it is a zero of another function f — wy, for a certain index h # i. Then
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we have w;(b) = wp(b) and hence b is a zero of the function w; — wy which
belongs to As(E). Now, put Z(r,f —w) = Z(r, f —w;) and for each j > 1,
let Z(r, f — w;) be the counting function of zeros of f — w; in the disk d(0,r7)
ignoring multiplicity and avoiding the zeros already counted as zeros of f —wy, for

q
some h < j. Consider now the sum Z Z(r, f —wjy). Since the functions w; — w;
j=1
belong to A¢(E), clearly, we have

D7l f —wy) =3 20 f = wy) = oZ(r, f).)

It is clear, from the assumption, that f(z)—w;(x) = 0 implies g(z) —w;(z) =0
and hence f(z) — g(xz) = 0. Since f — g is not the identically zero function, it
follows that

> Z(r, f —w) < Z(r, f — ).

Consequently,
q

S Z(r, f—wy) < Zr, f — g) + ol Z(r, f)) + o(Z(r, 9)).

=1

By Theorem (2.9), we can now deduce Theorem (2.10):

Theorem (2.10): Let f,g € A,(E) share 3 distinct small functions with re-
spects to f and g, ignoring multiplicity. Then f = g.

Proof.  We put V(r) = max(Z(r, f), Z(r,g)). Suppose that f and g are distinct
and share ¢ small functions LM. w;, (1 <j <gq).
By Theorem (2.7), we have

0Z(r.f) <2320 = w5) + o210 ).

But thanks to Theorem (2.9), we can derive

qZ(r, f) <2Z(r, f — g) + o(Z(r, [))
and similarly

qZ(r,g) <2Z(r, f — g) + o(Z(r, g))
hence ¢V (r) < 2Z(r, f —g)+o(V(r)) and hence ¢V (r) < 2V (r)+o(V(r)). which
is obviously absurd whenever ¢ > 3 and proves that f = ¢g when f and g. 0

The following Theorem (2.11 ) now is just a consequence of Theorem 1.11:

Theorem (2.11): Let f, g € A, (E) be such that 0 < p(f) < 400, 0 < p(g
1

) <
+o00 and share 3 distinct functions, ignoring multiplicity, h; € A(E), j=1,2,3
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such that p(h;) < min(p(f),p(g)). Then f = g and each h; is a small function
with respects to f.

Corollary (2.12): Let f, g € A,(E) be such that 0 < p(f) < 400, 0 < p(g) <
+o00 and share 3 distinct functions, ignoring multiplicity, h; € A(E), j =1,2,3
such that 8(h;) < min(p(f), p(g)). Then f = g and each h; is a small function
with respects to f.

And by Theorem (1.4), we have Corollary (2.13):

Corollary (2.13): Let f, g € A,(E) be regular, such that 0 < p(f) < 400, 0 <
p(g) < 400 and share & distinct functions, ignoring multiplicity, h; € A(E), j =
1,2,3 and such that max(p(h;) < min(p(f),p(g)). Then f = g and each h; is a
small function with respects to f.

Corollary (2.14): Let f, g € A,(E) be regular, such that 0 < p(f) < 400, 0 <
p(g) < +oo and share 3 distinct functions, ignoring multiplicity, h; € A(E), j =
1,2,3 and such that max(p(h;) < min((6(f),0(g9)) — 1. Then f = g and each h;

15 a small function with respects to f.

Corollary (2.15): Let f, g € A,(E) be reqular, such that 0 < p(f) < 400, 0 <
p(g) < 400 and share 3 distinct functions, ignoring multiplicity, h; € A(E), j =
1,2,3 and such that max(0(h;) < min((6(f),0(g)) — 1. Then f = g and each h;
s a small function with respects to f.

Corollary (2.16): Let f, g € AL(IE) be reqular, such that 0 < p(f) < 400, 0 <
p(g) < 400 and share 8 distinct functions, ignoring multiplicity, h; € A(E), j =
1,2,3 and such that max(p(hy) < min(p(f), p(g)) and that

Log(max(|ha|(r), |hs|(1))) < O(Log(|h1|(r))). Then f = g and each h; is a small
function with respects to f.

Theorem (2.17): Let f, g € A,(E) be clean, such that 0 < p(f) < +o0, 0 <
p(g) < +oo and share 3 distinct functions, ignoring multiplicity, h; € A(E), j =
1,2,3 such that p(f) = p(g) = p(h;), j = 1,2,3 and such that o(h;) =0, j =
1,2,3. Then f = g and each h; is a small function with respects to f.

Proof. Indeed by Theorem 1.12, each h; is a small function with respect to f and
g. Consequently by Theorem 2.10, f = g. 0

And by Theorem 1.13, we have Corollary 2.18:
Corollary (2.18): Let f, g € A,(F) be clean, such that 0 < p(f) < 400, 0 <

p(g) < +oo and share 3 distinct functions, ignoring multiplicity, h; € A(E), j =
1,2,3 such that p(f) = p(g) = p(h;), j =1,2,3 and such that (h;) < +oo, j =

1,2,3. Then f = g and each h; is a small function with respects to f.

Proof. Indeed, since ¢ (h;) = 0 and p(h;) # 0, by Theorem 2.4 we have o(h;) =
0. 0J
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Corollary (2.19): Let f, g € A,(F) be clean, such that 0 < p(f) < 400, 0 <
p(g) < 400 and share 8 distinct functions, ignoring multiplicity, h; € A(E), j =
1,2, 3 such that p(f) = p(g) = p(h1) and such that ¥ (hy) < 400 and that
Log(max(|ha|(r), |hs|(r))) < O(Log(|h1|(r))). Then f = g and each h; is a small
function with respects to f.

Proof. Indeed, since 1(h1) = 0 and p(hy) # 0, by Theorem 2.4 we have o(hy) = 0.
Next, ho, hz also are small functions. O
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