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Abstract. This paper concerns the quasi-neutral limit to the Cauchy problem for
a two-fluid Euler-Poisson system in several space dimensions. When the initial data
are sufficiently close to constant equilibrium states, we prove the global existence of
smooth solutions with uniform bounds with respect to the Debye length in Sobolev
spaces. This allows to pass to the limit in the system for all time to obtain a
compressible Euler system. We also prove global error estimates between the solution
of the two-fluid Euler-Poisson system and that of the compressible Euler system.
These results are obtained by establishing uniform energy estimates and various
dissipation estimates. A key step in the proof is the control of the quasi-neutrality
of the velocities. For this purpose, an orthogonal projection operator is used.

Keywords: quasi-neutral limit, two-fluid multi-dimensional Euler-Poisson system, energy es-
timates, global convergence, convergence rate.
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1. INTRODUCTION

In a previous work [33], we considered the global quasi-neutral limit for a two-fluid (bipolar)
isentropic Euler-Poisson system in one space dimension. In this paper, we continue to study
this limit in several space dimensions. The system arises in the modeling of plasmas (or semi-
conductors) consisting of electrons of charge ¢ = —1 and a single species of ions of charge
¢; = 1. Denote by n. and u. (n; and w;, respectively) the scaled density and the velocity of
the electrons (ions, respectively), and by ¢ the electric potential. The two-fluid Euler-Poisson
system reads (see [6, 29, 20, 10])

on, + div(n,u,) = 0,

(1.1) o (nyu,) + div(n,u, @ u,) + Vp,(n,) = —qn,Vo —nyu,, v=e,i,
N A¢p =n; — ne, lim ¢(t,z) =0,
|z| =400

for (t,z) € Rt x R%. Here ® is the tensor product, A € (0, 1] is the Debye length. The pressure
functions p, (v = e, 1) are supposed to be smooth and strictly increasing, namely,

p(r) >0, V7>0, v=e,i.
The system is supplemented by the following initial condition depending on A :
(12) t=0: (nlﬁull) = (ng,)\(m)a Ug)\(.ﬁl})), v=e, ia T e Rd'

* The corresponding author
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We define ¢9 as the initial data of ¢ by
(1.3) ~N2AY = n?y —nl,, lim ¢(z) = 0.

|x| =400
We are concerned with smooth solutions to system (1.1) in the non-vacuum field, namely,
n, > 0 for v = e,i. Then the momentum equations in (1.1) can be written equivalently as

(1.4) Owuy, + (uy - Vu, + Vhy(n,) = —q, Vo —u,, v=e,i,
where the enthalpy functions h, (v = e, i) are defined by

n ./
h,(n) :/ mdﬂ v=e,li.
1

T

System (1.1) is composed of a symmetrizable hyperbolic system for (n,,u,), v = e, i, coupled
to a linear Poisson equation. The local well-posedness of classical solutions to the Cauchy

d
problem (1.1)-(1.2) are well-known by applying the results in [22, 28]. Let s > 5t 1 be

an integer. We assume that (n, — 1, up,,, V@) € H® with n),, > const. > 0, here and in
what follows H® stands for H*(R?). Then there exists T, > 0 such that the Cauchy problem
(1.1)-(1.2) admits a unique solution (n,,u,,®) on the domain [0, 7] x R¢, and we have

ny, — 1,u,, Vo e [ )CH([0,T.); H%), inf ny(t, ) > const. >0, v =e,i.
¢ IDO (0, 7] ) ot (t,z) >

In general, T, depends on the parameter A € (0,1]. For fixed A, the global existence with long
time behavior of smooth solutions near constant equilibrium states was proved in [2, 25], and
the stability of solutions was studied in [9].

The one-fluid Euler-Poisson system for electrons (ions, respectively) is described by variables
(ne, Ue, @) ((ng, us, @), respectively) when the plasma is in a uniform background where n; (ne,
respectively) is given. For fixed A, the global existence and the stability of solutions were
investigated in [1, 17, 15]. When the electron density is replaced by a Boltzmann relation, we
obtain a one-fluid model for ions in which the Poisson equation is semilinear [12, 26].

In plasma physics, the Debye length A is much smaller than the length of physical variables.
The quasi-neutrality means n, —n; — 0 as A — 0. Thus, it is important to study the limit
behavior in these systems as A — 0, which is referred to as the quasi-neutral limit. An early
analysis of the limit was given in [5] for the Poisson equation coupled to a Boltzmann relation.
For the drift-diffusion systems this limit was studied in [21] where it was revealed that the quasi-
neutral limit is related to the quasi-Fermi potentials. See also the study of this limit for the
Vlasov-Poisson system [3, 16], the pressureless Euler-Poisson system [27] and the Navier-Stokes-
Poisson system [11]. It is well-known that the quasi-neutral limit of the one-fluid Euler-Poisson
system leads to incompressible Euler equations. The justification of the limit for the one-fluid
Euler-Poisson system was carried out in [8, 36, 39] for smooth solutions on a uniform time
interval and in [32, 26] for global smooth solutions near constant equilibrium states.

It was already shown in [34, 24, 33] that the quasi-neutral limit of the two-fluid Euler-Poisson
system presents a different situation, since its limit system is governed by compressible Euler
equations. Indeed, passing formally to the limit in (1.1) as A — 0, we obtain from the Poisson
equation that n. = n;, denoted by n. Therefore, the limit system of the first two equations in
(1.1) becomes

o + div(nu,) = 0,
Owuy, + (uy - Vu, + Vhy(n) = —q, Vo —u,, v=e,i.

If u.(0,) = u;(0,-), we have u, = w;, denoted by w, at least on a local time interval, see
[34]. Adding and subtracting the second equations above for v = e, i yields compressible Euler
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equations
o + div(nu) = 0,
(1.5)
o+ (u-V)u+ Vhi(n) = —u,
and
V¢ = Vh_(n),
where

1
hi - §(h6 :l: hz)

By the method of asymptotic expansions together with energy estimates, the convergence of
system (1.1) to (1.5) as A — 0 was justified for smooth solutions on uniform time intervals
(18, 24, 19].

The global-in-time convergence of the two-fluid system (1.1) as A — 0 is a challenging problem
on which very few results are available. In a recent paper [33], we solved this problem in one
space dimension. Up to our knowledge, that was the only result on this issue for (1.1). The goal
of this paper is to prove this global quasi-neutral limit for (1.1) in several space dimensions.

_ d
Let (7, te, ni, w;, V@) = (1,0,1,0,0) be a constant equilibrium state. Let s > 3 + 1 be an

integer. We assume that (nf, — 1, uy,,, V¢3) is uniformly sufficiently small in the norm of H*

for v = e, i. Moreover, let u, be tlr71e Zﬁl’asi—Fermi potentials defined by (see [29, 20])
(1.6) o = ho(n) + 4,0, v =i,
and
(1.7) = pie — ft; = he(ne) — hi(n;) — 2¢.
We denote
N_=Ne—Ng, U_ = Up — Uj.

Subtracting (1.4) for v = e, i yields
(1.8) du + ((u— - V)ue + (u; - V)u) + u_ + V= 0.

We first show our results and assumptions on the initial data. The quasi-neutrality and the
formal derivation of system (1.5) from (1.1) suggest that

0 0 0 0
Mex— My =0, ugy—u;, =0, as A—0.

Hence, we assume

ng,)\ - ”?,A = OO‘Q% US,A - u?,)\ = O()\Q)-
From (1.8) we see formally that Vu and u. — u; should have the same order in A\. Therefore,
we also assume

Under these conditions we prove that the Cauchy problem (1.1)-(1.2) admits the global smooth
solution with uniform bounds in Sobolev spaces with respect to A\, and
ne—n; =0(N), u.—u; =0\, Vu=0(\), Vt>D0.

This result is stated in Theorem 2.1. In particular, when A, = h; and the initial data are well-
prepared such that (n? ,,ul \) = (n{,,u?,), then the result in Theorem 2.1 holds, provided that
(ny —1,u,) is uniformly sufficiently small in the norm of H*. The result of the convergence
of system (1.1) to (1.5) as A — 0 is stated in Theorem 2.2. Furthermore, let (n°, u°) be the
initial data of the limit (n,u) governed by compressible Euler equations (1.5). If

nB’A —n’=0(\), ugv)\ —u’' =0\, v=e,i,
we prove that the solution of (1.1)-(1.2) satisfies global error estimates

n,—n=0N\), u,—u=0(), Vt>0, v=e,i.
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This result is stated in Theorem 2.3. Remark that Theorems 2.1-2.3 are valid for all A € (0, 1]
without condition h., = h;.

Now let us sketch the proof of these results. First of all, the estimates to establish depend
on two quantities : the Debye length A and the size of the solution in Sobolev norms. The
latter is uniformly sufficiently small with respect to A. From the symmetrizable hyperbolic
system (1.1) for (n,,u,), we obtain classical uniform energy estimates of solutions and a time
dissipation estimate of u,. From the strict monotonicity of function p, together with a standard
technique, time dissipation estimates of Vn, and A\~'n_ can be further derived. For fixed ),
these estimates are sufficient to prove the global existence of solutions [2]. For the one-fluid
Euler-Poisson system, these estimates are also sufficient to prove the uniformly global existence
of solutions and pass to the limit in the system [32]. Unfortunately, for the two-fluid Euler-
Poisson system, the energy is bounded by a quantity which also depends on A\ tu_.

Based on the analysis of this problem, the control of the dissipation of A"*u_ is a key step
in the proof. For this purpose, we introduce a linear operator P from H?® to H*® for all fixed
integer s > 0, defined by P = VA~ldiv. We will see that both P and I — P are orthogonal
projection operators and the latter is the Leray projection, where I stands for the identity
operator. Applying 0; to the Poisson equation and using the density equations in (1.1), we
have

N A(0,0) = div(nsu; — neue).
Therefore, the Poisson equation is equivalent to

(1.9) NNV = P(nsu; — neu,).

Notice that
Nelle — MUy = N_Ue + MU = u_ + (N_Ue + Nu_),
where n; = n; — 1. Then

(1.10) NONVo = —Pu_ — P(n_u, + iu_).
Applying 9; to (1.8), we have

(1.11) Ofu_ + Owu_ +2X"*Pu_ = F,
where

F =8,V (hi(n;) — he(ne)) — 8 ((uz - V)ue + (u; - V)uo) — 227°P(n_ue + fu_).
By the density equations in (1.1), F' can be rewritten as
F = V(h(n.)div(neue) — hi(n;)div(nsu;)) — 0 ((u- - V)ue + (u; - V)u_)
— 2\ *P(n_u, + figu_).

In this expression, the first term can be controlled by the dissipation of u, and the other terms
are quadratic and can be treated in a usual way. In particular, the second term depends on the
time derivative of solutions. In order to control such kind of terms, we establish estimates in
a stronger norm (than that of H*®) whose definition contains the mixed derivatives of solutions
with respect to x and t. Moreover, since PV = V, applying I — P to (1.8) yields

(1.12) OH(I—=Plu_+ (I—Plu_ =—1—P)((u- - V)ue + (u; - V)u_),

where the right-hand side is a quadratic term too. Equations (1.11) and (1.12) provide dissi-
pation estimates of A™'Pu_ and A™'(I — P)u_, which imply dissipation estimates of A"'u_ by
the orthogonal decomposition
u_ =Pu_+(I-Pu_.
The classical energy estimates and the dissipation estimates above imply the result of Theo-
rem 2.1. The proof of Theorem 2.2 follows from the uniform estimates of solutions with respect
to A. These estimates imply strong compactness of the solution sequences and allow to pass to
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the limit in (1.1) as A — 0. Finally, a key ingredient in the proof of Theorem 2.3 is to avoid
the quadratic term (n. — n)? in the energy estimate. For this purpose, we choose a specific
diagonal matrix as a symmetrizer.

In the case of one space dimension, it is less difficult to obtain the dissipation estimate of
A~lu_. Indeed, the Poisson equation in (1.1) is equivalent to an evolution equation of the form

N0u(0,0) = niu; — nette, t>0, x €R.
Then equation (1.11) is reduced to
Ou_ + Ou_ + 2\ *u_ = F,
where
F =0, (h’e(ne)ﬁz(neue) — h;(nz)ax(nzuz)) — 0 (u_ﬁxue + uz-axu_) — 22} (n_u, + Ru_).

Thus, the orthogonal decomposition above for u_ is not necessary. See [33] for more detailed
analysis on this issue.

This paper is organized as follows. Theorems 2.1-2.3 are stated in the next section. Sections
3 and 4 are devoted to detailed energy estimates. The proof of Theorems 2.1-2.2 are given in
section 5 and that of Theorem 2.3 is given in the last section.

2. STATEMENT OF MAIN RESULTS
For a multi-index a = (ay, -+, aq) € N4 we denote

N olel .
0, T gor.. . poar with |a] = a1 + -+ - + ag.
Tl Tq
Let || - || and || - || be the norms of L%(RY) and L>(R?), respectively. For an integer s € N, let
|| - ||s be the usual norm of Sobolev space H*. For T' > 0, the mixed space-time space B and
the norm ||| - [||s are defined by

BS,T == ﬂ Ck([oa T]; Hs_k)v

k=0

Mol = (2 lokozu(t,)I2)", v e Bur, te 0Tl

k+|al<s
The main results of the paper consist of the following three theorems in H?® for integer
d
s > 3 + 1. The first theorem shows the uniformly (with respect to \) global existence of

smooth solutions to the Cauchy problem (1.1)-(1.2). The second one concerns the global-in-
time convergence of the solution of (1.1) to that of the compressible Euler equations (1.5) as
A — 0. In the last theorem, we give global convergence rates of the solutions in H*72.

Theorem 2.1. Let d > 2 and s > g+ 1 be an integer. Assume that (n), —1,u),,V¢}) € H®
forv=-e,i. Define

(2.1) N =Ny + M,

with

- No=3 (Iny = 1l + e ll) + V3],

M = /\72(||”2,>\ - ”?,,\Hs—l + ||U2,>\ - U?,,\Hs—l + |||VM(O)|||5—2)»
where 1 is defined in (1.6)-(1.7), and |||V (0)|||s—2 is the value of ||V u(t)|||s—2 at t = 0.



6 Y.J.Peng and C.M.Liu

There exist constants £y > 0 and C > 0 independent of X such that if N < &g, then for all
A € (0, 1], problem (1.1)-(1.2) admits a unique global smooth solution (ne,ue, n;, u;, @) satisfying

23 swp 3 (It 1l + o 0l + AITODIL) < OV
+00

24 S [ UG+ 19 < O,

and

25) sup 10~ P @)l + < N

(2.6) /0 ) (lne(r) = na()Es + Mue(m) = wa(m)IE + MV R(T)-s) dr < CA%.

Theorem 2.2. Let (N, Uen, i, Uix, Or)aso e the sequence of corresponding solutions given
by Theorem 2.1. For v =-e¢,i, as A — 0, if

ngv)\ —n?, US,A —u’  weakly in H*,

then there exist functions (n,u) with

(2.7) n—1¢€L®R"H®), uel™R"H)NL*RT; HY),
such that

(2.8) (nux, upy) — (n,u)  weakly-* in L(R™; H?),
and for all T > 0,

(2.9) (M, Uyn) = (n,u)  strongly in C([0,T); HEY).
Moreover, as A\ — 0,

(2.10) Vor — Vh_(n) strongly in L7 (RT; H %),

where (n,u) is the global solution to compressible Euler equations

{&n + div(nu) = 0,

(2.11) O+ (u-V)u+ Vhy(n) = —u,

subject to the initial condition
(2.12) t=0: (n,u)=(n"u").

Theorem 2.3. Let (ne, ue, ni, u;, ¢) and (n,u) be the unique solutions to problem (1.1)-(1.2)
and problem (2.11)-(2.12), respectively. Assume the conditions in Theorem 2.1 with A € (0, 1].
There are constants Cy > Cy > 0 independent of A such that if

(2.13) 10 = n¥llsa + sy — W2 < CA, v =e,i,

we have the following error estimates:

(2.14) sup (I (t) = n(0) 2+ s (6) = u(@) ) < €2, v =ed
teR

and

+o0o
(2.15) /0 (o (7) = u(D)Z2 + V(1) = n(7))I[5)dr < C22%, v =ce,i.
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Remark 2.1.
(1) Condition N < eq in Theorem 2.1 implies that

Ingx = miallsmr + llug y — g sllsm1 + [IV(0) L=z < 20A,

which is an initial error condition in \. The last term on the left-hand side can be expressed
as the H*~' norm of the initial data (ng,)\, ug)\). For example, when d = 2,3, Theorems 2.1-2.3
can be stated with s = 3. In this case, s —2 =1 and

IV O)IE = V50, I + 110,V (0, )1
From (1.7), (1.9) and (1.1), we have
oV = V(hg(ni)div(niui) — h’e(ne)div(neue)) + 20 2P (nette — n;).
Therefore,
Vu(0,-) = V(he(”g,x) - hi(”?,,\) - 2¢(,)\), —AzAﬁbg = n?,/\ - ”g,m

and

9HVu(0,-) = V(h'»(ngk)div(n%u?)\) - h (”2 A)div(ng AUSA)) + 2\ P (ng e,\UeA ?AU?)\)'
(2) If he = h; and the initial data are well prepared, namely, (g, ud \) = (ngy, ug ), then
(2.16) Ni=0, Mo =2(nty — 1L+ [ayll), A = A

Thus, the results in Theorems 2.1-2.3 hold provided that (ng)\,ug,)\) 1s uniformly sufficiently
close to (1,0) in the H® norm.

In order to see this result, we let U_ = (n_,u_). The Poisson equation shows that V¢3 =0,
hence Vuu(0,-) = 0. From (1.1), we have

oU_ =0WU_,VU_, V), OVp=—-A2*P(n_u,+nmu_).
Therefore,
oU_(0,-) =0, 9,Ve(0,-)=0, ,Vu(0,-)=0.
By induction, we obtain
OFU_(0,-) =0, OFVe(0,-)=0, OFVu0,)=0, 0<k<s—2.

This shows (2.16).
(3) If the initial data are periodic with domain T¢ = (R/Z)?, we replace in (1.1) condition
. ‘hm o(t,x) =0 by [rud(t,x)dr =0 and H*(RY) by H*(T%). Thus, the results in Theorems

2.1-2.3 still hold.

3. PRELIMINARIES

3.1. A projection operator.
Let s € N and f be a function from R? to R?. We consider the following Poisson equation
in the whole space R? :

(3.1) Av =divf in R%
We denote by D(R?) the space of functions in C*°(R?) with compact support.

Lemma 3.1. Let d > 2 and f € H®. The Poisson equation (3.1) admits a solution vy (week
solution if f € L*(R?)) satisfying v; € L} (R?), Vuy € H® and

(3.2) IVorlls < (1 £1ls-

The uniqueness of solutions holds in the class of functions v satisfying o hm v(x) =0.
x|—+00
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Proof. Since D(RY) is dense in H*® and f € H?, there is a sequence of functions (f,,),en With
fn € D(R?) and f, — f strongly in H®. Define the Newtonian potential v, by the following
convolution :

v, =« divf, = VI % f,,
where I' is the fundamental solution of the Laplace equation :

1
— In |z, if d =2,
2T

['(z) = e S VI'(x)

’x‘d72’

Clx

IE

with Cy and C’ being positive constants. Obviously, VI' € L}, (R?). A classical property of

the convolution gives v, € C*°(R?) and v, is a solution of (3.1) (see [13]).
Since f, is compactly supported, as |z| is sufficiently large, we have

x
which implies that
Ch24-1
VI (z—y)| < Tl Vy € Suppfn.

Therefore, as |z| is sufficiently large,
Ch2d-1
@) < [ 190 =80y < Tl
Let a € N?. Similarly as above, we have
0dv, = VI x99 fo, A(OSvy,) = div(05 fr),
and

N Clzd—l N
’avaL('r)’ < |;|d—1 HaxanLl(Rd)-

Let Br C R? be the ball centered at zero of radius R > 0 and S be its sphere. The Green
formula yields

/ 100V v, |2dr = 000, (VOSv, - v)ds — 0, divoy fndz.
Bgr Sr Br
Since the surface area of Sy is of order O(R4~1), by the estimates above, there is a constant
C" > 0 such that, as R is sufficiently large,
1

v, (VO vy, - v)ds
Sr

= R

which tends to zero as R — 400. Passing to the limit in the Green formula above as R — 400,
we obtain

109V v,||* = —/ 00, divos fdx = / 0N vy, - OF frd.
Rd Rd

Therefore,
102V on|| < (107 £l
which implies that
(3.3) Vonlls < ([ falls-
By the linearity of the Poisson equation together with (3.3), we have

IV (v = vw)lls < 1o = fulls;, Vm,n" €N
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This shows that (Vv,)nen is a Cauchy sequence of H®. Consequently, there exists V' € H* such
that

Vv, — V strongly in H®, as n — +oo.
Let ¢ € D(R?) satisfying divg = 0. We have

<V,¢p>= lim <Vu,,¢>=— lim <uv,,divpg >=0.

n—-+00 n—-+00

By a theorem of G. de Rham ([38, 14]), there exists vy € L? (R?) such that Vo, = V € H®.
Finally, passing to the limit in (3.3) and div(Vv,) = divf, (in the sense of distributions if
[ € L*(RY)), we see that v satisfies (3.2) and the Poisson equation (3.1).

The uniqueness of solutions to (3.1) is obvious with condition | |lim v(z) = 0, by the Liou-
x|—-+00

ville’s theorem for the harmonic function. O

For all fixed integer s > 0, Lemma 3.1 allows us to define a linear operator P from H*® to H®
by
Pf=Vv f feH?.
For all j =1,--- ,d, we denote by P; the j-th component of P, namely,
ij = 81,j v f-
By the Fourier transform, these operators can be formally expressed as

Pr(&) =F g2 FFE), Pif(€) =F (el - FF(6))),
for 5 - (517 T 7§d)‘

In the next lemma we show that P is an orthogonal projection operator in H® with useful
properties, which will be used to prove the dissipation estimate of A=*u_ in the next section.
For the sake of completeness, we give the proof of the lemma. We mention that the technique
of projection operators is frequently used to study the Navier-Stokes equations, see for example
(38, 14, 7].

Lemma 3.2. Let s € N and f, g : R — R? be functions satisfying f,qg € H®. It holds
(i) div(I—P)f =0,
(1) < (I —="P)f, Pg >ps=0, where < -,- >p= denotes the inner product of H*,
(iii) | f1I3 = PSS + (=PI, )
Gi

(iv) (g-V)PS = Vg -Pf) = (Vo) P Jor s > 1, uhere Vg = ()

(v) P(Vf)=Vf and (I1—P)Vf =0 for a real valued function f and s > 1,

(vi) Pf € Byr and OFOSPf = POFO>f for f € Bor withVk + |a| < s.

(vii) The range of P, denoted by M, is a closed subspace of H® and P is an orthogonal projection
operator onto M .

Proof. It is easy to check properties (i), (v) and (vi) from the definition of P, (iii) follows
from (ii).

It remains to prove (i7), (iv) and (vii). For f,g € H®, there exist two sequences of functions
(fu)n and (gn), with f,, g, € D(R?) such that, as n — +o0,

fo — f, gn — g strongly in H°.
According to the proof of Lemma 3.1 and the definition of P, we have
Pf, =Vuv, — Vv =Pf strongly in H*

and
Pg, — Pg strongly in H?.
Let v,, be defined by Vv, = Pg,. Since v,, € C*(R?), by (i) we obtain

( - )fna Pgn >Hs= — < d1V<I - )fn;vgn >D(Rd)7D/(Rd): 0.
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Passing to the limit as n — +o0 in this relation yields (i7).
To prove (iv), we first notice that
0., Pf =VP;f.
Then, with g = (g1, , ga),

d d
(g-VIYPFf=> g;0.,Pf=> g;VP;f

=3 [VloP) - Pis(99)

=V(g-Pf) - (Vg) P/,
which proves (iv).
Now we prove (vii). By Lemma 3.1, M is a subspace of H*. Let (Vv,,), be a sequence of M
with Vv, = Pf, and f, € H°. Assume

Vv, — f strongly in H?®,
with f € H*. Similarly to the proof in Lemma 3.1, there exists v € D'(RY) satisfying f = V.
Therefore, f = Pf € M, which implies that M is closed. Applying the projection theorem to

the Hilbert space H® (see [4]), condition (i) implies that P is an orthogonal projection operator
onto M. O

3.2. Estimates related to the electric field.
In what follows, s is an integer satisfying s > > + 1. We first give Moser-type calculus
inequalities in H?®.

Lemma 3.3. (Moser-type calculus inequalities in H*, see [28, 40])
Let o« € N4 Ifu € H' and v € HI*l with |a| < s — 1, then

(3.4) 107 (uo) || < Cllufls—1l[v]lj-

Ifu € H® and v € H*I= with 1 < |a| < s, then

(3.5) 107 (uv) — udgv[| < Cf|Vaulls—1[|vl|ja)-1-
If f is a smooth function and u € H'® with 1 < |a| < s —1, then
(3.6) 107 f ()]l < Cyllulljar,

where C is a constant which may depend continuously on ||ul|s—1 and f.

Inequality (3.6) can be found in [23, 28] where more calculus inequalities of Moser-type are
available. Inequality (3.5) was given in [40] in the case of a bounded domain with an explanation
of the proof by using a lemma of Kato, and (3.4) is just a variant of (3.5). In a similar way,
we get Moser-type calculus inequalities in By 7 as follows. In case d < 3, similar inequalities in
B r were proved in [31].

Lemma 3.4. (Moser-type calculus inequalities in By )
Let k € N and o € N Ifu,v € Bs_1r and k + || < s —1, then

(3.7) 10£05 (wo) || < Clllullls—1 [0l4a)-
Ifue Bsr,v€ Bs_1r and 1 < k+|a| <s, then
(3.8) 1005 (uv) — udf Ol < ClllOullls—1l[0]llk41a)-1-

If fis a smooth function and w € By, k > 1 and k + |a| < s, then
(3.9) 10705 f ()|l < CrlllOvullliiat-1-
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where Ou stands for the first order partial derivative with respect to t or x, Cy is a constant
which may depend continuously on |||ul||s and f.

Proof. We first prove (3.7). By the Leibniz formula, we have
oFor(w) = > cud,000udl o) v.
I+'=k, B+8'=a
Recall the lemma of Kato ([22], Lemma 2.1) as follows. Let so = [d/2]+1, s; > 0 and s5 > 0 be
integers such that s; + so — sg > 0. Define s3 = min{sy, s2, $1 + s — so}. Then the imbedding

from H**H® to H*? is continuous, where H*'H*? is the set of all functions ab with a € H*
and b € H*.

Applying this lemma with
si=s—1—(+18]), sa=1+|B], s1+52—350>0,
since [ +1' = k and 8+ ' = «, we have
|10;07udy 07 vl < (|8,05ud} 0] v,
< Cloi07ulls, 110F 87 vlls,
< Clllwllls—lllollssiar,
which implies (3.7).
To prove (3.8), we still use the Leibniz formula :
OO (w) —udfotv = > cucyg00iud) 07 v,

I+ =k, B+5'=a
1+181>1

Then
|0F 0 (uv) —udfosvl| < > cudyglloj05ud) 0 v)).

I+U'=k, B+8'=a
I+|8l1>1

Since [ + |5]| > 1, we may write
OL0Pu = 01'9% (0u), with I, + |61 =1+ 8] — 1.
Thus, we can proceed as in the proof of (3.7) to obtain
10:07ud; 07 v < N|Oullls—lllvli+jal-1.
which implies (3.8).
Finally, (3.9) can be proved in a similar way as in the case d < 3, see [31]. O

Now we introduce perturbed variables

Ty

N, =n, — 1, U, = < ) ., v=e,i, U= (U, U;,\V9).

Recall that

n_ =ne—n, U = U — Uy
Let T'> 0 and (U, U;, ¢) be a smooth solution of problem (1.1)-(1.2) defined on time interval
[0, T]. We denote

(3.10) HU@s = > MU@ls + AVED s,

v=e,i

and
Ur = sup [|U@)|lls-

te[0,7
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When Uy is sufficiently small, from the continuous embedding H*™! < L*(R?), we see that

(n,,u,) is sufficiently close to (1,0). Hence, we may assume
1 3 1

3.11 —<n, <, s < =

(3.11) <<y hul<g

The following Lemma plays an important role in energy estimates in sections 4-5.

Lemma 3.5. Let Ur be small enough. Let k € N and o, 3 € N4 If 1 < k + |a| < s, it holds

(3.12) XNoFoevell < C([lln-llls—1 + Nu—llls-1),

(3.13) [(n_07 05 ue — 0705 (n_ue), 0702 (Vo) )| < CA2|luellls (In=ll1Z_y + lllu={I12_,),
and

(3.14) [(R:0f Ogu_ — 805 (u_), 003 (Vo)) | < CA2[[aalls (Nln= 12y + llu—{l3_,),

where < -,- > denotes the inner product of L*(R?).

Proof. We first prove (3.12). When k£ =0 and 1 < |a| < s, applying the Calderon-Zygmond
inequality (see [13]) together with the Poisson equation \2A¢ = n_, we have

N)10gV el < OX[|Adjaj-1 = Clln—jai-1,

which implies that
N0Vl < Cln-ls-1, 1< lal <.
When £ > 1 and k + |a| < s, by (1.10) and Lemma 3.2 (vi) we have
N0 (V) = P,
with
e = —0F 0% (n_ue + nju_).
Since P is a projection operator, by the triangle inequality and (3.7) in Lemma 3.4, we get
Norogvell < 151 < Cllllulls—1 + [lln-Ills—)-

This prove (3.12).
To prove (3.13), we write

n_0; 9%, — 0702 (n_u.) = (uedydin_ — 9f0% (n_ue) + n_0y 05ue) — w0 0n_.
By the continuous embedding H*~! < L*°(R?) and (3.8) in Lemma 3.4, we have
lucdFdin— — 0705 (n_ue) +n_0F O ue|| < Cllln—ls=illluellls + Clln-lloolluellls
< Cllln-{lls=llluellls-

It follows from (3.12) that

[(n-0f 07 ue + uedygn_ — 0,05 (n—-ue),0; 05 (Ve))| < Cllln-|lls=1lllucllls[|0F 05 (V)|
(3.15) < ONlluellls (M- ll2-y + llu-ll2-)-
Next, using the Poisson equation A2A¢ = n_ and a straightforward calculation, we have

(= w.dFoen_, 0F 0L (V6)) = —N2(u, A0 6, 408 (V6)

d

— X2 (divu, ROV + 223 {

j=1

a<at{€8:?¢) k o
&cj >V(at aa: ) >
By (3.12), we get
[(ucd; 05, 0707 (Vo)) | < CN*|[Vue|l 107 05 (V) |1*

< N luellls (- I1E-y + lllu=[lIZ-1)-
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This together with (3.15) implies (3.13).
Finally, applying (3.8) in Lemma 3.4 yields
(R0 Ogu— — 0705 (yu), Of 03 (V9))| < Clladfd5u— — 0703 (Riu- ) |[|0F05 (Vo)
< ONZ[lillls (Nn- 13-y + = -1)
which proves (3.14). O

4. ENERGY ESTIMATES
In this section, we assume that Uy is sufficiently small.

4.1. Classical energy estimates.
The first lemma concerns an L? energy equality for system (1.1).

Lemma 4.1. For all t € [0,T], it holds that

d (Z(hfj(n;ﬁ)|ﬁ,,|2—|—nl,|u,,|2)+)\2]Vq§|2)da:+22/ ny |uy|2dz = 0,
v=e,i ; /R4

4.1 —
( ) dt Rd v—e.i

where n;, is between 1 and n,.
Proof. The energy conservation of the Euler equations is
O <nl,|u,,|2 + 2Hl,(nl,)> + div (nl,|uy|2uy + 2nyhl,(nl,)ul,> + 20, |u, |* = —2q,n,u, - Vo,
where
H (n,) =h,(n,), v=e,i.
By the Taylor formula, we have
1
H,(n,) = H,(1) + h,(1)(n, — 1) + 5%(@)(% - 1)
hence,
Oy (R, () |7 |* + nu | [?) + div (ny Juy [*uy + 20, (hy(n,) — By (1)) + 20, |, |2
= _2qunyuu ' V¢
Recall (1.9), i.e.
AQ(?thb = P(n,uz — neue).
Then
N0,V o[> = 2P(nju; — neue) - Vo.
It follows that
o (2 (W)l + mulunf?) + XV 0P?)

v=e,l

+ ) div(nu Py + 20, (hy(ny) = hy (1)) +2 ) nyluy|”

v=e,i v=e,l

= 21— P) (s — neu) - Vo,
Integrating this equation on R% and applying Lemma 3.2 (ii) and (v) yield (4.1). O

Next, we study higher order energy estimates of the solution in space B, p. For this purpose,
we write the equations for (n,,u,) in (1.1) as

d
(4.2) O, + Y AU, U, = K, (u,, V), v=e,i,

Jj=1
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2 Uy nl,ejT .
](UV): ; ]:1,"',d,

h,(n,)e; wy;lg

0
K, =— :
(%W>+uu>

Here I, stands for the unit matrix of order d, w,; is the j-th component of w,, (e1, - ,eq) is
the canonical basis of R? and ejT is the transpose of e;.
Introduce the symmetric and positive definite matrix Af(n,) as follows

h (n, 0
Ag(n,,):< a2 ), v=e,li.

0 TLVId

where

and

Then the matrix g’; (U,) defined by

~ B (n)u,;  pl(ny)el

14 def v v 14 v

Aj(U,,) = Ao(nu)Aj (U,) = , ’ ’
py(nu)ej nyuujld

is symmetric for all 1 < j < d. Consequently, system (4.2) for U, is symmetrizable hyperbolic.
Lemma 4.2. For all t € [0,T], it holds that

d
SO (X (arabonu, okosu) + N 0eol) + S0 ofog?
Lsktlalss  v=es 1<krlal<s
@3) <O NI+ 119012 + OO -+l l2).

v=e,i

Proof. Let 1 <k + |a| < s. Applying the differential operator 9F9% to (4.2), we get
d
00F00U, + > AU(U,)0,, 005U, = OF 05 K, + IN™,
j=1

supplemented by the Poisson equation
)\2A8£“8§‘¢ = OFdn_,

where
d

150 = 3 (AY(U)OLO2(0n,U,) — D02 (A(U)0n, ).
j=1
Taking the inner product of the above equation for 992U, with A¥(n,)0Fo2U, in L*(R?) yields
a classical energy equality

%<Ag(ny)afagzjy, OFoeU,) = (divA"(U,)0F a2 U, 0FOU, ) + 2( Al (n,)0F 00 K, 0F 02U, )

(4.4) + 2{Af(n,) I, 0f00U,)
= Ry’ + Ry, + Ry,

where
A

d
divA¥(U,) = 0,A4(n,) + Y _ 0u, A%(U,).
j=1

In what follows, we control R¥*, RE® and RE® in (4.4).
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Estimates of R}:* and R.®. Using classical Sobolev embedding theorem, we have
[0 [l = [|div(nuu)|loo < Clluy s
Then
‘<divA”(Uy)afa§Uy, oFoeU,)

< C(10mullse + IVU o) (107 057,117 + [l II2)
< CNUIIls (105 g |1 + Nl lllZ)-
When o = 0, by din, = —div(n,u,), we get

10F 7, ]| = |07~ div(n,w,) || < Ol
When |a| > 1, we easily see that

10£05 7| < IV lls-1-

It follows that
(4.5) Ry = ‘(divg”(Uu)afai‘Uu,afaﬁUu> < ONUMs (Ml + NVl )

In view of the expression of I*® by (3.5)-(3.6) in Lemma 3.3 and (3.8)-(3.9) in Lemma 3.4, we
get

(4.6) [R5 = 2|( Ay, ) Th, 0F02 )

< CNUNs M lIlZ + MV lIE-y)-

Estimate of RY®. From the explicit expressions of A%(n,), K, and U,, we have
RY® = 2(A¥(n,)0r 00K, 0F0°U, )
= —2<n,,858§,‘u1,, 8fajul,> — 2<q,,n,,8,f“8§‘u,,, 858§‘V¢>.

From (3.11), we have
—2(n, 0y 05wy, Oy 05w, ) < —||0F 2w, ||

Since n_ = n, — n; and u_ = u, — u;, we obtain
= > @m0 5w, 050V )
v=e,i

= <n88f6?ue — n;OF0%u;, 858?V¢>
— (70800, — OO (gu) — 7,080, + OBOE (iyu), OOV )
+ (0702 (neue — nyu;), 0,92V ¢)
= (n_80f0%u. — 0702 (n_u.), {00V ¢) + (R 0y 0%u_ — 9y 0% (u_), 002V )

(4.7) + (0802 (neue — nwy), OF SV 9).

For the first two terms on the right-hand side of (4.7), by (3.13)-(3.14) in Lemma 3.5, we have
[(n_0b0ru, — 050 (n_ue), 002V Y| < ON el (Nin—ls + Nl I2).
[0y g u— — 0F 05 (Ryu-), 0f 05V d) | < CXT|[aillls (- NI12=y + llu—I3-,).

For the last term in (4.7), we apply 992 to (1.9) and Lemma 3.2 (vi) to get

N20,(0F 00N @) = POFO* (nsu; — neue).

Therefore,
A2 d N N
7E||afagv¢||2 = (POfOS (nju; — neue), 0500V ¢).
Thus, Lemma 3.2 (ii) yields
A2 d

7&||358§V¢||2 = <afa§(nzuz - neue),ﬁfagv¢>.
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These estimates imply that
[0} (6% d (6% —
(48) > (Ro +[oFo5w ) + N0V ol* < CA U (- + M)

Summing (4.4) for v = e,i and all indices k¥ € N and o € N? with 1 < k + |a| < s, by (4.5),
(4.6) and (4.8), we obtain (4.3). O

4.2. Dissipation estimates of Vn, and A\ 'n_.

Formulas (4.1) and (4.3) give a time-dissipation estimate of u,. However, some other terms,
such as |||V, |21, A7 2|In_|||2_; and A2|[|u_]||2_,, still arise on the right-hand side of (4.3).
Now we focus on the estimation of these terms. The following Lemma gives a time-dissipation

of n, and A"'n_.

Lemma 4.3. There exists a positive constant ag independent of A and t such that

d
G 2 (Pt 0falvn,) +an( D0 VAR A -2 y)

el v
(4.9) <C Y llullz+C Y MO (M2 + WV 12-0)-

Proof. For k € N and 8 € N? with 0 < k + || < s — 1, applying 9597 to (1.4) and taking the
inner product with 9¥9°Vn, in L?(R%), we obtain

{h,,(n,)0; 05N, 0,05,y + (q,0;0°N ¢, 0F 9V,
(4.10) = —<atafa§u,, + 0f5§u,,,8f8§Vnu> + <Sk”3, 8585Vn1,>,
where

Sk = —97 08 ((w, - Vw,) + R, (n,)0;0Vn, — 0f02(h,,(n,) V).
Since hl (1) > 0 for 7 > 0, we can choose a positive constant ap < 1 independent of ¢ and A
such that
Rl (n,) > 2ag, v =e,i.

It follows that

(h,,(n,)0; 05NN, 0y 05NN, ) > 2a0||0 05 Vn, |2,

By the triangle inequality and (3.7)-(3.9) in Lemma 3.4, we have
(™7, 0pa7vn, )| < CINUNs (Nl + 117 [113-1)-
For the first term on the right-hand side of (4.10), by an integration by parts, we get
—(0,0F0%u,, + 0y, 079V, )

= —%@f@fuu, Orolvn, ) + (079l divu,, 0f 9l div(n,u,)) — (0F00u,, 0;705Vn,,),
with
(000 divuy, 0705 div(n,u,))| + |(0F 00w, 0y 00V n,, )|
< Ol I + Cllfw s 105 07V |
< Clllu |12 + aol|OF 87V, ||*.
For the term <quaf0§f Vo, 0rd8 Vny>, by the Poisson equation A\2A¢ = n_, we have
> (@0folVn,, 0f0iN ¢) = —(0F0)Vn_, 070V ¢)

v=e,i

= (9F0Pn_, 9FIP Ag)
= \"2(|0F 9l n_ 2.
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Adding (4.10) for v = e,i and all k € N, 3 € N? with k+ 8] < s—1 together with the estimates
above gives (4.9). O

4.3. Dissipation estimates of \~lu_.
We make the orthogonal decomposition of u_ as

u_ =Pu_+(I-Pu_.

The dissipation estimates of A™'Pu_ and A™}(I — P)u_ are studied in Lemma 4.4 and Lemma
4.5 below, respectively.

Lemma 4.4. For any t € [0,T], it holds

4 3 ((af“afu_ + 808G + %Gfﬁfu_, afafju_>) + 20| Pu_|l?,
k+|8|<s—1
(4.11) <O (Malll2 + WV lz-r) + CAZ UM (M- s+ M 1E-s).
where
(4.12) G = V(he(ne) — hi(ni)) + (u— - V)ue + (u; - V)u_.
Proof. With the definition of G above, equation (1.11) can be written as
Otu_ + Oi(u_ + G) + 227 *Pu_ = —2A*P(n_u, + f;u_).

Let k € N and 3 € N? with k + |8| < s — 1. Applying 0F9? to this equation, by Lemma 3.2
(vi), we have
OO OPu) + OOl (us + G) + 20 20F 00 Pu_ = ¢,
where
@’ = —2272PaFOP (n_u. + Ru_).
Taking the inner product of this equation with 8¥90%u_ in L?*(R%) yields

d 1
(4.13) (@100 + k02 + S0kOFu-, Fofu-) ) +2X 2|90l Pu- |
= (OF T %u_ + 3F0PG, O 0%u) + (g, OF Pu_).
In view of u_ = u, — u; and k + || < s — 1, we have
[(OF0u, OFH OJu )| < O Y w3

By (4.12), the highest derivative order of Vn, and u, in 9¥9°G is s — 1 and s, respectively.
Applying (3.4)-(3.6) in Lemma 3.3 and (3.7)-(3.9) in Lemma 3.4, it yields

(OFOPG, 0 0Pu_ Y| < ||0FO° G| |0 0P u_||
<O (Il + 1V I2-).

Since P is a projection operator in L?(R?) and k + |3| < s — 1, again by (3.7) in Lemma 3.4,
we have

lar |l < 2A7%0F 07 (n-u, + gu-) |
< OOl llo-1 + -l -1):
Therefore,
(a1, 0F0u-)| < llay”||[10F OFu-||
< OAZINU Nl lE=y + Me-ll3=)-
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Combining the above inequalities, and summing (4.13) for all indices k, 5 with k& + |5] < s—1

yields the estimate (4.11). O
Lemma 4.5. For all t € [0,T], it holds

od _ _
(4.14) AT = Plu iy + 207 @ = PluflE-y < CAZNU sl lI-1-
Proof. For all index & € N and 8 € N? with 0 < k + |3| < s — 1, applying 9797 to (1.12), we
have

00707 (1= Pu-) + 007 (1 = Phu- = (1= P)(ay" +45”),
where
6" = =007 ((u—- V)ue), a5” = —0£0] ((ui - V)u-).
Taking the inner product of this equation with 20¥9%(1 — P)u_ in L*(R?) yields

d
(4.15) = [0707 (1 = Pu|[* + 2/|0f 07 (1 = Phu|* = 2((1 - P)(ay” + a57), 0707 (1 = Pu_).

Noticing that the highest derivative order of u_ in qlg’ﬁ is s — 1, by (3.7) in Lemma 3.4, we have
(4.16) (1= P)gp”, 8FO(1 = Pyu)| < lla”[10F 87 (1 = PYu—|| < Ul 13-
By Lemma 3.2 (i7), we also have
(T=P)gs”, 070} (1= P)u_) = (a5, {01 = Pu_).
This last term on the right-hand side is estimated as follows.
Using the decomposition
u_ =Pu_+(I-Pu_,
qlg’ﬁ can be written as
¢’ = —079% ((u; - V)Pu_) — 0f08 (u; - V)(I — P)u_).
Applying Lemma 3.2 (iv), we have
@y’ = 088V (u; - Pu_) + 0F 02 (V) "Pu_) — 9702 (w; - V)(I — P)u_).
By an integration by parts together with Lemma 3.2 (i) yields
(g5, 0F02(1— P)u_) = (3892 (Vw) " Pu_),9f 0 (1 — P)u_)
— <afaf((uz -V)(I— P)u,),ﬁfﬁf(l — P)u,>
= 07+ Iy

Using again the fact that P is a projection operator in L?(R?) together with (3.7) in Lemma
34 and k+ |5 <s—1, we get

7] < 110707 (Fus) " Pu) (110507 (1= P)u|
< CU[sPu-lls—1 [T = P)u—|l|s-1
< ONUs M3
Notice that
{(u; - V)OFOE(1—P)u_, 0700 (1 — Pu_) = —%<(divui)8faf(l — Plu_, 97 02(1—P)u_).
It follows that
Ty = — (002 (u; - V)(I = Pu_ — (u; - V)OFOL (1 — P)u—, 0F 0 (1 — Phu_)

+ %<(divui)af(95(1 — Pu_, 0f0 (1 — P)u_).
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By (3.8) in Lemma 3.4 and the Cauchy-Schwarz inequality, it gives
(0707 (s - V)1 = P)u) = (u; - V)07 0] (1 = Phu, 0f (1 = Phu-)|
< CIUMINE = Pu-[3-
< Ul ll13=s,
and
[((divu) 9R02(1 = PYu, 802 (L= Pyu_)| < div(w)|lc|0202(1 = Phu_|?
< ONUs 1131

The last two estimates imply

k?
27| < CIU N llfu-ll3-s-

Therefore,
(4.17) (a5, 070] (1= Pyu_y| = |77 + I < CIUslllu- I

Finally, multiplying (4.15) by A~% and summing it for all indices k € N, 8 € N? with k+|g| <
s — 1, using (4.16)-(4.17), we obtain (4.14). O

From Lemmas 4.1-4.5, we obtain the following estimate.

Lemma 4.6. Let Ur be sufficiently small. For allt € [0,T] and X\ € (0,1], it holds
t
(4.18) I+ AT = Pu—(B)ls-s +/O Dx(r)dr < C(IIUO)IF + A2 [llu—(0)[I-1),

where
(4.19) Dy(t) = Z (Mo (DI + MV ONE-1) + A2 (- O30 + M- ONE-L)-

Proof. Let m and 7y be two sufficiently small positive constants to be chosen. We introduce
a Lyapunov function

Ly(t) = /Rd (:Z (R ()17 [ 4 m fu [?) + )\2]V¢|2> dx
+ ) ( > (Asorosu,, 0f00U,) + )\2|]8f8§V¢H2> +m Y (0f0lu,, 070)Vn,)

< < v=e,i v=e,i
1<k+|a|<s ) k4]8|<s—1

1
tm Y (O8O + 0f0LC + 50O, 0f ) + AT = Phu- |y
k+|B|<s—1

Adding (4.1), (4.3), (4.9) multiplied by m; and (4.11) multiplied by 7 and (4.14) yields the
following energy estimate

(4.20) LA\(t) + Da(t) < Ry(t),
where
D)= 3 (2 mlwlde+ 3 1005wl + aom V1)
v=e,i R? 1<k+|a|<s

+ A7 (aom [[[n- I3y + 2l Pu ISy + 2/ (T = P)ulZ_,).

RA(t) =C Y ((m + m)llw |12 + mall VaulllE-y) + CHIUIL D (a2 + NIV I2-y)

V:€7’i V:€7’i

+ CANU M (-l + Ml llE-)-
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Since A§(n,) is positive definite, from (3.10), the first two terms in the expression of L,(t) are
uniformly equivalent to |||U(¢)]||?. From (4.12) and u_ = u. — u;, we have

1

> Noolw.0falvn)l+ Y (O 0fu+0;0]G+50 0 u, 0;0]u_)| < CIIUMIZ.
. v=e,i ]{,’-Hﬁ|§5—1
+18]<s—1
Therefore, when 7 and 7y are sufficiently small, Ly(¢) is uniformly equivalent to

U@ + A = P)u—)I5--
Next, by Lemma 3.2 (7i7), we have
a5y = NPl + 1T = Plulis-

From the definition of Dy (t) and n, > 1/2, it is easy to see that

Dat) = Y (Il )12 + aom [ Vr, ()II2-1) + A~ (aom [In- ()13, + 2malllu-()13-,)-

v=e,i

This together with (4.19) shows that D, (t) is uniformly equivalent to Dy(#). Now we choose
71 and 79 such that

1
C’(m +7T2) S Z, Cﬂ'g S

IO,

apmy <

o~

If
1
CUr < 1 min{agmy, T},

we also have CUr < 1/4, hence,
It follows from (4.20) that
Integrating it in time yields (4.18). O

5. PROOF OF THEOREMS 2.1-2.2

5.1. Estimates of the initial energy.
Recall that, for all integer s > 1,

S
ol = lloll2 + > loroll2,.
k=1
Then
S
llolls < olls + ) 1050l o—
k=1

which will be used in the proof below.

Lemma 5.1. It holds

(5.1) 10O < CN + OA (lln- (Ol + lfu-(O)]]-s).
where Ny is defined by (2.2).
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Proof. We first prove
(5.2) IV a(0)[lls < No 4+ CX2([[ln—(0)lls—1 + [[[u—(0)[[s-1)-

Obviously,
HV(b(Oa )Hs = "V¢g"s < %7
and by (3.12) in Lemma 3.5, we have

D 105V G0, )l < CAT2([[In=(0)[[ls=1 + l[u—(0)ls=1).
k=1

This proves (5.2).
Next, we prove

(5:3) T, O)lls < CNo + CA2([lln-(0)llls—1 + lu—(0)[lls-1), v =re,i.

Obviously,
1U(0,)lls = (s = Ly )lls < CNG.

From (4.2), for v = e, 7, we have

d 0
U, ==Y AY(U,)0,,U, + :
t ; ! ( ~q, Vo —u,

which can be written in the form
oU,=0(U,)+0(VU,) + O(Vo).

Therefore,
105U Ns-r < CNUMs+ NIVSIL), VI<k<s,
which implies that

85,0, Y < OS5 = L)l + IVO(O)[I.), Y1 <k <.
This together with (5.2) yields (5.3).

Finally, (5.1) follows from (5.2) and (5.3) together with the definition of U and A\ < 1.

Lemma 5.2. It holds

(5.4) A2 (=) lls—1 + [llu=(0)[lls=1) < CAA,
where N is defined by (2.2).
Proof. Let

n_ u-neT
U_ = BY(U,) = T =1, d.
() men=(% )

We rewrite system (4.2) as

d
0
0.U, j§:1i 7 (U)0:,U, (V(qu¢+hy(ny))+ul,>’ et

Then

d d
e € i 0
(U =~ jZIBj(Ue)anU_ - le (Bj(Ue) = Bj(U:)) 0, Ui - ( Vit u- ) 7

where p is defined in (1.6)-(1.7) and recalled here
= he(ne) - hz(”z) —2¢.

21
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Let u_; be the j-th component of u_. Since
-

, U_; n_e;
B¢(U,) — BYU;) = ! I
- B = ()

the equation for U_ is of the form

HwU_=0U-)+O(VU_)+ O(Vp).
Therefore,

1OFUls-1-1 < C(IU-[ls-1 + I Vpllls-2), YVI<E<s—1,

which implies that

107U (0, ) |s—1-r < C(IIn=(0, V=1 + [[u=(0, )ls=1) + ClIVu(0)[ls—2, VI<k<s—1.
This proves (5.4) by the definition of Nj. O

From Lemmas 5.1-5.2, since A < 1, we easily get the following Proposition.

Proposition 5.1. It holds

(5.5) T O)lls + A7 [lu—(0)[Ils—1 < CN,
where N is defined by (2.1).

5.2. Proof of Theorem 2.1.

Since || - ||s < ||| |||s for all integer s, estimates (4.18) and (5.5) show that the smooth solution
U is uniformly bounded in L*°([0,T]; H*) with respect to A and 7. By the bootstrap principle
(see [30, 37]), it yields uniformly global solution. In particular, these estimates give (2.3)-(2.5)
and (2.6) in which the estimate for Vu follows from equation (1.8), i.e.

Vi=—-0u_ — (te - V)u_ — (u_ - V)u; —u_.
This proves Theorem 2.1. 0]

5.3. Proof of Theorem 2.2.

Let v = e,i. From (2.3)-(2.4) and (2.6) together with the definition of ||| - |||s, we have the
following bounds and convergences of the solution sequences :
(1) (nua — D)aso and (u,)rso are bounded in L*(R*; H*) and L>(RT; H*) N L*(R™; H?),
respectively,
(ii) (Osmun)as0 and (yu,, ) >0 are bounded in L>®(R*; H*7!) and L>®(RT; H*~H)NL*(RT; HY),
respectively,

(iii) Nexy —Nix — 0, Uex —un — 0 strongly in L*(RY; H*71),
(iv) Oy (ue,A — Uz‘,/\> — 0 strongly in L*(R™; H*™?%).
By (i)-(ii) and a classical compactness theorem (see [35]), for all " > 0, (n, — 1) so and

(u,2)as0 are relatively compact in C([0,T]; H'). This together with (iii) implies that there

loc
exist functions n and u with n —1 € L®(R™; H®) and v € L®(R™; H*) N L*(R™; H®) such that
(up to subsequences) (2.8) and (2.9) hold.
By the first equation in (1.1) and by adding equations (1.4) for v = e, i, we have
{ atne,)\ + diV(”e,A”e,A) = 07
Op(uen + uin) + ter - Ve + iy - Vugy + V(he(ney) + hi(niy)) = —uex — .

The strong convergence of (n,)xs0 and (u,\)aso in (2.9) allows to pass to the limit in this
system in the sense of distributions to obtain (2.11). Since this convergence is uniform in time,
we also have (2.12). Next, subtracting equations (1.4) for v = e, i, we have

2V = V(he(nen) — hi(nin)) + 0 (ven — win) + (ter — win) - Ve

F Ui V(Uer — Uin) + Uer — Uiz
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Again by (2.9) and the convergences (iii)-(iv) above, we can pass to the limit in this equality
and this together with the definition of h_ yields (2.10).

Finally, the uniqueness of global smooth solutions to the Cauchy problem (2.11)-(2.12) implies
the convergence of the whole sequences (n, x, uy)r>0 and (Vo,)rso- O

6. PROOF OF THEOREM 2.3

Since the proof is the same for v = e and v = 4, we only prove (2.14)-(2.15) for v = e. We
introduce new variables

N,
N.=n.—n, U =u,—u, We:(u )

Let 7> 0 and t € [0,T]. We denote
E(t) = (ING(DIP s + [Ue®I?2) %, D) = (IUelt)]>s + VAL 5) %

It is clear that the following Lemma implies the result of Theorem 2.3.

=

Lemma 6.1. If gy introduced in Theorem 2.1 is sufficiently small and (2.13) holds, then
(6.1) sup E(t) + /T D (t)dt < CXN*, VT >0.
0<t<T 0
In order to prove Lemma 6.1, we rewrite (1.1) for (n.,u.) as (the subscript A is dropped)
{ One + U - Vne + nedivu, = 0,
Ot + (te - Vue + Vhi(ne) = —ue + 1o,
where hy = 1(he + h;) and

re = %(atu_ (e - V)u + (u - V)i + V(hi(ne) — hi(ni)) +u-).

From (2.11) we also have
on +u - Vn + ndivu = 0,
ou+u-Vu+ Vhy(n) = —u.

Hence,
(6.2) { ON. + ue - VN, + ndivid, = —U, - Vn — N divu,,
o, + (u- VU, + V(h+(ne) — h+(n)) =—U.— U - V)ue + e,
where
V(h+(ne) — h+(n)) =a.VN, + N_.Va,,
with

ae = /1 W, (sne+ (1 — s)n)ds.
We first prove that ’
(63 [ oz e < ox
0
Indeed, by (2.6) in Theorem 2.1 and the continuous embedding H*™! — L>®(R%), we have
(6.4) /;Oo 10 + (e - V)i + (- Vs + w2yt < c/om |2 dt < CH2

On the other hand,
hi(ne) — hi(ni) = bn_,  V(hi(ne) — hi(n;)) =n-Vb+bVn_,
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where .
b= / hi(sne + (1 — s)n;)ds.
0

Since p; is sufficiently smooth, b is a smooth function of (n., n;). Therefore, by (3.6) in Lemma
3.3 and (2.6), we have

+o0 9 +o0o
(6.5) /0 IV (hane) — ha(m)|[°dt < C/O I dt < CX2.
Thus, (6.3) follows from (6.4)-(6.5).

System (6.2) can be written under the form

d
(6.6) OWe + > Ajo, We =K,

j=1

T
Ue; NE.;

‘A‘J:< ’ ]>7j:17"'7d7
ace; ujly

. U, - Vn + N divu,
U+ U Vue + NoVa, —r. )
Recall that h, (v = e,i) are strictly increasing functions on (0,+00), so is hy. Since the

solutions of (1.1)-(1.2) and of (2.11)-(2.12) are sufficiently close to the equilibrium state, there
exists a positive constant a; such that

(6.7) ap < ac(t,r) <ay, V(t,r) € RT x R

where

and

where qq is the positive constant satisfying k! (n,) > 2ay for v = e,i. By estimates (2.3)-(2.4)
in Theorem 2.1 and the convergence results in Theorem 2.2, we have

(6.8) Sup (e (t) = 1ls + lJue@)lls + [In(t) = s + lu(®)||s + [Vae(t)]ls-1) < Ceo,
€
and
+oo
(6.9) / dﬁ(T)dT < ng,
0
with

de(t) = [lue@®)|ls + IVRD)]ls-1 + [IVace(t)]]s-1-
These estimates will be used in the following discussion.
Introduce matrices

1 0 ~ ef uej nejT
Ay = o ;A= A = . .
0 na; Iy ne; nuja, Ig

Obviously, Ay is symmetric positive definite and /lj is symmetric for all 1 < j < d. Con-
sequently, system (6.6) is symmetrizable hyperbolic. Remark that for (6.2) there is no time-
dissipation effect on N, in L?(R?), hence the quadratic term A/? cannot be controlled in energy
estimates. The choice of Ay above avoids the appearance of such a term.

Lemma 6.2. (Energy estimate of W,.) Under the assumption of Lemma 6.1, there exists a
positive constant by independent of X and t such that

d
(6.10) Z a<A08;We, IW.) + bollUe||?_y < CeoD*(t) + Cde(t)E()D(t) + C|lrell>_s.

[y|<s—2
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Proof. Let v € N? with |y| < s — 2. Applying 97 to (6.6), we get

d
DOIWe + > A0y IV, = 0]K + 17,
J=1

with
d

T =) (Aj0] (0 WVe) — (A0, V).
j=1
Taking the inner product of this equation with Ayd"W, in L*(RY) gives

(6.11) %(AO(?;WE, 8QZW6> = <(divff)8;W€, 8;We> + 2<AOIV, 8;We> + 2<A0@;IC, 8;We>,
where

d
diV./T: 815./40 + Z 8%./1]-.
j=1
A straightforward calculation gives
{(divA) W, W) = (divu, (BINL)?) + 2(00U, - Vi, N, ) + (5.00U.., OIU ),
where
se = Oy(na ) + div(nua").
By an integration by parts, we have
[(divue, (NP = 2[{ucd)Ne, JVANL)|
< Olluell£(t)D(2).
Obviously,
(01U, - Vn, OINL)| < C|| V|1 E(t)D(E).
By the density equations
on + div(nu) =0, 9In, + div(neu.) =0,
we have
Se = —na; > (8tae +u- Vae).
Remark that a. is a smooth function of (n.,n). Then 0,a. can be further expressed as a linear
combination of div(nu) and div(n.u.). Therefore, (6.8) gives

[8clloe < Clsells—1 < Ceo,
which implies that
‘<368;’L{e, 8;’L{e>| < CeyDA(t).
We conclude from the above estimates that
(6.12) [{(divA)IW., W, )| < CeoD*(t) + Cde(H)E()D(1).

Next, we remark that Z¥ =0 if y = 0. For 1 < |y| < s — 2, by (3.5)-(3.6) in Lemma 3.3 and
the expression of Z7, we have

d

(6.13) (AT, 00We)| < C IVl s-tl|0n, Wel ls—3 |07 W || < CeoD(2).
j=1

For the last term in (6.11), a straightforward calculation shows that

(ADIK, W,) = —(na; ' OJU., N)U.) — (0] (Nedivu,), OIN,)

— {01 (U, - Vn), OIN,) — (na, ') (U - V)ue), OIU, )
— (na;'0}(N.Va.),lU.) + (na, ' d)r., O]U. ).
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In view of n > 1/2 and (6.7), there exists a positive constant by independent of A such that

(a0, 0ULY > O
By (3.4) in Lemma 3.3, we have

(07 (Nedivue), INe) | < Clldivue||s—1 [Nl |07 N
< Cd.(H)E()D(t).
Similarly,
(03 (Ue - V), IN)| + |(nag ' 0 (NeVae), 9jUe)| < Cd(H)E()D(t),
|(na; 0] (U - V)ue), U, )| < CeoD(1).
Finally, by the Young inequality, we easily get
[(na; e 3| < 0P + Ol
These estimates imply
(6.14) 2(AOIK, IWe) + bol | OJU||> < CeoD?(t) + Cd.(t)E(t)D(t) + C||re||2_,.
Combining (6.11)-(6.14), we obtain

d
5<A08;W6, TW.) + bo||01U.||> < CeogD?(t) + Cde(H)EX)D(L) + C||re|?_s-

Summing these inequalities for all v € N¢ with |y| < s — 2, we obtain (6.10). This proves
Lemma 6.2. 0
Lemma 6.3. (Dissipation estimate of VN, ) Under the assumption of Lemma 6.1, it holds
(6.15) z O TN + DTN
< CegD*(t) + Cde()E)D(t) + C (| Uells—s + [I7ell3s)-
Proof. Let v € N? with |y| < s — 3. Applying 97 to the second equation in (6.2), we get
a.dJVN, = (r.—U.) — 8;((u VU + (U, - V)u, +A/;Vae)
+ (ac0)VN, — 9)(a.VN,)) — 9,0]U..

Taking the inner product of this equality with VA, in L?(R?) leads to
(6.16) (acd]VNL, OJVN,) = (9)(re —U.),0]VN,)

—{07 ((u- VU + (Ue - V)ue + NoVae), 0]VN,)

+{a. VN, — 91 (a.VNL), IVN) — (0,01U., O]V AN,).

Obviously,
<a68;VNe, 8;V./\fe> > aol|0IVNL|?,

Qo
(03 (re = Ue), YVN)| < NIV + C(IUel1Zs + (17 13-5)-
Similarly to the proof in Lemma 6.2, we also have

(02 ((u- VU + U - V)ue + NoVa,), 0]VNL )| < CegD?(t) + Cd (t)E(t)D(t),
[(ac:0]VN, = 9)(a. VL), 0]VN, )| < CeoD(2).
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Using the equation of N, in (6.2), the last term in (6.16) can be written as
—<8t87Ue,8ZVN>

_ _d_<avue’8;/vj\/> <diva;ue,8t6;/\/e>

= _&w;ue, OYVN,) + (divOlU,, 07 (ue - VN, + Nedivue + U, - Vi + ndivid, ) ).

By (3.4) in Lemma 3.3, we have
[(divO]U., 0] (ue - VN + Nodivue + U - V)| < CeoD*(t) 4+ Cde(t)E()D(t),
[(divo]U.., 0] (ndivide )| < ClUhe 2,

Combining the above estimates together with (6.16) yields
<8” IV + 5 S NVNC* < CeoD*(t) + Cde()E)D(E) + C(I1hell3=o + lIrelli-s)-
Summmg these inequalities for all v € N? with |y| < s — 3, we obtain (6.15). O

Proof of Lemma 6.1. Adding (6.10) and (6.15) multiplied by a positive constant kg, it gives
the following estimate

(6.17) LLE) + (bo = Cro) [Ue |2y + =52 [ VA2

< CeoD*(t) + Cde()E()D(t) + Cllrellz
where
Lo(t)= D (AW, 9We) + kg Y (O1Ue, OYVN,).
[v[<s—2 |v|<s—3
In view of the expression of Ay and £(t), we have
(2ay — Ko)E(t) < L(t) < CEX (1),
where
az = min {1/2,1/4a, }.

Now we choose kg > 0 such that

20k < by and kg < as.
Then

axE%(t) < Lo(t) < CE(t),
and by the expression of D(t), we have

Féo Qo

b
SIUelZs + =52 IVALE s > 200D%(0),

where ]
Co = Z min{bo, Iﬁoao}.
It follows from (6.17) that

Li(t) + (2co — Ceo)D*(t) < Cde(H)E)D(t) + Cllrelz-s
Integrating this inequality over [0,¢] and using (6.3) yields
t t
a2 (t) + (2¢o — C’&O)/ D?(1)dr < C’ET/ do(T)D(7)dT + C)?,
0 0
where

Er = sup E(t).

0<t<T
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By the Cauchy-Schwarz inequality and the Young inequality together with (6.9), we have

5T/Otde(T)D(T)dT < 5T</Otdg(7)d7>é(/OtDQ(T)dT);
< CeOET( /0 tDZ(T)dT)é

t
S 0605%+C€0/D2(T)d7'.
0

Therefore,

t
as&%(t) + 2(co — C’eo)/ D*(1)dr < CeglF + CN%.
0

Thus, when ¢ is sufficiently small such that

1
050 S 5 min{CO, CLQ},

we obtain

t
axE%(t) + co/ DA(1)dr < %5% +CN, Vtelo,T],
0

which implies (6.1). O
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