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NEW PROPERTIES ON THE GROWTH OF ULTRAMETRIC
ENTIRE FUNCTIONS AND APPLICATIONS

ALAIN ESCASSUT

ABSTRACT. Let IK be a complete ultrametric algebraically closed field and let
f be an entire function in IK whose order of growth is finite. We show that the
type of growth is finite if and only if so is the cotype. We give bounds for the
cotype of growth and also for the lower cotype of growth. We show that the
type of growth of f is equal to its lower type if and only if its cotype is equal
to its lower cotype and when these are realised, then the cotype is the product
of the type by the order of growth and the order of growth (if > 0), is then
equal to the lower order of growth.

If an entire function h has an order of growth strictly inferior to the lower
order of an entire function f, then A is a small function with respect to f. A
similar comparison is made with the type of growth. Conversely, if h is a small
function with respect to f, then f + h and f have same order, same type and
same cotype of growth. Links are showed with the Nevanlinna Theory.

Suppose that IK is of characteristic 0. Given a meromorphic function f = £,
if f admits primitives and if the type or the cotype of h is finite, then f assumes
all values infinitely many times.

A counter-example is constructed where the lower order of growth is equal
to the order of growth but the lower type of growth is not equal to the type
of growth and where the the cotype is not equal to the product of the type by
the order of growth.

In complex analysis, a claim was made for complex meromorphic functions
stating that if the lower order of growth equals the order, then the lower type
equals the type but we contest the proof.

I. Introduction and main results

Notations and definitions: Let IK be a complete ul-
trametric algebraically closed field whose absolute value is
denoted | . | and let |IK| = { |z|, = € IK}. Given r > 0,
we denote by d(0,7) the disk {z € K | |z|] < r}, by
d(0,r7) the disk {x € K | |z|] < r} and by C(0,r) the
circle {z €e K | || =71} .

92000 Mathematics Subject Classification: 12J25; 30D35; 30G06.
YKeywords: p-adic entire functions, order and type of growth
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2 ALAIN ESCASSUT

Let A(IK) be the IK-algebra of entire functions with co-
efficients in IK and let M(IK) be the field of meromorphic

functions %, g, h € A(K).

Let f € M(IK). For each r > 0, | f(z)] is known to have
a limit | f|(r) when |z| tends to r while being different from
r and then | £1(r) = sup{|f(z)] | J2] < 7} [6], 5.

We denote by s(r, f) the number of zeros of f in d(0, 1),
each counted with its multiplicity and we denote by t(r, f)
the number of poles of f in d(0,r), each counted with its
multiplicity.

We denote by Log the Neperian logarithm and by e the
number such that Log(e) = 1. Let f € A(K). As in
complex analysis [11], we define

Log(Log(f|(r)]))

p(f) = limsup

e LLOQ(T)
pLf) = liminf %/ Lo(f;(\g\ (r))
and if 0 < p(f) < 400, we put
Log(|f|(r)

O-(f’ T) - rp(f> ’
o(f) =limsupo(f,r),

- rTeo
o(f) =lminfo(f,r),
Moreover, assuming again 0 < p(f) < +oo, here we put
s(r, f , s(r, f
w(f.r) = 2 ) = timsup 205
o) M SUD = Sy

and §(f) = liminf 20L)

r—-400 rp(f)
p(f) is called the order of growth, p(f) is called the lower

order of growth, o(f) is called the type of growth, o(f) is
called the lower type of growth, ¥(f) is called the cotype

of growth, ¥(f) is called the lower cotype of growth.
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A value b € |IK| is called a quasi-exceptional value of a
meromorphic function f € M(IK) if f — b has finitely many
7€108,

Theorem 1 is easy:

Theorem 1: Let f, g € A(KK). Then p(fg) = max(p(f), p(g))
and p(f") = p(f) ¥n € N. Moreover p(f+g) < max(p(f), p(g))-

Corollary 1.1:  The set of functions f € A(IK) of order
<t s a semi-group.

We will now state the following Theorem 2:

Theorem 2: Let f € A(IK) be such that 0 < p(f) <
+o0o. Then o(f) < +oo if anf only if ¥(f) < +oo. Sup-
pose that these hypotheses are satisfied. Then

p(Fo(f) < 0(f) < p(h)(eolf) = 5(h))

and
o050 - ) <3 < ot

Further, the hypotheses o(f) = a(f) and ¥(f) = &(f)
are equivalent and if they are satisfied, then ¥(f)

p(flolf).

Corollary 2.1: Let f € A(K) be clean. Then (f) =
p(f)o(f)-

Remark 1: In (3] asin [6], it was proved that p(f)o(f) <

Y(f) < (f)( o(f)—ol(f )) and that each hypothesis
)

a) o(f)=a(f),
b) e(f) =v(f),
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implies ¥(f) = p(f)o(f), but it was not proved that the
two hypotheses are equivalent.

Remark 2: The equality ¥(f) = p(f)o(f) holds because
o(f,r) was defined with help of the Neperian logarithm.

Definition: A function f € A(IK) is said to be regular if
p(f) = p(f) [11] and f is said to be cleanif 0 < p(f) < 400

and o(f) = 5(f).

Let us recall here the following Theorem A from [9] and
3):

Theorem A: Let f(x) = Z bpz" € A(KK) be such that
n=0

0 < p(f) < +oo. Then ea(f)p(f) = limsup (n4/|b,|?)).

n—-+o0o

Now Corollary 2.2) is an immediate consequence of Theo-
rem 2 and Theorem A:

Corollary 2.2: Let f(z) = anx" c A(K) be such
n=0

that 0 < p(f) < +00. Then

p(No(f) < o(f) < limsup (n{/1ba|?)) — p(f)F(f)

n——+00
and if f 1s clean, then

limsu n /b, |°\f)
() = s (VL)

Theorem 3: Let f, g € A(K) be such that p(g)
p(f) < 400 and max(o(f),0(g) < +o00. Then, o(fg)

<
<
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o(f)+alg). If p(f) > plg) then o(fg) = o(f). If | is
clean and such that p(f) > p(g), then fg is clean. If f

and g are clean and if p(f) = p(g), then fg is clean, and
o(fg) =o(f)+olg) and ¢(fg) = (f) +(g).

Corollary 3.1: The set of clean functions f € A(IK)
is a multiplicative semi-group. The set C(t),.) of clean
functions f € A(IK) of order t is a submultiplicative

semi-group and o and Y are semi-group morphisms from
(C(t),.) into (RT, +).

Corollary 2.1 suggests a question:

Question 1:  Let f(x) = Z bya" € A(K) be such that
n=0

0 < p(f) < 4o00. Do we have

im su n /b, |Pf)
o F)ot) = i) = NP (V1)

when f is not clean? The answer is presented through a
counter-example at the end of the article.

Theorem 4 is easy:

Theorem 4: Let f € A(IK) be such that 0 < p(f) <
+oo and o(f) > 0. Then f is reqular.

Corollary 4.1: Let f € A(K) be clean, such that 0 <
p(f) < 400 and o(f) > 0. Then f is regular.

Now, from Theorem 2, we will deduce the following Theo-
rem 5:

Theorem 5: Suppose that IK is of characteristic 0. Let
f e M(IK)\ K(z), admitting primitives, be of the form



6 ALAIN ESCASSUT

% with g, h € A(IK) and be such that 0 < p(h) < +00
and (h) < +o0o. Then f has no quasi-exceptional value.

By Theorem 2 we deduce immediately this corollary:

Corollary 5.1: Suppose that IK s of characteristic 0.
Let f € M(IK) \ K(z), admitting primitives, be of the
form % with g, h € A(IK) and be such that 0 < p(h) <

+o00 and o(h) < +o00. Then f has no quasi-exceptional
value.

Corollary 5.2: Suppose that IK s of characteristic 0.
Let f € M(IK)\IK(x), be of the form { with g, h € A(IK)
and be such that 0 < p(h) < +o0 and o(h) < +oco. If
f has a quasi-exceptional value, then it has a non-zero
residue.

Corollary 5.3: Suppose that IK s of characteristic 0.
Let f € M(IK)\K(x), be of the fO?“m% with g, h € A(K)
and be such that 0 < p(h) < +00 and o(h) < +00. Then
f" has no quasi-exceptional value.

Proof: 1Indeed, since p(h) < +oo and o(h) < 400, we
have p(h?) < +o0 and o(h?) < +oo and hence Corollary
5.1 applies to f.

Let us recall the definition of small functions, applied to
entire functions.

Definition: Let f, h € A(IK). The function h is said to

. . .. . Log(|h|(r))
be a small function with respect to fif lim = 0.
r—+o0 Log(| f|(r))

(A more general definition is given for meromorphic func-
tions that we will not use here.)
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Given three functions f, g, h € A(IK), f and g are said to
share h, ignoring multiplicity, if the equality f(x) = h(z)
is equivalent to the equality g(x) = h(x).

Now we can state Theorem 6:

Theorem 6: Let f, h € A(K) be such that be such

that 0 < p(f) < +oc and p(h) < p(f). Then h is a small
function with respect to f.

Corollary 6.1: Let f, h € A(K), be such that f is
reqular and 0 < p(f) < +oo and p(h) < p(f). Then h is
a small function with respect to f.

Theorem 7: Let f, h € A(K) be such that p(h) =
p(f), 0 < p(f) < +oo and o(h) =0 < o(f). Then h is a
small function with respect to f.

Corollary 7.1: Let f, h € A(K) be such that p(h) =
p(f) be such that 0 < p(f) < +oo. If f is clean, and if
og(h)=0<a((f), then h is a small function with respect

to f.

Moreover, we notice that when r is big enough, in each
disk d(0,r), the number of zeros of f + h equals this of f,

therefore ¥(f + h) = ¥ (f).

In [5] the following Theorem B was given and it will be
useful now. It is also a consequence of results of [10].

Theorem B: Suppose that IK is of characteristic 0. Let
f, g € A(K) share 3 small functions hy, hy, hs € A(IK),
wgnoring multiplicity. Then f = g.
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Now Corollary 7.2 is an immediate consequence of Theo-
rem 6 and Theorem B.

Corollary 7.2: Suppose that IK s of characteristic 0.
Let f, g € A(IK) share hy, ho, hy € A(IK), ignoring mul-

~

tiplicity, such that maxi<j<s(p(h;)) < min(p(f), p(g)).
Then f = g.

And by Theorem 7, we have Corollary 7.3:

Corollary 7.3: Suppose that IK is of characteristic 0.
Let f, g € A(IK) share hy, ho, hy € A(IK), ignoring mul-
tiplicity, such that p(h;) = p(f) = plg), j = 1,2,3,
oh;) =0, j =1,2,3 and 0 < min(o(f),o(g)). Then
f=g9.

Theorem 8: Suppose that IK is of characteristic 0. Let
f € A(K) and let h € A(IK) satisfy ||h|(r) < |f|(r) Vr >
R, for a certain R > 0. Then p(f+h) = p(f), o(f+h) =

o(f) and ¥(f + h) = P(f).

Corollary 8.1: Suppose that IK is of characteristic 0.
Let f € A(K) and let h € A(K) be a small function with
respect to f. Then p(f+h)=p(f), o(f+h)=0o(f) and
W(f+h)=(f)

Theorem 9: Suppose that K is of characteristic 0. Let
f € A(K) be such that 0 < p(f) < +o0o. Then p(f') =
p(f), a(f)y=oa(f). Moreover, if f is clean, then ¥ (f") >
() and if ' is clean, then (') < ¥(f).

Corollary 9.1: Suppose that IK is of characteristic 0
Let f € A(IK) be such that 0 < p(f) < +oo. If f and [’

are clean, then W(f") = (f).
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By Theorem 9, we can immediately derive Question 2:

Question 2: Suppose that IK is of characteristic 0. Let
[ € A(K) be such that 0 < p(f) < +oo. Do we have

() = o(f)?

In (3], the first statament of Theorem C is proved.The sec-
ond statament is easy:

Theorem C: Suppose that IK has residue characteris-
tic 0. Then for every f € A(KK) such that 0 < p(f) <
+o0, we have Y(f") = w(f). Moreover, if f is clean, so
is f.

Question 2, in the general case, then seems natural, as

suggested in [2] and [3]. However, by Theorems 2 and 7, we
can write Corollary 9.2:

Corollary 9.2: Suppose that IK is of characteristic 0.
Let f € A(IK) 0 be such that 0 < p(f) < +o00. Then,

(W) = ()]s < p(f)l(e = Da(f) = a(f)]

In order to prove Theorem 10, we need to recall. the second
Main Nevanlinna Theorem for p-adic entire functions (. for
example. Theorem C.4.24 in [6]) and first, we will. need the
counter functions of zeros for an entire function.

Here we will choose a presentation that avoids assuming
that all functions we consider admit no zero and no pole at
the origin.

Question 3: If an entire function f € A(IK) is clean, is
f" clean too? In residue characteristic p > 0 the answer is
probably "no”.
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Definitions: Let f € A(IK) We denote by Z(r, f) the
counting function of zeros of f in d(0,r) defined in the fol-
lowing way.

Let wo(f) be the order of multiplicity of 0 if it is a. zero of
f and let wy(f) = 0 else.

Let (a,), (1 <n <q(r)) be the finite sequence of zeros of
f such that 0 < |a,| < 7, of respective order s,,.

q(r)
Weset Z(r, f) = max(wy(f), O)Logr—i—z sp(Logr — Logla,|)

n=1
and so, Z(r, f) is called the counting function of zeros of

f in d(0,r), counting multiplicity.

In order to define the counting function of zeros of f ig-
noring multiplicity, we put wy(f) = 0 if we(f) = 0 and
@(f) = Lif wn(f) > L

Now, we denote by Z(r, f) the counting function of zeros
of f ignoring multiplicity:

q(r)
Z(r, f) = w_o(f)LongrZ(Lagr — Log|a,|) and so, Z(r, f)

n=1
is called the counting function of zeros of f in d(0,7) ig-

noring multiplicity.
And we denote by Z°(f’ r) the counting function of the
zeros of f’ that are zeros of f — a,, for any n < g(r).

Theorem N: Suppose that IK is of characteristic 0.
Let f € A(K) and let ay, ...,a, € K. Then

(= Log(11)r)) < 3200 f=a)= 27~ Log(r)+O)
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Theorem 10: Suppose that K is of characteristic 0.
Let f € A(K) be such that 0 < p(f) < 400 and let
ai,...,a, € K. Then

|
(q—V)o(f) < limsup (—= >~ Z(r f —a) = 2°(f'7)).

r—-+00
1=1

Corollary 10.1: Suppose that IK is of characteristic
and let f € A(K) be clean. Let ay,...,a, € IK. Then

(0= o(f) < lmint (=5 3" Z0r, £ = a) = 2°077)).

r—400

and

(g — DY(f) < liminf (&f% 27(7“, f—a)—2°f, 7“))

Theorem 11: Suppose that K is of characteristic 0.
There exist reqular non-clean functions f € A(IK) such

that ¥(f) > p(f)o(f).

II. Proofs of theorems

Proof. of Theorem 1: All conclusions are easy except

that p(fg) = max(p(f),p(g)). 1t is clear that p(fg) =
max(p(f), p(g)). since [fg|(r) = |f|(r)]gl(r). Now, let ¢ =
max(p(f), p(g). Then there exists a function w defined in

R, of limit 0 at oo, such that £ ([LOOZ %‘(T))) < t+w(r)and

LOQ(i‘;z((L?)‘(T))) <t + w(r). Hence, we have

Log(I£1(r)) < *0), Log(|g|(r)) < rt+)
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hence

Log(| f|(r)) + Log(|g|(r)) < 2r"*)
therefore

Log(Log(||(r)+Log(g](r)) < Log(2)+(t-+w(r)) Log(r)

hence,

Log(Log(11(r))+Log(g](r)) ) < Log(2)+(t+w(r)) Log(r)
hence

Log(Log(|f|(r)-gl(r))) _ Log(2)
Log(r) — Log(r)

+t+w(r)

and hence

i sup 09(Log 171 0l r) _

P00 Log(r) -
Consequently, p(fg) < max(p(f), p(g)), which ends the
proof.

In the proof of Yheortem 2, we will use the following
Lemma 1 that is classical [6]:

Lemma 1: Let f(z) € A(K)) be such that f(0) # 0,
let v €]0, R[ and let a;, 1 < j < q be the zeros of f in
d(0,7), of respective multiplicity m;. Then

Log(|(f|(r)) = Log(| f(0) +Zmy Log(r) — Logla;l).

Proof. of Theorem 2: quad Without loss of generality
we can assume that f(0) = 1. Let u = p(f). Let (ay,)nen be
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the sequence of zeros of f with |a,| < |a,11|, n € IN and for
each n € IN, let w,, be the multiplicity order of a,,. For every
r > 0, let k(r) be the integer such that |a,| < r Vn < k(r)
and |a,| > r ¥Yn > k(r). Then by Lemma 1, Log(|f|(r))

k(r)
is of the form an(Log(r) — Log(|ay|)) hence, we have
n=0
o(f,r)= 2n=0 Wnl 0952) og(\an\)). In the same way,
r

for any » > 0 and n € IN, we put ¢, = |a,|, ¥(f,r) =
s(r, f)

rﬂ(f) .

We first show the inequality p(f)o(f) < ¥(f). By defini-

tion of o(f,r) we can derive

wn(Log(r) — Log(cn)

k(re=®) _
wy, (Log(r) — Log(re™®)
ofy = Y ntbostr) = Legtre )
n=0
L~ wa(Log(re™) — Log(cy)
n=>0 r k(re=@)<n<k(r)
hence
o)<y Celbeslr) — Logtre™)
n=0 r
k(re=?) _
w, (Log(re™*) — Log(c, n
n ( 9( ) 9( )) La Z w_u’

Tu

)
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because Log(r) — Log(c,) < a Vn € [k(re™®), k(r)] N IN.
Consequently,

k(re=?) k(re™9) _
" wy, (Log(’re @) — Log(cn))
< “n

therefore

k(r) k(re=?) _

n L “)—L n
o(fr) < —Z N w ( og(re 3 og(c ))

n=0 r n=0 T
hence

k(re™®) _

Cunr wy(Log(re™) — Log(cy,)) n.
o <o S Bl tosa)) 5
n=0 0<n<k(r)

Thus we have

(1) o(f,r) < e "o(f,re”) +ap(f,r).
Suppose first that o(f) < 4+00. We check that we can
pass to superior limits on both sides, so we obtain o(f) <
1 — e ue
e "o(f)+ ap(f) therefore a(f)( ") < (f). That

holds for every a > 0, hence by de I'Hopital’s theorem, we
can derive

(2) (f) = p(fo(f).
Now by (1), we have

o(f,r)(1 —e™) < ap((r, f),
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hence passing to inferior limits on both sides, we deduce

Ff) —e o)) _ -

- < (f)
hence
u(o(f) —e "a(f)) < 3(f)
therefore when au = 1?%\76 obtain
3) oD - 2 < 3.

€

We will now show the inequality

(f) < p(f)lea(f) = alf))-

Let us fix a > 0. We can write
k(re=®)

wn(Log(r) — Log(re™"))
o(fr)= ) —
n=0
k(re=?) —a
N wj(Log(re™®) — Log(ca)) w;j(Log(r) — Log(c;))
j=0 r k(re=®)<j<k(r) r
hence
k(re=%) k(re=®) N
O'( ,T) > _;L 4+ wj(Log(re 2_ LOg<Cn))
0 =0 r
hence
(4) (
k(re™?) k(re=?) _
—ux Wn —uQ wn(Log(re a) o L09<Cn>)
U(f’ T) = Qe Z (re—a)u—i_e (7”6_0‘)“
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and hence
(5)  o(f,r) > ae " Y(f,re” ) + e “Ya(f,re ).
Therefore, we can deduce
ae ““Y(f) <limsup (a(f, r)—e “ol(f, 7“6_0‘))>
r—+00

and therefore

(6) ae”"P(f) < o(f) —e "a(f)).
That holds for every a > 0 and hence, when ua = 1, by
(6) we obtain

(7) U(f) < p(f)(ea(f) =5 (f))

which is the left hand inequality of the general conclusion.
Particularly, we notice that when o(f) < 400, then ¥ (f) <
+00. Now, on (4) we can also take the inferior limit on both

sides and we deduce

F(f) > ae " Y(f) + e "F(f)
therefore B
ae "P(f) < o(f)(L—e ™).

Then when ua tends to 0 we have

~

(3) (f) < p(fa(f).

Now, on (4) we can also take the inferior limit on both
sides and we deduce

F(f) > ae™"Y(f) + "G (f)

therefore

ae " Y(f) <F(f)(L—e ).

Then when ua tends to 0 we have

(3) D(f) < pl)F(f).
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Now, suppose that o(f) = +00. We can find an increasing
sequence 1, of limit +o00 such that
o(f,rn) = sup{a(f,r) | r < r,}, n € IN. Consider (1)
when min(o, ua) > 1. Then o(f,r,e™®) < o(f,7),, hence
of course

(1—e " "Yo(f,rne®) < (1 —e "“Ya(f, )

and hence o(f,r,) —e "o(f,rne™) > (1 —e "a(f, ),
therefore (1 — e ™o (f,r,) < Y(f,r,), which proves that

B(f) = +oc.
Thus, o(f) < 400 is equivalent to ¥(f) < +o00. Conse-

quently, Relations (2), (3), (5), (7), (8) still apply and hence
hold as soon as o(f) < +o0 or ¥(f) < +oo.

Now suppose that ZZ(f) = (f). Then we have

p(flo(f) < o(f) < p(f)a(f)
therefore o(f) = a(f), since p(f) > 0.

Conversely, suppose that o(f) = o(f). Then by (6) we
ua
have (f) < U(f)(6 ) That holds for every oo > 0

and then, ¥(f) < uo(f), ie. ¥(f) < p(f)o(f), hence by
(2) we have, (f) = p{ f)o(f)
But now, by (1), we see that

ay(f,r) = ol(f,r)—e “o(f,re™)
hence, passing to the inferior limit,
ap(f) = o(f)(1—e ") Ya >0

thereforew( ) > ( Jo(f). But we just showed that ¥(f) =
p(f)o(f), hence ¥(f) = v(f).
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Proof of Theorem 3 Let s = p(f) >t = p(g). Then
p(fg) = s, hence

o(fg) = limsup Log(lfsg\("“)) — lim sup Log(|f](r)-g](r))

r——+00 r r——+00 re

Now, if s > ¢, then

o(fg) = limsup (

r—+00

< timsup 29U g, Lo lol()

r—+00 r r—+o00 rt

Log(flr) , Loglglir)y

/r-S /r»S

=o(f)+o(g)
Log(|fl(r) _

Then we notice that when ¢ < s, we have lim sup,._, | =

LogUA10)) — ()

Imsup, o =5
Particularly, if f is clean we have limits instead of limitsup

as long as f is concerned. Consequently, if ¢ < s, then fg is
clean.

Now, suppose that f and g are clean and that s = ¢. Then
L L L L
lim sup og(|f|(r)) + Log(lg|(r)) _ . =~ Log(|f](r)) + Log(lg|(r))

r——+00 rt T—+00 rt

=o(f) +alg).
Thus fg is clean. And by Theorem 1 and Theorem 2, we

have ¥(fg) = p(fg)o(fg) = p(f)(a(f) +alg)) = »(f) +
¥(g)-

Remark: A similar proof applies to complex entire func-
tions.

Proof of Theorem 4. By hypothesis, there exist a > 0

L
and R > 0 such that OQ(IL(J;‘)(T)) > a VYr > R hence
r
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Log(Log(|f|(r))) > Log(a)+p(f)Log(r) ¥r > R therefore

Log(Log(|f[(r))) o Log(a)
Log(r) — Log(r)

and hence p(f) = p(f) i.e. p(f) = p(f).

+p(f)vVr = R

In order to prove Theorem 5, we must recall the following
Theorem D which is Theorem 1 in [1] and Corollary D.1
which is Theorem 4 in [7] and derives from Theorem D.

Theorem D: Suppose that IK is of characteristic 0.
Let f € M be transcendental, admitting a primitive F'.
If there there exists ¢ > 0 and u > 0 such that the
number of multiple poles of F', taking multiplicity into
account, ¢(r, F), satisfy ¢(r, F) < cr", then f has no
quasi-exceptional value.

Corollary D.1: Suppose that IK is of characteristic
0. Let f € M(IK) be transcendental, admitting primti-
wes. If Log(t(r, f)) < O(Log(r)), then f has no quasi-
exceptional value.

Proof of Theorem 5. Let f = % admit primitives and

be such that 1(h) < 4o00. Then s(r,h) < (¢ (h) + 1)r°W
when 7 is big enough. Consequently, t(r, f) = s(r,h) <
(1(h) + 1)r?™) Therefore by Corollary D.1, f has infinitely
many zeros. The same applies to f — b for every b € IK,
which ends the proof.

Proof of Corollary 5.2. Indeed, a meromorphic func-
tion having no residue different from zero admits primitives

6]
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Proof of Corollary 5.3. Let f =

/h . h/
Then f' = % and o(h?) = 20

apply Corollary 3.1 to f’.

with o(h) < 400.

— =<

h). Thus one can

Proof of Theorem 6. By hypothesis, there exists A > 0
and R > 0 such that

Log(Log(|h|(r)))
Log(r)
and hence there exists R’ > R such that

Log(Log(|h|(r))) + ALog(r) < Log(Log(|f|(r))) ¥r > R’

)
therefore 7 Log(|h|(r)) < Log(|f|(r)), which proves that
+ Logllhlir))
r—+oe Log( f[(r))

+2\ < p(f)Vr > R

0, what ends the proof.

Proof of Theorem 7. By hypothesis, we have

o Loglhln)
=5 Tog([F1(r)

hence Log(|h|(r)) is of the form (Log(|f|(r))(e(r)), with
lim €(r) =0. Therefore, |h|(r) < |f|(r)) when r is big

r——+00

enough and hence |f + h|(r) = | f|(r), therefore p(f + h) =
p(f). Then

log(f| + hl(r)) .. log(f|(r))
ro(f+h) = lim sup W = U(f)y

r—00

lim sup
r—00

hence o(f + h) = o(f).

Now, there exists R > 0 such that |f+h|(r) = |f|(r)Vr >
R. Consequently the number of zeros of f + h in each disk
d(0,7) equals the number of zeros of f in d(0,r), for every
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r > R. Consequently, since p(f + h) = p(f), we have
W(f +h)=¢(f).

Proof of Theorem 8. By hypothesis, we have |h|(r) <
| f|(r) when r is big enough and hence

(1) |f =+ hl(r) = 1£1(r)

therefore p(f +h) = p(f). Consequently, o(f+h) = o(f).

Moreover, by (1) we notice that when r is big enough, by
classical results [6], in each disk d(0, ), the number of zeros
of f + h equals this of f, therefore ¥(f + h) = ¥(f).

Proof of Theorem 9. The statements p(f’) = p(f) and
o(f") = o(f) are given in [2] and [3]. Now, suppose that

+00
o(f)=a(f). Set f(x) = Z a,x". By Theorems 2 and C,
n=0
eb(f) = ep(flo(f) = limsupn {/]aq10).

1
But we know that — < |n| < 1Vn € IN, hence lim +/|n+ 1] =1,

n n——4oo
therefore

() =Tmsupn {10+ Danal) = ea(£)p(1") < ep(f).

n——+00

Similarly, if o(f") = a(f’), then we can see that ¥(f) >
b (f)-

In order to prove Theorem 10, we need to recall. the second
main Nevanlinna Theorem for p-adic entire functions (for

example Theorem C.4.24 in [6]).
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Theorem N: Suppose that IK is of characteristic 0.
Let f € A(K) and let ay, ...,a, € K. Then

q
(g — 1) Log(|f](r) Z — Log(r) + O(1).
Proof of Theorem 10. We have o(f,r) = L()g([‘)(];‘)(r)),
hence by Theorem N, "
q
Dg=1)o(f.7) < Z )—Z°(f',r)—Log(r)+O(1).

The conclusion is then obv1ous.

In the proof of Theorem 11, we will use the following basic
lemmas:

Lemma 2 Let fi, fy be two functions from IR, to IR,
such that lim fi(x) = lir}r’l fa(x) = 400 and
T—1+00

T—+00
lim sup hiz) _ =0b e Ry, liminf hlz)

T—+00 f2( ) T—400 f2($)

Then
. Log(fi(x))
r—+o0 Log( fa(z))

=a > 0.

= 1.

Lemma 3: Let o, 8 € Ry and let g(x) = e " (ax — B).

Then ¢ has a unique zero at 1 + p and g(1 + ﬁ) =

o) o)
&
~(1+ =) - o |
ae & . Moreover, g is increasing in [0,1 4+ —] and is
o)
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decreasing in [1 + —,+oo| and tends to 0 when x tends
o
to +00.

Now let us recall that the definition of a divisor in IK.

Defintion: We call divisor in IK a sequence (ay,, vy )neN

where (a,)nen is a sequence in IK such that  lim |a,| = +00
n—+00

and each v,, belongs to INx [6].

The following Lemma 4 is classical (see for example Corol-
lary B.18.5 of [6]).

Lemma 4: Given a divisor (a,, vy)nen in K, there ex-
st functions admitting each a,, as a zero of order v, and
no other zero and two such functions are proportional.

Proof of Theorem 11. We begin the definition of positive
increasing sequences (Tm)mélNa (am)mG]N in IN*, (Bm)melN;
where rg = 1, 7o, € |K|, 219 < ay < 219, + 1, We
put gm = Qm — Qp—1, Vyy = LOg(’I“m), 60 = 0 and Bm -
Bm—l + Qm(Log(TZm)))'

Suppose, we have defined these sequences up to the rank
m and suppose that the function g defined by gi(v)

e (apr — B) Satisﬁes 1 < gk(y%) < 1+ ﬁ and 1 <
Ge(Var+2) < 1+ =50 (k+1) VE =1,. — 1 and gp_1(voy) =
gr(var).

In |0, 400, we define g,,(v) = e " (v — Bin). By Lemma
3, gm is increasing in [—, 1 + =] from 0 to a maximum

m O‘m
Bm
1+ —

equal to ae @m and is decreasing to 0 when v tends to
+00. Hence g, takes the value 1 at a unique point A9, in
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[5_7”’ 1+ 6_7”
m O m
then have g,,(Aam) = €2 (Ao — Bp) and
gm()\2m+2) = ™ "2m+2 (am)\2m+2 — Bm) hence

6)‘2m + ﬁm 6)‘2m+2 + ﬁm
Ao = ———— and Agjpp = > Vo1 and
am am

we can take the value ry,, 10 € |K| close enough to e*2m+2
such that, putting ro,, 10 = €"2m+2 then

| and at a unique point in [1 + B—m, +o00[. We
o

1 1 < % =14z, <14+ —-.
We notice that ro,,10 > 19,41 hence vo,0 > vopi1.
Next, the function g,,,1 is defined in the same way in

[Vom+2, Vom+4] 88 Gmi1(V) = e (amp1V — Bms1). And we
can check that g1 (Vom+2) = Gn(Vam o).
Then. by Lemma 3, g, has a maximum at vy, 1 =

B

1 + — and ¢,,+1 has a maximum at vo,,.3 = 1 +

Qo A1
Bm—i—l

and gpm+1(Vam+3) = Qumpre®m+l > 1, hence vopq3 > Voo,

Consequently, the sequence (7, ),en and is strictly increas-
ing. This way, the sequences are now defined for all m € IN.
We put ¢, = o, — @1 and ©,, = V9,11 — Voy,. Then,
_ Bt e (1 + )

Bm+1

Vom and hence
Qpy

(2)

@m _ 1_6V2m(1 + xm) _ 1_7“2m(1 + aj'm) _ 1_T2m(1 + Im)’
A 7% 2T2m + TIm

where (7,,)men 18 a positive sequences bounded by 1 and
1

the sequence (x,,), by (1), satisfies 0 < z,,, < e
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Then
1 - 15
8(m+1)2 = 32

1
> _
3) O >

We can now define by induction the sequences (1), (),
(gm), (xm), (©,) and then lim 7, = +o0o. Consequently

n——+00
by (2)
1

4 I m= =
(4) im © 5

m——+o00

We now obtain

— (14 Bm
gm(ngH) = et (@mV2m+1 — 6m> = Qe (G
and hence
2r9m + N, B
5)  gmlvams) = Zn ) _on
T'om+1

where ((n)men 18 a positive sequence of limit 0, since

lim Tom4+1 = +00.
m——+00

We can now define a function g in [0, +o0[ as g(v) = g, (v)
when v € [Log(ron), Log(romio)|.

So, by (4) we have

(6) lin g(vams1) = %

m—-+oo

We can check that

(7) limsup g(v) = limsup g(vomi1) < 2.

V—+00 m—+00
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Consider now the entire function f admitting g,, zeros on
cach circle C(0,7y,,) and no other zero. Let (ajm)1<j<qn)
be the zeros of f on the circle C(0, ry,).

Then, when 2m < r < 79,19, the counting functions of
zeros of f (counting multiplicity) is of the form

q

S (ars(Log(r) — Log(ray)))

1 j=1

Ms

S o7

— " qulLog(r) — Log(ra)
k=1

and hence, putting oy, = >, qr and B, = >0 qrvar,
the function g appears as the quotient of the counting func-
tion of zeros of f (counting multiplicity) by e” when we put

Log(|f](r))

Log(r) = v € [Voy, Vamao| and therefore by (1) we can see
that

v = Log(r) . So, we have = ¢(v) whenever

L
r—-+00 T
and
, Lo r , 2
(9) lim sup g(‘rﬂ( ) _ i g(vami1)| = NG

Moreover, by (9) and Lemma 2, we have

i LostLog(1f1(r))
oo Log(r)

hence p(f) = 1.

=1

L 2
Further, since lim sup og(|£1(r)) _

r—+00 r B \/E
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lim inf

Log(|f1(r))

a(f)=1 Thus f is not clean though it is regular.

=1 we can see that o(f) = % and

More precisely, by construction, for every r € [ro,, Tomial,
we have (f, 1) = M and hence 9 ( f, 79, ) is of the form

2 + ym where (Ym)mew is a sequence of limit 0. Therefore

Y(f) > 2, while p(f) = 1. This shows that f does not
satisfy the relation ¥(f) = p(f)o(f) and hence, this is not
allways satisfied when a function f is not clean.

III. Remarks

Remark 1: Of course, by Theorem 2 we know that the
function f built in the proof of Theorem 11 satisfies ¢(f) >

zz (f). But we can directly verify this: on one hand (f) = 2

A

and on the other hand, we can see that ¥(f, rom.1) =
Tom+1

~

and hence by (5), ¥(f) < %.

Next, f must satisfy Theorem 2: p(f)o(f) < ¥(f)
p(f)lea(f)—a(f)). Let us check. We have seen that 1( f)

<
2, plf) = 1, o(f) = % 5(f) = 1. Then, p(f)(ealf) -
a(f)) =2ye— 1> 2. That is O'kay.

A

Remark 2: By Corollary 4.1, we see that a clean entire
function such that o(f) > 0 is regular. The converse is not
true, as shows Theorem 11.

In complex analysis, given an entire function f, we put
M(f,r) = sup{|f(2)|oo, |2|ec = 7} Where | . | is the
archimedean modulus on €. In [4] the authors claimed that
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if a complex entire function f satisfies

Log(Log(M(f,7))) Log(Log(M(f,7)))

li = lim inf
i Log(r) o Log(r)
then
Log(M Log(M
ey PO Log 0 (J,1)
T—>-+00 rP r—+00 rP
Log(Log(M
where p = lim og(Log(M(}, T))) In the field K, we
r—+00 Log(r)

just checked that such a theorem does not hold. Actually,
the proof of [4] is put in doubt by the following argument
held in Lemma 2 of [4]:

/ " exp(Log(M(r, f))
, (exp(r))t==+!

dr = —+00,
0
“then”

. .exp(Log(M(r, f))
171214325 (exp(rt))i— - e

Suppose for example that in [rg, +oc[, M (r, f) is equiva-
exp(rA(t —e+1))

lent to :
r
At — 1
Then exp(rAlt —e+ 1) is equivalent to — and hence
exp(rA(t —e)) r
+00
[ o0 )
n  (exp(rd))i=et!
but

o eap(Log(M(r, f)

= 0.
PR (eap(r)
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