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Abstract. We are interested in imaging the interface between the concrete structure of hydroelectric dams and the rock
foundation using non-destructive seismic waves. We present a geophysical technique for processing seismic measurements
to obtain an image of the interface with metric resolution. The proposed technique is based on "Full Waveform Inversion"
with a shape optimization approach. Numerical results using synthetic measurements demonstrate the method ability to
accurately recover the interface with a limited number of measurement points and in the presence of noise.
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1. INTRODUCTION

In the context of studying the stability of hydroelectric dams, the ability to retrieve the shape of the contact between
the dam and the rock foundation is of a great importance. It represents a key factor for assessing the understanding of the
mechanical behavior of dams in relation with the pressure exerted by the retained water, and thus for identifying additional
margins regarding their stability.

To address this issue, subsurface imaging methods can be employed. Traditionally, geotechnical techniques, such as
core drilling are performed. However, this can be invasive in some cases and only provide specific and limited information,
making the extrapolation to the entire structure challenging.

The current approach under study involves exploring geophysical measurement techniques to obtain a non-destructive
2D image of the bottom of the excavation. This study concerns the case of gravity dams, since their shape can be
considered approximately invariant along their longitudinal direction.

Geophysical measurement techniques can provide additional information to geotechnical measurements and are cost-
effective. This would refine the knowledge of the interface geometry and limit the number of on-site drillings. We are
particularly interested in seismic imaging techniques.

On-site experiments for acquiring seismic measurements involve exciting the dam structure on its surface or generating
over-pressure in the water. Receivers are deployed on both faces to capture both direct and reflected waves. Immersed
receivers are positioned on the upstream side to capture water pressure.

Based on synthetic signals and measurements taken at an actual site, two processing techniques, namely Seismic
Reflection and Vertical Seismic Profile have been tested. However, this has not yielded satisfactory results. This highlights
the complexity of the problem, attributed in part to the intricate geometry of the structure. Consequently, conventional
processing methods are not suitable for this issue.

Therefore, to be able to image the concrete/rock interface with satisfactory spatial resolution, it is necessary to im-
plement more advanced techniques capable of faithfully considering the structure geometry and the complexity of the
resulting wave propagation modes.

In this work, we present an imaging method based on the "Full-Waveform Inversion" (FWI) technique as introduced by
Lailly (1983) and Tarantola (1984). Our approach involves modeling seismic wave propagation in the solid structure (the
dam and the underlying rock) and the water medium through an Elastic-Acoustic model solved using the Finite Element
Method (FEM). Additionally, we develop an inversion method incorporating geometric shape optimization techniques. In
this strategy, the gradient of the cost functional is computed using the method proposed by Cea (1986), while the formu-
lation for shape derivatives can be referenced from the book of Allaire and Schoenauer (2006). Numerical results applied
to simulated measurements demonstrate the method accuracy in retrieving the shape of the interface in two dimensions,
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showcasing its robust performance even with a limited number of measurement points and in the presence of noise.

2. Statement of the model problem

We describe the responses to excitation as solutions to frequency-domain wave propagation problems, which are
the linear elasticity problem in the solid medium, and the acoustics problem in the water medium (the reservoir), with
suitable transmission boundary conditions at the interface between the two media. The 2D computational domain is a
vertical section of the dam and the surrounding media (see Fig. 1), since the shape of gravity dams can be considered
approximately invariant along their longitudinal direction. The current model does not account for dissipation, and both
the dam and rock materials are assumed to be isotropic and homogeneous.

Figure 1: 2D schematic diagram for the considered excitations of the dam structure, the water and the rock foundation.

In the presence of water in the dam reservoir, two types of source are considered: g⃗s for an emerged source on the
emerged wall Γs, or gf for an immersed source in the water medium Ωf . In the on-site experiments these two types of
source are not activated simultaneously, so either g⃗s or gf is zero. We denote by Ωs+ the dam medium, Ωs− the rock
medium, and Σ the interface between the dam and the rock. The solid medium is represented by Ωs = Ωs+ ∪ Ωs− ∪ Σ.
The entire domain is denoted by Ω = Ωs ∪ Ωf . The wave propagation is described by the elasto-acoustic model, which
couples the linear elasticity equation for the displacement vector u⃗ in Ωs and the Helmholtz equation for the pressure p in
Ωf : 

∇ · σ(u⃗) + ρω2u⃗ = 0 in Ωs

∆p+ k2p = gf in Ωf

ρfω
2u⃗ · n⃗ = ∇p · n⃗ on Γsf

σ(u⃗)n⃗ = −pn⃗ on Γsf

σ(u⃗)n⃗ = g⃗s on Γs

σ(u⃗)n⃗ = 0 on Γs0

∇p · n⃗ = 0 on Γf0

u⃗|Ωs−
is outgoing

p|Ωf
is outgoing

(1)

In the elasto-acoustic system (1), σ(u⃗) is the stress tensor (which is a 2× 2 matrix) defined as follows:

σ(u⃗)|Ωs±
= Eijkluk,l,

Eijkl = µ±(δikδjl + δilδjk) + λ±δijδkl for i, j, k, l ∈ {1, 2},

uk,l =
∂uk

∂xl
,

(2)
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where we make use of the Einstein summation convention, δij is the Kronecker delta, µ± and λ± are the Lamé constants
of the dam concrete in Ωs+ and of the rock foundation in Ωs− . In the full solid region Ωs the physical parameters are
denoted without indexes as µ = µ+1Ωs+

+ µ−1Ωs−
and λ = λ+1Ωs+

+ λ−1Ωs−
(where 1A is the indicator function of

a set A). In the linear elastic equation, ∇· denotes the divergence operator for tensors, which is defined as the vector:

∇ · σ =

2∑
j=1

∂σij

∂xj
ei, for i ∈ {1, 2},

where ei is the elementary vector. In the acoustic equation, k represents the wave number in the water medium, and ρf is
the water mass density.

Two transmission boundary conditions are set on the interface between the solid and water media Γsf . We also
consider the following notation for the remaining boundary parts as described in Fig. 1:

Γs = ∂Ωs+ \ {Σ,Γsf}, Γs0 ∪ Γs− = ∂Ωs− \ {Σ}, Γf0 ∪ Γf− ∪ Γsf = ∂Ωf .

The outgoing condition is modeled using the PML (Perfectly Matched Layers) technique (see e.g. Michler et al. (2007)),
which is used to truncate the unbounded physical domain and solve an approximate problem posed on a bounded compu-
tational domain. Moreover, Dirichlet boundary conditions are added on the PML borders (u⃗ = 0 on Γs− and p = 0 on
Γf− ).

3. The inverse problem

To image the dam-rock interface we use a quantitative inversion algorithm: the Full Waveform Inversion (FWI)
method, which was first introduced in the work of Lailly (1983) and Tarantola (1984). It has been influenced by the
contributions of various geophysicists and researchers in the field of seismic inversion techniques.

This method relies on seismic or acoustic measurements, which, as a first validation step of our work, are constructed
numerically, using model (1). The interface shape is iteratively updated to minimize the cost functional that computes the
misfit between the (synthetic) measurements and those obtained by simulating the wave propagation models for a current
tentative shape (on a mesh different from the one used to construct the synthetic measurements). This shape optimization
process is performed by a gradient descent algorithm.

More precisely, given M source terms g1, . . . , gM (where this generic notation indicates any of the vector/scalar
sources g⃗s, gf of problems (1)), the inverse problem consists in determining the interface Σex from (possibly noisy)
measurements:

u⃗1
mes ≃ u⃗1(Σex)|Γms

, . . . , u⃗M
mes ≃ u⃗M (Σex)|Γms

,

p1mes ≃ p1(Σex)|Γmf
, . . . , pMmes ≃ pM (Σex)|Γmf

,

where Γms ⊂ Γs and Γmf ⊂ Γsf are the measurements locations. The interface Σex is approximated by solving a shape
optimization problem for a given set of admissible shapes U admissible:Find Σopt ∈ U admissible such that

Σopt = argmin
Σ∈U admissible

J(Σ),

where we consider the following objective functional:

J(Σ) =
1

2

M∑
i=0

∥u⃗i(Σ)|Γms
− ⃗ui

mes∥2L2(Γms)
+

1

2

M∑
i=0

∥pi(Σ)|Γmf
− pimes∥2L2(Γmf )

+ ηR(Σ). (3)

The objective functional (3) includes misfit terms denoted by Jd(Σ), contributing to identifying the optimal shape that
best aligns the synthetic measurement with the real measurement:

Jd(Σ) =
1

2

M∑
i=0

∥u⃗i(Σ)|Γms
− ⃗ui

mes∥2L2(Γms)
+

1

2

M∑
i=0

∥pi(Σ)|Γmf
− pimes∥2L2(Γmf )

, (4)

and a perimeter regularization term R(Σ) = |Σ|, weighted by the regularization parameter η ≥ 0. This regularization
contributes in smoothing the reconstruction of the interface by mitigating uncertainties arising from potentially noisy and
sparse data.

Shape optimization methods differ significantly from classical optimization techniques because they involve differen-
tiating with respect to the shape to compute the gradient of the functional, whose explicit expression can be challenging



M.A. Boukraa, L. Audibert, M. Bonazzoli, H. Haddar and D. Vautrin
Imaging a Dam-Rock Interface with Inversion of a Full Elastic-Acoustic Model

to obtain (see e.g. Allaire and Schoenauer (2006)). To derive the expression of the shape gradient, we employ the method
introduced by Cea (1986), which utilizes a Lagrangian technique as a tool to obtain shape derivatives without the need
for explicit computation. This method requires solving both a direct problem and an adjoint problem. For a given mesh
Ω with interface Σ, we denote (u⃗Ω, pΩ) the solution of the direct problem (1). Following Céa’s method, the adjoint state
(v⃗Ω, qΩ) is obtained by solving the following adjoint problem:

∇ · (σ(v⃗Ω)) + ρω2v⃗Ω = 0 in Ωs

∆qΩ + k2qΩ = 0 in Ωf

−v⃗Ω · n⃗ =
∂qΩ
∂n

−
(
pΩ|Γmf

− pmes
)

on Γmf

σ(v⃗Ω)n⃗ = ρfω
2qΩn⃗ on Γsf

σ(v⃗Ω)n⃗ = −
(
u⃗Ω|Γms − u⃗mes

)
on Γs

σ(v⃗Ω)n⃗ = 0 on Γs0

∇qΩ · n⃗ = 0 on Γf0

(5)

In our approach, we assume perfect knowledge of the geometry of the dam, as well as the physical parameters of each
material. Our inversion method relies on considering the shape of the interface as the sole unknown. Therefore, when
applying the shape derivative theorem (see e.g. Allaire and Schoenauer (2006)), we can choose a direction h⃗ supported
only on the interface Σ. The shape derivative of the misfit functional is then restricted only to Σ and is given by the
following integral:

J ′
d(Σ)(⃗h) =

∫
Σ

Re(j(Σ))⃗h · n⃗ ds,

where

j(Σ) =
(
Θ

+
(u⃗Ωs+

) : Θ
+
(v⃗Ωs+

)
)
−
(
Θ−(u⃗Ωs−

) : Θ−(v⃗Ωs−
)
)
− ω2

(
ρs+(u⃗Ωs+

· v⃗Ωs+
)

− ρs−(u⃗Ωs−
· v⃗Ωs−

)
)
,

Θ±(u⃗Ωs±
) = λΩs±

div(u⃗Ωs±
)Id + 2µΩs±

(
∇+∇t

)
(u⃗Ωs±

).

4. Inversion scheme

In this section, we describe the inversion scheme employed for imaging the interface. Additional hypotheses are
made on the admissible shapes of the interface: we assume that it can be determined by its height, meaning that it can
be represented by a function. More precisely, for a given set of points {xi}1≤i≤nΣ

within the interval I bounded by
the interface extremities (which are assumed to be known), and for some interpolation functions ϕ̂ = {ϕ̂i}1≤i≤nΣ , we
consider

U admissible =

{
Σ = {(x, f(x)), x ∈ I, f =

nΣ∑
i=1

ξiϕ̂i

}
.

Moreover, we only consider variations of the interface shape along the vertical component e⃗y of R2. Then, the direction
h⃗ has just a vertical component, which can be interpolated using the basis ϕ̂:

h⃗(x) =

nΣ∑
i=1

h⃗(xi)ϕ̂i(x)e⃗y.

Therefore, one can write J(Σ) ≡ J(Ξ) with Ξ = (ξ1, . . . , ξnΣ). For Ξ0 ∈ RnΣ , the gradient descent algorithm can be
written as:

Ξk+1 = Ξk − τ
(
∇ΞJd(Ξ

k) + η∇ΞR(Ξk)
)
, where τ > 0 is the descent step (6)

and the components of the gradient of the misfit terms are
∂

∂ξi
Jd(Ξ) =

∫
Σ

Re(j(Σ)) ϕ̂i (n⃗ · e⃗y) ds.
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5. Numerical results

To generate imaging results, we employed the Open Source finite element library FreeFEM, as introduced by Hecht
(2012). This tool served for generating the mesh of the computational domain, the numerical simulation of wave propa-
gation and for the implementation of the inversion scheme.

Figure 2 illustrates the wave propagation in both the dam and water media under two distinct source excitations, in the
presence of Perfectly Matched Layer (PML) regions. This simulation highlights the proper implementation of outgoing
conditions, showcasing the transition of waves to evanescent behavior upon entering PML layers, as well as the transition
between elastic and acoustic waves.

Source

(a) Excitation of the dam structure from a source in
the water.

Source

(b) Excitation of the dam structure from a source on
the dam crest.

Figure 2: Simulation of the horizontal response in the dam structure and water pressure under different excitations: (a)
Excitation from the water, (b) Excitation from the dam crest, in the presence of PML layers.

In the following reconstruction results, we present a zoomed-in section of the interface area for clarity as illustrated in
Fig. 3. Additionally, we initialize the algorithm with a straight line connecting the extremities of the interface, assumed
to be known. The mesh is dynamically updated at each iteration, by varying the interface based on the descent direction
given by equation (6). We propose two ways to evaluate the reconstruction error: first, by calculating the surface area
between the reconstructed and exact interfaces (referred to as "Error," expressed in m2), and second, by determining the
maximum difference gap between the two curves (referred to as "ErrorMax," expressed in meters).

Figure 3: Illustration of the zoomed-in section of the interface area, the considered initialization and the exact interface.

Figure 4 illustrates the numerical reconstruction of the dam-rock interface using a measurement configuration closely
resembling an on-site experiment. Thirteen sources were employed (5 on the upstream and downstream faces and 3 on
the crest) with 90 receivers on each side. Frequencies ranged from 100Hz to 300Hz in 50Hz increments. Three different
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noise levels (δ) were considered to simulate realistic on-site conditions. The evolution of the cost functional with respect
to the iteration is also presented for each noise level, providing insights into the inversion process.

Figure 4: Reconstruction of the interface from measurements obtained by 13 sources (5 on each side and 3 on the crest)
with 90 receivers on each side, using frequencies ranging from 100Hz to 300Hz in increments of 50Hz and for three levels
of noise δ.

The results in Fig. 4 demonstrate the method capability to provide a high-resolution image of the dam-rock interface
and its accuracy in retrieving the shape of the exact interface in the presence of noise.

Figure 5: Reconstruction of the interface from measurements obtained by a single source positioned on the crest with
different number of receivers positioned equitably at each side and using a single frequency of 150Hz, with a noise level
of δ = 3%.

The use of a single source and a single frequency yielded satisfactory results, as described in Fig. 5 for a source on the
crest and in Fig. 6 for a source in the water. These tests illustrate the reconstruction as the number of receivers decreases,
while maintaining a noise level of δ = 3%. This testing highlights the method robustness and efficiency even with even
with limited receiver configurations and a single frequency.

The positioning of receivers is tested in the experiment detailed in Fig. 7. At a constant number of receivers (5 at each
side), we vary their positions at the top, middle, and bottom on each side and using frequencies 100, 150, and 200Hz. The
outcomes reveal unsatisfactory reconstruction when the receivers are placed at the upper part of either side of the dam.

6. Conclusion

In this work, we have presented a method for processing geophysical measurements to construct a high-resolution
image of the dam-rock interface through the inversion of a full elasto-acoustic model. In initial tests on synthetic data, we
achieved satisfactory results, obtaining an interface close to the exact solution even with a limited number of measurement
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Figure 6: Reconstruction of the interface from measurements obtained by a single source positioned in the water with
different number of receivers positioned equitably at each side and using a single frequency of 150Hz, with a noise level
of δ = 3%.

Figure 7: Reconstruction of the interface from measurements obtained by a single source positioned on the crest, with
five receivers on each side, located at the top, middle, and bottom on each side, using frequencies 100, 150, and 200Hz,
with a noise level of δ = 3%.

points and in the presence of noise in the measurement. It is advisable to position receivers at the bottom of the upstream
and downstream faces for improved algorithm robustness. Ongoing work involves incorporating dissipation considera-
tions into the model and conducting sensitivity tests for various acquisition parameters (receiver positions, source points,
frequencies, noise levels, etc.). Future efforts will involve robustness tests for potential deviations from modeling assump-
tions or imprecise a priori information. Estimation of parameters, such as material characteristics, and application to real
on-site measurements, will be explored.
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