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A COMBINATORIAL CHARACTERISATION OF 4-KOSZUL AND (D, A)-STACKED
MONOMIAL ALGEBRAS THAT SATISFY (FG)

RUAA JAWAD, NICOLE SNASHALL, AND RACHEL TAILLEFER

ABSTRACT. Condition (Fg) was introduced in [6] to ensure that the theory of support varieties of a
finite dimensional algebra, established by Snashall and Solberg, has some similar properties to that of
a group algebra. In this paper we give some easy to check combinatorial conditions that are equivalent
to (Fg) for monomial d-Koszul algebras. We then extend this to monomial (D, A)-stacked algebras.
We also extend the description of the Yoneda algebra of a d-Koszul algebra in [11] to (D, A)-stacked
monomial algebras.

INTRODUCTION

Let A be an indecomposable finite dimensional algebra over a field K. In this Introduction, we
shall assume that K is algebraically closed.

Support varieties for modules over A were introduced by Snashall and Solberg in [23], as a
geometric tool to study the representation theory of A, using the Hochschild cohomology HH*(A).
It was then proved in [6] that many of the properties of support varieties for group algebras have
analogues in this more general case, providing some finiteness conditions hold. These are now
known as (Fg) and can be expressed in the following way. Let ¢ be the Jacobson radical of A and
let E(A) = Extj (A/t, A/t) be its Yoneda algebra. Then Condition (Fg) states that:

(Fgl) there is a commutative noetherian graded subalgebra H of HH*(A) with H? = HH"(A)
such that
(Fg2) E(A) is a finitely generated H-module.

In particular, it was shown in [6] that if A satisfies Condition (Fg), then A is necessarily Gorenstein,
that the variety of a module is trivial if and only if the module has finite projective dimension, and
periodic modules can be characterised up to projective summands as those whose support variety
is a line. Moreover, the converse of the first result mentioned was proved for monomial algebras
in [4], that is, a Gorenstein monomial algebra satisfies (Fg).

Support varieties for group algebras have been very effective in the study of the representations
of these algebras. Therefore Condition (Fg) has been much studied as it ensures a similarly useful
theory of support varieties for finite dimensional algebras. For instance, Condition (Fg) is invariant
under various constructions, such as derived equivalence or singular equivalence of Morita type,
see [16, 22, 19]. Condition (Fg) has been studied or shown to hold for large families of algebras in
[24, 26, 25, 5] among others, and support varieties have been studied for algebras that satisfy (Fg),
see for instance [8, 20].

Since Hochschild cohomology is generally very difficult to compute, Condition (Fg) can be diffi-
cult to establish for a given algebra. It is therefore useful to have necessary, sufficient or equivalent
conditions for (Fg) to hold for a given algebra. One such result was proved by Erdmann and
Solberg in [7], where they showed that if (Fg) holds for A, then the graded centre Zg(E(A)) of
the Yoneda algebra is a noetherian algebra and E(A) is a finitely generated Zg (E(A))-module;
moreover, they proved that this is an equivalence when the algebra A is Koszul. For monomial al-
gebras, (Fg) was proved in [4] to be equivalent to the related condition that the Ac-centre Zo (E(A))
is a noetherian algebra and E(A) is a finitely generated Z,(E(A))-module. We note that if A has
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finite global dimension then both E(A) and HH*(A) are finite dimensional as vector spaces, and
A has (Fg). Thus we are particularly interested in algebras of infinite global dimension.

The aim of this paper is to prove that a number of conditions are equivalent to (Fg) for a large
category of algebras, namely finite dimensional d-Koszul, and more generally (D, A)-stacked,
monomial algebras. This is motivated in particular by a result of the first author in her PhD thesis,
who gave a sufficient and not difficult to check condition for d-Koszul monomial algebras to satisfy
(Fg); this result is Theorem 2.7 in this paper.

Berger introduced d-Koszul algebras in [3] as a natural generalisation of Koszul algebras (which
occur as 2-Koszul algebras). They are the algebras such that the n-th projective module in a min-
imal projective resolution of A/t as a A-module is generated in a specific degree denoted by 6(n)
(with 6(n) = n if d = 2). Moreover, they were characterised in [11] as the algebras A that are
d-homogeneous (that is, their ideal of relations can be generated by a set of homogeneous ele-
ments of degree d) and such that E(A) is generated in degrees 0, 1 and 2. The (D, A)-stacked
monomial algebras, where D > 2 and A > 1 are integers, were introduced by Green and Snashall
in [13], and those of infinite global dimension were characterised by the same authors in [12] as the
monomial algebras such that the n-th projective module in a minimal projective resolution of A/t
as a A-module is generated in precisely one degree and such that E(A) is finitely generated (in
which case E(A) is generated in degrees 0, 1, 2 and 3). In particular, when A = 1, a (D, 1)-stacked
monomial algebra is D-Koszul. Thus (D, A)-stacked monomial algebras are natural generalisa-
tions of d-Koszul and indeed Koszul monomial algebras.

In this paper, we consider Condition (Fg) for d-Koszul monomial algebras and more generally
for (D, A)-stacked monomial algebras. We introduce some combinatorial conditions 2.4 and 3.6
that are easy to check in terms of a minimal set of relations for the algebra A, and we prove that
they are equivalent to (Fg). This gives a very practical way of checking whether a monomial d-
Koszul or (D, A)-stacked algebra satisfies (Fg), because it is easy to check that a monomial algebra
is d-Koszul using [11, Theorem 10.2] (recalled in Property 2.1) or (D, A)-stacked using [13, Section
3] (recalled in Property 3.2).

To summarise, if A is a finite dimensional monomial K-algebra that is d-Koszul with d > 2 or
(D, A)-stacked with D # 2A whenever A > 1, then the following conditions are equivalent:

(C1) A satisfies (Fg).

(C2) A satisfies some combinatorial conditions defined in Conditions 2.4 and 3.6 (this follows
from Theorems 2.8 and 3.10).

(C3) Zg(E(A)) is noetherian and E(A) is a finitely generated Zg(E(A))-module (by [7] and
Theorems 2.8 and 3.10).

(C4) E(A) is a finitely generated Zg,(E(A))-module (again by Theorems 2.8 and 3.10).

(C5) Zo(E(A)) is noetherian and E(A) is a finitely generated Z«(E(A))-module (by [4]).

(C6) A is Gorenstein (by [4]).

The paper is organised as follows. In Section 1 we give some background on monomial algebras
and the notion of overlaps, as well as on the Yoneda algebra and the Hochschild cohomology of a
monomial algebra. Section 2 is devoted to the proof of the implications (C2)=-(C1) and (C4)=-(C2)
for d-Koszul monomial algebras, which completes the equivalence of all the conditions above.
The first implication relies on a presentation of the Hochschild cohomology for (D, A)-stacked
monomial algebras from [13] and the second one uses a description of the Yoneda algebra E(A) of
a d-Koszul algebra A as a graded subspace of the Koszul dual algebra ‘A from [11]. In Section 3, we
extend these results to (D, A)-stacked monomial algebras where D # 2A whenever A > 1. Here
again, we use a description of E(A) as a subspace of an analogue ‘A of the Koszul dual of A; this
description is detailed and proved in the Appendix, and is a generalisation of the corresponding
result of [11] to (D, A)-stacked monomial algebras.

General assumptions. Throughout the paper, A is an indecomposable finite dimensional algebra
over a field K with char(K) # 2 that is not necessarily algebraically closed. Moreover, we assume
that A = KQ/I where Q is a finite quiver (it has a finite number of vertices and arrows) and I is an
admissible ideal in KQ. If A = KQ/I is also a monomial algebra then I is generated by a minimal
set p of paths (monomials) and A is graded by the length of paths; we denote by ¢(p) the length
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of a path p. Note that paths in any algebra given by quiver and relations are written from left to
right. For any j > 0, we shall denote by Q; the set of paths of length j in Q.

In order to use the results in [13], we shall need to assume that gldim A > 4. However, if A is
a monomial algebra with finite global dimension, all the conditions (C1)-(C6) hold for A (we note
that Condition (C2) is necessarily empty in this case). Therefore we do not lose any generality in
making this assumption.

1. SOME BACKGROUND ON MONOMIAL ALGEBRAS AND THEIR COHOMOLOGY
1.1. Overlaps

Keeping the above assumptions, let A = KQ/I be a monomial algebra so that A = ®;>0A; is a
graded algebra with the length grading. We denote by v = @®;>1 A, the radical of A. An arrow «
starts at the vertex o(a) and ends at the vertex t(«). If p = ajap - - -, is a path with aq, a2, ...,y
in Qp then o(p) = o(a1) and t(p) = t(ay).

A path p is a prefix of a path g if there is some path p’ such that ¢ = pp’; if an arrow «a is a prefix
of g then we say that g begins with a. A path p is a suffix of a path g if there is some path p’ such
that g = p'p; if an arrow « is a suffix of g then we say that g ends with .

We use the concept of overlaps of [9] and [14] to describe the minimal projective resolution of
Ao = A/vover A, and to describe the minimal projective resolution of A over A°, where A° is the
enveloping algebra A°? @x A of A. We recall the relevant definitions here using the notation of
[13].

Definition 1.1. (1) A path g overlaps a path p with overlap pu if there are paths u and v such
that pu = vgand 1 < 4(u) < £(q). We illustrate the definition with the following diagram.

q
\v[ Ju‘

Note that we allow ¢(v) = 0 here.
(2) A path g properly overlaps a path p with overlap pu if g overlaps p and ¢(v) > 1.
(3) A path p has no overlaps with a path g if p does not properly overlap g and g does not

properly overlap p.
We now define sets R" recursively. Let
RO = Q,, the set of vertices of Q
R! = O, the set of arrows of Q
R2 = p, the minimal generating set for I.

For n > 3, the construction is as follows.

Definition 1.2. (1) For n > 3, we say that R? € R? maximally overlaps R"~! € R""! with

overlap R" = R" 1y if

(a) R"~1 = R"2p for some path p;

(b) R? overlaps p with overlap pu;

(c) there is no element of R? which overlaps p with overlap being a proper prefix of pu.
We may also say that R" is a maximal overlap of R?> € R? with R"~! € R" 1.
The construction of R" is illustrated in the following diagram.

RZ
Rn-1 1
I |

L p u
Rn—Z

(2) For n > 3, the set R" is defined to be the set of all overlaps R" formed in this way.
We also recall from [14] that if Rfp = Rjq, for R{,R} € R" and paths p,q, then R] = R}
and p = g. Any element R" in R" may be expressed uniquely as R}l’laj and as kaZ’l for some

R]V-’_l, R;‘_l in R" ! and paths a;, by. We say that the elements R?_l and RZ_l occur in R™.



4 JAWAD, SNASHALL, AND TAILLEFER

1.2. The Ext algebra E(A)

The Ext algebra E(A) is given by E(A) = Ext} (Ao, Aog) = @,50 Exti (Ao, Ag) with the Yoneda
product. In the terminology of overlaps, the n-th projective module in a minimal projective A-
resolution of Ag is Prrern t(R")A. Then Ext)} (Ao, Ao) has a basis indexed by R" and E(A) has a
basis indexed by U, > R" (see [14, 9]). We identify R} € R" with the corresponding element of
Exti (Ao, Ap), that is, with the map @rucr» t(R")A — Ay given by

n 1 n __ n
(R v {B(Ri JA+t if R" =R

otherwise.

1.3. The Hochschild cohomology ring HH" (A)

Let (P*,0") be the minimal projective A°-resolution of A from [1]. We write ® for ®k through-

out. Then
P'= P Ao(R") @ t(R")A.
RreRn
The maps are given as follows. In odd degrees, if R>"*! = R?”a]' = bR?" € R?"*! theno?' 1. P2+l
P2 is given by
(R 1) @ (R*"*1) = o(R") ® a; — by © t(R}")

where the first tensor lies in the summand corresponding to RJZ” and the second tensor lies in the
summand corresponding to R?".

For even degrees, any element R?" in R?" may be expressed in the form ijjz.”’lqj for some

RJZ.”_1 € R?~! and paths pj,q; with n > 1. Let R = p;RY" " 'g; = --- = p,R¥~1g, be all
expressions of R?" which contain some element of R*'~! as a subpath. Then, for R*" € R?", the
map 9°": P?" — P?"~1is given by

o(R*) @ t(R™) — Y pi®g;
-1

where the tensor p; ® g; lies in the summand of P?'~! corresponding to Rjz.”_l.
If not specified, then it will always be clear from the context in which summand of a projective

module our tensors lie.
The Hochschild cohomology ring HH*(A) of A is given by

HH*(A) = Extjy. (A, A) = D Ext). (A, A)

n=0

with the Yoneda product.

2. CHARACTERISATIONS OF d-KOSZUL MONOMIAL ALGEBRAS THAT SATISFY (FG)
2.1. Notation and properties of d-Koszul monomial algebras

Let A = KQ/I be a monomial algebra, where Q is a finite quiver and I is an admissible ideal
in KQ generated by a minimal set p of paths. Recall that the algebra A = @, A, is graded by
the length of paths. We can express A as a quotient A = T (A1)/I of the tensor algebra, where
A/ = Ao = KQp and A; = KQ; and I is an ideal generated by a minimal set p of monomials.
The algebra Ay = K!<l is isomorphic to a finite product of copies of the base field K; it is therefore
a semisimple and commutative K-algebra. We denote by ¢; the idempotent in Ag corresponding to
the vertex i.

Let d > 2 be an integer. We assume that A is a d-Koszul algebra, that is, for any minimal
projective right A-module resolution of Ay, the n-th projective module is generated in degree é(n)

where
n

2d if n is even
5(n) =42
() {ﬂ;ldﬂ if 1 is odd.

It follows that A is d-homogeneous (that is, p consists of paths of length d).
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The monomial d-Koszul algebras can be characterised as follows.

Property 2.1. [11, Theorem 10.2] A finite dimensional d-homogeneous monomial algebra A = KQ /I is
d-Koszul if, and only if, p is d-covering, that is, for any paths p, q and r in Q,

(pq €p, qr€p, £(q) = 1) = (all subpaths of pqr of length d are in p).

Note that this condition is always satisfied if d = 2; it is indeed well known that all finite
dimensional quadratic monomial algebras are Koszul, see [14] and [18, Corollary 2.4.3].

Example 1. Let A = KQ/I where Q is the quiver

T\Wi
2
B
< —> o
T

and the ideal I has minimal generating set p = {&>, Y1723, 727371, 737172} Then A is a 3-Koszul
monomial algebra.

From now on, we assume that A = KQ/I is a finite dimensional d-Koszul monomial algebra
with d > 2.
We have the following consequences of Property 2.1.

Consequence 2.2. [15, Proposition 7.13] Let R} be an element in R". Then all subpaths of R} of length
d are in p.

Proof. The result is proved by induction. It is clear when n = 2. Moreover, if n = 3, since R? eR3
is a maximal overlap of two elements in R?, it follows from Property 2.1.

Now let n1 > 4 be an integer and take R € R". Then R” is a maximal overlap of R? € R? with
Ry~' € R" 1 so that R? = R}~ 'u for some path u, and R4 ! is a maximal overlap of RZ € R? with
R}™2 € R" 2 s0 that R4~ = R} 21’ for some path u’. This can be illustrated as follows:

Ry2 u

Moreover, {(u'u) = ((R!') — ((R}™?) = §(n) — 6(n —2) = d so u'u = R2. By induction, every
subpath of R} ™! of length d is in p. Any other subpath of length d of R! is either u'u = R? € R?
or a proper subpath of R3u, therefore it is in p by Property 2.1. We have proved the induction
step. U

Atrailin Qisapath T = aq - - - &, with n > 1 such that the arrows a; are all distinct. We say that
the trail is closed when t(x,) = o(a1). A path g is said to lie on the closed trail T if g is a subpath of
T™ for some m > 1. We say that two trails are distinct if neither lies on the other.

We now have a second consequence of Property 2.1.

Consequence 2.3. [15, Proposition 7.14] Suppose that T = «q - - -y is a closed trail in Q and that
d > n+ 1. Then all paths of length d that lie on the closed trail T are in p.

Proof. Since A is finite dimensional, there is a path R, € p that lies on T. Now, ¢/(R;) = d and
d > n+ 1 so, without loss of generality, we may suppose that Ry = (aqap - - - )" g2 - - - a5 for
somel < s < nwithd =nm+sandm > 1. Letp = (maz---a,)", g = tqa2---as and r =
(541 -+ -y - - - a5)™. Then pg = Ry = gr and we can apply Property 2.1 so that all subpaths of
pqr of length d are in p. Now, any path of length d that lies on the closed trail T is a subpath of pgr
and hence is in p. O

We now introduce Condition 2.4. Jawad showed in her PhD thesis [15] that this condition is
sufficient for A to satisfy (Fg); we give a proof in Theorem 2.7 below.
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Condition 2.4. [15, Theorems 7.11 and 7.15]

(1) Let a be a loop in Q;. Then a? € p but there is no path in p of the form a?~18 or fa’~!
where 8 is an arrow that is distinct from a.

(2) Let T = aq---a, be a closed trail in Q@ with n > 1 and «; € O for all i and such that
pr = {1 ag, a0 gy, ..., 0001 - g1} C p. Then there are no elements in p \ pr
which begin or end with the arrow «;, for all 7.

Remark 2.5. If T = &y - - - &y, is a closed trail then the subscript i of «; is taken modulo n within the
range 1 < i < n. Thus pr is the set of all paths of length d that lie on the closed trail T.

Remark 2.6. Suppose that Condition 2.4 is non-empty, that is, there is a loop or a closed trail with
the given properties. Then the description of the projective modules in Section 1.2 using overlaps
shows that A¢ has infinite projective dimension as a A-module, and hence A has infinite global
dimension.

2.2. Condition 2.4 is sufficient for A to satisfy (Fg)

The proof of Theorem 2.7 uses the description of the Hochschild cohomology ring modulo nil-
potence of a (D, A)-stacked monomial algebra from [13, Theorem 3.4]. We recall the definition of
a (D, A)-stacked monomial algebra in Subsection 3.1. The Hochschild cohomology ring modulo
nilpotence is the quotient HH*(A)/N where N is the ideal of HH*(A) that is generated by the
homogeneous nilpotent elements. It is well-known that HH*(A) is a graded commutative ring,
so, since char(K) # 2, every homogeneous element of odd degree squares to zero. Moreover, N is
the set of all nilpotent elements of HH*(A). Our calculations involving HH*(A) use the minimal
projective A°-resolution (P*,9*) of A from [1]; see Section 1.3.

Noting that a d-Koszul monomial algebra is a (d,1)-stacked monomial algebra (see [13]), we
apply [13, Theorem 3.4] in the special case where D = d and A = 1, and this simplifies the
hypotheses. Specifically, if there is a closed path C in Q with CP/4 € p then C? € p and it is
immediate that C has length 1 and is necessarily a loop.

Theorem 2.7. [15, Theorems 7.11 and 7.15] Let A = KQ/I be a finite dimensional d-Koszul monomial
algebra with d > 2. Assume that A satisfies Condition 2.4. Then A satisfies (Fg).

Proof. We keep the notation of Condition 2.4.

Let ay, ..., a, be the loops in the quiver Q, and suppose that «; is a loop at the vertex v;. Since A
is a finite dimensional d-Koszul monomial algebra, zxf is necessarily in the minimal generating set
p. By Condition 2.4 (1), for each i = 1, ..., u, there are no elements in p of the form ucfl’lﬁ or ,Bucfl’l
where B is an arrow that is distinct from a;.

We need to show that there are no overlaps of a¢ with any element of p \ {a¢}. This is immediate
if d = 2, so suppose thatd > 3. If R € p \ {a/} and R overlaps a¢, then either R = a$b or R = ba$
where 1 < s < d —1 and b is a path of length d — s which does not begin (respectively, end) with
the arrow a;. Suppose first that R = afb. Then R overlaps a¢ with overlap of length 2d — s as
follows:

This is a maximal overlap since a; is not the first arrow of b and thus gives an element R:f € R3.
However, ¢(R}) = d + 1 since A is d-Koszul. Thus 2d —s = d + 1 and so s = d — 1. But then
R = tx‘f’lb and b is an arrow distinct from a;, which contradicts our hypothesis. The case where
R = baj is similar. So there are no overlaps of zxf with any element of p \ {ucfl}. Moreover, as Ais a
finite dimensional monomial algebra, it follows that the vertices vy, ..., v, are distinct.

Let T,,41,..., T, be the distinct closed trails in Q such that all paths of length d that lie on these
closed trails are contained in p. For eachi = u +1,...,r, we write T; = a;1 - - - &; ,, Where the a; ;
are arrows, and set

T, = {061',1 QG d, g0 K g, e e, KR '“z‘,dfl}-
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Then pr, is contained in p. By Condition 2.4 (2), for each closed trail T; (i = u +1,...,7), there are
no elements in p \ p1; which begin or end with the arrow a;j, forallj =1,...,m;. Sono arrow a; ;
has overlaps with any element in p \ pr..
Fori=u+1,...,r,1etT;q,..., T;,, be defined by
Tip = Ti = aiatip - - Qi
Tip = @ip0iz - Qi1

Ti,m,- = “i,ml-‘xi,l T “i,mi,l-
Then the paths T; 1, ..., T; , are all of length m; and lie on the closed path T;.

We now show that A satisfies (Fgl). As noted above, A is a (d,1)-stacked monomial algebra.
Moreover, Condition (Fg) is always satisfied if the global dimension of A is finite, therefore we
may assume that gldim A > 4. Hence we can apply [13, Theorem 3.4], which gives HH*(A) /N =
K[x1,...,%:]/(xaxp for a # b), where

o fori =1,...,u, the vertices vy, ..., v, are distinct and the element x; corresponding to the

loop «; is in degree 2 and is represented by the map P> — A where for R? € R?,
, ifRZ=af

o(R2) @ {(R?) s 4 70 1 e

0  otherwise

e and fori = u+1,...,r, the element x; corresponding to the closed trail T; = ;1 - - - &;,
is in degree 2y, such that u; = m;/ gcd(d, m;) and is represented by the map P — A,
where for RZ € R2H,

o(T;x) if R?M = Tik/ng(dIMi) forallk=1,...,m;

o(R™i) @ t(R?) —
( ) ( ) {0 otherwise.

Let H be the subring of HH*(A) generated by Z(A) and {x1,...,x,}. Since Z(A) = HH"(A)
and HH"(A) is graded commutative, it follows that

H=Z(A)[x1,...,%¢]/(xsxp for a # b)

and so H is a commutative ring. Moreover, Z(A) is finite dimensional so is a commutative Noeth-
erian ring. Thus H is a Noetherian ring (see [21, Corollary 8.11]). Therefore A satisfies (Fg1).

The rest of this proof shows that A satisfies (Fg2). Following the discussion in Section 1.2, we
identify U,~o R" with a basis of E(A). The action of a homogeneous element x € HH"(A) on
E(A) is then given by left multiplication by }; RY where the sum is over all j such that x(o(R}) ®

t(R]”)) # 0. Thus if x; € HH?(A) corresponds to the loop «;, then the action of x; on E(A) is given

by left multiplication by a4. And if x; in degree 2y; corresponds to the closed trail T}, then the

action of x; on E(A) is given by left multiplication by Y ;| Tldk/ ged(dmi)

Set N = max{3, |x1], ..., |x],|Q1|}. We show that U}, R" is a generating set for E(A) as a left
H-module and thus E(A) is finitely generated as a left H-module.

Let R € R" with n > N. Then ¢(R) = 6(n) > 2d and we can write R = aqa; - - - a5,y where the
a; are in Q1. From Consequence 2.2, all subpaths of R of length d are in p, so we may illustrate R
with the following diagram:

Maz2 A4 gyl 0 A5(n)—d+1 "0 As(n)

Now, n > N > |Q;| so there is some repeated arrow. Choose j, k with k minimal and k > 1 such
that ajisa repeated arrow, Aj, ..., 0j k1 aTe all distinct arrows and ajyr = aj. Write

R=(ar---aj-1)(a;- - aj45-1) (@141 A50n))-
There are two cases to consider.
Case (): k = 1. Then a; = a;,1 and so a; is a loop. It follows that

R=(ar---aj1)(aa;)(aja--asm)-
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Suppose first that j < d — 1. Then j+d —1 < é(n) so from Consequence 2.2, a]ZaHZ g
is in p. But a}j € p and we have already shown that there are no overlaps of a;-i with any element
of p'\ {a?}. Thus a; = aj,, = -+ = aj;4-1. Inductively we see that R = (a; - - -a]-_l)a?(”)_jﬂ.
;l*] s in pand d —j+1 > 2. Again, there are no overlaps of a;{ with any
element of p \ {af} soaj=a;=---=a; 1. Thus R = a?(").

Now suppose that j > d. Then j —d +1 > 1, so by Consequence 2.2, a; 441+ -aj-14;isin p. As
there are no overlaps of a? with any element of p \ {a?}, it follows that a;, 4.4 = -+ = a;_1 = aj,

Similarly, a1 - - -a;_1a

and inductively R = afrl (aj+2 e a(;(n)). Using Consequence 2.2 again, a?’la]urz isinpsoa; =ajis.
Inductively, we have R = a}s(n).
Hence, for all j,
O {(a?)(”/z) if n even
I (a?)((”_l)/z)aj if n odd.

Let x; be the generator in H corresponding to the loop a;, so 1 < i < u and |x;| = 2. Then x; acts
on E(A) as left multiplication by a}i. Hence

R — (x;)"/2)o(a;) if neven
| ()@= 172)g; if 1 odd

with x; € H, o(a;) € R® and a; € R!, so that o(a;) and a; are in U, R™

Case (2): k > 1. We note by our choice of j, k that a; - - - a;,,_1 is a closed trail of length k, which
we denote by T. Let pr be the set of all paths of length 4 which lie on T.

The first step is to show that pr is contained in p. If d > k + 1, then this follows from Con-
sequence 2.3. So, suppose that d < k. Recall that

R=(ar---aj1)(a; ajk-1) (20141 As(n))-

Then:
AjAji1-Ajrd—1,

Aj114j12 - Ajtd,

Ajrk—dAj+k—d+1 " "~ Bj+k—1/
Ajtk—d+13j+k—d+2 " Aj+k—14]
are all paths of length 4 which are subpaths of R, and so, by Consequence 2.2, are in p.

Now ajajy1---ajyq-1 overlaps aj k4118 kg2 - j1k—14;. SO there is an element R% € p such
that R% maximally overlaps a; ¢ 4114/ 4k—a42 " - - 4j1x—14; With maximal overlap of length d + 1.
Then we have that

RE = j4k—d42@jtk—d+3 " Ajk—10j0741
and this maximal overlap is (a]-+k,d+1aj+k,d+2 cee a]grk,laj) aji1 = aj+k—d+1R%- Continuing in this
way, aj414j12 - - - dj4 overlaps R%. So there is an element R3 € p such that R} maximally overlaps
R? with maximal overlap of length d + 1. So

2
Ry = jyk—d+30j1k—d+4a " - j+k—14j0j+10j42

and this maximal overlap is Riaj,2 = aj,x_412R3. Inductively, we see that every path of length d
on the closed trail T is in p. Hence pr is contained in p.

It follows from Condition 2.4 (2), that there are no paths in p \ pr which begin or end with any
of the arrows a;,a;,1,...,4j 1k 1-

Next we show that R can be written in the form R = p;T7p,, where p; is a suffix of T and p; is a
prefixof T. If d = 2 then a;a;, 1 is a subpath of R of length 2 and hence is in p. By Condition 2.4 (2)
ajaj k1 mustbe in pr and s0 4,41 = aj41. Then 4 g 14,42 = 4j414j 112 and is a subpath of R
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of length 2, so we must have that a;,4,» = 4. Inductively, we see that R lies on the closed trail
T. So R = p1T7py, where py is a suffix of T and p; is a prefix of T.

So let d > 3, and suppose first that d < k. Then a4, 410 -aj1x 14jaj,¢,1 is a subpath of R
of length d which begins with the arrow a; 4.2 € {aj,ai41, ..., aj+k_1}. So, by Consequence 2.2
and Condition 2.4 (2), this path is in pr and hence 4,11 = 4;11. Inductively, we have a;,;,» =

Ajy2, Aj1kys = 4j13,.... Similarly, a; q1a;---aj, 4 5 is a subpath of R of length d which ends with
the arrow a;4_» € {aj,4j41,...,8j4k-1}. So this path is in pr and hence a; | = a;4_1. Inductively,
wehave a; » = aj,x 2, 4j3 = 4j1k3,.... SO we may write R = p1T7p,, where p is a suffix of T

and p; is a prefix of T.

Now suppose that d > k+ 1 (with d > 3). We consider j < d —1 and j > d separately. Let
j<d—1 Thenj+d < 6(n), s0 aj1aj,2- - Aj4k-14j8j1k+1 " - j+q4 is a subpath of R of length
d and starts with the arrow a;,1 € {aj, aj+1,...,aj+k_1}. So by Consequence 2.2 and Condi-
tion 2.4 (2), this path is in pr and hence 4411 = aj11,8j1k12 = aj42,.... So, inductively, we
may write R = (a1 ---a;_1)T7p2, where p; is a prefix of T. Now ajay---a;_1---a4 is a subpath
of R of length d and ends with the arrow a; € {aj,a;41,..., aj+k_1}. So by Condition 2.4 (2), this
path is in pr and hence a; 1 = Ajyk—1,0j-2 = Aj4k—2/ - Thus R = p1T7p,, where p; is a suffix
of T and p; is a prefix of T. Finally, suppose j > d. Then, we know that a; x 4---a;14;---aj, 1
is a subpath of R of length d and ends with the arrow a;,x 1 € {a]-, Ajs1, -, aj+k71}' So by Con-
sequence 2.2 and Condition 2.4 (2), this path is in pr and hence a; 1 = a4; 4 1,4j 2 = aj k2, ...
Also aj kg2 -aj1a; - aj 141 is a subpath of R of length d and starts with the arrow a; ¢ _442.
But we have just shown thata;, 4.2 € {a]-, Aj1, - Ajpk—1 }. So again, this path is in pr and hence
Ajykr1 = dj41- Inductively, Ajykr2 = Gj42, .- Thus R = p1T9p,, where p; is a suffix of T and p, is
a prefix of T.

So, in all cases, R = p1Tpz, where T = a; - - - aj 1, p1 is a suffix of T and py is a prefix of T.

Without loss of generality, relabel the trail T and write R = T7p, where T = ay - - - ai, p is a prefix
of T, §(n) = kq + £(p), and we choose ¢(p) in the range 1 < ¢(p) < k. Note that R has a repeated
arrow so g > 1, and if g = 1 then ¢(p) > 1; moreover if £(p) = k then p = T and R = T9+1.

Let x; be the generator in H corresponding to this closed trail T, sou +1 < i < r. Let

Ti,l =T= aap - - - Ay,
Tip = azaz - - - aay;

Tix = aray - - - ag_1.

The action of x; on E(A) is left multiplication by

d/ ged(d k)

T / + Td/ ged(d, k)
i

4+ Td/ ged(d k)

and |x;| = 2k/ ged(d, k). Consequently, N > 2k/ ged(d, k). Now R = T7pwith 1 < ¢(p) < k. Write
q= gcd‘(idk)c+ww1th0<w< ( k)—l.Then
R — (Td/ gcd(d,k))c (Twp)

Moreover, from the construction of R as a maximal overlap, we see that T“p is also constructed as
a maximal overlap and so corresponds to a basis element of E(A). We have ¢(T%p) = kw + {(p) <

k (W — 1) +k = kd/ ged(d, k) = 6(2k/ ged(d, k)). So T¥p corresponds to a basis element of
E(A) of degree at most 2k/ ged(d, k), that is, T”p is in R"™ for some m < N.

Let 2 < I < k; we show that Td/ ged(d, k)(Twp) =0in E(A). Wehave T;; = aja; 41 - - agay - - - a1,
T =may---apand p = ayaz - - ay,) with 1 < E(p) k. If Td/ ged(d, k)(Twp) represents a non-zero
element in E(A), then t(a;_1) = o(a1) so thatay---a;_1 is a closed trail. But I —1 < k, so this
contradicts the minimality of k. Hence Td/ ged(d) (T“’ p) =0in E(A) for2 <1< k.
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A similar argument also shows that

i) g

Thus

Cc k ¢
R — (Td/ gcd(d,k)) (T%p) =} (Tgl/ gcd(d,k)) (Z 74/ ged(@) > (T%P).

=1
Hence R = x{(T"p) with x; in H, and T”p € R™ for some m < N.

Hence each R € R” with n > N can be written in the form hr for some 1 € H and r € J}_, R".
It follows that JY_, R" is a generating set for E(A) as a left H-module. Thus A satisfies (Fg2) and
we conclude that A has (Fg). O

Example 2. We return to Example 1. Condition 2.4 is satisfied: the only closed trails that are not
loops are the cycles of length 3 (Whose arrows are the ;); for all of these closed trails T, we have
or = p\ {#®}. Hence by Theorem 2.7 the algebra A = KQ/1I satisfies (Fg).

2.3. Conditions equivalent to (Fg) for a d-Koszul monomial algebra
Our aim is now to prove the converse, and more precisely, the following theorem.

Theorem 2.8. Let A be an indecomposable finite dimensional d-Koszul monomial K-algebra with d > 2
Consider the following statements:

(C1) A satisfies (Fg);
(C2) Condition 2.4 holds for A;
(C3) Zgr(E(A)) is noetherian and E(A) is a finitely generated Zgr(E(A))-module;
(C4) E(A) is finitely generated as a module over Zg(E(A)).
Then (C4) implies (C2) which in turn implies (C1).
Moreover, if the field K is algebraically closed, then the four statements are equivalent.
We shall need the description of the Ext algebra E(A) from [11], which we recall here.
Let Q°P be the opposite quiver of Q, so that 9p° = Qpand Qi = {@:j — i | thereisa: i — jin Q1}.
Now consider ‘A = KQ° /] with | = (+p), where the > orthogonal is taken with respect to the
natural bilinear form KQ° x KQ; — K, thatis, (B, By, a1---a,) is equal to 1 if a1 -+ -y =
B1- - Bg and is equal to 0 otherwise. (Recall that, for any n > 0, Q, denotes the set of paths of
length nin Q.)
Ifd =2,set B="Aand ifd > 3let B = @,>( B, be the algebra defined as follows:
[ ] Bn = !A(S(n)
e forx € B,and y € By, definex -y € B, by

oy — 0 ifnand m are odd
y= xy (in'A)if n or mis even.

Note that if n or m is even, 6(n) + 6(m) = 6(n + m), so that this defines a graded algebra B.
Then by [10, 2, 11], the algebras E(A) and B are isomorphic (for d > 2).

Since A is monomial it is easy to see that the algebra ‘A is d-homogeneous monomial and that
the set o of paths o, - - -y € sz such that a1 - - -y € Qy is not in p is a minimal generating set
for | consisting of paths of length d. There is a basis B, of ‘A consisting of all paths 7 in Q°P such
that no subpath of pis in ¢. It follows from Consequence 2.2 that no subpath of length d of R isin
0. Therefore R; € Biy.

As we mentioned in Subsection 1.2, there is a basis of E(A) indexed by U,~oR" that corres-
ponds, via the isomorphism with the algebra B, to the set of paths R} for 1 > 0 and R} € R". We

then have an embedding of the basis ,,> R" of B into B, where R" = { i | RI'e R”}, denote
by Bp its image, which is a basis of B.
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We now define several gradings on A, ‘A and B.

There are natural gradings on A and on ‘A given by the lengths of paths; denote the length
by ¢ for both algebras. The degree of a homogeneous element x in B will be denoted by |x|, so
X € 'Ay(y) or, in other terms, |x| = k if, and only if, £(x) = 5(k).

The algebra ‘A is also multi-graded by IN<!: for each path 7 in Q°P, we define an element
(P) = (0(P))seq, € IN€1 as follows:

e if /(p) =0, thend(p) = (0)aco,
e if /(p) > 0, then 0,(p) is the number of occurrences of « in p (it is 0 if « does not occur in
p)-
Since ‘A is monomial, the ideal ] is homogeneous with respect to this multi-degree and therefore ‘A
is multi-graded. In B, if x and y are homogeneous and |x| or |y| is even, then 0, (xy) = 0,(x) + 0, (y)
but if both degrees are odd then d,(xy) = 0.

Let Z := Zy:(B) be the graded centre of B. It is generated as a subring of B by the homogeneous
elements z € B such that for all homogeneous y € B, zy = (—1)"/Flyz. Note that Z C @, o, ¢Be,
therefore Z is generated by elements that are linear combinations of (non-zero) cycles in Q°P.

Moreover, it can be checked easily that the graded centre Z of B is generated by elements z that
are homogeneous with respect to the grading |-| and the multi-degree ? and such that, for any
element y € B that is homogeneous with respect to the grading |-|, we have zy = (—1)/7lyz.

Remark 2.9. If d = 2 then B = E(A) is generated in degrees 0 and 1, so in order to check that
an element of B is in Z, it is sufficient to check that it is a linear combination of cycles and that it
commutes or anti-commutes with all arrows in Q°P.

If d > 3, then B = E(A) is generated in degrees 0, 1 and 2. Therefore when checking that an
element is in Z, we need to check that it is a linear combination of cycles and that it commutes or
anti-commutes with paths of degrees 1 and 2, that is, arrows and (non-zero) paths of length d in

Q°FP.

The proof of Theorem 2.8 relies on some preliminary results. These are Lemma 2.10, Propos-
ition 2.11 and Lemma 2.13. For the first of these, we start with the following observation about
loops. Suppose « is a loop in Q;. Since A is finite dimensional, there is some integer N such that
aN € I; therefore " has a subpath of length d that is in p and so a? € p. Therefore @ ¢ ¢ and it
follows that &/ # 0in ‘A for all j = 0 and that o0 #0inBforallj > 0.

Lemma 2.10. Let « be a loop in Qq and let n > 2. Then
o ifd =2,a" € Zif, and only if, n is even and « satisfies Condition 2.4 (1);
o ifd >3, € Z if, and only if, a satisfies Condition 2.4 (1).

Proof. First note that if n is odd, then
o ifd=2,a"a =a"t! £ (—1)"ax", therefore @) = 7" ¢ Z;
o ifd >3, @) anti-commutes with all arrows since the products are 0 in B.

Therefore we may assume that 7 > 2 is an even integer and that &’ () ¢ 7. Sete = o(a).
Let B be an arrow ending at e with f # a. Then, in B,

R&(n)er—lB — R(S(rz) ,Ed—lg _ Ed—lg . Ré(n) _ Rd—lgao‘(n)

(the element @' B is in degree 2). Therefore we have an equality # " *4~1 = 7~ 18a°(") between

=18 contains

two paths in the monomial algebra 'A, so that both paths are zero. In particular, @ (")
a subpath in ¢, and since a ¢ o, we must have Rd’lﬁ € 0. It follows that ﬁocd_l Z p.
Similarly, if B is an arrow that starts at e with B # «, then a?~18 ¢ p.

Therefore a satisfies Condition 2.4 (1).

Conversely , assume that « satisfies Condition 2.4 (1).

Let B # a be an arrow and let n > 2. By assumption, a?~!8 ¢ p and Ba?~! ¢ p. It follows that
Ba?~! = 0 = & 'B in 'A (either in o or not composable) and therefore that &’ = 0 = ga’™
since 6(n) > 5(2) > d — 1. The path @’(") anticommutes with all elements of degree 1.

In particular, if d = 2 and 7 is even, then a” € Z.
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Now assume that d > 3 and consider commutation with elements in B,. As a vector space, B; is
generated by the paths p of length d such that p € p. Let p = B1 - - - B4 be a path in p. Since p has
degree 2 in B, products of elements in B with 7 in B and in ‘A are equal.

If p = a?, then clearly @5 = pa(™.

Ifp #al,setj=min{i|1<i<d, B #a}and k = max{i|1<i<d, pi #a}. By assump-
tion, ocdflﬁj ¢ pand Bra®"! & p, therefore B]Rd’l =0and Ed’lﬁk = 0in 'A. We have assumed that

n >2,s0d(n) > dand therefore MG =0 = ?&‘5(”) in 'A and in B, and #°") anticommutes with
elements of degree 2.

Finally, we have proved that " is in Z whenever d = 2 and n > 2isevenord > 3 and
n>=2. O

For the next result, we need some more terminology for closed trails. Letn > 2 and let T =
- - - &y be a closed trail in Q with pr = {a;---a; 151 | 1 <i<n} Cp. Asubcycle of T is a cycle
of the form g = a;---a; with 1 < i <j < nand {(q) < £(T). We say that T has a repeated vertex if
T =1 &j_100; - Kj 10K, - - - &y for some i,k and vertex v such that the paths a; - - - aj (1
and &k - - - Ay - - - &1 are non-trivial paths in KQ.

We make the following assumptions that we use in Proposition 2.11 and Lemma 2.13. The reason
for these specific assumptions becomes clear in the proof of Theorem 2.8.

(i) none of the «; are loops.
(ii) no subcycle of T satisfies the same assumptions as T (that is, there is no subcycle g of T of
length at least 2 with p; C p).

Proposition 2.11. Let T = «q - - - a,, be a closed trail with n > 2, pr C p and such that assumptions (i)
and (ii) hold. Let p be a path of length d such that 04(p) = 0if B & {1, ..., &y} and which does not lie on
T. Then p & p.

Proof. Let p = 1 ---yg with y; € {ag,...,a,} fori = 1,...,d. The path p is a non-zero path in
KQ so t(y;) = o(vit1) for all i. Suppose that y; = ajsop = a;jy2---ygand 72 € {ay,...,a,}
with t(a;) = o(aj41) = 0(72). If T does not have a repeated vertex then necessarily aj 1 = 7».
Inductively, p = aja;j1- - aj141 and hence p lies on the trail T. This contradicts our hypothesis.
Hence T has a repeated vertex.

Suppose that v is a repeated vertex so that T has a proper subpath g of length k with g = vqv
for some k; thus 2 < k < n — 1 since T does not have any loops and g is a closed trail. We claim
that k > d. Indeed, if we had k < d, then by Consequence 2.3 every path of length d that lies on g
would be in p, that is p; C p, with £(g) < £(T). But this contradicts assumption (ii). Hence k > d.

Now suppose for contradiction that p € p. As above, let a; be the first arrow in p. We know that
p does not lie on T and that T has a repeated vertex, so we may write

pP=&j®jrr—1Yr+1" " Vd

where r > 1, vry1,..., 74 € {a1,...,an}, (ajzr—1) = 0(&jsr) = 0(741) and 41 # &jyr. Then
there is some t such that 7,1 = a; and t # j+r (mod n). Moreover t(a; 1) = o(a;) = o(ajyr).
We may illustrate this as follows:

—_— .

DCH/
Qjtr—1

- —_ .

< . . < .
Xpt1
(We make no assumption as to whether <,, is or is not equal to a;;1.) We note that the path
Qjpp- @41 & - &jp 1 i a cyclic permutation of T and has length n. Moreover, from the previ-
ous part of this proof, both aj, - - -a; 1 and &; - - - &j, .1 are paths of length at least d.
Let S = aap 11+ - ajy,—1. Then S is a closed path in KQ of length at least 2 and is a subcycle of
T. There is an overlap a;, 4 -aj--- a1 with p so the subpath a;, 4,1 -aj,, 1a; must also
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be in p. Then we have an overlap of a;, 441 aj 14 with aap i1 -+ - a4 1; by Property 2.1,
all subpaths of length d of the path

Cjpr—d41 " Kjpr—10¢ %41 - - - Opgd—1
must also be in p. Thus every path of length d that lies on S is in p. Hence ps C p.

So S is a subcycle of T that satisfies the same assumptions as T, and this contradicts assump-
tion (ii). Hence p ¢ p. U

Remark 2.12. We keep the assumptions and notation of Proposition 2.11. Then T and all the paths
lying on T are in the basis i, since none of their subpaths of length d are in o; those of length 6 (k)
for some k > 0 are in the basis Bg.

SetT; = ;- pxq---0j_1sothat Tj = ®&;_q-- %1%, - --&; € ‘A for all i. Then for anyj > 1, we
have

T £0 = k=i—1

HT £0 < k=i
Lemma 2.13. Let T = &y - - - oy, be a closed trail with n > 2 and pr C p that satisfies assumptions (i) and
(ii) and set z; = Y4 T with nj = 8(u) for some integer u > 2 and with nj = u even if d = 2. Then
zj € Z if, and only if, T satisfies Condition 2.4 (2).

Moreover, if T does not satisfy Condition 2.4 (2), then no element in B that is homogeneous with respect
to |-| and o (when viewed in ‘A) and that is a linear combination of non-trivial cycles that lie on T is in Z.

Proof. First assume that z; € Z. Fix an integer i and let e = t(&;). Suppose for contradiction that
there is a path p of length d — 1 starting at e such that a;p € pand p # a;4q - - - &1 4-1. By Remark
2.12, at least one arrow in p is notin {ay, ..., &, }, therefore p; is not a subpath of any of the paths
that occur in z;j (note that £(z;) > 6(2) = d > £(p)). The relation &;pz; = z;%;p in B becomes, in ‘A,

pa;T) = zjp ;.
Since 'A is monomial, it follows that & T’ contains a subpath in ¢, that is, there is a subpath of

length d of T/a;p that is not in p. It cannot be a subpath of T/a; because we have assumed that
pr C p. Moreover, we have assumed that a;p € p. We also have a;_ 41 ---a;_1&; € pr C pand pis
d-covering (Property 2.1), therefore every subpath of length d of &; ;1 - - - ®;_14;p is also in p and
so is every subpath of length d of T/a;p and we have obtained a contradiction. Therefore T satisfies
Condition 2.4 (2).

Conversely , assume that T satisfies Condition 2.4 (2). We prove that for all j > 1 such that
nj = 6(u) for some integer u > 2, and such that nj = u is even if d = 2, we have z; € Z.

e First note that if d > 3 and ‘zj] is odd, then zj anti-commutes with all arrows (the products
are 0 in B). Therefore assume that {z]- is even and that d > 2, and let 8 be an arrow.

If B = ay for some k, then @z; = ® T} and z;& = T ;) using Remark 2.12, and these
paths are indeed equal, so that fz; = z; = (—1) gl ’B‘zjﬁ.

If B & {ay,..., 2y} then ETZ =0 = T{B for all i by assumption, therefore fz; = 0 =
(—1)l=illPl ;.

e Now assume that d > 3 (and ‘zj‘ is still even) and consider commutation with elements

in B. As a vector space, By is generated by the paths p of length d such that p € p. Let

p = B1---Bgbe apathin p with ; € Q; for all i. Since p has degree 2 in B, products of
elements in B with p in B and in ‘A are equal.

If plieson T, then p = &y - - - ax4 41 for some k, and it is easy to check that pz; = z;p =

(-1) =i |F'zjﬁ (as for commutation with an arrow).

If p does not lie on T, then by Condition 2.4 (2), the first and last arrows in p are not in
{a1,...,ay}. Moreover, for all i, we have a;B1 - - - Bs_1 € p; it follows that pzj = 0. Similarly,
for all i, we have B, - - - Bga; & p (since it ends with &; and is not in pr), therefore zjp = 0.
3

Finally, pz; = zp = (—1) 5Pz,
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We have proved that z; € Z.

Now let z be an element in Z that is homogeneous with respect to |-| and ? and that is a linear
combination of cycles that lie on T. Assume that £(z) > 0; by (i) z is not a linear combination of
arrows so |z| > 2. Putz = Y/, Ajc; with A; € K and the ¢; cycles in Q°P that lie on T. Since z is
homogeneous with respect to |-| and d and the ¢; lie on T, the ¢; are cyclic permutations of ¢;. Up
to relabelling, we may write ¢; = Téflﬁi_l .- - w;_gs for some fixed s with 1 < s < n (and m = n).

We first consider the case where |z| is even. Then we must have ayz = zwy for all k, that is,

i1 _ —=i—1_ _ . .. .
Y Aiocka Mg g =) 1 Ain Wi - - - & Using Remark 2.12, this is equivalent to

)\kRkT;C_lak—l C Qg = Ak+s+1T§<_+15+1Ek+s “ e Oy O

Therefore Ay =0 = Ay g1 ork+s =k (mod n) (thatis, s = n), and Ay = Agyq.

This is true for all k, so if z # 0 then z = Ayz; with nj = £(z) = 6(|z]).

We now consider the case where |z| is odd.

If d = 2 then the same reasoning as in the even case shows that Ay = (—1) I\ for all k with
1 <k<n—1and Ay = (-1)FFIA,, therefore A; = (—1)"#IA; = —A; (because nj = £(z) = |z] is
odd hence 7 is odd) so that A, = 0 for all k and finally z = 0.

Now assume that d > 3. Since z € Z, we have &y, 4 1 %z = z&y4_1 - - - & for all k, that

. _ e =i—1_ — _ .
is, Yiiq Aidgrg—1 - o Ty ®ioq Wi = Y AT Wiq - ®j_glgy g1 - - - K. Using Remark 2.12,
this is equivalent to

_ i1 _ =1 _ o _
Aplya—1- - 0T @1 X = Meysyd Trysra®ksstd—1" " Ckyd®krd—1° " Lk

Therefore Ay =0 = Ag s qgork+s+d—1=k+d—1 (mod n) (thatis, s = n), and Ay = Agpy.

When s = n, we have nj = ((z) = 6(|z|) = |Z’2_1d + 1, therefore n and d are coprime. It

follows that if z # 0, then all the A; are equal so that z = Mz;.

We have proved that if z is a non-zero element in Z that is homogeneous with respect to |-| and
0 and which is a linear combination of non-trivial cycles that lie on T, then if d = 2 we must have
|z| even and for all d > 2, z is then a non-zero scalar multiple of z;. Therefore z; is in Z and by the
first part of the proof, T satisfies Condition 2.4 (2). U

We have now all the tools we need for the proof of Theorem 2.8.

Proof of Theorem 2.8. The fact that (C2) implies (C1) is Theorem 2.7. The implication (C3) = (C4) is
clear and if, in addition, K is algebraically closed, then the implication (C1) = (C3) follows from

[7].

We now prove that (C4) implies (C2). Suppose that (C2) does not hold, that is, Condition 2.4 does
not hold. Assume for contradiction that B is a finitely generated Z-module, generated by elements
gy, - -, 8, that are homogeneous with respect to both the grading |-| and the multi-grading 0.

We first assume that Condition 2.4 (1) does not hold, so that there is a loop « that does not satisfy
this condition. Then for all j > 2, a°U) ¢ Z by Lemma 2.10.
Now consider #°(¥) € B for some even integer k > 2. Then

,5(]()) _ {5(]() if,B:Dé
0 if B #a

and ‘Eé(k)’ — k. By assumption, and using the fact that @), 81, - 8 are homogeneous with
(k)

respect to |-| and 9, there exist elements 7;
|-| and 9, such that @®) = yt_, Hgk)gi.

Since @*) is homogeneous with respect to |-| and 9, we can assume that for all i we have

1%,| = kand oY) +2(3,) = 0@ g,) = 2@ M), 1 B # a then 05(7") +0,(z,) = 050
(8

i

in Z,1 < i < t, that are homogeneous with respect to

Dﬁ(ﬁgk)) = 0 and 04(g;) = 0. It follows that ﬁfk) and g; are powers of &; since u; ' € Z, we must

1
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have ‘ufk)‘ = 0 or 1 by assumption. If )ﬁgk)) =1, then |g;| = k — 1is odd and hence, in B, we have

fk) gk) € ZY = K. It follows that the sum contains only one

term and that g; is a (non-zero) scalar multiple of @) so that @) ¢ spang {g;,---,8;}-

u;’g; = 0. Therefore we may assume that u

We have shown that {E‘S(k) |k>1,k even} C spang {g;,...,§;}. However, using the grading

|-|, we see that the E‘S(k), k > 1, are linearly independent over K: we have reached a contradiction.
Therefore the Yoneda algebra E(A) = B is not finitely generated as a Z-module when Condi-
tion 2.4 (1) does not hold.

We now assume that Condition 2.4 (2) does not hold, so that there is a closed trail T = a1 - - - &y,
withn > 2and pr C p that does not satisfy this condition. We can make the following assumptions
(and therefore use Proposition 2.11):

(i) none of the a; are loops. Indeed, if &; is a loop, then the paths a;a;iq - - - @41 and tx? are
in p and properly overlap, hence a 'a; 1 is in p because p is d-covering, therefore a does
not satisfy Condition 2.4 (1), and in this case we already know that E(A) is not a finitely
generated Z-module.
(ii) no subcycle of T satisfies the same hypotheses as T (otherwise replace T with the shortest
such subcycle).

We have seen in Lemma 2.13 that no linear combination of non-trivial cycles that lie on T, that

is homogeneous with respect to |-| and 9, is in Z.

Now consider z5) = Y4 Tf(k) € B for some even integer k > 2. Then ‘Z(g(k)‘ = nk and

o(k) ifped{n,...,an}
05(zs(k)) = .
0 ifpE{ar, ..., an}.

Since z;(;) and the g; are homogeneous with respect to |-| and 9, by assumption there exist
(k)
i
Yy ﬁfk)gi. Note that Z C @,cq, e'Ae, therefore the ka) are linear combinations of cycles.

Fix an integer j with 1 < j < n.  Then &y - -R]-T‘-s(k) = Wiyg1° " ®Zsk) =

— — —(k)—
i Qjrd—1-- ""j”z( )gi'

. _ _ k) . . .
Since @j g4 1 &; T]-( Vis homogeneous with respect to |-| and ?, we can assume that for all i we

have 2 +

elements u;’ in Z, 1 < i < t, that are homogeneous with respect to |-| and 9, such that Z5(k) =

ﬂfk)‘ &l = ‘Ef*d—l . 'Efﬂz(k)gi) = ‘E]’—O—d—l cwizgy| = nk+2and 2(@j -1 &;) +
_ _ _ —(k)— _ _ =3k
D(”@) +0(8;) = (a1 '!X]'Ml(k)gi) = (@jrq—1-- -uc]-Ti( ))

therefore the only arrows that occur in ﬁfk)

_ _ =5k
= (@jya1 &) +(TeY), and
g; are the aj, 1 < j < n. Moreover, Proposition 2.11

(k)

and the fact that the Hgk) are linear combinations of cycles show that the ;" must be linear com-
binations of cycles lying on T (otherwise, one at least of these cycles has a subpath of length d
that does not lie on T, hence that is in ¢ and this cycle vanishes in B and does not occur in ul(k) ).

Our assumption shows that these cycles must be trivial (of length 0), and since Z° = K we see

that ﬁfk) € K. Therefore aj 4 1-- -R]-T;-S(k)
{@raa &Y 1< <n k=1, keven} C span (a1 &%, | 1<j<n 1<i<t),

is a linear combination of the &; .4 1---&;g;, hence

The set {R]urd,l . -RIT}S(I{) |11<j<n k=2 k even} is linearly independent over K (using the

grading |-|), therefore we have reached a contradiction.
Therefore the Yoneda algebra E(A) = B is not finitely generated as a Z-module when Condi-
tion 2.4 (2) does not hold. Hence (C4) = (C2). [l

Remark 2.14. In the case where K is algebraically closed, we have extended the equivalence between
(C1) and (C3), already known for Koszul algebras from [7], to d-Koszul monomial algebras with
d > 3. In particular, we have the following corollary.

Corollary 2.15. Let A be a d-Koszul monomial algebra over an algebraically closed field with d > 2.
Assume that E(A) is a finitely generated Zg,(E(A))-module. Then the algebra Zg,(E(/)) is noetherian.
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3. EXTENSION TO (D, A)-STACKED MONOMIAL ALGEBRAS
3.1. Notation and properties of (D, A)-stacked monomial algebras

Let A = KQ/Ibe amonomial algebra with the length grading as before. Let D and A be integers
with D > A > 1. From [13, Definition 3.1], A is then a (D, A)-stacked monomial algebra if, for
any minimal projective right A-module resolution of Ay, the n-th projective module is generated
in degree 64 (n) where
ifn=00rn=1

da(n) =4 5D if n > 2 is even
ID+ A ifn > 3isodd.
When A = 1, we retrieve the definition of a D-Koszul algebra, so that a (D, 1)-stacked monomial
algebra is a D-Koszul monomial algebra.

It was shown in [13, Proposition 3.3] that if gldim A > 4 then A divides D; in particular, D > 2A.
If the global dimension of A is finite, then Condition (Fg), and in fact all the conditions (C1)-(Cé)
stated in the Introduction, are satisfied by A. Therefore we shall assume throughout this section
that Aisa (D, A)-stacked monomial algebra with gldim A > 4 and set d = . We define

=

n ifn=0o0rn=1
1)
5(n) = gd = AXI) o if n > 2is even
n—1 5,41’1 . .
= > )
5 d+1 " if n > 3isodd

Definition 3.1. For A > 1, we define an A-path as a non-zero path p = ay - - - ,, where all the «; are
paths of length A (thatis, a; € Q4 for all 7). An A-trail is an A-path in which all the «; are distinct.
An A-cycle is a closed A-path and finally an A-loop is an A-cycle of length A.

Given an A-path p as above, an A-subpath of p is an A-path of the form a; - - - a; with 1 <i < j <
n (note that not every A-path that is a subpath of p is an A-subpath of p). An A-subcycle of p is a
closed A-subpath of one of the non-zero A-paths ;- - - a1 - - - ;1 with 1 <i < n.

We also define the A-length {4 (p) of an A-path p = &y - - - &, where the «; are paths of length A
as l(p) = n, thatis, £(p) = Ala(p).

We will need the following result from [13].
Property 3.2. [13, Section 3] Let A = KQ/I be a finite dimensional monomial algebra. Then Ais (D, A)-
stacked if, and only if, p = R? has the following properties:
(1) every path in p is of length D;
(2) if R3 € R? properly overlaps R? € R?* with overlap R3u, then {(u) > A and there exists R3 € R?
which properly overlaps R? with overlap R2u', £(u') = A and u' is a prefix of u.

2
R3

1

R}
Therefore p consists of paths of length D, and if A is (D, A)-stacked with gldim A > 4, we view
p as a set of A-paths of A-length d.

Example 3. We include first an example from [8] (Example 3.2). Let A = KQ/I where Q is the
quiver

and the ideal I has minimal generating set p = {apydap, yoaByd}. Then A is a (6,2)-stacked
monomial algebra.
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The closed 2-trails are all the paths of length 4.

Example 4. Now we give an example where, as well as closed A-trails, there are A-loops. Let
A = KQ/I where Q is the quiver

. 74 . ﬁl . ﬁz .
73T i’h 062( )061

and the ideal I has minimal generating set p = {(x142)%, (7172) (7374), (7372) (7172) }- Then Ais a
(4,2)-stacked monomial algebra.

The closed 2-trails are the paths of length 4 whose arrows are the -; and the 2-loops are a4, and
NoXq.

Example 5. Finally, we give an example in which an arrow, namely 85, occurs both in closed A-trails
and in A-loops. Let A = KQ/I where Q is the quiver

ﬁs'lﬂ‘ﬁs'ﬁé

S Al
and the ideal I has minimal generating set

p = {(a1B202)?, (B1B2B3) (BaPB5Ps), (BaPsBe) (B7PsBo). (BrPsPo) (B1B2p3) }-

Then A is a (6, 3)-stacked monomial algebra.
The closed 3-trails are all the cycles of length 9 whose arrows are the B; and the 3-loops are
061‘32062, lelXLBQ and 132062061.

We have the following consequences of Property 3.2.

Consequence 3.3. We keep the notation of Property 3.2, with D = dA. Then the length of u must be a
multiple of A, so that R3u is an A-path, and every A-subpath of A-length d of R3u is in p. Moreover, no
other subpath of length D of R3u is in p.

Proof. Write ¢(u) = gA+rwithg > 1and 0 < r < A. We prove the result by induction on g4.

If g = 1, then the path R3 € p overlaps R} € p with overlap R3uz for some path us. If this
overlap is a proper overlap (that is, R3 # R3), then ¢(u) = £(u') + (uz) = A+ {(u3) so that
l(uz) = (—1)A+r =rand 0 < r < A. Therefore by Property 3.2 we have a contradiction.
It follows that R3 = R3 and u = u’ has length A and that R? and R3 are the only A-subpaths of
A-length d of R3u and they are in p. Moreover, any other subpath of length D of R?u is a proper
overlap of R? of length strictly smaller than D + A, which is impossible by Property 3.2.

Let g > 1 be such that /(1) = gA+r with 0 < r < A and assume that the result is true for
any proper overlap of a path in p of length D +¢’A 4+ ' with ¢’ < gand 0 < 7’ < A. The path
RZ € p properly overlaps R3 € p with overlap R3u; for some path uz with £(u) = £(u') + £(u3) =
A+ 0(u3) so that £(u3) = (9 — 1)A + r and the overlap Rjus has length D + (9 — 1)A +r. By
induction, ¢(u3) is a multiple of A, therefore r = 0 and /(u) is a multiple of A. Any A-subpath
of A-length d of R?u is either R} or an A-subpath of A-length d of Rju3. Again by induction, they
are all in p. Finally, a subpath of length D of R?u which is not an A-subpath either is a subpath of
length D of R3uj3 that is not an A-subpath, therefore not in p by induction, or properly overlaps R?
with overlap R?u" with 0 < ¢(u"") < A, which is impossible by Property 3.2. O

Consequence 3.4. Suppose that D = dA. Let n > 2 and let R} be an element of R". Write R} =
&y - - &gy Where each a; is a path of length A. Then for all i with 1 < i < 6(n) —d + 1, the path
&+ Qipg—1 is in o, that is, all the A-subpaths of A-length d of R} are in p. Moreover, no other subpath of
R? of length D is in p.
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Proof. The result is proved by induction. It is clear when n = 2. Moreover, if n = 3, since R} € R?
is a maximal overlap of two elements in R?, it follows from Property 3.2 and using the notation
therein that R? = R3u’ = v'RZ where ¢’ is the prefix of R? of length A. By Consequence 3.3, the
only subpaths of length D of R? that are in p = R? are R? and RJ.

Now let n > 4 and take R} € R". Then R} is a maximal overlap of R% € R? with Rg’l e R+1
so that R = R} 'u for some path u. Write R ' = a; - - “&5(4—1) with £(a;) = A for all i. By the
induction assumption, we have &; - - - &; 141 € R? for alli withi +d —1 < 6(n — 1). In particular,
R% = W5(n-1)—d+1 " Xs(n—1) IS IN R2. Since R% overlaps R% with overlap R%u, by Property 3.2 we
have ((u) = A and as(;_1)—g12 " Ks(u-1)U = R? € R2. Since R/ = RS 'u, we have proved the
first part of the result for RY.

Now let p be another subpath of R} of length D. We already know by induction that if p is a
subpath of R4 !, then p is not in R?. Therefore p is a subpath of R3u which is neither R3 nor R?. By
Consequence 3.3, p is not in p. We have proved that p ¢ R? and the induction step is complete. [

Consequence 3.5. Suppose that D = dA. Let T = ay - - - oy, be a closed A-trail in Q with a; € Q4 for all
i and suppose that d > n + 1. Assume also that T is the prefix of an A-path in p and the suffix of an A-path
in p. Then all A-subpaths of A-length d of powers of the closed trail T are in p.

Proof. By assumption, there exist A-paths T" and T” such that T'T € p and TT” € p. Since A is
finite dimensional, there is a path R, € p that lieson T, and ¢(Ry) = D = dA > {((T) = nA.
Therefore R; is a subpath of length D of TN = (o - ocn)N for some N > 2. If R, = T™ is a power
of T with m > 2 (and d = nm) then R, overlaps itself with overlap T?>"~! and the result follows
using Consequence 3.3 (every A-subpath of A-length d of a power of T is an A-subpath of T?"~1).
Otherwise, TT” overlaps R; or R, overlaps T'T and we can use Consequence 3.3 again to prove
that R is an A-subpath of TN and then that every A-subpath of A-length d of the overlap is in p;
since every A-subpath of A-length d of a power of T is one of these, we obtain the result. U

3.2. Characterisations of (D, A)-stacked monomial algebras that satisfy (Fg)
We now give our combinatorial condition for (D, A)-stacked monomial algebras A.

Condition 3.6.
(1) Letcbean A-loopin Q4. Writec = ay - - -a4 witha; € Qqforalliandc; = a;---asa1---a; 1
forj e {1,...,A}. Then there exists j such that c? € p but there is no path in p of the form
cj.i_lﬁ or [Bc}j—l where f is a path of length A that is distinct from c;.
(2) Let T = a7 ---a, be a closed A-trail in Q with n > 2 and a; € Q4 for all i and such that
por = {ar - ag, 00 agugyq, ..., 0u01 - ag_1} C p. Then there are no elements in p \ pr
which begin or end with the path «;, for all i.

Remark 3.7. In part (1) of the condition, there is exactly one j such that c}i € p. Indeed, if c;l and c?

were in p, they would overlap with an overlap of length at most D + A — 1, hence by Property 3.2

we must have c;-i = ¢ and therefore j = k.

Remark 3.8. If A = 1 then Condition 3.6 is equivalent to Condition 2.4.
We first prove that this condition is sufficient for A to satisfy (Fg).

Theorem 3.9. Let A = KQ/I be a finite dimensional (D, A)-stacked monomial algebra. Assume that A
satisfies Condition 3.6. Then A satisfies (Fg).

Proof. The case D > 2 and A = 1 corresponds to d-Koszul monomial algebras (with D = d) and
is proved in Theorem 2.7. Therefore we assume that A > 1 so that necessarily D > 2. If gldim A
is finite then A satisfies (Fg) (and Condition 3.6 is empty), so we also assume that gldim A > 4 so
that D = dA.

The structure of this proof follows that of Theorem 2.7 by replacing each arrow in Q; by a path
of length A in Q4. We do not give all the details here, but indicate those places where we need to
provide additional arguments.

The first part of the proof is to show that the hypotheses of [13, Theorem 3.4] hold.
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Let c1,...,c, be the A-loops in Q such that cf € pfori =1,...,u. (We remark that, in the
terminology of [13], these are precisely the closed paths in Q such that for each ¢; we have ¢; # p’
for any path p; with r; > 2 and ¢? € p. Firstly, ¢? € p implies that £(c;) = A. Then, if ¢; = p! for
some path p; with r; > 2, we have 1 < £(p;) < A. Now p!" is in p and p?" overlaps itself with
overlap pf-lr"“, so there is a maximal overlap in R? of length < D + ¢(p;) < D + A. But thisis a
contradiction since A is a (D, A)-stacked monomial algebra. So ¢; # p:'.) By Condition 3.6 (1), for
eachi =1,...,u, there are no elements in p of the form c?_l B or ‘Bc‘;l_1 where B is a path of length
A that is distinct from c;.

We need to show that there are no overlaps of ¢/ with any element of p \ {c¢?}. If R € p\ {c?}
and R overlaps ¢, then, by Consequence 3.3, either R = cb or R = bc; where 1 < s < d—1
and b is an A-path with £4(b) = d — s and that does not begin (respectively, end) with the path c;.
Suppose that R = c$b. Then R overlaps ¢ with overlap of length A(2d — s). By Consequence 3.3,
this is a maximal overlap since c; is not a prefix of b and thus gives an element R% € R3. However,
((R})=D+A=(d+1)A. Thus2d —s =d+1landsos =d — 1. Butthen R = ¢/ 'band bis a
path of length A distinct from c;, which is a contradiction. The case R = bc} is similar. So there are
no overlaps of ¢/ with any element of p \ {c?}.

Let Ty41,... T, be the distinct closed A-trails in Q with £4(T;) > 1 such that the sets pr, of
Condition 3.6 (2) are contained in p. Foreachi = u +1,...,r, we write T; = &; - - - &; ,,,, Wwhere the
w;jarein Q4 so that £4(T;) = m; > 1and

ot = {Déi,l T lGd g0 gy, KR D‘i,d—l} C p.
By Condition 3.6 (2), for each closed A-trail T; (i = u+1,...,r), there are no elements in p \ pr,
which begin or end with the path &; ;, forall j = 1,...,m;. So no path «; ; of length A has overlaps
with any element in p \ p7;.

The next step is to show that A satisfies (Fgl). Applying [13, Theorem 3.4], gives HH*(A) /N =
K[x1,..., %]/ {x2xp for a # b), where
o fori =1,...,u, the vertices vy, ..., v, are distinct and the element x; corresponding to the
A-loop c; is in degree 2 and is represented by the map P> — A where for R*> € R?,

v; ifRZ= Cf-l

R?) @ t(R?) —
o(R%) ®HRY) {O otherwise

e and fori =u+1,...,r, the element x; corresponding to the closed A-trail T; = ;1 - - - &;,
is in degree 2u; such that y; = m;/ gcd(d, m;) and is represented by the map P#i — A,
where for R% € R2H,

o(T;x) if R = Tfk/ 8@ forallk = 1,...,m;

o(R¥1) @ t(R?M) ,
0 otherwise.

Let H be the subring of HH"(A) generated by Z(A) and {x1,...,x,}. Asin Theorem 2.7, H is a
commutative Noetherian ring and so A satisfies (Fg1).

Now we show that A satisfies (Fg2). Again, we identify |J,~o R" with a basis of E(A). Set
N = max{3, |x1],...,|x/|,|Qal|}. We show that UN_, R" is a generating set for E(A) as a left H-
module and thus E(A) is finitely generated as a left H-module.

Let R € R" withn > N. Then £4(R) = 6(n) > 2d and we can write R = aja, - - - as(,) where
the a; are in Q4. The proof now follows that of Theorem 2.7 by replacing each arrow by a path
of length A, and with extensive use of Consequences 3.3, 3.4 and 3.5, and Condition 3.6. Thus A
satisfies (Fg2) and we conclude that A has (Fg). O

Example 6. We return to Examples 3, 4 and 5. In all these examples, Condition 3.6 is satisfied and
therefore (Fg) holds for A.

For instance, in Example 3, the only closed 2-trails T such that pr C p are ayd and ydap and,
in both cases, pr = p. In Example 5, the closed 3-trails T such that pr C p are those that start with
B1, B4 and By, in all cases we have pr = p \ {(a1B202)?} and (a182a2)* does not start or end with

a ﬁi-
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By [6, Theorem 2.5], it follows that A is Gorenstein in each case. Moreover, it was proved in [8]
that the algebra in Example 3 has injective dimension 2.

Our aim is now to prove the following theorem, and in particular the converse of Theorem 3.9.

Theorem 3.10. Let A be an indecomposable finite dimensional (D, A)-stacked monomial algebra. Suppose
that D # 2A whenever A > 1. Consider the following statements:

(C1) A satisfies (Fg);

(C2) Condition 3.6 holds for A;

(C3) Zg(E(A)) is noetherian and E(A) is a finitely generated Zgr(E(A))-module;
(C4) E(A) is finitely generated as a module over Zg,(E(A)).

Then (C4) implies (C2) which in turn implies (C1).
Moreover, if the field K is algebraically closed, then the four statements are equivalent.

We shall need, as in the d-Koszul case, a description of the Ext algebra of A. We give the details of
this in the Appendix, and we briefly describe it here. Since we have already proved Theorem 3.10
when A is d-Koszul, we assume here that D > A > 1 and, in addition, that D # 2A.

Let I" be the quiver with the same vertices as Q and whose set of arrows corresponds to the set
of paths of length A in Q, thatis, 1 = {&:i — j | thereexistsa € Q,, a: j — i}. Let ~p be the
orthogonal of p for the bilinear form KTy x K(Q4)s; — K defined on paths of length d in T and
A-paths of A-length d in Q by (&;---a1,B81---Bg) = lifag---ay = B1--- B4 and 0 otherwise,
where the ; and B; are in Q4. Set "A = KT /] where | = (+p); it is a monomial algebra and the
ideal | has a minimal generating set ¢ given by all the paths & - - - @1 such that the A-path oy - - - a4
isnot in p.

Let B = @,,~¢ B, be the algebra defined as follows:

® By = "Ag)
e for x € B, and y € By, define x -y € By, by

0 if n and m are odd;
x-y=40 ifnormisequaltolandn >1,m >1;
xy in A otherwise.

Observe that if n or m is even and both are larger than 1, §(n) + d(m) = é(n + m), so that the
algebra B is a graded K-algebra, generated in degrees 0, 1, 2 and 3. Note that this is also true of
E(A) by [12]. Moreover, we prove in Appendix A that the algebras E(A) and B are isomorphic,
generalising the description given in [11] when A is a d-Koszul algebra. This isomorphism uses
the assumption that D # 2A.

There is a basis B;, of “A consisting of all paths p in T such that no path in ¢ is a subpath of p,

and basis Bp of B contained in B:, consisting of all R;" for all m > 0 and all R € R™.

We now define several gradings, on “A and on B.

There is a natural grading on ‘A given by the length ¢ of paths. Note that if p is an A-path in
Q, then ¢(p) = ¢a(p). The degree of a homogeneous element x in B will be denoted by |x|, so
x € hA5(|x|) or, in other terms, |x| = k if, and only if, ¢(x) = é(k).

The algebra A is also multi-graded by N<': for each path 7 in T', we define an element d(7) =
(0(P))neog, € IN€1 as follows: write the A-path p in Q as p = a; - - - &, where each a; is in Q4;

o if /(p) =0, then ?(p) = (0)ncq,
o if /(p) > 0, then 9,(p) is the number of «; that are equal to « (it is 0 if none of the «; are
equal to a).

Note that even if « is a subpath of p, we can have 9, (p) = 0 (if « is not one of the a;, thatis, p = qar
where g and r are paths in Q whose lengths are not multiples of A).

Since “A is monomial, the ideal ] is homogeneous with respect to this multi-degree and therefore
"A is multi-graded. In B, if x and y are homogeneous and |x| or |y| is even with both degrees at
least 2, then 0, (xy) = 04(x) + 04 (y) but 9,(xy) = 0 otherwise.



A COMBINATORIAL CHARACTERISATION OF (FG) 21

Let Z := Zy:(B) be the graded centre of B. As in the d-Koszul case, it is generated by elements z
that are homogeneous with respect to the grading |-| and the multi-degree and such that, for any
element y € B that is homogeneous with respect to the grading |-|, we have zy = (—1)¥/Zlyz.

Remark 3.11. Recall that B = E(A) is generated in degrees 0, 1, 2 and 3 and that the product of an
element of degree 1 with any other element vanishes. Therefore when checking that an element
is in Z, we need to check that it is a linear combination of cycles and that it commutes or anti-
commutes with paths of degrees 2 and 3, that is, (non-zero) paths of length d and of length d + 1
inT.

The proof of Theorem 3.10 relies on some preliminary results, namely Lemma 3.12, Proposi-
tion 3.13 and Lemma 3.15. We start with some comments on A-loops in Q4. Let ¢ be an A-loop in
Q4. Since A is finite dimensional, there exists an integer N such that cN = 0in A and therefore
there is some j such that c;i € p. To simplify notation and without loss of generality, write ¢ = c;.

Then ¢ € p, therefore ¢ ¢ o and it follows that ¢ # 0 in ?A for all k > 0 and that @® £ 0inB
forallk > 0.

Lemma 3.12. Let ¢ be an A-loop in Q4 and let n > 2 be an integer. Then ") € Z if, and only if, c
satisfies Condition 3.6 (1).

Proof. The proof is very similar to that of Lemma 2.10, using A-paths and Remark 3.11. O

We shall now consider part (2) of Condition 3.6.

Let T = &y ---a, be a closed A-trail in Q with «; € Q4 for all i. Assume that n > 2 and that
pr ={a; ;41|11 <i<n} Cp. Then T and all the paths lying on T are in B;, (none of their
subpaths of length d are in 0); those of length J(k) for some k > 0 are in Bg.

In a similar way to Section 2.3, we make the following assumptions.

(i) none of the «; are A-loops.
(ii) no A-subcycle of T satisfies the same assumptions as T (that is, there is no A-subcycle g of
T of A-length at least 2, and p; C p).

Proposition 3.13. Let T = «; - - - &y, be a closed A-trail withn > 2, pr C p and such that assumptions (i)
and (ii) hold. Let p be an A-path of A-length d such that 9g(p) = 0if B € Qa \ {a1,...,a,} and which is
not an A-subpath of a power of T. Then p & p.

Proof. The proof is very similar to that of Proposition 2.11, replacing paths with A-paths and using
Consequence 3.5 in the proof that d > k. O

Remark 3.14. We keep the assumptions and notation of Proposition 3.13. Set T; = a; - - - g - - - ;1.
Then for any j > 1, we have

T £0 = k=i—1

HT £0 < k=i
Lemma 3.15. Let T = ay---ay be a closed A-trail that satisfies assumptions (i) and (ii) and set z; =
YLy T} with nj = 5(u) for some u > 1. Then z; € Z if, and only if, T satisfies Condition 3.6 (2).

Moreover, if T does not satisfy Condition 3.6 (2), then no element in B that is homogeneous with respect
to |-| and ® (when viewed in "A) and that is a linear combination of non-trivial cycles lying on T is in Z.

Proof. The proof is very similar to that of Lemma 2.13, replacing paths with A-paths, again us-
ing Remark 3.11, replacing the d-covering property by Consequence 3.3 and Proposition 2.11 by
Proposition 3.13. Note also that for the proof of the last part, testing commutation with paths in
B, gives s = n and Ay = Ay, 4 for all k and hence the result if |z| is odd; and if |z| is even, we
must use the fact that z commutes with elements in B3 in a similar way to obtain, in addition, that
Ak = Agrgaq for all k and hence that Ay = Ay, for all k. O

Proof of Theorem 3.10. We note first that if gldim A is finite then A satisfies (Fg) and Condition 3.6
is empty. The implication (C2) = (C1) is Theorem 3.9. Again, the implication (C3) = (C4) is clear
and if, in addition, K is algebraically closed, then the implication (C1) = (C3) follows from [7]. It
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remains to prove that (C4) implies (C2). The proof is similar to that of Theorem 2.8, again replacing
paths with A-paths (we need not assume that the integers k are even). U

Remark 3.16. Suppose that K is algebraically closed. We have now extended the equivalence
between (C1) and (C3), already known for Koszul algebras from [7], as well as d-Koszul monomial
algebras by Theorem 2.8, to (D, A)-stacked monomial algebras with D # 2A whenever A > 1.

In particular, we can extend Corollary 2.15 to (D, A)-stacked monomial algebras.

Corollary 3.17. Let A be a (D, A)-stacked monomial algebra over an algebraically closed field with D #
2A whenever A > 1. Assume that E(A) is a finitely generated Zg, (E(A))-module. Then the algebra
Zgr(E(A)) is noetherian.

APPENDIX A. THE EXT ALGEBRA OF A (D, A)—STACKED MONOMIAL ALGEBRA

Leader and Snashall gave in [17] a presentation of the Yoneda algebra E(A) of a (D, A)-stacked
monomial algebra by quiver and relations. However, in our proof of Theorem 2.8 that (C4) implies
(C2) for d-Koszul monomial algebras, we used the description from [11, Sections 8 and 9] of E(A)
as an algebra contained, as a graded vector space, in the Koszul dual 'A. In this Appendix, we
generalise this description to (D, A)-stacked monomial algebras.

Throughout this section, A = KQ/I is a (D, A)-stacked monomial algebra with D = dA and
d > 2, where [ an ideal generated by a set p of A-paths of A-length d = 2. We view A as a quotient
of the tensor algebra: A = T, (A1)/I.

All tensor products are taken over Ag and we write ® for @,,. The subspace S = 1N (APP) =
span(p) of T = Tx,(A1) is a Ag-Ag-submodule of ATP; it is finite dimensional over K. For an
element x € T, write X for its image in A. Note that for 0 <i < D we have A; = A?i.

A.1. Generalised Koszul complex of S
Define spaces H(,;y C T’ (A1) as follows:
Ho= Ao, Hi = Arand, forn >2, Hypy = (| (AFHBSB(AY).
i+j=6(n)—d
For n > 0, let P" be the right A-module defined by P" = H;,,)®A; it is projective.
We have Hyy) = A1 = Hy)®A1, Hyp) = S € AYP = Hsy®APP ! and, for any n > 3,
Hjmy C H(;(n,l)@j\f(‘s(n)_é(n_l)). Indeed, for any k > 1,

kd i
Bkd—j)\= o=/ A Tj N
Hjok12) = Hig1)d = ﬂ(/\f( J))®S®(A§J) C m (Af( ]))®S®(A§7)
j=0 j=d—1
B(k=1)d41— 1)\ — o/ x Bir—y « B(d— .
0

(k—1)d+1

]

kd+1 ‘ _ kd+1 _ .
Hsioii1) = Hia1 = m (Ai@((kfl)dJrl*]))@S@(Af]) C m (Aﬁ((kfl)d+l*]))®8®(A§J)
j=0 j=A

kd _ . _,
= VA VN GSHATEAA = Hyo@Aa
j=0

It follows that the maps F!: A\@A — Ag®A = A, F2: A§d®A — A ®A and, for n > 3,
P ATWEA — APVEA defined by

F1(x{®A) = x1A

F2(x;® - ®xp®A) = x{®x3 - - - xpA

F* (1@ -+ ®Ys(m) @A) = 1@ QYs(n-1)BYs(n—1)+1" " Ys(m)As
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where x; € Aj and y; € A4 for all i, induce maps b : P" — P"~1. More specifically, for all k > 1,
FF (@ QY1 @A) = 118 - - - OYpa®Ygasa A if n = 2k + 1is odd

PR (@ - QY 1)a®@A) = 118 - - - OYkas1 OYkas2 - - - Y(ks1)aM if 1 = 2k + 2 is even,
Define also b°: P = Ag®A = A — A, which identifies with the natural projection.
Moreover, for n > 3 we have Hyyq c H&(n)®Ai?( (n+1)—4(n)) C
H(s(n_l)@/\f(’s( n)—d(n— 1))®A®( (n+1)=é(n)) _ Hé(ﬂ_l@lgd and Hypq) C Af&(nfl)gsl we

have Hj(,41) C (Afo(" 1)®S> N (Hé(n,l)QAgd) = Hj(,—1)®@S (all the spaces involved are
finitely generated and projective over Ag) hence b" o b" ™! = 0. It is easy to check that b" o b"*! = 0

whenn =1,2or 3.
Therefore we have a complex (P”, b") of projective right A-modules.

Theorem A.1. Let A = KQ/I be a monomial algebra with 1 generated in degree D = dA with d >
2. Then A is (D, A)-stacked monomial if, and only if, (P®,b*®) is a minimal projective right A-module
resolution of .

Proof. By construction, P" is generated in degree §(n). Therefore, if (P*,b*) is a minimal projective
right A-module resolution of Ao, then A is a (D, A)-stacked monomial algebra.
Conversely, assume that A is a (D, A)-stacked monomial algebra. We already have a complex

(P*,b*) of right A-modules such that P" is generated in degree (n). The beginning P! oopo
Ao — 0is exact.

We prove exactness at P21 for n > 1 (the proof of exactness at P?" and at P! is similar, without
the need for Consequence 3.3).

First note that b"+2(P?"*2) is generated in degree 6(2n +2) = (n + 1)D in P21,

Let z = ¥, Xu441,®@ - - - ®x1,;®A; be an element in Kerb*"*! with x;; € Ay and A; € A
for all i,j. Then ) x,4:1,® - ®x2,;®x1;A; is in TRI. It follows that A; € @y>p_4 Ax and
that Ker b*'! is generated in degrees at least (n + 1)D. Therefore z can be rewritten as z =
Y Xnd41,i® - - ®x1i®Yg_1i - y1,iA; with yj; € Ay and Al € A for all i,j, with the y;,; right uni-
form and t(yLz) # t(y1x) when i # k. Write A} = 2120 Aip with Af; € A for all i1, and
Alg = t(y1,). Then each of the }; x,4,1,® - -@x11i®yd_1,i -+ Y1,iA;; is in Ker b*"*t1 50 in partic-
ular z’ := Zi xnd+1,l@~ . '®x1,i®yd—l,i Y1 € Ker b2 +1,

Consider 2”7 := Y x,041,i® - - ®x1,;@Y4-1,Q - - - QY1,i®t(y1,;) € A®((”+l)d)®A We show that
Z/" € P?"2; this will imply that z’/ = b?"+2(z" ) € Im b>**2, Since A is monomial and b*"*1(z') = 0,
we may assume that that for all 7, xq;4-1,;- - -1, is a path; since it is in I and has degree D, it is
in p = R2. By definition of P?**!, we may assume that z is written so that for each i, Xgiv X1
is a path in p = R?. The path x1,;y;_1; - -y1,; properly overlaps x; - - - x1,; therefore, using Con-
sequence 3.3, it follows that for all k with 1 < k < d —1 we have x¢; - X1iYs—1i" " Yki € P
and hence 2" € ﬂd 1(A®(nd k+1))®5®(/\§(k71))®/\. Finally, using the fact that z € P?"1 =
Hyug1®A, we get 2”7 € Hy1)a®A = P22, We have proved that (Ker bZ”“)(HH)d C Imp*"+2,

Since Im b*"*2 is generated in degree (n + 1)d and Ker b*"*! is generated in degrees at least
(n + 1)d, it follows that Ker b1 C Im b*"*2 and finally that Ker b*"*1 = Im p?" 2.

Finally, since Imb"*! is generated in degree §(n + 1) and P" is generated in degree 5(n) <
5(n+1), Imb"*! C vP" for all n and therefore the resolution is minimal. O

A.2. The Ext algebra

A.2.1. Some duality results. We recall without proof some results stated in [2]. All modules are
finitely generated A-Ag-bimodules. All claims are easily checked for bimodules that are free
and finitely generated as left or as right Ap-modules, and follow for arbitrary finitely generated
modules (since Ay is semisimple, all the Ap-modules (left or right) are projective).

For any bimodules V and W, define V* = Homu,— (V, Ag) and *W = Hom_,(W, Ag); they are
Ao-Ag-bimodules, for the actions given for alle,¢’ in Ag, . € V*, B € *Wand v € V, w € W by:

(eae')(v) = a(ve)e’ and (eBe’)(w) = eB('w).
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There are natural isomorphisms of Ag-Ag-bimodules Aj = Ag = *Ao which we view as identi-
fications.

There are also natural bimodule isomorphisms V = *(V*) and W = (*W)* of bimodules.

If Vi C V (respectively Wy C W), define Vi- = {a € V* | a(V;) = 0} (respectively *W; =
{B € "W | B(Wq) = 0}). If V; (respectively W) is a sub-bimodule, then they are sub-bimodules of
V* and *W respectively.

Fix a Ag-Ag-bimodule V. Then:

(i) if W is another Ag-Ao-bimodule, then there is an isomorphism of Ag-Ag-bimodules
pvw: VW — *(WRV) given foralla € *V, f € *W,v € Vand w € W by
oy w(a®pB)(w®v) = a(B(w)v). There is a similar isomorphism with right duals, which
sends a®p to the map w®v — B(wa(v));

(ii) if U and W are sub-bimodules of V, then (U + W) = U N1W and (U + W)+ = U+ N
W+;

(iii) if U is a sub-bimodule of V, then (V/U)* = U+ and *(V/U) = *U;

(iv) if W is a sub-bimodule of V, then for any idempotents e;, ¢ with (i,j) € Q2 we have

ei*We]' = *(ijei);

(v) if U is a sub-bimodule of V, then for all i,j in Oy we have dim e]-Lllei = dime;Ve; —
dim eille]- = dime]-ULei;

(vi) if U is a sub-bimodule of V, then under the identification of V with *(V*), we have +(U")

and under the identification of V with (*V)*, we have (+U)*;

(vii) if U is a sub-bimodule of V and W and Z are Ay-Ag-bimodules, there are bimodule iso-

morphisms H(WRURZ) & *ZR@UR*W and (WRURZ)*t = Z*QUQW*.

A.2.2. Description of the Ext algebra. From the above, there is a natural isomorphism *(A?i) =
(*A4)®!, which we view as an identification. We also view S as a subspace of A (rather than

AP). We may then consider +S = { fe(*As)® | f(x) =0forallx € S } The dual algebra of

Ais then 'A = Ty, (*A4)/(+S). Tt is a graded d-homogeneous algebra since *S is contained in
(*A )%, therefore "A = @,50 “An.

In terms of quivers, we have Ag = KQp and A4 = KQ 4, the vector space whose basis is the set
Q4 of paths of length A in Q; moreover, *A 4 = KQ¥ using (iv).

Then “A is isomorphic to KT/ (+p) where T is the quiver with the same vertices as Q and whose
set of arrowsis 1 = {&: i — j | there exists & € Q4, a: j — i} and where *p is the left orthogonal
of the set p viewed as a set of A-paths, for the bilinear form KT ; x K(Q4); — K defined on paths
of length d in I' and A-paths of A-length d in Q by (w;---&,p1---Pg) = 1lifag---ag = B1---Pa
and 0 otherwise, where the «; and B; are paths of length A.

The algebra KT'/(+p) is monomial, and the ideal (*+p) has a minimal generating set o given by
all the paths & - - - w3 such that the A-path a; - - - a5 isnotin p. In particular, if ¥ = «, ... &; is a path
inT, witha; € Q4 foralli, then7 ¢ (0) if, and only if, for each i with 1 < i < r —d + 1, the path
a; - q-1 is in p (we use the fact that A is monomial here).

Lemma A.2. There is an isomorphism (hA5(n))* = Hs(n)-

(*AA)@zS(n)

S(n)—d — ——— —. Therefore we have
S (*A2)BEM)-d-NRLSR(*A 4)®

r
5(n)—d B ' A\
()" = ( » <*AA>®<J<">—d-Z>®lS®<m)@l)
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m-d _ |
o m <A§1®S®A§(5(”)—d—l)>
i=0

1
= H&(n)'

This isomorphism takes x =} x1® - - '@x5( ) € H(;( ) to the map gy uA(;(n) — Ay defined by
(Vs ® - ®71) = Y Yo ( (2 (x1)x2) - ) X500y 1) X6 (n))
where the x; are in A4 and the 7; are in *A 4. ]

Lemma A.3. There is an isomorphism 1: “A(,) — Homa (P", Ag) given by

¢(7)(x1® ®x5 ®A) = f5 (fé(n—l)(' ~(A(x)) ... Xzs(n)—l)JQS(n))X
where f = f5)@ - - ®f1 € sy with f; € *Aq forall i, x; € Ay forall iand A € A.

Proof. The isomorphism 1 is the composition of the following isomorphisms:
. ”Aé(n) — Hom_,, ((”A(;(n))*,AO), which sends f to the map [g¢ — g(f)];
. Hom_AO((“A(;(n))*,AO) — Hom_ A, (Hs(y), Ao), which sends a map & to the map [x
h(gx)], where gy is as in the proof of Lemma A.2;
° Hom_AO(H(;(n),AO) — Hom_A(H,g(n)@A, Ag), which sends a map k to the map [x®A —

k(x)A].
Applying these isomorphisms to f gives the expression in the statement. U
Let B be the vector space B = @,>9 B, where B, = “A 5(n)- Define a multiplication on B as

follows: for x € B, and y € By, set

0  if n and m are odd;
xy=+<0 ifnormisequaltolandn >1,m > 1;
xy in ?A otherwise.
The algebra B is a graded K-algebra generated in degrees 0, 1, 2 and 3.

We want to prove that E(A) = Bwhen A > 1 and D # 2A. We first need a description of the
Yoneda product.

Proposition A4. Let A be a (D, A)-stacked monomial algebra with A > 1, D = dA and d > 3. The
Yoneda product of f, € Homp (P", Ag) and f,, € Homp (P™, Ag) is given by
0 if n and m are odd
Oifn>21l,m>=2landn=1orm=1
LX1® ++ @Xs(n)15(m) A > fu(L fn(11® -+ - @%X5(m) ®1) X5 () 11
QXg(m) 2@+ * @Xg(m)45(n) DA ) otherwise,

fnfm:

where the x; are all in A 4.

Proof. If m and n are odd or if m > 1 or n > 1is equal to 1 then, under the assumption that A > 1
and D # 2A, the Yoneda products vanish by [17, Theorem 3.4]. We now assume that m or 7 is even
and that m # 1l and n # 1.

Let o: A9 — A be the natural inclusion.

Consider fy: P" — Ay; it lifts to f) = oo fu: P" — A. We now define further liftings
fi,: P Pifori > 1 as follows:

fu(1® - @X5(mp1) @A) = fm(x1®“‘@xo‘() 1) X5(m) 41 @X5(m) 2 * * * Xo(m41) A

®
Fr® - Y simiy OA) = fr (1@ - - Y50 @1 Ys() 419 * - * DY (i) OA
ifmori > 2iseven

f;% (yl@ e ®y5(m+l ®/\) fm( ’ @yé(m)@l)yﬂm)-i-l@ T @yé(m-i-i—l)-&-l

QYs(mti-1)42 " Yo(msi)H if mand i > 2 are odd
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where the x; are in A and the y; are in A 4. The proof that ( f,in)i>0 is a family of liftings of f,,, that
is, fl_1 ob'™™ =b'o fl foralli > 1, is tedious but straightforward.
Finally, if n or m isevenand n > 2, m > 2 ,then

fufm(1@ - @Ys(my+5(m) @A) = fu 0 fn(V1@* @Ys(mpn) @A)
= fa(fa1® - - DY) D) Y (m)+10Y 5(m)+2@ - * - OY () +6(n) OA)
= fu(fun(1® - - - BYsm) ©1)Y5(m)+1 DY 5(m) 12 * = OYs(m)+5(n) DA)- O
Theorem A.5. If A is a (D, A)-stacked monomial algebra, with A > 1, D = dA and d > 3, then E(A)

is isomorphic to B as graded algebras. In particular, Ext’y (Ao, Ao) is isomorphic to "A 5(n)-

Proof. We use the isomorphisms in Lemma A.3 and the cup-product described in Proposition A.4.

If f = fsn® - @ft € Byand g = g5(,)® - - - ®81 € By, where m or n is even and both are at least
2, then

lP(?)l[J(g) (yl@ o y&(m)+5(n)®)\) = q)(f) (lp(g) (yl@ ’ 'gyé(m)gl)yﬁ(m)q%@' ) '®y5(m+n)®/\>

= fstn) (-1 (- (2L @) (1D - - - DY s(m) @1 Ys(m)+1)Yo(m)+2) - - Y& (metn)—1) Yo (m-+m) A
= fotm) (o= (-« (F2(f1(&s0m) - - (1(Y1)) - - Yo(m) Yo (m)+1)Ys(m)+2) - - )Y (mtn)—1)Yo(m+n) ) A
=9(fe)(n®--- ®y5(m)+5(n)®)\)

=9P(f W1 DYs(m)+6(m) BA)

therefore ¢(f - 3) = ¢(f)¥(g) and we have proved that ¢ is an isomorphism of graded algebras.
U

Remark A.6. Recall from Subsection 1.2 that the m-th projective in a minimal projective right A-
module resolution of Ag is L™ = @gmepn t(R")A. By Consequence 3.4, R € P". We then have
an isomorphism P" — L™ which is determined by R} — t(R!") for all i.

As we mentioned in Subsection 1.2, the authors of [14] also gave a basis of E(A), namely the set
{g" € Homy (L™, Ag) | R"" € R™} where gz’”(t(R;”)) = t(R!") if j = i and 0 otherwise. The element
g™ corresponds to a map in Homy (P", Ag) which we denote again by g/ and that is defined by
g"(R") = t(R") if j = i and 0 otherwise.

We have isomorphisms KQ4 = KI'y and KQ4 = *A 4 = *(KQ4) which combine to the iso-
morphism which associates to @ € I'y the linear form f, on KQ4 that sends B € Q4 to t(a) if
B = « and to 0 otherwise. This extends to an isomorphism between the algebras KT'/(¢) and “A
that sends a path 7 of length n to the class of the linear map f, € (*A )" defined on A-paths by
fr(q) = t(p) if g = p and 0 otherwise.

Now consider R}" = ay - - - as(,,) wWith w € Q4 for all i and R = As(m) - - @1 in KT/ (). It is easy

to check that g/ = v ( fa o.(m)@ e ® fa1> so that it corresponds, via the isomorphism above, to R; .
Therefore we have a basis Bp = {Km | RI" € Rm} of B.
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