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Homogenization of MHD flows in porous media

Youcef Amirat*, Kamel Hamdache!, Vladimir V. Shelukhin?

Abstract

The paper is concerned with the homogenization of a nonlinear differential system
describing the flow of an electrically conducting, incompressible and viscous Newtonian
fluid through a periodic porous medium, in the presence of a magnetic field. We
introduce a variational formulation of the differential system equipped with boundary
conditions. We show the existence of a solution of the variational problem, and derive
uniform estimates of the solutions depending on the characteristic parameters of the
flow. Using the two-scale convergence method, we rigorously derive a two-scale equation
for the two-scale current density, and a two-pressure Stokes system. We derive, in the
case of constant magnetic permeability, an explicit relation expressing the macroscopic
velocity as a function of the macroscopic Lorentz force, the pressure gradient, the
external body force, and the macroscopic current density, via two permeability filtration
tensors. When the magnetic field is absent, this relation reduces to the Darcy law.

Keywords. Magnetohydrodynamic (MHD) flow in porous media; Stokes equations; Maxwell
equations; homogenization; two-scale convergence; two-scale equations; averaging of a non-
linear differential system

1 Introduction

Magnetohydrodynamic (MHD) flows in porous media are of major interest in various en-
gineering operations such as in chemical technology, geophysical energy systems, irrigation
systems, flow control processes in mechanical engineering, crude oil extraction. In metal-
lurgy, many alloy generally solidify with a dendritic columnar or equiaxial structure. The
region where the dendrites and the liquid phase coexist during the solidification process,
called mushy zone, is heterogeneous and can be considered as a porous medium. The use of
magnetic field is a tool for controlling the melt flow and thus can influence the solidification
process, see for instance [30, 31] and the references therein. In crystal growth applications in
porous media, the applied external magnetic field has been successfully exploited to suppress
unsteady flows and to reduce the non-uniformity of composition [43].

An important tool for modeling flows in heterogeneous porous media is the homoge-
nization theory, that allows to derive equations describing the macroscopic behavior of the
flows, from the equations of fluid mechanics, valid in the pore space. The most widely used
methods for the derivation of macroscopic equations for periodic heterogeneous porous me-
dia are the method of multiscale expansions [8, 9, 10, 14, 20, 44], the two-scale convergence
method [2, 35, 41] and the periodic unfolding method [16]. Ene and Sanchez-Palencia [20]
derived the Darcy law, from the Stokes system, by using a formal multiscale expansion. The
rigorous mathematical derivation of the Darcy law was given by Tartar [46], by using the
method of oscillating test functions. The explicit expression for the pressure extension was
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given by Lipton and Avellaneda [34]. Several works have been devoted to the derivation of
Darcy’s law [1, 3, 17, 18, 26, 34, 40]. Homogenization techniques have been developed to
treat more general problems: porous medium with double porosity [7], nonlinear filtration
law [5, 38], multiphase flows [4, 24], non-Newtonian flows [11], interface problems [27, 36],
generalized Stokes systems [28], etc.

The homogenization of a MHD flow in a porous medium with periodic structure has
been considered by Geindreau and Auriault [22]. The flow is governed by a differential
system formed by the Stokes equations of fluid dynamics coupled to Maxwell’s equations of
electromagnetism, via the Lorentz force and Ohm’s law. Using a formal upscaling technique,
the authors derived the macroscopic flow from the description of the physical mechanisms at
the pore scale. To our Knowledge, this problem has not been considered from a mathematical
vue point. In the present paper we investigate the homogenization of the differential system
introduced in [22], by using the two-scale convergence method.

2 Problem formulation

We consider the flow of an electrically conducting, incompressible and viscous Newtonian
fluid through a conducting porous medium in the presence of a magnetic field. The porous
medium is denoted by €, a bounded domain of R, and is composed of a solid part, and a
pore space that is filled by the fluid. The solid part is denoted by €1, the pore space by {2y,
and the fluid/solid interface is denoted by T

2.1 The equations and boundary conditions

In what follows, we use the Gaussian system of units. We denote by B, J, H and E, the
magnetic induction, electric current density, magnetic field and electric field, respectively.
The electromagnetic fields satisfy the stationary Maxwell equations where displacement
currents are neglected:

curl H = 4%T(JnL Ja), (1)
curl E =0, (2)
divB =0, (3)
with the constitutive laws
J:U(E—i—le%xB), Ji=oEy, (4)
B=H. (5)

Equations (1)—(3) hold in Q; U Q, 1g, is the characteristic function of Qy, o is the electric
conductivity, c is the speed of light in vacuum, E; represents an externally generated electric
field, p is the magnetic permeability and w is the fluid velocity. The set (2, is an open domain
with smooth boundary and such that

Qs C Q.

We assume that

{Uf, Ky in Qf,
g, b = .
Os, s 1N g,
where p¢, 15, oy and o are positive constants.
The motion of the fluid in € is governed by the Stokes equations
1
—fyAu—l—Vp:E(J—i—Jd)xB—i—g in Qy, (6)
dive =0 in Qy, (7)



where p is the pressure, v is the dynamic viscosity and g is the external body force.
We require the functions w, B, E, J and H to satisfy the following boundary and
interface conditions. On the boundary 9Q2 of Q we impose

Exn=0 B-n=\0, (8)

where n is the unit outward normal vector to J§2. On the boundary 0Q; of Q0 we assume
that
u=0. 9)

On the solid-liquid interface I' = 92, we assume that

[Exn]=0, (10)
[B-n] =0, (11)
[H x n] = 0. (12)

Here m is the unit normal vector to I' pointing from Qg to €. The brackets [-] stand for
the jump across the solid-fluid interface. More precisely, denoting by v; and v, the values
of v on either side of the surface I', respectively, in the fluid and solid domains, we set
[v] = v; — v,. Equation (10) expresses the continuity across I' of the tangential component
of the electric field, (11) expresses the continuity of the normal component of the magnetic
induction, (12) expresses the continuity of the tangential component of the magnetic field
H = %B. Note, with (10) and (11), that (2) and (3) hold in €. From (1), (4), (8) and (9)
(respectively (1), (4), (9) and (10)) we deduce that

1 1
—curlH xn =0 on 0, [curlen] =0 onl.
o o

Let us mention that the problem formed by the differential equations (1)—(3) and (6), (7)
with the constitutive laws (4), (5) and the boundary and transmission conditions (8)—(12
is analogous to that considered in [22].

2.2 Local description and adimensionalization
The porous medium has a periodic structure. The functions o(x) and p(x) in (4), (5) are
[-periodic i.e.

o(x1 4+ xe,x3) = o(x1, 22 + 1, 23) = (21, 22,23 + 1) = o(x1, T2, 3),

for any z, and p satisfies a similar property. Given a size L of a bounded domain of
measurements contained in R3, we set

where ¢ is a small dimensionless parameter.

Let Y = (0,1)% denote the unit cell. Let Y (the solid part) be a closed smooth subset
of Y with a strictly positive measure. The fluid part is given by Y; = Y'\Y,. We denote for
each k € Z3:

YE=Y 4k YFI=Y.+k Yf=Yj+k,

then define the sets
k k k k
xk={a: i ey booxt = e e booxt={a sLer}
The physical (i.e. dimensional) solid and fluid regions are defined as

XS =UpXt,, X5=RNX..



Obviously, X¢ is a closed subset of R3 and X 7 is an open subset of R3. Moreover, X jisa

connected domain, while X¢ is formed by separate closed subsets of R3. We assume that
is an open simply connected domain of class C!>'. We introduce the fluid and solid domains

s=0\ Y xt, =003,
kele
where
IF={k:Xt, CQ}.
The solid-fluid interface I';, is defined by
r=0Y, TI*"=T+k I = {x: ;L erk}, I

For convenience, the interface between the solid and fluid domains 2 NI, is still denoted
Ie.

In order to express equations (1)—(7) and the associated boundary conditions (8)—(12)
in dimensionless form, we introduce the variables z; = z;/L and

w=t p-t p_E p_ B p H 5 J
1/:[/7 ﬁ’ E’ B’ H’ J’
E, g op )

E/: ~, /:T7 0_;:77 1=7],5),

d b g F : ( f8)

where the variables with the hat symbol (") denote reference values and the variables with
the prime superscript denote dimensionless values, respectively. Let i be the reference value
of p: = fiy’. Remind that p is dimensionless in the Gaussian system of units. We choose

E=%B,B=jHand g, =0oy.
Let us denote by ' the image of  under the change of variables x — z’/. Similarly,
we introduce QF and QF. Then in the dimensionless variables, equation (1) with the

:Ollbtltutl € IEL (1) IEELj)
1 / / R / i / B/ R 1; A AA (
CuIl 11 - m E + Ed + 1Q/5u X 5 m = 02 L() fu/,l/ 13)

Taking the curl’ of equation (13) and writing (3), (5) in the dimensionless variables, we
obtain that B’ and u’ satisfy the differential system

1 B’
curl’ <a’ curl’ (,u’)) = Rm curl’ (Eil + 1Q'f5u' X B/) ) (14)
div' B’ = 0. (15)

Equations (6) and (7) become

1 B’
— —A'u + EuV'p = K cwrl’ (,) x B'+ Frg, (16)
Re I
div'u/ =0, (17)
with
pral 5:\"? BL (Ha)? P L
Re=~—, Hao=|-+| — K=—-—"—, Eu=—5—, Fr=_——.
~ y c Rm - Re Wpy Wpy

Here, Re is the Reynolds number, Rm is the magnetic Reynolds number, Ha is the Hartmann
number (in the Gaussian system of units), Eu is the Euler number and F'r is the Froude
number. The order of magnitude of the dimensionless numbers Rm and Ha depend on the
problem under consideration.



We introduce the periodic functions
li / / x/ / ! / x/
pe(@)=p' (=), o@)=0"{—], (18)

with the period ¢ in the variable 2/, where

o ify ey,

), o' )= 15 % (19)
HAY), oY) = Wy o, i y €Yy
On the boundary 9 of ' we have
B' -n=0, (20)
1 B
— curl <,) xn=0. (21)
o I
On the boundary (“)Q/fE of Q/fe we have
u =0. (22)
On the solid-liquid interface I'® = 9Q.F the transmission conditions read
(B -m] =0, (23)
!
[7/ xn| =0, (24)

ERR

Then equations (13)—(15) hold in €’ and equations (16), (17) hold in Q;f.

For notational convenience we refer to problem formed by equations (14)—(17) and bound-
ary and transmission conditions (20)—(25), to as problem (P¢). In what follows we omit
the prime index. Our objective in this paper is the asymptotic analysis of problem (P¢),
as € — 0. The main difficulties are due to the coupling of the equations and the non-
linearities. It is important to note that, due to the Lorentz force, the second member of
the Stokes equation belongs to L?/2(Q), while in the studies of the homogenization of the
Stokes equation, the second member is assumed to be in L?(£2); this assumption is essential
for establishing uniform estimates with respect to €, an extension of the pressure, and the
derivation of Darcy’s law, see for instance [1, 3, 17, 26, 40, 44, 46].

The remainder is organized as follows: In Section 3, we collect some known results on
tangential trace operators in H (curl, ©), where O denotes an open bounded domain of R?
with Lipschitz continuous boundary. We introduce a variational formulation of problem
(P¢), with use of appropriate Sobolev spaces.

Section 4 contains our first main result (Theorem 1). We establish the existence of a
solution (u, B) € V x W, of the variational problem, where

V={veHjQy): divv=0 in Qy},

and
2 C 2 . .
W:{CEL (Q):curl(lu> €L*(Q), divC=0in, C-n=0 011(‘3(2},

by introducing an operator A : V x W — V' x W', pseudo-monotone and coercive. We
derive uniform estimates of the solutions, depending on the parameters ¢, Re, Rm, Ha, F'r,
and the data E; and g. We show the uniqueness of weak solutions for small source terms.

In Section 5 we consider problem (P¢) with the following scaling: Re = 1, Rm = 1,
Ha =1, Fr =1 and Eu= 1. This scaling is suggested by estimates (33)—(36) in order to

€



highlight an effect of the magnetic field on the effective behavior of the fluid. It implies that
our results correspond to magnetofluids with small viscosities. To describe the asymptotic
analysis of problem (P¢), as e — 0, we use the two-scale convergence method [2, 35, 41].
We state our second main result in Theorem 2.

Section 6 is devoted to the proof of Theorem 2. Uniform estimates (with respect to &) of

Jeut ()|
H L2(Q)

A. We establish a uniform estimate of || B®[|s, by using a Hodge-Weil decomposition of

, € HVUEHLZ(Q;)v and ||u5||L2(Q;) follow from the properties of the operator

the magnetic field H®. An extension of the pressure in L3/2() is obtained by using the
method of the restriction operator (see [39], [46]). Using the Hodge-Weil decomposition of
H*, we construct a corrector for the magnetic field. This allows to pass to the two-scale
limit in vector products. We rigorously derive a two-scale equation for the two-scale current
density and a two-pressure Stokes system.

In Section 7 we establish an averaging, with respect to the fast variable of the two-
scale equations, in the case where the magnetic permeability in the fluid and in the solid is
the same, and derive an explicit relation expressing the macroscopic velocity as a function
of the macroscopic Lorentz force, the pressure gradient, the external body force, and the
macroscopic current density, via two permeability filtration tensors that depend on the
macroscopic magnetic field. When the magnetic field is absent, this relation reduces to the
Darcy filtration law. Note that the assumption of constant magnetic permeability is not
only academic since in some cases the magnetic permeability in the fluid and in the solid is
almost the same, see [22].

Section 8 concludes the paper.

Remark 1. A model of MHD flow in metallurgy is considered in [22]. The local flow de-
scription introduces six dimensionless numbers: the Reynolds number, the magnetic Reynolds

number, the Hartmann number, the load factor K defined as the ratio % and the ratios

S and M of the electrical conductivities and of the magnetic permeabilities, respectively, of
the fluid and the solid. It is assumed that Re = O(1), Rm = O(?), Ha = O(1), K = O(1),
M = 0O(1), S = O(1). The following equations in which all quantities are dimensionless
describe the flow:

1
— Auf + R Vp® =0¢(E°+u° x B) x B°, diwu® =0,
BE
curl <E) =e%of (E6 + losu® X BE) , diwBf =0,
n
curl E* = 0.

Using a formal upscaling technique the authors derive a macroscopic flow. See [22] for the
details.

3 Weak solutions

3.1 Functional spaces and traces

In this subsection, O denotes a generic open bounded domain of R3 with Lipschitz continuous
boundary 3. We suppose that ¥ is connected; when it is not the case the results below can
be applied separately to each connected component. We introduce the Hilbert space

H(curl,0) = {u € L*(O;R®) : curlu € L*(O;R?)},

equipped with the scalar product

(u,v) = /u-v+curlu~curl'ud:c.
o



Recall that C*°(O;R?) is dense in H(curl, ©). We define the Hilbert space
H(div,0) = {u € L*(O;R?) : divu € L*(O;R)},

equipped with the scalar product

(u,v) = /u~v+divudivvdaz.
o

We also define Hy(curl, O) as the closure of C§°(O;R3) in H(curl, O), and Hy(div, Q) as the
closure of C§°(O;R?) in H(div, ).

Il is well-known that the mapping 7, : C*°(O; R?) — L?(X) defined by v, (u) = ujs - n,
where n denotes the unit outward normal to O, can be extended to define a normal trace
operator v, : H(div,0) — H7Y/2(%), u — ~,(u), which is bounded, surjective and
possesses a right inverse. We have the Stokes formula: Yu € H(div, 0), Vo € H'(0O),

/u~V<pdx:—/godivudsc—i—(%(u),go)g,
o o

where (-, )y, is the duality pairing between H~2 (%) and Hz(%).
The properties of tangential traces in H(curl, @) are described in [12, 13, 42, 45]. We
introduce the space

L2(8)={fel’(%R’): f-n=0onX},

equipped with the scalar product

(f,9)s= | f-gds.
/

We define the tangential trace v, : C*°(O;R3) — LZ(X) by v-(u) = wx A n and the
tangential component trace m, : C>°(O;R?) — L(X) by m-(u) = n A (ujs An). Due to
the Green formula

/curlu~’vd:c—/u-curlvdx:—/’yT(u)'wT(v)ds, Vu,v € C°(O;R?), (26)
o o )

the mappings v, and 7, can be extended to H'(O;R3). Note that the right-hand side of
(26) equals — [y, (u) - vds.
b

We define the spaces

H(®) = - (H (O;RY),  H*(%) = m(H' (O;RY)),

with the Hilbert norms

17l g1/2s) = weHiln({?;Rg){llwIIHwo;Rs) 2y (w) =},
1l 272 sy = wef}%;Rg){||w||Hl<0;R3> s (w) =},

that make both 7, : H(O;R*) — H{'*(S) and 7, : HY(O;R®) — H"*(%) bounded and

surjective. Since H/2(X;R3) is dense in L?(X;R?), the spaces Hi/2(2) and Hﬁ/2(2) are

dense subspaces of L2(X). The dual spaces of Hi/Q(E) and H‘T/Q (X) are denoted Hll/z(E)

and H H_l/ *(), respectively. We deduce from the Green formula (26) and the fact that

C>®(0O;R?) is dense in H(curl,O) that 7, and 7, can be extended to define tangential



mappings, still denoted 7, and 7, from H (curl, @) onto Hl‘_l/ *(£) and from H(curl, O)
onto HII/ 2(E), respectively. We have

Hy(curl,0) = {u € H(curl,O), v,(u) =0 on X}.

The following Green formula holds true:
/curlu-vdx:/ u - curlvde — (y-(u), 7 (v))s, (27)
o o

for all u € H(curl,0) and v € H'(O;R?), where (-, -)x; stands for the duality pairing between
H=Y2(2;R%) and HY/?(Z;R3). Notice that the last term in (27) equals (v, (u), v)s.

In the sequel, for brevity, the spaces L?(O;R3), H'(O;R3), L*(%;R3), H/2(Z;R?), ...,
will simply be denoted by L2(0), H'(0), L*(X), HY/?(X), ..., respectively.
3.2 Variational formulation

In this subsection, we omit the index € when there is no possible confusion.

3.2.1 Assumptions
We make the following assumptions:
al  is an open simply connected domain of class C'*';

a2 Y, is a closed simply connected domain of class C1'! with a strictly positive measure,
and such that Y; C Y

a3 u, o are the Y-periodic functions in L>°(R3), given by (18), (19), satisfying
0<co<po<cy'h
a4 E, € Hj (),
ab g € L*(Q).
3.2.2 Preliminaries

We introduce the classical function spaces in the theory of the Navier-Stokes equations

25(Qy) = {v € 2(Q,R*) : divo =0 in Q;},
V = closure of Zs(Qy) in H ().

Here 2(Qf,R3) is the space of infinitely differentiable functions with compact support in
Qf, and valued in R3. As is well known,

V={veHjQy): divo=0 in Qy}.
We also introduce the space

W = {CELQ(Q):curl (f) € L*(Q), divC=0inQ, C-n=0 on 8(2}.

Clearly, W is a Hilbert space with respect to the scalar product

D
(C,D)z/C-Ddx—!—/curl <C) - curl <> dz.
Q Q H H

The following result is proven in [29] (Lemma 1), see also [19] (Theorem 6.2).



Lemma 1. For any C € W, we have that C; € HY(Q;), where C; denotes the restriction
of C to Q; (i=f,s)and
1Cill () < () [|C]|w-

Here ¢(82;) is a constant that depends only on Q;.

The following result will be used for deriving a uniform estimate in L5(£2) of the magnetic
induction.

Lemma 2. Let C € W. Then C € L%(Q) and we have

(%)
curl | —
I

Proof. Consider the function 1 = curl (%) Clearly, ¥ € H(div,{2), and by using the

Green formula we see that [, % -n = 0. Then, applying a result in [23] (Theorem 3.5),
there is a vector potentiel A € H (curl, Q) N H(div, Q) such that

IC[Ls () < ¢(2) (28)

12(9)

curlA=1 inQ, divA=0 inQ,
Y (A) =0 on 0.

Moreover, see for instance [23] (Theorem 3.8), A € H'(Q) and there is a constant ¢ such
that
Al 2 @) < cll¥llz2 (o) (29)

Since curl A = curl (%) and the domain € is simply connected, there is a function ¢ € H*(£2)
such that
C
— =A+Vq. (30)
I
Using the equation divC = 0 in Q, and 7, (C) = 0 on 912, we deduce that the function ¢
satisfies the integral identity

/qu~V<pdx:f/uA'Vg0dm, Yo € HY(Q). (31)
Q Q

Clearly, equation (31) has a unique (up to an additive constant) solution in H*(2). We
impose [, gdz = 0. We know from [29] (Lemma 1), see also [19] (Theorem 6.2), that
qla, € H*(Q%), i = f,s. Moreover, see [21], there is a constant ¢ such that

lallwrs) < cllAllLsay,
then
lallwrs) < el ),
according to (29). Hence (28) by using (30). O

3.2.3 Variational formulation

To study problem (P) let us first formally derive a variational formulation of the problem.
We assume that w € V, and B, C € W. Multiplying equation (16) by v € Z,(y),
integrating in {1 and using the Green formula yields

1 B
— Vu-Vvdr =K <curl<f>><Bf>~vdx+Fr/ g-vdx.
Re Jq, Qs 1153 Qy
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Multiplying equation (14) by %, integrating in €2, using the Green formula, the boundary
and transmission conditions (21), (22), (25), we obtain

/ l curl (B) - curl <C) dx
Qo K 12

= Rm ux By - curl (Cf) dI+Rm/E0~cur1 <C> dzx.
Qs Hf Q H

We then state the following definition.

Definition 1. We say that (u, B) is a weak solution of Problem (P) if the following con-
ditions are satisfied:

(i) ueV, BeW.
(it) For every (v,C) €V x W, we have

1 B
— Vu-Vodr =K curl<f>><Bf~'vdm+Fr/ g -vdz,
Re Qf Qf bi o

/ l curl (B> - curl (C) dx (32)
00 1% o
= Rm uxBf~curl(Cf) d$+Rm/Ed~curl(C> dr.

Qf My Q 1

Remark 2. Let (u,B) be a weak solution of Problem (P). Thanks to the Sobolev
embedding H'(Qs) — L°(Qy), we have uw € LS5(Qy). Using Lemma 1 we also have

B € H'Y(Qy) < L5(Qy). Using the Hélder inequality, it results that (curl (f—;) X Bf> v
belongs to L%/°(Qy), for every v € V, then the right-hand side of (32), is well-defined. We
also have (u x By) - curl(%) € L5/5(Qy), for every C € W, then the right-hand side of
(32), is well-defined.

4 Existence and uniqueness of a weak solution

Also in this section we omit the index € when there is no possible confusion. Our first main
result is the following one.

Theorem 1. Under assumptions al-ab, problem (P) has a weak solution (u,B) in the
sense of Definition 1. Moreover:

(i) Any weak solution (u, B) satisfies the estimates

B\ | Rm?Re?
curl () <c (HQFT2€2||9||2L2(Q) + Rm2||Ed||2L2(Q)> ) (33)
# /2@ “
2
IVullfeq,) < o (Re2Fre®gl}a e + HalBallizq)) (34)
2
||UHL2(Qf) < ce? <R62F7'252||9||%2(Q) + HQQHEd”%Z(Q)) ) (35)
B\ | Rm?Re?
||B||2L6(Q) <c CUTZ() <c (I{QFT252|9”2L2(Q) + Rm2||Ed||2L2(Q)> .
B/ 2 @

(36)

where ¢ is a constant independent of €, Re, Rm, Ha and F'r.



11

(i) There is a number k > 0, which may depend on e, Re, Rm, Ha and Fr, such that, if
the data E4 and g satisfy

[EallL2@) + llgllL2@) < &, (37)
then problem (P) has a unique weak solution.

Before proving this result we first recall a version of the Poincaré inequality, see [40, 46],
which will be used for proving uniform estimates of the solution of problem (P).

Lemma 3. Let
V, = {’u e Wy Q) : divo =0 in Qf}, 1 <q < +o0.

There exists a positive constant c, depending only on Yy, such that, for evrey v € V,, we
have
|v]lLae, < cel|VYllLagq,-

Proof of Theorem 1. We define the operator
A VW=V xW
by

B
(A(u, B), (v,C)) _fim Vu-Vvdr — KRm (curl <f> ><Bf> ~vdx
Re Qf Qf 13

+ K/ lcurl (B) - curl (C) dx
Q0 1 1

+ K Rm (curl <Cf> X Bf> -udzr,
Q kr

for any (u, B) and (v,C) in V x W. Using Lemma 1, the Sobolev embedding H'(£2;) —
L5(Qy), and the Holder inequality, we easily verify that the operator A is well-defined.

a) Let us show that the operator A is pseudo-monotone [32, Chapter 2, Section 2]. Recall
that A is said to be pseudo-monotone if A is a bounded operator and if whenever (u,,, B,,)
converges to (u, B) in V x W weak and

limsup (A(un, By), (un, By) — (u, B)) <0, (38)
it follows that for any (v,C) € V x W,
liminf (A(un, Bo), (un, Ba) — (v,C)) > (A(u, B), (w, B) — (,C)).  (39)

Using the Holder inequality and the Sobolev embedding we have

/ (curl <Bf> X Bf> -vdx

Q; M

/ <curl <Cf> X Bf> -udr
Qs K

Here and in the sequel, ¢ is a constant independent of €, Re, Rm, Ha and Fr. Using the
Cauchy-Schwarz inequality we have

< Bl lvllv,

<dCllw|Blwullv-

Vu - -Vodzr
Qs

/ l curl (B> - curl (C> dz
Qo K K

< lullv lvllv,

< ¢ ICllwl|Bllw-
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It results that
[(A(u, B), (v, C))|

1 _
< cRm (RGIIUIIV + K||B||12/V> lwllv +cg K[| BlwlCliw + &K Bml|Bllw|ullv | Cllw,

which shows that the operator A is bounded.

Consider now a sequence (u,, B,) which converges to (u,B) in V x W weak and so
that (38) holds. Thanks to Lemma 1, the sequence (B,, ) is bounded in H'(Qy). By the
compact Sobolev embedding H(2f) < L9(€2y), for any 1 < g < 6, there is a subsequence
of (u,, By,), still indexed by n, such that

u, = u and B, ;— B in L*() strong. (40)
We have

(A(un, Bn), (un —u), (Bn — B)))
_ Bm
= o o,

1 B, B, - B B
+ K/ — curl () - curl () dx — K Rm curl <> X By, - up, de. (41)
Q0 I I oy [

From (38), (40) and (41) we find that

R 1 B, B,-B
lim sup kil Vu, - V(u, —u)ds + K/ — curl () - curl () dr | <0.
Re Qf 0o H 2

We also have

Vu, - V(u, —u)dr + K Rm (curl (B”> X Bn> cudz
Qf H

lim sup (11%{7: Vu, - V(u, —u)dr
Qs

1 B B, - B
+ K/ — curl (n) - curl <n> dr | <0,
Q0 w 1
which implies that

R B, - B\|?
lim sup —m/ IV (un —u)|?* dz + K/ curl () dr | <
Re Qf Q H

Thus there is a subsequence of (u,,, B,,), still indexed by n, such that

e

u, — u in V strong, B, — B in W strong,

then
liminf (A(w,, By,), (tn, By) — (v,C)) = (A(u, B), (u, B) — (v,C)),

for any (v,C) € V x W. This proves (39), then A is pseudo-monotone.

b) Let us now check that the operator A satisfies the coerciveness property:

(A(u, B), (u, B))

— +00 as u7B s 400. 49
H(U7B)||V><W Il( Mv<w (42)

(%)
curl | —
I

We have

2

R—m dx.

(A B). (u.B)) = J |

1
|vu\2dx+K/ -
Q00
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Using Lemma 1, Lemma 2 and the Poincaré inequality there holds that
Rm
(A(w. B), (u, B)) 2 e [ulf + coK | By
then (42) holds.

¢) We conclude by Theorem 2.7 (Chapter 2, Section 2) in [32] that there is (u, B) € VxW
such that A(u, B) = (Frg, Rm curl Ey) in a weak sense, that is (u, B) satisfies (32).

d) Let (u,B) be a weak solution of Problem (P). Taking v = u as a test function
in (32); and C = B in (32), there holds that

1 B
—/ |Vu|?de = K (curl (f> xBf) ~udm—|—Fr/ g-udz,
Re Qs Qf wy Qf

fakm (2
— |curl | —
0o K

B B
dx = Rm u x By - curl <f> dx+ Rm | Eg-curl (M) dx.

Q M Q
(43)
Multiplying (43), by Rm and (43), by K then adding the results we find that
1 B\|?
fom |Vu\2d:v+K/ — |curl () dx
Re Jq, Q0 K
B
= RmFr g-udr+KRm | Eg-curl | — | dz. (44)
Qy Q 12

Using the Cauchy-Schwarz inequality and Lemma 3 we have

[ 1+ ulds < celgliao [ Vul e,
f
Using the Cauchy-Schwarz inequality we also have

B B
/ |E4 - curl <) |dr < [|Eq|12(q) ||curl ()
Q 12 H

Then, using the two last inequalities and the Young inequality we deduce from (44) that

curl | —
I

<c (ReRmFrZSZHQH%z(Qf) + KRmQHEdH%Z(Q)) .

L2(Q)

2

R
am da

1
|Vu|2dac+K/ =
Re Qf 00

From this inequality we easily deduce estimates (33) and (34). Using (34) and Lemma 3 we
obtain (35). Using Lemma 2 and estimate (33) we deduce (36).

e) Let (u', B') and (u?, B?) be two weak solutions of problem (P). We set u = u' —u?
and B = B' — B Combining the equations satisfied by (u’, B") (i = 1,2) we have, for
any (v,C) €V x W,

Rm

B
— Vu-Vvdex = KRm (Curl (f) X B}) -vdr
Re Qf Qf wf

B2
+ KRm curl [ =L X By | -vdx,
Q K
K/ 1curl <B> - curl (C> dx
0o H w

= KRm (uxB})-curl <Cf> dz + KRm
5]

(u? x By) - curl <Cf> dzx.
Qy

Q; My
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Taking (v,C) = (u, B) in the previous equations then adding the results and using the

identity
B B
/ (curl (f> X B}) ~udx+/ (u x B}) - curl (f) dx =0,
Qf 1233 Q My
we get
Rm 1 B\ |?
—_— \Vu|2dx+K/ — |curl <) dx
Re Jq, Qo H

B ?“ 2 By
= KRm curl [ —~ | x By | -udz+ KRm | (u”x By)-curl | — | dz. (45)
Q 15 ’ Q ’ 125
Using the Holder inequality we have

2 2
B; Bj
curl X By | -udx curl
Q Ky Ky

Using the Sobolev embedding H!(Q) < L%(Q), Lemma 2, the Poincaré inequality and the
Young inequality we deduce that

B2
/ curl 1) «B ] -udr
Qy Hf
B2
curl <f> curl <B)
Ky w
L2(Q
KRe B? B
curl curl | —
1 e

In the same way we have

/ (u® x By) - curl (Bf) dx
Qs My

< HBfHLG(Qf) ||U||L3(Qf)-

L2(Qy)

<c

1/2
/ |Vu|? de
L2(Q) \/Qy

2

1

+ / |Vu|® dz. (46)
L2(Q) 2K Re Qf

B
curl (f >
1223

f)
2

<c

L2(Q)

< [u?| L3, I1BfllLsa,)

L2(Q2)

1/2 9
B
<c / |Vu?|? da curl <> (47)
Qy AP EI()
Combining (45)—(47) it results that
B\ |12
B [ Gl de + X ||ewrt () <0, (48)
2Re Jq, ) 2o
with
K2RmRe B’ i
X =¢K—-c——— url( ) —cKRm / |Vu?|? dx .
VAV EI(y)) Q;
Thanks to (33), (34) and (37), for k small enough, the norms chrl( - ‘ e

and ||[Vu?||p2(q,) are small enough, so that X > 0. Then we deduce from (48) that for
such x > 0 we have ©u = 0 and B = 0 which proves the uniqueness.
The proof of Theorem 1 is achieved. O
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5 Homogenization

We are concerned with the homogenization of problem (P¢), as ¢ — 0. We take Re = %,
Rm =1, Ha = %, Fr = % and Fu = é Then the velocity u¢, the pressure p° and the
magnetic induction B° satisfy the differential system

1 B*
curl ( curl (>) = curl (Ed + 1lgeu® x BE> in €, (49)
o€ e ¥
divB® =0 in ©, (50)
1 1
fsAu5+ng€:g(f6+g) in QF, / p°dx =0, (51)
QE
7
divu® =0 in QF, (52)

and the boundary and transmissions conditions

1 B*
B -n=0, —curl () xn =20, on df, (53)
o€ e
u® =0 on JQ%, (54)
B* 1 B*
[B® -n] =0, { X n] =0, [ curl () X n] =0, onTI®. (55)
e o€ e
Here B
f€ =curl (E) x B®. (56)
7

In the sequel we denote by ¢ a positive constant independent of e.

5.1 Two-scale convergence

To describe the asymptotic analysis of problem (P¢) we use the two-scale convergence
method [2, 35, 41]. We denote by C32,.(Y) the space of infinitely differentiable functions

per
in R? which are Y-periodic, by Cpe.(Y) the Banach space of continuous and Y-periodic

functions, and by Wke(Y) (1 < ¢ < oo) the closure of C° (Y) in the W14(Y)-norm.

per per
Eventually, (2, Cp¢,.(Y)) denotes the space of infinitely smooth and compactly supported
functions in  with values in the space Cp¢,.(Y).

A sequence (u®) of functions in LI(Q2), 1 < g < o0, is said two-scale convergent (in L?)
to a function ug(z,y), up € LY(Q xY), as e — 0, if

lim [ w®(z)p (xf) dr = \Y\_l/ uo(z, y)p(z,y) dody,
Q € QXY

e—0

for any test function ¢ € Z(Q,C2.(Y)); we will write u® 2 uo(x,y). Note that for the

per -
space of admissible test functions, the space C(£2, Cpc,.(Y)) can be also used.
It is a crucial property of the two-scale convergence that for any bounded sequence (u®)

of L1(§) there is a subsequence, still denoted (u), and a function ug(z,y), ug € LY(Q2xY),
such that u® =% uo(x,y), see [2, 35, 41]. Let also cite the following properties [2, 35, 41]:

(i) If (u®) is a bounded sequence of W4(Q), there is a subsequence, still denoted (uf),
and there are functions u € Wh9(Q2), u € LI(Q; WL4(Y)), such that

per

u® — u in WhH(Q) weak, uf 2 u(zx), Vu® 2 Vu(z) + Vyu'(z,y).

(ii) If (u®) is a bounded sequence of L9(2), such that (¢Vu®) is bounded in L9(£2), then
there is a subsequence, still denoted (u€), and a function ug(z,y), ug € L1(Q; Wi(Y)),
such that

us 2 uo(z,y), eVu® 2 Vyuo(z,y).
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5.2 Statement of the homogenization result
We now state our second main result.

Theorem 2. Under assumptions al-a5, let (u®, B®) be a weak solution of problem (49)-
BE

(55). Let H® = — and let P® denote the extension of p* as defined in Lemma 6 (below).
1

Define

Hper(curl,Y)) = {K € H(curl,Y) : K Y -periodic}.
Then there exists a quadruplet (ug, P, Ho, H) of functions ug € L*(; HL, (Y)), P €

per
L3%(Q), Hy € LS5(Q xY), Hy € L*(Q; Hper(curl,Y)) such that, along subsequences, still
indezed by €,
ut 2 uo(x,y), eVu® = Vyuo(z,y), P°—P in L*2(Q),

He = Hy(z,y), curlH® 2 Jo(z,y) = curl H(x) + curly Hq(z,y),
with H(x) = \Y|71/ Hy(z,y)dy, and H € H(curl,Y). The pair (uo, P) is such that
Y

ug=0 nQxYs, divyup=0 inQxY,

div ([ wtoan) =0 im0, ([ wty) -n=0 onon

uo(z,y) Y-periodic for a.e. x € Q,

/ P(z)dx =0,
Q
the pair (Ho, H1) satisfies

(57)

divy(w(y)Ho(z,y)) = divy(H1(z,y)) =0 in QxY,

div (pT H(z)) =0 in 9, (/ pu(y)Ho(,y) dy> n=0 onodQ, (58)
Y
H(z,y) Y-periodic for a.e. x € ,

and (ug, P, Ho, H1) is a solution of the following coupled equations
|| Voo Vs oty — [ [ P)div, o,y dady
QJY; QJYy
= /Q/Y (ufJo(%y) x Ho(z,y) +y($)) -¢(x,y) dedy, (59)
¥

V¢ e 2(Q,Ch(Y)), with ¢ =01in Q x Y, and divy,{(z,y) =0 in Q@ x Y,

per

and
/ / L( curl H(z) + curly Hy(z,y)) - (curltpg(z) + curly v, (z,y)) daedy
aly o(y)
- /Q /Y (Ba(w) + pyuo(e,y) x Ho(z,y)) - (curlypo(w) + curly by (z,y)) dady,  (60)
V%o, 1) € 2(2) x 2(Q, Cpe, (Y)).

Here u®f7 is a constant (homogenized) matriz defined by

eff 1 ow* )
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where w¥(y) (k =1,2,3) denotes a scalar Y -periodic function which solves the cell problem
—divy (u(y)Vyw"(y)) = div, (p(y) "), /Y w*(y) dy =0, (62)
and e denotes the k-th standard basis vector of R3.

The proof of Theorem 2 is given in Section 6.

Remark 3. We deduce from Theorem 2 that there is a distribution P* = P'(x,y) such that
the quintuplet (wo, P, P*, Ho, H1) is a solution of the coupled differential systems

_Ayu()(xvy)—’_vp(x) +Vypl(x7y) = /LfJo(if,y) X Ho(l',y) +g($) in (2 X va
ug=0 in QxY,, divyup=0 inQxY,

div (/ uo (-, Y) dy) =0 inQ, (/ uo (-, Y) dy) n=0 ondf, (63)
Y Y
wo(w,y), P (x,y) Y-periodic for a.e. x € Q,

/P(ac) dx =0, /P1($7y) dy=0 a.e. in(,
Q Y

and

curl </Y a(ly) (curl H(z) + curly Hq(x,y)) dy)

= curl(/y (Ea(z) + pruo(z,y) x Ho(z,y)) dy) in S,

—_

curly (o’(y) (curlH (z) + curly Hy(z, y)))
= curl, (ufuo(x,y) X Ho(:c,y)) in QxY,

divy(w(y)Ho(z,y)) = divy Hi(z,y) =0 in QxY,

div (/fffH(:r)) =0 inQ, </Y w(y)Ho(-,y) dy) n=0 ondQ,

H(z,y) Y-periodic for a.e. x € Q,

with Jo(z,y) = curl H(z) + curly Hi(z,y) and H(x) = |Y|71/ H(z,y)dy. Problem (63)
Y
is called a two-scale pressure Stokes system, see [33, 44].

Definition 2. We say that a quintuplet (ug, P, P*, Ho, H1) is a weak solution of problem
(63), (64), if the functions ug € L*(Q; HL, (Y)), P € L3/2(Q), Hy € L5(Q x Y), H, €

p

L2(S%; Hper(curl,Y)), H € H(curl,Q), with H(x) = D/|_1 fY H(z,y) dy, satisfy (57)—(60).

6 Proof of Theorem 2

The proof consists of the following steps:

- Uniform estimates with respect to e

Extension of the pressure

Two-scale limits of the electromagnetic fields. Derivation of a two-scale equation for
the two-scale current density

- Derivation of a two-pressure Stokes system
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6.1 Uniform estimates with respect to ¢

We have the following result.

Lemma 4. Under assumptions al-a5, problem (49)—(55) has a weak solution (u®, B)
satisfiying the uniform estimates

BE 9 9 1/2
curl | — SC(”QHLZ(Q) +HEdHL2(Q)) ) (65)
AL 20
€ 2 2 1/2
e IV ) < € (913200 + 1 Ballfaey) (66)
€ 2 2 1/2
lelags) < e (lgl3a) + 1 Bal) (67)
5 BE 2 2 1/2
1By < | eurl (= L2(Q)Sc(||g||Lz<m +IBlee) . (69)

where ¢ is a constant independent of . Moreover, the function f¢ defined by (56) satisfies

1 N zormy < e (lgl3ae) + IEallfe ) (69)
where ¢ is a constant independent of ¢.

Proof. The existence of a weak solution, together with estimates (65)—(68) follow directly
from Theorem 1. Using the Holder inequality we have

BE
curl (6)
I

then (69) follows thanks to (65) and (68). O

15 L3200y < Bl s ()

L2(Q)

Remark 4. The function u® can be extended by zero in Q\ Q% because of its zero trace on

89?. It is well known that extension by zero preserves LY and Wol’q norms for 1 < q < oo.

6.2 Extension of the pressure

To find a uniformly bounded extension of the pressure, we use the following result of Mikeli¢
[39], which is a generalization of the result by Tartar [46].

Lemma 5. There is a restriction operator
1, 1,
R : Wy (Q) — Wy (Q%) (1 <q<o0)

such that
w € Wol’q(ﬂ‘;) — R.w = w,

(elements of Wol’q(Qjc) are extended by 0 to Q)

divw =0 = divR.w = 0, (70)

[Rewl|paos) < cllwlLa) + el VwllLao), (71)
C

IVRwlzacs) < Zllwllzo) + cllVwll L), (72)

where ¢ is a constant independent of ¢.

We have the following result.
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Lemma 6. There is an extension P of p® which satisfies, for any w € 2(Q,R3),

5/VUE~VR5wdx—1/Psdivwdle/(fe—kg)oREwdx. (73)
Q €Ja €Ja

Moreover, there is a constant ¢ independent of € such that
1P| a2y /m + IV P w1320

< ¢ (lgllze) + I Ballza + 320 + 1 Ballizq ) - (74)

Proof. We see from (51) that Vp® € W~13/2(Q5). We extend it to 2 as follows. We define
a functional F* by setting

1
<F€,w>:_g/Q o div Rewdz,  w € Wh3(Q),
f

where R, is defined in Lemma 5, with ¢ = 3. We have

(Fow) = |

Using the Holder and Poincaré inequalities (see Lemma 3) we have

1
Vu® - VR.wdzx + - / (f¢+g9) Rowdx. (75)

7 @5

/QE [F° - Rew| dw < ||| Lar2(0s) [ Rewl| Lo (as) < cell £l Lare(os) [VRw] 13 (0s),
f

| 1o+ Rewldo < cellgliz o) |V Rewliogas) < celgliagon) |V Rewl oo
QE

f

Then

((F°+9) - Rew|dx < ce([| £ 2r2(05) + 191l L205)) IV Rew]| s 05 (76)

25

We also have

Vu® - VR.wdr < CHVUE”LZ(Q;)||VREw||L3(52?).
QE
7

By using (71) and (72), we see that, for fixed &, F© is a bounded functional on Wy*(2) i.e.
F ¢ W=13/2(Q). Due to property (70) we have (F°, w) = 0 for w with divw = 0 in Q.
Then, according to De Rham’s theorem, there is a distribution, which we denote P, such

that F€ = EVPE.
Using (69) and (72) we deduce from (76) that

/ﬂa (7 +9) - Bewldo < ¢ (1f | orzgas) + gl e2s) ) ol
f

< ¢ (llgllzaoy + I9ll3z @) + 1Bl ) Iwllypsqy:  (77)

Using (66) and (72) we have

/ [Vu® - VR.w|dx < c||VuEHL2(Q§V)HVREwHLg(Q?)
Q

€
f

IN

Cc
g”vus”L%Q;)”wHWO“‘(Q)

IN

C
= (lgllzzco) + 1Eall20)) 1wl ) (78)
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It results from (75)—(78) that
Cc
[(F ) < 2 (llgll 2@ + 1 Ballz@) + 9l1320) + 1 Ballis) ) Il
We conclude that

197 720 < ¢ (Igll 2 + | Ballzaco + 191320y + 1Bl

Lemma 6 is achieved. O

then (74) follows since ||P||1s/2(0) < c(Q)||VP®|ly-1.3/2(q), see [6, 37]. The proof of

Remark 5. Following [34] one can define the extension of p° by

(>

- g
p° i QF,

154 — 1
Pe(z) T/ pe(x)dx in each Y,
|Y5,f‘ Yi’ff ’
where YF; = e(Yi + k) and Y, = (Vs + k).

6.3 Two-scale limits of the electromagnetic fields

€

B
Consider the magnetic field H® = — and the electric field E* given by the relation
I

1
—curlH® = E* + E; + 1g-u® x B°.
¢ f

Taking the curl of the previous equality and comparing the result with (49) there holds that
curl E° = 0. Denote

wt = IQ;UE % BE, JE =o° (Ee +Ed+w€), (79)

so that
curl H® = J°. (80)

We have
div (UE(EE—i—Ed—i-wE)) —0 inQ, E xn=0 ond

Since € is simply connected, there is ¢¢ € H'(Q2) such that E° = V<. Since Vi x n =0
on 012, the function ¢f is constant on 0F, say ¢ = ¢® on 0. Replacing ¢¢ by ¢S — %, it
results that (¢ is the (unique) solution in Hg () of the variational equation

/ oVt -V de = —/ 0 (Eq+w®)-Vipdr, Y€ Hi(Q). (81)
Q Q

Using the Hélder inequality and the continuous Sobolev embedding H'(Q) — L°(Q) we
get that w® € L3(Q). It results that the right-hand side of (81) is well-defined. Using the
Holder inequality and inequalities (67) and (68) we have

0|2y < el zagogy 1B scoy < ¢ (Il +1Balda) . (82

Thanks to (65), curl H® is uniformly bounded in L?(£2), then it results from (79), (80) and
(82) that E° is uniformly bounded in L?/2(Q), and ¢ is uniformly bounded in W01’3/2(Q).
Then there is a subsequence, still indexed by ¢, and there are functions ¢, € VVO1 3/2 (Q) and
ol € L3/2(Q; Wpet/?(Y)) such that

0s — @ in Wp¥2(Q) weak, Vit 2 V() + Vol (z,9).
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Thus )
E° =X Ey(z,y) = E(z) + Vyol(z,y),

with Eg € L3/2(Q x Y) and E(z) = V. (z).

Thanks to (68), H* is uniformly bounded in L((2), and u is uniformly bounded in L?(£2)
and eVu® is uniformly bounded in L?(£2), thanks to (67) and (66), respectively. Then there
are subsequences, still indexed by ¢, and functions Hy € L5(2 x Y), ug € L3(; HL,,.(Y)),

per
such that
e 2s e 2s e 2s
H® = Ho(z,y), u® =wuo(z,y), eVu® = Vyug(z,y).

Since B®(x) = u(£)H*(x), we have

B® 2 By(z,y) = u(y)Ho(,y).

Setting
Hm=wPLHmmw,Bm=m*L&mmw

umzm*memw
we have

H® —~ H in L5(Q) weak, curl H® — curl H in L*(Q) weak,
B —~ B in L5(Q) weak, u° —u in L*(Q) weak.
Thanks to (65) and (68), H¢ is uniformly bounded in H(curl,2). Then, applying a

result in [15], see also [25], [47], [48], there is a subsequence, still indexed by e, and a
function Hy(z,y) € L?(%; Hper(curl,Y)) with div, Hq(z,y) = 0, such that

curl H® 22 curl H(z) + curly Hq(z,y). (83)

Recall that Hper(curl,Y)) = {K € H(curl,Y)) : K Y-periodic}.

Let us also mention some classical properties of the two-scale limits uyg and Hy. Con-
cerning ug we have uy = 0 in Q x Y, divyup = 0 in Q x Y, div (fy u0(~,y)dy) =0
in €2, and (fy uo (-, y) dy) -n = 0 on 09, see [3, 40]. We have curl, Hy = 0in Q x Y,
and divy(p(y)Ho(z,y)) = 0 in @ x Y, see [48]. Arguing as for ug, we show that
div ([, u(y)Ho(-,y)dy) =0 in Q, and ([, p(y)Ho(-,y)dy) - n =0 on Q.

Let us then consider the function J¢ given by (79) and f° = J°x B, which are uniformly
bounded in L?(Q) and L3/2(), respectively. There are subsequences, still indexed by e,
and functions Jo(z,y) € L>(Q x Y) and f,(z,y) € L*/?(Q x Y) such that

TSR o), £° 7 foley):
According to (80) and (83) we have
Jo(z,y) = curl H(x) + curl, Hq(z,y) in QxY. (84)

Remark 6. Following [48] there is a subsequence, still indexed by e, and a function
Hi(z,y) € L*(Q; Hper(curl,Y)) such that

curl H® 22 curl, Ho(z,y) + curly Hi(z,y).

From the equality
Jo(x,y) = curly Ho(x,y) + curly Hi(z,y),

we deduce that curl, Ho(z,y) € L*(Q x Y).

To pass to the two-scale limit in vector products we construct a corrector for the magnetic
field H*.
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6.3.1 A corrector for the magnetic field
Consider the Hodge-Weil decomposition of H® given by (see the proof of Lemma 2)

H® = A° + V. (85)

with ¢ € WH5(Q), A° € H'(Q), divA® = 0in Q, 7,(A%) = 00n 9, |A%|m1(q) <
cl| curl H¥|[12(qy and [|¢5 |[w1.6(q) < cf curl HE |12 (q). It results that there are subsequences,
still indexed by e, and functions A € H*(Q), ¢ € W15(Q), ¢}, € LE(Q; WLS(Y)) such that

per
2s 2s 2s
A2 A(z), o = on(x), Vi, = V(@) + Vye,(z,y).

Moreover, (A®) converges towards A, weakly in H(Q2) and strongly in L?(f2), for any
1<¢<6,divA=0in Q and 7,(A) =0 on 91, and we have

H(x) = A(z) + Vo (z), (86)
and
Hy(z,y) = H(z) + Vi (7,9). (87)
Since div, (u(y)Ho(z,y)) = 0, we deduce that ¢} is a solution of the equation
—divy (u(y)Vyep(z,y)) = div, (u(y)H(z)) . (88)

Equation (88) has a unique solution in L°(%; H,.,.(Y)) satisfying [, ¢} (2,y)dy = 0. This
solution can be written in the form

oh(z,y) = Hi(z)w"(y), (89)

N

k=1

where w¥(y) (k = 1,2,3) denotes a scalar Y-periodic function which solves the cell problem
(62). Clearly, problem (62) has a unique weak solution w* € H,,,.(Y). It results from (87)
and (89) that

3
Ho(z,y) = H(z) + Y Hi(z) Vyu*(y). (90)
k=1

Remark 7. When puy = ps we have wh = 0 for all k, and from (90) it follows that

We also have the following result.

Lemma 7. The solution w* of problem (62) belongs to WLS(Y).

per

Proof. We extend by periodicity the function w* to R? and still denote by w* the extended
function. We take a cut-off function § € 2(R3) such that = 1 in a neighborhood of Y. Let
Y denote an open smooth bounded domain containing the support of 8. We set U = fw*.
We have

—div(uVU) = — div(pw*Ve) — div(udVw")
= — div(pw®V0) — 0 div(uVuw*) — pVve - Va*
= —div(pw*V0) + 0 div(ue®) — uve - Vuw*. (91)

Using the continuous Sobolev embedding H'(Y) < L5(Y), we have that pw*Vé € L(Y).
Moreover, pe* € LS(Y) and uVO - Vw* € L?*(Y). Using the Sobolev embedding
Wy %5 (V) < L2(Y), it holds that L2(Y) < W~16(Y). Thus the right-hand side of (91)
belongs to W’176(1~/). We also have U = 0 on the boundary 8Y of Y. Applying the result
in [21] we obtain that U € Wy "°(Y). Therefore w* € W6(Y). The proof of the lemma is
complete. O
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We next consider the function ¢§ which belongs to Hﬂl (©) and satisfies the integral
identity

/mw;j Vi dr = —/ ptA® - Vipdx, Vi € HY(Q), (92)
Q Q

where Hﬁl Q) ={v e H'(Q) : [, ¥(x)dz = 0}. Clearly, equation (92) has a unique solution.
By using the two-scale convergence method, it is easily seen that the sequence (¢5) of
solutions of equation (92) converges weakly in Hﬁl (©) to the solution @, of the homogenized
equation

wn € H, ﬁl (Q),

/Q,fffwh -Vipdr = —/Q/fffA Vdr, Vo € H (Q), (93)
where p¢f/ is given by (61). Using (86) we deduce from (93) that
div (u“/7H) =0 in Q.
As is classical in the two-scale convergence method, see for instance [2, 35], we have
Vi (z) = Ven(z) = Vygy(z, £) = 0 in L(9),

where ¢y, is the solution of the homogenized equation (93) and ¢} is given by (89). Using
(85), the equality Ho(z, £) = A(z) + Vn(z) + V¢ (x,2), and the strong convergence of
(A?), we deduce the following result.

Lemma 8. Let ¢} and w* be defined by (89) and (62), respectively. The sequence (HF)
two-scale converges to Ho(z,y) = H(x) + Vo) (z,y) = H(z) + 22:1 Hy(z) V, w*(y) and
we have

H*(z) — Ho(x,2) — 0 in L*(Q2) strong.
6.3.2 Two-scale limits of vector products

We have the following result.

Lemma 9. Let w® be the function defined in (79) by w® = lo:u x B°®. The sequence

(0°w?) two-scale converges towards opug x By and converges weakly in L>/?(Q) towards
Trhy (u < H+ Y™ [y, (uo(y) x Vyey (-, y) dy) :

Proof. Let ¥ € 2(Q,C52.(Y)). We have

per
[ o @w @) e, D) do = oguy [ (w(a) < B (@) - 9l D)
Q € Q 15
Writing H (z) = [H®(v) — Ho(x, £)] + Ho(x, £), using the Cauchy-Schwarz inequality
/Q |(w % (B () = Ho(a, 2)]) - (. D) da

B (x) — Ho(a. ?)

< wfllzegas) 1Yllc@xy)

L2(Q)

and Lemma 8 there holds that

lim [ of(2)w(z)  ¥(z, 2)dx
e—0 Q IS5
=opug m | (us(x) x Ho(xz, g)) (e, f) dz

:wwmﬂﬁﬁmmmemmwmmmw
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This shows that (c°w*®) two-scale converges to oyuyrug X Ho = oyug x By.
By taking ¥ € 2(12), we have

lim [ of(x)w®(z) (x)de

e—=0 Jo

= gfuf|Y|*1 /Q /Yf (up(z,y) x H(x)) - ¢ (x) dedy
+oppglY|! / /Y (wo(z,y) X Vyoh(z,4)) - () ddy
— opuy / (u(z) x H(z)) - (z) da
oY / /Y (wo(z,9) X Vb (2, 9)) - () dady.

The proof of Lemma 9 is achieved. O
We have the following result.

Lemma 10.  The sequence (cfw® x B9 two-scale converges
to  of(ug x Bg) x By and  converges  weakly in  L%/5(Q) to

osi ((wx H) x H+ Y™ [y (o) % Vygh( 1)) X Vyoh(59)dy)

Proof. Using the Holder inequality, we get that the sequence (w® x Bf) is bounded in
L5/5(Q). We have
oc"w® x B =oppj(u® x HY) x H".

Using the identity
(u® x B®) x B° = (u® - B°)B° — (B® - B)u®,
we have
o (u® x Bf) x B® = O'f/L?c ((u*-H)H® — (H® - H")u®).
Let now ¥ € 2(Q,Cpe,.(Y)). Writing H®(z) = [H*(x) — Ho(z, 2)] + Ho(z, £) and using

per

Lemma 8 it holds that

lim [ (uf(z)- H(z)) (Hf(x) ap(, z)) dz

e—=0 Jo

= lim (ua(x) - Ho(xz, g)) (Ho(;z:, %) ap(, g)) dz

e—0 Q
— | /Q /Y (wola,y) - Hola,y)) (Ho(e.y) - v(z,y)) dedy.

Similarly, we have

lim [ (H(2) H*(2)) (w'(2) - 9(, D) ) da
Q
= lim J, (#ote 2 < Hote, ) - (o) -4, ) o

— /Q /Y (Ho(e.y) - Hole.y)) (uo(e,y) x (z,y)) dedy.

We deduce that the sequence ((u®-H®)H®— (H® - H")u®) two-scale converges to
(uo - Ho) Hy — (Hy - Hp) ug, that is ((u® x H) x H®) two scale converges toward (ug X
H,) x Hy. Then (c°w® x B®) two-scale converges to of(ug X By) X By. The convergence
in L9/5(Q) follows readily by taking v € 2(Q). The proof of Lemma 10 is achieved. O
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Now, consider the electric field E® which two-scale converges to Eg. We have the fol-
lowing result.

Lemma 11. The sequence (6°E® x B®) two-scale converges to o(y)Eq X By.

Proof. Using the Holder inequality, we get that the sequence (0 E° x BF) is bounded in
LS/5(Q). Let ¢ € 2(Q, C.(Y)). Writing H®(z) = [H®(2) — Ho(z, %)] + Ho(z, £), using

per

the relation B®* = p®H® and Lemma 8 there holds that

i [ (0" B(2) x BY(2) - (e, 7 da

=lim [ (c°p*E(z) x H*(x)) - ¢(x, E) dx
e—=0 Jo 9

= lim Q(UEMEEg(,’E) x Hy(x, g)) “(x, g) dx
=m*Lmewwmmemmwwmmw

The lemma follows. O
As a consequence of lemmas 9, 10 and 11 we have the relations

Jo(z,y) = o(y)(Eo(z,y) + Eq(x)) + oruo(z,y) x Bo(z,y),

Folz,y) = Jo(x,y) x Bo(x,y). (94)

6.3.3 Two-scale equation for the two-scale current density

We are now able to derive a two-scale equation for (Ho, H1). From (84) and (94), we
deduce that

%?J)(CurlH(x) + curly Hi(2,)) = Bolw,y) + Ba(x)) + ppuo(z,y) x Holw,y).  (95)

Taking the curl, of the previous equality, using the relations curl, Eq(z,y) = curl, Eq4(z) =
0, yields

curl, <U(19)(curlH(:z:) + curl, Hl(:c,y))> = curl, (ufuo(m,y) x Hy(z, y)) (96)

Integrating (95) over Y and taking the curl of the resulting equation we get

curl (/Y % ( curl H(x) + curl, H4 (z, y)) dy)

= curl (/Y (Ea(z) + pruo(z,y) x Ho(z,y)) dy) . (97)

We easily verify that the system formed by equations (96) and (97) is equivalent to the
variational equation (60). Recall that we have

HycL°(QxY), curl, Ho(z,y) € L*(QxY), Hy(z,y) Y-periodic for a.e. z € €,
H, € L*(Q; Hper(curl,Y)), wo € L*( HL,, (Y)),

p

together with the relations

divy, (u(y)Ho(z,y)) = divy Hi(z,y) =0 in Q xY,

div (,ueffH(x)) =0 in Q, (/y w(y)Ho(-,y) dy) -n=0 on 9.
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6.4 Derivation of a two-pressure Stokes system

Let (u®, p®) satisfying the Stokes equations (51), (52), (54). The function u® is extended by
zero in '\ Q5 and still denoted u®. The extension of p° is defined in Lemma 6 and denoted
Pe. From estimates (74) we deduce that there is a subsequence, still indexed by ¢, and a
function P € L3/2(Q) such that

PE P in L2%(Q).

As stated above, there is a subsequence, still indexed by e, and a function wug(z,y) €
L2(Q; HL,,.(Y)), such that

per
us 2 uo(z,y), eVu® 2% Vyuo(z,y).

Moreover, ug satisfies

ug=0 inQxY,, divyug=0 inQxY,

div (/Yuo(-,y)dy):O in Q, </Y'u,0(-,y)dy>-n20 on 9.

Let now ¢ € 2(Q,C%.(Y)), ¢ = 0 in Q x Y, divy{(z,y) = 0 in Q x Y. Taking

per
¢f =¢el(x,z/e) as a test function in equation (73) gives

E/QVuE~{sVIC(x,:E/E)+VyC(x,x/5)}dx—/QPEdiVxC(x,m/a)dx
:lgf+gw<uwkwm

Passing to the two-scale limit we have

e—0

Jim & / Vs - {eVo (@, 1)) + V(2 2/e)} do
Q
=/‘ Vo) Vi) dedy

lim P divy {(z,z/e) dx = / / x) div,, ¢(x,y) dedy,
Yy

e—0

lim (f5+g)~C(ac,:c/s)da::/Q Y(fo(ac,y)+g(:c))~C(ac,y)dxdy.

e—=0 Jo

Using (94) we get (59). Using De Rham’s theorem we get the existence of a distribution
P1(x,y) such that

/’ Y, uola.y) - V,C (e, y) dady — /A, 2) div, ¢(z,y) dudy
f

Yy
/ / (x,y) divy {(z,y) dedy
Yy

— [ ] (nsT0lesn) % Hol,) + g()) - () dad,
QJy;

for any ¢ € 2(Q,CX,.(Y)), ¢ =0 in Q x Y,. We deduce that (ug, P, P') is a solution of the

per
two-pressure Stokes system (63).

The proof of Theorem 2 is achieved.
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7 Averaging of equations (63), (64): example

Our aim in this section is to establish an averaging, with respect to the variable y, of the
differential equations of (63), (64), and to obtain averaged equations for the only variable
x. We restrict ourself to the case where the magnetic permeability p is constant. Note
that this assumption is not only theoretical since in some cases the magnetic permeability
in the fluid and in the solid is almost the same, see [22]. Let (uq, P, P', Ho, H;) be a
weak solution of the coupled differential systems (63), (64). Assume that py = ps = p*.
Then Ho(z,y) = H(z), with H(z) = |Y|™' Jy Ho(z,y) dy, since div, Ho(x,y) = 0 and
curl, Hyo(z,y) = 0 in Q x Y, and Hy(z,y) Y-periodic for a.e. € Q. The quintuplet
(ug, P, P', Hy, H,) is a weak solution of the coupled differential systems

— Ayug(z,y) + VP(x) + V, Pl (z,y) = p*Jo(,y) x H(z) +g(z) in Qx Yy,
ug =0 in AxY,, divyuo=0 in QxY,
divu=0 inQ, w-n=0 ondQ,

uo(z,y), P'(x,y) Y-periodic for a.e. x € Q,

/ P(x)dz =0, / Pl(z,y)dy =0 a.e. in Q,
Q v

and
curl (/Y %?J)Jo(x,y) dy) = |Y|curl (Eq(z) 4+ p*u(z) x H(z)) in Q,

divH=0 inQQ, H-n=0 ondQ,

1
curl, <0(y) curly H(z, y))

= curl, (u*uo(agy) X H(x)) — curly, <cr(1y) CurlH(m)) in 2 xY,

divy Hi(z,y)) =0 inQxY,

H(z,y) Y-periodic for a.e. x € Q,

with Jo(z,y) = curl H(z) + curly Hq(z,y), and u(x) = | Jy wo(z,y) dy. Let G(z) =
p*curl H(x) x H(z) + g(z) — VP(z). We have to average, with respect to the variable y,
the following equations

— Ayuo(z,y) + Vy PH(z,y) = p* curly Hy(z,y) x H(z) + G(z) in QxY,

1
curly, (o(y) curl, H4(z, y))

= curl, (p*uo(x,y) X H(x)) — curl, (J(ly) curlH(x)) inxY,

divyuo(z,y)) =0 in QxYy, divyHi(z,y))=0 inQxY,
uo(z,y), P'(x,y), Hi(z,y)) Y-periodic for a.e. x € Q,

uo(xﬂ )lan = 03

/ PY(z,9)dy =0 a.e. in Q.
Y

For Y-periodic vector functions, we introduce the Sobolev space

Vy, ={ve H'(Yy) :divo =0 in Y}, vjgy, =0},
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equipped with the scalar product
8’Ui 8w2

v,w)y, = Y.
(v,w)y, /Yf ay; 3y

We also introduce the Sobolev space

Wy:{keH;er(Y):divkzo inY, /k(y)dy:O},
Y

equipped with the scalar product
(h,k)y = / curl h - curl k dy.
Y

For any function v € Vy we have

Pldivy'udy—f—/ P'v-nds=0.

vV, Pl vdy = —
oY

Yy Yy

The variational formulation of problem (98) reads

Vyuo - Vody = / (" curly Hy(z,y) x H(z) + G(z)) -vdy, Vv e Vy,,
Yy Yy
1
—— curl, Hy(x,y) - curlkd (99)
/Y U(y) Y 1( y) Y

1
= / 1 (uo(z,y) x H(z)) - curlk dy —/ ——curl H(x) - curlkdy, Vke€ Wy.
Yy y o(y)

We now consider the following auxiliary problems: For 1 < j < 3, find (w’ Jh? ) €
L?(; Vy, ) x L?(€; Wy ), so that a.e. in © there holds

— Ayw? (z,y) + V1 (x,y) = p* curly b (z,y) x H(z) + e in Yy,

1 :
curl, ( curl, b (x, y))

a(y)
= curl, (,u*wj(%y) X H(x)) — curly, <U(1y) curlH(m)) inY,

div, w’(z,y) =0 inYy, divyh?(z,y)=0 inY,

wj(xa ')|8Yf = 07

/ ™ (2, y) dy = 0.
Yy

We introduce the decomposition
(w’ (2,y), W (z,9)) = (W (z,y), W (2,9)) + (w*(z,9), K (2, ),

where (w’!(z,y), k' (2,y)) is a solution of
— Ayw? (2, y) + Vyrit (2, y) = p* curly B (2, y) x H(z) + €/ in Yy,
curly, hj’l(x,y)> = curl, (u*wj’l(x,y) X H(x)) inY,

L (5
curl, [ —
"\o(y)
div, K (z,y) =0 inY,

div, w’!(z,y) =0 in Yy,

(100)

wj’l ($7 ')‘GYf =0,

/ (2, y) dy = 0,
Yy
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and (w2 (z,y), h?(x, y)) is a solution of
— Ay w2 (z,y) + Vyrd?(z,y) = p* curl, W2 (z,y) x H(z) in Yy,
1 ,
curl, [ — curl, ¥ (z,y )
y(ﬁ@) v Y)
. 1.
= curl, (,u*'wj’z(x,y) X H(x)) — curl, <(y)67> inY,
o

divy w’?(z,9) =0 in Yy, divy h/?(z,y) =0 inY,

(101)

wj72(xa ‘)\BYf = 07

/ wj’g(x, y)dy = 0.
Yy

The variational formulation of problem (100) reads: Find (w’! h’') € L*(Q;Vy,) x
L?(Q; Wy), so that for a.e. z € Q there holds

/ V,w’!t . Vo dy
Yy

:/ (1 curl, K (z,y) x H(x)) -vdy+/ e vdy, VveVy,,
Yy Yy

1 . .
/ ——curl, K" (z,y) - curl k dy = u*/ (w'(z,y) x H(z)) - curlkdy, Vk € Wy.
Y Y

o(y)
(102)
Problem (102) has a solution. The existence of a solution can be proved by a method
analogous (and simpler) to that used in the proof of Theorem 1. The key ingredient is the
following a priori estimate. Taking v = w’!(z,-) and k = h?!(z,-) in (102) and using the
identity (curl, ht(x,y) x H(z)) - w + (w?!(z,y) x H(z)) - curl, h?!(x,y) = 0 we obtain
the relation

|vywj,1
Yy

1 . ) )
2dy+/ —|cur1yh3’1(m,y)\2dy:/ el - whldy,
Y

o(y) Yy
from which follows, using the Cauchy-Schwarz and Poincaré inequalities,

1/2

2dy> 7

1/2
| v ay <y (/ wj71|2dy> < clyy (/ v,
Yy Yy Yy

then

1/2
Vyw Py | <]yt
Yy

We also have

1 .
/Y oty B ) dy < el

then
/Y | curl, K7 (z,y)|* dy < ccy Yyl

The variational formulation of problem (101) is: Find (w?2, h'?) € L?(%; Vy, ) x L*(; Wy),
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so that for a.e. x € € there holds

V,w?(z,y) - Vo dy
Yy
= ,u*/ (curl,, h?2(x,y) x H(z))-vdy, Yove Vy,,
Ye (103)

1 .
— curl, W2 (z,y) - curlk dy
/y oy )

= ,u*/ (wj’2(x,y) X H(x)) ~curlk:dy+/ e -curlkdy, YkeWy.
Y Y

1
a(y)
Problem (103) has a solution; the proof is similar to that of problem (102).

Multiplying each equation of (102) by G;(z), each equation of (103) by (curl H);(x),
summing over j, adding the results then comparing with (99), we see that we have a solution
of problem (99) in the form

{uo(x, y) = whl(z,y) Gj(z)+ w’?(z,7) (curl H);(z), (104)
Hy(z,y) = W} (2,y) Gj(x) + h"*(2,y) (curl H);(z).

Multiplying each equation of (104) scalarly by the vector e’ then integrating the first one
over the domain Y7, and the second over the domain Y, we obtain the equalities

w(z) = K11 (z) G(z) + Kiz(x) curl H(z),

. _ _ (105)
H(z) = Ka1(z) G(z) + Koz2(x) curl H(z),
with
Kij(x) = Y™ | Ky(ey)dy, 1<ij<2,
Yy
and
= J1 . et — J»2 . et
Kll(xay) (’LU (:c,y) € )1Si,j§3, Kl?(xay) (’U) (:c,y) € >1§i,j§3,
(41 i _ (pi2 i
’C21(x7y) - (h (x,y) € )lgi,jSS’ ]CZZ(xvy) (h (xay) € >1§i,j§3.

Clearly, (105) can be written in the form

u(z) B Ki(z) Kia(z) ( G(x) )
curl H (x) .

E1(33) E21(x) Koz (z)
Inserting the expression of G(z) into (105), we get
u(w) = Kn(2) (4 curl H(z) x H(z) + g(x) = VP(@)) + Ki2(2)T (). (106)

Relation (106) is an expression of the macroscopic velocity as a function of the macroscopic
Lorentz force, pressure gradient, external body force, and the macroscopic current density,
through two permeability filtration tensors that depend on the macroscopic magnetic field.

Remark 8. When py = pg := p* and op = 05 := 0*, we obtain

u() Ku(z) 0 (G(x))

H(x) N 0 Koa(z) G(z)

with

Ki(x)=Y]™" [ Ku(z,y)dy, Ka(x)=[Y]"" [ Kaalz,y)dy,
Yy Yy
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and
Ku(e,y) = (w/(z.y)- ) Kar(w,y) = (W (2.y) - ')

the pair (w7, h’) belongs to L?(Q; Vy,) x L*(€; Wy), and is a solution, for a.e. x € Q, of
the variational problem

1<i,j<3’ 1<i,j<3’

V,w’ (z,y) - Vo dy
Yy

:M*/ (curlyhj(x’y) X H(x)) 'vdy—|—/ el vdy, Yve Wy,
Y, Y,

/ curly b (z,y) - curlk dy = U*,u*/ ('wj(x,y) x H(z)) - curlk dy, Vk € Wy.

Y Y

Using the expression of G(x) we get

u(z) = IEll(x) (u* curl H(z) x H(z) + g(z) — VP(x)). (107)

This is an expression of the macroscopic velocity as a function of the macroscopic Lorentz
force, pressure gradient, and external body force, through a permeability filtration tensor that
depends on the macroscopic magnetic field.

Remark 9. When the magnetic field is absent, relation (107) reduces to the Darcy law, see
[3, 34, 40, 44, 46].

8 Conclusions

We considered a nonlinear differential system describing the flow of an electrically conduct-
ing, incompressible and viscous Newtonian fluid through a conducting porous medium in
the presence of a magnetic field.

We introduced a variational formulation of the differential system equipped with boundary
conditions. We showed the existence of a solution of the variational problem, and derived
uniform estimates of the solutions depending on the characteristic parameters of the flow.
We showed the uniqueness of weak solutions for small source terms.

Choosing the characteristic parameters of the flow as

Fr =

1
Re = —
€

1 1
Rm=1, Ha= - -
€ €

1
, Fu=-
€

; (108)

3 )

we investigated the homogenization of the differential system by using the two-scale con-
vergence. We derived a two-scale differential system satisfied by the two-scale limits of the
velocity, the magnetic field, the current density, the pressure and the pressure gradient.
We established an averaging, with respect of the fast variable, of the two-scale equations
in the case where the magnetic permeability in the fluid and in the solid is the same and
derived an explicit relation expressing the macroscopic velocity as a function of the macro-
scopic Lorentz force, the pressure gradient, the external body force, and the macroscopic
current density, via two permeability filtration tensors that depend on the macroscopic mag-
netic field. When the magnetic field is absent, this relation reduces to the Darcy filtration
law.

In future work, we plan to address the question of the unique solvability of problem (63),
(64). We will also study the averaging, with respect to the variable y, of equations (63),
(64) in the general case, i.e. without the assumption of constant magnetic permeability.

Remark 10. (i) The scaling (108) is suggested by estimates (33)—(36) in order to high-
light an effect of the magnetic field on the effective behaviour of the flow. As mentioned
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in Section 2.2 such a scaling implies that our results correspond to magnetofluids with
small viscosities. Note however that this scaling is equivalent to the following

Re=Rm =1, Hazl7 Eu:Fr:iQ.
€ €

This is an example where there is no effect of the magnetic field on the macroscopic
velocity. Assume Eg =0 and consider the scaling

1
Re=1, Rm=e¢, Ha=1 FEu=Fr=—.
€

From Theorem 1 and Lemma 6 we deduce the following uniform estimates

BE
curl <€>
VAP EI(o))

1PN Lar2ym + IVPlw-18/2¢0) < ¢ (||g||L2(Q) + ”9”%2(9)) .

B o) +e VUl 20z + 105l 120z < cllgllzz),

Using the two-scale convergence we deduce that there exists a pair (ug, P) of functions
uo € LA(Q; H},,(Y)), P € L¥?(Q), such that, along subsequences still indezed by e,

us 2 uo(x,y), eVu® 2% Vyuo(z,y), P°—P in L3/2(Q),

then we obtain

/Y uo(z,y) dy = K (g(z) — VP(z)), z € Q, (Darcy law)

where K = (K;;)1<: j<3 is a constant permeability matric.

The model considered in [22] (see also Remark 1) will be studied in a forthcoming
paper.
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