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aUniversité Clermont Auvergne, CNRS, Clermont Auvergne INP, Institut Pascal, F-63000

Clermont-Ferrand, France

Abstract Raw parts with high mechanical performances used for aeronautical workpieces

are generally obtained by mechanical processes such as molding and/or forging. They mostly

undergo additional heat treatments. These processes may induce mechanical residual stress

within the material. During the machining step, residual stress are released when material is

removed, which leads to initial stress distribution disruption. Thus, the workpiece deforms to

satisfy the internal equilibrium, therefore requiring additional operations to be performed to

fulfill dimensional and geometrical restrictions. A method has been developed here in order to

identify residual stress maps within metal workpieces during machining. This method relies on

the residual stress measuring method called “Layer Removal Method” and on a non-contact

full-field measuring technique called “Digital Image Correlation”. This development aims at

improving traditional residual stress measuring techniques and to realize measurements under

harsh conditions, namely during machining. Compared to classical measuring methods, the

proposed one involves several improvements such as being a non-contact and optical measure-

ment and being performed continuously during the machining process. This novel approach
∗Corresponding author : theo.jovani@sigma-clermont.fr
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allows the determination of the initial residual stress distribution across the depth by measur-

ing the through-thickness workpiece displacement fields induced by the residual stress release

during machining. A residual stress map within a Al7010-T7451 aluminum alloy beam with a

magnitude order lying between -34 MPa and 36 MPa has been retrieved. Obtained results have

been compared with literature- and Finite Elements results. This novel approach would ensure

measurement of residual stress distributions of a part being machined, allowing monitoring and

predicting, in real-time, part deflection. Therefore, adapting machining sequences in real-time

would be possible to prevent undesirable deformations.

Keywords Residual Stress Distribution Retrieval ; Aeronautical Workpieces ; Layer Re-

moval Method ; Global Digital Image Correlation ; During Machining Measurements.

Introduction

Aluminum parts used in aeronautics field must ensure high mechanical performance. To this

end, raw materials of these workpieces are generally obtained by mechanical processes such as

molding, rolling and/or forging. Additionally, in order to enhance their mechanical properties,

raw materials undergo heat treatments, for example quenching, annealing and/or hardening.

These operations may induce multi-axial residual stresses within the material [1], which remain

within the material in the absence of any external forces applied to the part and under uniform

temperature conditions [2]. These fields are composed of both compressive and tensile stresses,

which combine to form a self-balanced distribution. Depending on the mechanical operations
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and heat treatments the raw part has undergone, the residual stress distribution takes different

shapes and magnitudes. This then influences the further shaping of the final machined part.

Indeed, when a raw part is machined, mechanical residual stresses are released and the stress

distribution is reorganized. A consequence is that the machined workpiece deforms in order to

restore the internal equilibrium.

This deformation is notably high in the aeronautics field due to the slender design of the

workpieces and because up to 90% of material is removed during the shaping step. This unde-

sirable deformation represents a major issue for aircraft part manufacturers. Indeed, it induces

costly and delicate additional operations. A study conducted by Boeing on four aircraft pro-

grams shows that the costs linked to workpiece distortion problems amount to 290 millions

US dollars [3]. In the same study, it is stated that the probability of distortion causing de-

formation in thin-walled components, which are beyond the allowed tolerances, is about 47%.

Furthermore, another study shows that the cost of re-work and scrap of deformed workpieces

is excessively expensive for part manufacturers [4]. In this context, it is relevant to examine

whether the effect of residual stresses could be accounted for during manufacturing. The under-

lying idea is to measure the deformation of the part between consecutive passes, and to adjust

in real-time the parameters of the initial machining sequence to counterbalance the negative

effect of residual stresses. This is one of the objective of the ANR IMaDe project, which aims at

developing a smart machining cell to control the deformation of aeronautical workpieces during

machining.

In this paper we address one of the tasks of this project, which consists of measuring during

manufacturing the effect of residual stress release on the geometry of a specimen by using a
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dedicated Digital Image Correlation (DIC) approach, and to deduce from this measurement the

through-thickness residual stress distribution. Contrary to the techniques which are commonly

used to retrieve residual stress maps such as Neutron diffraction or crack-compliance method [2,

5], the method proposed herein ensures retrieval of through-thickness residual stress distribution

within thick components. It is based on an iterative surface milling similar to the so-called Layer

Removal Method (LRM). The latter method was first introduced by Treuting in 1951 in order

to retrieve rolling and transverse residual stress distributions in sheet materials [6]. It involves

the removal of thin layers by milling the raw part to be characterized. At the end of each

layer removal, the workpiece is unmounted from the machine table in order to measure the

induced curvatures. Then, the through-thickness residual stress distribution is derived from

these measurements. The major issue with this technique is that the workpiece has to be

unclamped from the machine tool each time curvature needs to be measured. The aim of this

paper is to introduce a method which enable us to measure the through-thickness residual stress

map without unclamping. However, previous studies have shown that the clamping system

has a significant impact on the workpiece deformation when residual stresses are released [7].

Indeed, if the clamping system is too restrictive, the part will not be able to deform sufficiently

to restore the residual stress equilibrium, leading thus to remaining compressive and/or tensile

forces within the material. In the suggested method, precautions are taken regarding the

positioning as well as the clamping system in order to minimize their impact on the residual

stress equilibrium during machining, and therefore on the final workpiece deformation.

The idea here was to rely on DIC to perform part deflection measurements directly in the

machine tool workspace during the shaping process. Previous study shows the potential ben-
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efit of using DIC for workpiece deformation measurements during machining [8]. Contrary to

common measurement devices such as strain gages or lasers, which provide point-wise measure-

ments [9], DIC provides full-field measurements. Moreover, DIC has also proven its effectiveness

in the manufacturing field [10] as well as in retrieving residual stress distributions [11, 12].

The novel method presented in this article is based on the LRM machining strategy coupled

with a Global Digital Image Correlation (GDIC) method. GDIC ensures to integrate predicted

deformation models in order to determine the deformations induced by the residual stress

release, and to retrieve the initial through-thickness stress distribution. Moreover, non-contact

measurements are obtained with GDIC, thus allowing the workpiece to remain clamped during

machining.

This paper is organized as follows. Firstly, the model of the residual stress release inducing

workpiece deformations as well as its measurement is introduced. The GDIC method presently

deployed as well as the deformation models used to predict the workpiece deflection are then

outlined. Finally, the experimental setup is described, and the results are illustrated and

discussed.

1 Residual stress release during the machining of a beam

In this paper, the LRMmachining strategy is adopted in order to retrieve the initial through-

thickness residual stress distribution within a beam during its machining. The procedure con-

sists of removing layers at the top of the beam to be characterized. The classic version of

LRM involves the workpiece to be successively unclamped from the machine table in order to
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measure the curvature induced by the residual stress release. A relationship between successive

beam curvature and the initial residual stress distribution has been established in [13]. In this

reference, the layers are chemically removed from the bottom of the part. This approach has

been adapted here to a machining from the top of the part. The proposed model is illustrated

in Fig.(1).
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Figure 1: Layer Removal Method model from [13] adapted here to a machining from the top

of the beam. The figure is presently depicting the machining of the ith layer and the residual

stress distribution denoted by σx is represented here in an arbitrary way.

In this paper, only the residual stress distribution along the rolling direction of the beam

(x-axis) is studied. The residual stress distribution is assumed to only depend on the thickness

[13]. Nevertheless, it is significant to point out that independently of the cutting conditions,

residual stresses are generated by the machining process within the top layer of the workpiece.

However, it has been demonstrated that the depth impacted by the residual stresses caused by

machining is always less than 250 µm when milling aluminum alloys [14]. Thus, their effect

on the macroscopic response of the workpiece with a thickness of several millimeter order is
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negligible. The sought residual stress distribution is denoted by σx. The material is considered

to be isotropic and elastic constant are assumed to be the same throughout the specimen.

As the distribution is continuous and the machining discrete, the stress map identification is

performed under two assumptions : (1) the residual stress distribution is reorganized in order

to satisfy the internal equilibrium of the beam, (2) the released stresses are considered as an

external load which induces a bending moment M and a normal force N at the neutral plane

of the remaining part of the beam (see Fig.(1)). The normal force N may be neglected [13] and

deformations are assumed to remain in the elastic domain. The bending moment M therefore

induces the deflection of the beam. At a given beam abscissa x, the moment induced by the

residual stress release with respect to the neutral plane of the remaining part of the beam is

expressed as follows [2] :

M = b

∫ t0

ti

(
y − 1

2(t0 − e)
)
σx(y)dy (1)

where b is the beam width, t0 is the initial beam thickness, ti (= t0 − e) the thickness of the

beam after the removal of the ith layer, e is the thickness of the removed material and σx is the

residual stress distribution throughout the beam thickness. These notations are illustrated in

Fig.(1).

Considering that deformations remain in the elastic region, classical beam theory is appli-

cable. The bending moment along the beam is also expressed as follows [15] :

M(x) = EIγ(x) = E
b t3

12(1− ν2) γ(x) (2)

where E is the Young’s modulus, I is the quadratic moment of area of the cross-section, ν is
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the Poisson’s ratio and γ is the beam curvature.

The thickness of the beam and its curvature evolve throughout the machining process at

the end of each milling operation, thus by increasing the thickness of the removed material e.

Therefore, the variation of the induced moment M is determined by differentiating Eq.(1) with

respect to the thickness of the removed material. The following expression from [13] is obtained

from Eq.(1) by using the Leibniz rule [16] :

dM

de
= b

[
ti
2 σx(ti) + 1

2

∫ t0

ti

σx(y)dy
]

(3)

dM

de
can also be obtained by differentiating Eq.(2) with respect to e :

dM

de
= bE

12(1− ν2)

[
t3i
dγ

de
+ γ

dt3i
de

]
(4)

The expression of the initial residual stress distribution can be deduced from Eq.(3) and (4) :

σx(ti) =

E

12(1− ν2)

[
t3i
dγ

de
+ γ

dt3i
de

]
− 1

2

∫ t0

ti

σx(y)dy

ti
2

(5)

As the machining strategy incrementally removes layers, the removal of the material is

performed piecewise, which leads Eq.(5) to be rewritten in an incremental form. Considering

the machining of the ith layer, the thickness reduces from ti−1 to ti and the curvature becomes

γi instead of γi−1. Besides, assuming average values for thicknesses and curvatures and that

residual stresses are constant within a removed layer, Eq.(5) can be rewritten in order to express
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the average residual stress value after the removal of the ith layer [13] :

σxi
=

E

12(1− ν2)
(
t3i γi − t3i−1γi−1

)
− 1

2∆ei

i−1∑
n=1

(σxn∆en)

1
2∆ei

(
ti + ti−1

2

) (6)

where ∆ei = ti−1 − ti and ti and γi respectively denote the thickness and the curvature of the

beam at the end of the machining of the ith layer.

Eq.(6) iteratively gives the value of the residual stress distribution within the beam after the

removal of each layer i. This distribution only depends on the successive beam thicknesses and

curvatures, and also on the material properties. This expression enables us to determine the

residual stress distribution σx by calculating incrementally its values by only measuring the

beam curvature after each layer removal. With the procedure proposed in [13], the beam has

to be unmounted from the machine table in order to measure its curvature with metrological

tools. The curvature is measured with this approach at the middle of the part to avoid edge

effects.

The method proposed in this paper is intended to let the workpiece remaining clamped on

the machine tool. The middle curvature of the clamped workpiece is assumed to be identical to

the curvature of the workpiece when it is unclamped. The benefit of this hypothesis is to iden-

tify the same initial residual stress map retrieved by the traditional LRM, but while allowing

the workpiece to remain mounted on the machine tool. To reach this goal, precautions have

been taken concerning the workpiece positioning and clamping systems. In our experiment,
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the workpiece was raised at its ends by two wedges and clamped onto the workpiece holder

solely by two flanges placed at its ends. The interested reader may refer to Section (4) for

more details about the mounting setup. With this procedure, it was expected to minimize the

impact of both positioning and the clamping systems on the deflection of the workpiece, and

to give to the workpiece more freedom to deflect at its center.

DIC has been used to measure successive curvatures while letting the workpiece clamped

during milling. The DIC problem formulation is detailed in the next section.

2 Tuning Digital Image Correlation for robustly identi-

fying the Residual Stress distribution during Machin-

ing

Digital Image Correlation (DIC) was introduced in the 1980s [17]. Since then, it has become

widely diffused in the experimental mechanics community. DIC relies on images of a specimen

under loading in order to retrieve its displacement field. The ease of its implementation, re-

quiring only a camera, has greatly facilitated its dissemination. DIC is based on the numerical

processing of two pictures taken at two different load levels of a mechanical component under-

going deformations. Contrary to usual measurement techniques such as strain gages, position

sensors or measuring probes [9], DIC offers full-field measurements and retrieves displacements

at any point of the observed surface. The contrast of the surface of interest is generally en-
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hanced by painting a speckle onto it. The features of this speckle pattern are followed by the

DIC algorithm. The monitored region is referred as the Zone of Interest (ZoI). It is composed

of pixels containing gray level values. Considering a picture f of the workpiece reference state,

each pixel P : xP = xx+ yy inside the ZoI has a gray level value denoted by f(xP ). When the

workpiece deforms and assuming the speckle texture is preserved, the latter is supposed to be

subjected to the same displacement field u of the surface. Considering another picture g of the

specimen, each pixel P that compose it has undergone the displacement field u. The gray level

values at this pixel is denoted by g(xP + u(xP )). A typical example of a speckle undergoing a

displacement field u between two beam states is given Fig.(2).
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Figure 2: Close up of the considered speckle texture.

DIC is based on the conservation of the optical flow between two pictures [18]. It means

that the brightness is conserved for all the NP pixels of the ZoI. This conservation writes as
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follows [18]:

∀xP ∈ {1, . . . NP}, f(xP )− g(xP + u(xP )) ≈ 0 (7)

The goal of DIC is to retrieve the displacement field u from Eq.(7). However, retrieving dis-

placement field u from Eq.(7) is an ill-posed problem. Indeed, it consists of determining both

components of the displacement field u based only on the gray level value of a pixel, which

is a scalar quantity. A usual regularization of this problem consists of taking a subset of the

ZoI, referred as Region of Interest (RoI), and introducing a set of shape functions U , which

approximates the displacement field of the RoI, denoted by uRoI . The set of shape functions

U is composed of m functions (ϕi)1≤i≤m. Hence, the displacement field is fully described over

the RoI with m Degrees of Freedom (DoFs) listed by (λi)1≤i≤m and is expressed as follows :

∀xP ∈ RoI, uRoI(xP ,λ) =
m∑

i=1

λiϕi(xP ) (8)

In addition, a concern while performing DIC is that the optical flow between two pictures is

not totally preserved. To mention only two, the noise of the camera sensor and a heterogeneous

lighting of the speckle texture are sources of this non-conservation. Moreover, in the context of

machining, the optical flow is highly disturbed because of the presence of metal chips. Thus,

Eq.(7) is relaxed to a residual whose norm is minimized over the RoI with respect to the

sought displacement field. This reformulation is based on the Sum of Squared Difference (SSD)

criterion [19] and defines the optimized DoFs :

λopti = argmin
λ∗∈Rm

 ∑
xP∈RoI

(
f(xP )− g

(
xP +

m∑
i=1

λ∗iϕi(xP )
))2

 (9)

where λopti is a m × 1 vector, which contains the optimized DoFs values describing the dis-
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placement field uRoI and minimizing the residual norm between the two pictures.

In order to solve Eq.(9), a modified Gauss-Newton scheme is used [20]. It provides the

optimized DoFs λopti by incrementally updating λ from an initial guess λ0 with the following

scheme :

λk+1 = λk + δλk with δλk = M−1× L×Ψ(λk) (10)

where,

– vector Ψ(λk) corresponds to the optical residual at any pixel such as :

∀i ∈ {1, . . . ,m},∀j ∈ RoI, [Ψ(λk)]j = f(xj)− g
(
xj +

m∑
i=1

λk
iϕi(xj)

)
; (11)

– matrix L corresponds to the subset shape functions projected onto the reference image

gradient such as :

∀i ∈ {1, . . . ,m}, ∀j ∈ RoI, [L]ij = ∇f(xj)· ϕi(xj); (12)

– and matrix M corresponds to the DIC tangent operator, more commonly called "correla-

tion matrix". It is defined by :

M = L× L−1. (13)

The interested reader may refer to [21] for detailed calculations of L and M. The convergence

criterion of the DIC algorithm is often defined by the value of the Euclidean norm of δλk

compared to a threshold value CCrit, chosen here to be equal to CCrit = 10−6 [21]. The set of

shape functions U is then defined in order to iteratively compute the updated quantity δλk. It

is detailed in the next section.
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3 Subset Shape functions

The RoI displacement field uRoI is defined by a set of shape functions weighted by their

respective DoFs, see Eq.(8). This set depends on the DIC method which is adopted. In the

literature, two main approaches exist : the local and the global versions. A detailed comparison

between them and their respective use may be found in [22]. In the case of Local DIC, small

RoIs and a simple set of shape functions U are used. The shape functions mostly rely on low

order polynomials such as rigid-body motion functions. For Global DIC (GDIC), a large RoI

and a more elaborated set are chosen. To mention only a few, typical used shape functions

are Chebyshev polynomials, Finite Element functions or NURBS [23]. In this paper, the

chosen RoI matches the ZoI, which corresponds to the entire beam surface monitored with the

camera. The objective here is to fully describe the workpiece displacement field of the beam,

especially at its ends. An advanced set U is also defined in order to describe the displacement

field uRoI thanks to the beam theory, in Section (3.2).

DIC implementation to measure the deflection of the part during machining was realized in

[8]. Considering the camera is mounted on the machine table, it is subjected to machine tool

vibrations. Rebergue et al. showed that it is relevant to use two RoIs to clearly distinguish

the workpiece deformation induced by the milling process on the one hand, and rigid-body

movements of the camera with respect to the workpiece on the other hand. In our case,

speckles were deposited onto the monitored surface of the beam and also onto the surface of

the workpiece holder, as illustrated in Fig.(3) :
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Figure 3: Speckles and RoIs definition. Since the workpiece holder is supposed not to deform,

RoIRef is used to determine the camera rigid-body motion and RoIP art is used to retrieve the

global displacement field of the workpiece.

Two shape function sets were elaborated in order to describe respectively the rigid-body

motions of the camera uRef and the global displacement field of the workpiece uP art. This

latter displacement field includes both the camera rigid-body motion and the sought beam-like

deflection due the to residual stress release. Hence, coupled with uRef , it is used to extract the

workpiece displacement field solely induced by the residual stress release, denoted by uRS. By

defining each RoI displacement field as in Eq.(8), uRS can be expressed as follows :

uRS(xP ) = uP art(xP ,λPart)− uRef (xP ,λRef )

=
mP art∑

i=1

λP arti
ϕP arti

(xP )−
mRef∑
i=1

λRefi
ϕRefi

(xP )
(14)

The different shape function sets denoted by ϕRef and ϕP art are detailed in the next sections.
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3.1 Rigid-body motions

During machining, the camera undergoes a rigid-body motion which can be identified due to

the texture of the workpiece support. A versatile description of uRef is implemented here. The

four corners of the images define the nodes of a quad4-isogeometric element. The corresponding

kinematics are thus the linear interpolations of the nodal displacements, leading uRef to be

defined as follows [24] :

ϕRefi
(xP ) = 1

4

(
1 + αi

(
2x
a
− 1
))(

1 + βi

(
2y
b
− 1
))

(15)

where (αi, βi) = {(1, 1), (1,−1), (−1,−1), (−1, 1)} and (a, b) are the picture dimensions respec-

tively along the x- and y-axis.

Rigid-body motions and first-order strain are exactly described, which corresponds here to

the effect of camera movements. Fig.(4) illustrates the displacement of the four corners of the

picture thanks to a quad4-isogeometric element.
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Figure 4: Illustration of the displacement of the four corners of the picture (here : after the

machining of the 68th layer).

The same functional space is also used for describing the gray level fluctuation that may occur

during the experiments. Finally, Fig.(5) and (6) illustrate, respectively along the x- and y-axis,

the rigid-body movement of the camera caused by vibrations.
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Figure 5: Typical camera rigid-body motion retrieved along the x-axis. It is caused by the

machine vibrations (here : after the machining of the 68th layer).
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Figure 6: Typical camera rigid-body motion retrieved along the y-axis. It is caused by the

machine vibrations (here : after the machining of the 68th layer).

3.2 Beam-like deflection

The workpiece displacement field uP art is retrieved via a GDIC algorithm applied on RoIP art.

As explained in Section (3), the set of shape functions shall be able to describe a beam-like

deflection since a GDIC method is adopted. A finite element method is employed to describe

the workpiece geometry and to define the associated shape functions. The beam is supposed to

satisfy the Euler-Bernoulli hypothesis which states that cross-section of the beam remains

straight, inextensible and perpendicular to the neutral fiber of the beam after deformation.

Considering this hypothesis, a Finite Element description, similar to [24], is implemented. The

beam is horizontally discretized in Nk 2D-beam elements (here : Nk = 10) featuring two nodes

with three DoFs each, as shown in Fig.(7).
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Figure 7: 2D-beam element with two nodes featuring three DoFs each.

Considering an element k, its displacement field uk is expressed in the following matrix form

uk(xP ,λk) = Φkλk, where Φk is the matrix of the shape functions of the element k, given in

[25], and λk is the vector of the DoFs of the element k. Thus,

uk(xP ,λk) =



1− ξ 0

6η(ξ − ξ2) 1− 3ξ2 + 2ξ3

Lkη(−1 + 4ξ − 3ξ2) Lkξ(1− 2ξ + 3ξ2)

ξ 0

6η(ξ2 − ξ) ξ2(3− 2ξ)

Lkη(−3ξ2 + 2ξ) Lkξ
2(ξ − 1)



T 

ui

vi

θi

uj

vj

θj



(16)

where ξ = x

Lk

and η = y

Lk

are the normalized coordinates of a material point of the beam.

Consequently, the shape functions and the DoFs describing the displacement field of the beam

uP art are defined element-wise as follows :

ϕP art = [Φ1, ...,ΦNk ] and λPart = [λ1, ...,λNk ] (17)
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The interested reader may refer to appendix (A) where the assumptions used to determine the

shape function of the 2D-beam element are detailed.

As explained in Section (3), uP art is also impacted by the rigid-body motion of the camera.

Hence, the results separately obtained on RoIRef must be subtracted from their counterparts

obtained on RoIP art in order to isolate the displacement field solely due to the residual stress

release, as expressed in Eq.(14).

4 Experimental setup and measurement methods

The procedure presented in this paper has been applied to an Al7010-T7451 aluminum-

alloy beam of dimensions 400 × 100 × 100mm3. 86 layers of thickness e = 1 mm have been

successively machined from the top surface of the beam by using a 5-axe CRENO HSM (High-

Speed Machining) machine tool of nominal power of 12 kW equipped with an electrospindle

HSD ES799. The successive milling operations have been carried out with a Sandvik R590-

110504H-NL H10 D100 milling cutter with six Sandvik R590-110504H-NL H10 inserts. The

working tool was mounted on a HSK 63F tool holder. The cutting parameters are presented

in Table 1. Fig.(8) shows the machined beam in its initial and final states. Between each

milling operation, a waiting time of 10 minutes is set to ensure the workpiece to reach ambient

temperature [8]. The underlying idea is that the workpiece has sufficient time to cool-down

to ensure a stable equilibrium of the residual stress distribution before taking a picture and

machining the next layer.

20



Table 1: Cutting parameters with Z number of teeth, Vc cutting speed, fz feed rate per tooth,

Vf feed rate, ap depth of cut and N spindle speed.

Tool Diameter Z Vc fz Vf ap N

(mm) (m.min−1) (mm.r−1.teeth−1) (mm.min−1) (mm) (r.min−1)

Milling cutter 100 6 1000 0.1 1911 1 3183
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(a) Picture of raw geometry
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(b) Picture of final geometry

Figure 8: Beam before and after machining, where 86 layers of 1 mm thickness were removed.

Speckles were applied onto the beam surface as well as onto the workpiece holder.

The raw part was positioned on the machine table with a plane connection on its bottom

surface extremities. It was raised at its ends by two wedges, enabling the beam to freely deform

upwards or downwards at its center. However, the positioning of the workpiece was checked

with the touch probe of the machine tool in order to ensure co-linearity between the workpiece

frame and the machine tool frame. The beam was also fixed onto the machine table by two

flanges inserted into two slots at both beam ends. Clamping was controlled via a torque wrench

set to at 60 N.m, leading to a 10 kN effort on each sloth. The workpiece mounting setup is

depicted in Fig.(9).
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(a) Front view of the mounting setup. (b) Top view of the mounting setup.

Figure 9: Workpiece mounting setup. The pictures were taken at the end of the machining

procedure.

87 pictures were taken with a 5-DSR Canon camera equipped with a TAMRON 90 mm F2.8

Di MACRO 1:1 VC USD lens. The camera was directly mounted onto the machine table by a

dedicated support. The monitored surface of the beam was enlightened with a dedicated lighting

system, which was mounted onto the machine-table. The experimental setup is illustrated in

Fig.(10).

22



Figure 10: Experimental setup with the machine tool, the camera and the lighting system

mounted on the machine-table, and the machined workpiece. The picture was taken at the end

of the machining procedure.

5 Results

The displacement fields along the x- and y-axis, solely due to the residual stress release were

obtained for the 86 deformed pictures. As a typical example, Fig.(11) and (12) illustrate the

displacement fields uP artx and uP arty retrieved from the pair of pictures 1− 68.
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Figure 11: Displacement field uRS measured along the x-axis due to the residual stress release,

after the machining of the 68th layer.
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Figure 12: Displacement field uRS measured along the y-axis due to the residual stress release,

after the machining of the 68th layer.

The optical residual Ψ is usually checked in order to validate the obtained results, since it

represents the value minimized by the GDIC algorithm. Fig.(13) represents the optical residual

at convergence for the pair of pictures 1− 68.
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Figure 13: Optical residual Ψ after the machining of the 68th layer. It is plotted between ±10%

of the dynamic range of the camera sensor.

The residual map presented in Fig.(13) can be considered as homogeneous enough to conclude

that convergence has been reached. However, some zones are noisier. Despite the implementa-

tion of a filter [8], metal chips are present in the pictures and disturb the optical flow. Moreover,

the brightness is uneven along the beam, particularly near the beam ends.

Fig.(14) represents the evolution of the location of the neutral axis of the beam during the

machining process.
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Figure 14: Evolution of the deflection of the neutral axis of the beam throughout the milling

step. The beam firstly deforms slightly upwards, then backwards (reaching a minimum value),

again upwards (reaching a maximum value) and finally backwards.

A first remark is that the embedding connections at the beam ends are not rigid as they are

rotating around the z-axis. Hence, each deflection of the neutral axis of the beam corresponds to

a second order polynomial uRS(xP ).y = a1x
2+a2x+a3. The middle beam curvature is identified

for each polynomial expression. The curvature at the middle is equal to γMiddle = ∂2uRS

∂x2 (xP ),

giving therefore γMiddle = 2a1. The obtained middle beam curvature after each layer removal is

illustrated Fig.(15). Since the machining is performed piecewise, the through-thickness residual

stress distribution is incrementally reconstructed after each machining step, namely every 1 mm.

A graphical point-by-point representation of the latter is given Fig.(16).
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Figure 15: Evolution of the curvature at the middle of the beam throughout the machining

procedure.
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Figure 16: Initial residual stress distribution obtained while milling 86× 1 mm thickness layers

within a 400× 100× 100 mm3 Al7010-T7451 aluminum alloy beam.
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6 Discussion

6.1 Comparison with results from the literature

The identified residual stress distribution has a maximum tensile stress value at the mid-

plane of the workpiece thickness. It has two maximum compressive stress values underneath

the upper surface and above the lower surface. According to [26], this W-shape residual stress

distribution is typical of 7000 series alloys undergoing a T7451 heat treatment. This shape is

due to the different cooling rate within the material after the quenching operation as well as

to the inhomogeneity within the material [27]. Nevertheless, the residual stress profiles within

7000 series alloy parts, which have undergone a T7451 heat treatment, have a local minimum

at the neutral plane of the beam [26]. This is not the case in the identified distribution illus-

trated in Fig.(16). This may result from the internal equilibrium which cannot be fully restored

during residual stress release. Indeed, both embedding connections restrict the residual stress

equilibrium. The latter is perhaps not sufficiently relaxed, thus leading the workpiece not to

deform enough when the half of the beam is reached when milling.

Concerning the values of the magnitude of the residual stress distribution, they depend

on both the different mechanical and heat treatment processes the raw part has undergone.

The workpiece under study comes from an Al7010-T7451 aluminum alloy sheet metal. In the

literature, the residual stress distribution of a 80 mm thickness Al7050-T7451 aluminum alloy

workpiece may be found in [26]. The residual stress map presented in this latter reference is

determined thanks to the so-called crack-compliance method. It may be used for comparison
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purpose because both the specimens have undergone the same heat treatment processes. First,

the global W-shape distribution is noticeable. Concerning the value of the magnitude, the

residual stress distribution retrieved here lies between −35 MPa and 34 MPa. The distribution

proposed in [26] diminishes the bounds to −18 MPa / 18 MPa. This difference is mainly due to

the thicknesses of the beam, which is different from one case to another (100 mm and 80 mm

respectively). Indeed, Prime has also shown that for the same aluminum alloy undergoing the

same heat treatment, higher residual stress values were observed for a thicker metal sheet. A

comparison between two beams featuring a thickness respectively equal to 80 mm and 25 mm,

may be found in [26].

Fig.(17) represents a comparison between the identified stress maps and its counterpart

found in the literature [26]. The thickness is normalized, thus the curves lie between 0 and 1 in

order to compare the amplitudes of the stresses between these two cases. It is also significant

to point out that the error of measurement results is mainly influenced by the quality of the

retrieved displacement field. Since the calculation of the residual stress distribution is based on

the measurement of the displacement field, the error is mostly due to the measuring device. To

name a few, the camera, the sensor resolution, the quality of the applied speckle, the variation of

the optical flow between two pictures and the interpolation error within the computing software

are known sources of errors.
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Figure 17: Comparison between initial residual stress distributions obtained with a Al7010-

T7451 and a Al7050-T7451 [26] aluminum alloy beams. The thickness is respectively equal to

100 mm and 80 mm. The residual stress distributions are normalized with respect to their

initial workpiece thickness so that the values of the magnitude are comparable.

Based on this comparison, the results obtained here can be considered as reasonable and con-

sistent.

6.2 Finite Elements simulations

The proposed method was then numerically validated thanks to the Finite Element Analysis

(FEA) software ANSYS™. The objective of this simulation was to implement as initial condition

the residual stress distribution experimentally retrieved (see Fig.(16)) within a similar beam

model and to compare the simulated deflection to the one retrieved with DIC. However, the
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GDIC-retrieved stress map had first to be defined as a continuous function which must satisfy

several properties :

• force equilibrium [2] :
∫ t0

0 σx(y)dy = 0,

• moment equilibrium [2] :
∫ t0

0 (y − t0
2 )× σx(y)dy = 0,

• and symmetry along the beam thickness* :
(
dσx

dy
(y)
)

y= t0
2

= 0.

*this hypothesis is valid only if the workpiece has cooled down evenly after a quenching oper-

ation and if no pre-machining is performed [7].

These properties were projected on a polynomial basis defined as σx(y) =
n∑

i=0
aiy

i and a fitting

operation based on the least squares method was performed. The obtained fitting curve is

illustrated in Fig.(18).

0 10 20 30 40 50 60 70 80 90 100

Through-thickness position from the top of the beam [mm]

-40

-30

-20

-10

0

10

20

30

40

50

60

M
ec
h
an
ic
al
re
si
d
u
al
st
re
ss
es
[M
P
a]

Residual stress distribution experimentally retrieved
Fitting curve

Figure 18: Fitting operation performed to obtain the initial residual stress distribution.
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The experiment was then reproduced in the FEA software performing a method similar

to the one called "Level 0" in [14]. In the latter reference, the author shows that the global

distortion of a workpiece being machined is mainly caused by both the final geometry of the part

and the reorganization of the initial residual stress distribution. In this context, the complex

simulation of the machining was reduced to 86 beam models of dimensions 400× 100× (100−

iLayer)mm3 with ilayer = {1, ..., 86} to reproduce the 86 machining states. SOLID185 elements

of dimensions 5× 2× 1mm3 were used to mesh the different models. The benefit of using these

elements is that the residual stress distribution may be provided as an initial internal condition.

Concerning the boundary conditions, the movement of the workpiece ends were restricted by

two pivot connections in order to reproduce the positioning system of the experiment. The aim

was to let the workpiece to freely deform at its center, as described in Section (4). Concerning

the loading conditions, a 10 kN force was applied onto each slot at each of the two beam ends.

The objective was to model the pressure applied by the flanges on the workpiece. Then, the

fitted curve of the residual stress distribution from Fig.(18) was provided as beam initial state.

For each machining state, a static analysis was performed and the deflection of the neutral axis

of the modeled beam was collected. Finally, the successive curvatures at the middle of the beam

were determined and compared with those obtained from the experiment. This comparison is

illustrated Fig.(19).
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Figure 19: Comparison of the curvature at the middle of the beam obtained with GDIC and

FE simulation.

The curve obtained with the simulation has the same trend as the one from the experiment.

For the first twenty and the last twenty removed layers, the curve retrieved by running a

FEA is close to the one obtained with DIC. However, the middle zone slightly differs from

the experiment. It comes from the residual stress distribution implemented as initial beam

state. Indeed, as explained in Section (6.1), the residual stress distribution in Al7XXX-T7451

aluminum alloys has a local minimum at the center plane of the beam. However, the initial

residual stress distribution used in the simulation was based on the results obtained with GDIC,

more specifically on a fitting curve, which does not have the typical local minimum. However,

despite this difference, we can state that the precautions taken during the experiment concerning
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the positioning system as well as the clamping system are consequently validated along with

the proposed method.

7 Conclusion

A novel approach was developed to account for the effect of residual stresses on the geometry

of a workpiece subjected to milling operations. This method merges the well-known residual

stress measurement technique called Layer Removal Method, where its machining strategy is

adopted as well as its mathematical formulation, and a global non-contact full-field measure-

ment method, namely Global Digital Image Correlation. Thanks to a suitable deformation

model, this method allows to retrieve the displacement fields of a machined workpiece and to

identify the initial residual stress distribution along the workpiece depth with a magnitude order

lying between -35 MPa and 34 MPa. The major advantage of this method is that the work-

piece remains clamped throughout the procedure unlike the traditional Layer Removal Method,

which obliges successive unmounting operations for curvature measurement. Letting the work-

piece clamped also allows to preserve the initial workpiece positioning on the machine-table

while machining. The retrieved initial residual stress distribution presents the same typical

W-shape of aluminum alloy undergoing a T7451 heat treatment. The proposed method is

validated by comparing the magnitude of the residual stress distribution measured here with

traditional residual stress measurements from the literature. Finite Element simulations were

also performed by providing the retrieved residual stress map as initial condition, in order to

contrast FE displacements with those obtained during the experiment. The present study paves
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the way for future more ambitious tasks, for instance measuring three-dimensional deforma-

tions during machining, retrieving bi-axial residual stress maps, and eventually adjusting in

live the machining sequence to get rid of the effect of residual stresses on the final geometry of

workpieces.
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Appendix A 2D-Beam element shape functions

We discuss here the displacement field of the 2D-beam elements used to discretize the

workpiece. For further details, an interested reader is invited to refer to [25] from which the

following equations are drawn. Let us consider a beam element of length Lk with two nodes

having six DoFs each. Let us also consider that this beam-element undergoes axial, torsional

and bending loading. The local reference of the beam is chosen such that the beam is defined

along the x-axis, as described in Fig.(7). The deformation at a material point of the cross-

section, with initial coordinates (x, y, z), is defined along the x-, y- and z-axis as [U V W ]T .

These quantitites are defined as followed [25] :

U(x, y, z) = u(x)− y ×
(
∂v

∂x

)
− z ×

(
∂w

∂x

)
V (x, y, z) = v(x)− z × θx(x)

W (x, y, z) = w(x) + y × θx(x)

(A.1)
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where (u, v, w) are the translations respectively along the x-, y- and z-axis.

Due to bending and transverse shear, v and w both feature a bending component (respec-

tively denoted by vb and wb), and a shear component (respectively denoted by vs and ws).

Hence, the partial derivatives from Eq.(A.1) can be expressed as follows :

∂v

∂x
= ∂vb

∂x
+ ∂vs

∂x
= θz(x) + γxy

∂w

∂x
= ∂wb

∂x
+ ∂ws

∂x
= −θy(x) + γxz

(A.2)

The dimensions of the beam cross-section are small compared to the length of the beam. The

Euler-Bernoulli hypothesis is also supposed to be satisfied. It means that cross-sections

are assumed to be straight, inextensible and perpendicular to the neutral plane of the beam,

before and after deformation. Consequently, Eq.(A.2) can be simplified, which gives :

γxy = 0 = γxz ↔



∂v

∂x
= θz(x)

∂w

∂x
= −θy(x)

(A.3)

Finally, the displacement field defined by Eq.(A.1) is reduced to a 2D-problem and the influence

of the torsion around x-axis (θx) is neglected. Consequently, Eq.(A.1) becomes :
U(x, y) = u(x)− y × θz(x)

V (x, y) = v(x)
(A.4)

In order to define the shape functions associated to the 2D-beam element, the functions

u(x), v(x) and θz(x) must be determined with respect to the dimensions of the beam-element
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and the DoFs of its nodes e = (ui, vi, θi, uj, vj, θj)T . u is taken as the form u(x) = a0 + a1x,

such that it is the solution of ES
(
d2u(x)
dx2

)
= 0 (with 0 ≤ x ≤ Lk, E the Young’s modulus and

S the beam cross-section) and with boundary conditions u(x = 0) = ui and u(x = Lk) = uj.

The displacement is therefore defined as follows :

u(x) = (1− ξ)ui + ξuj (A.5)

where ξ = x

Lk

is the normalized coordinate.

Concerning the displacement along the y-axis, v(x) must be C1-continuous (in the case

of an Euler-Bernoulli beam) so that the continuity of the displacement field and its first

derivatives at the nodes is ensured. In order to interpolate the four remaining DoFs (vi, θi, vj, θj),

at least a third order polynomial is required. In fact, this amounts to find a solution of the

Euler-Bernoulli homogenous equation, in the case for which the loading distribution is null

[28] : ES
(
d4v

dx4

)
= 0. Consequently, v and its derivative θz can be expressed as follows :


v(x) = b0 + b1x+ b2x

2 + b3x
3

θz(x) = dv(x)
dx

= b1 + 2b2x+ 3b3x
2

(A.6)

Using the following boundary conditions :
v(x = 0) = vi

v(x = Lk) = vj

and


θz(x = 0) = θi

θz(x = Lk) = θj

(A.7)
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Eq.(A.6) is solved and the following expressions are obtained :

v(x) = Avi +Bθi + Cvj +Dθj

A = 1− 3ξ2 + 2ξ3

B = Lkξ(1− 2ξ + ξ2)

C = ξ2(3− 2ξ)

D = Lkξ
2(ξ − 1)

and



θz(x) = Evi + Fθi +Gvj +Hθj

E = 6
Lk

(ξ2 − ξ)

F = 1− 4ξ + 3ξ2

G = 6
Lk

(ξ − ξ2)

H = 3ξ2 − 2ξ

(A.8)

Eq.(A.5) and (A.8) are commonly rewritten in the following matrix form [U V ]T = N · e :

U
V

 =



1− ξ 0

6η(ξ − ξ2) 1− 3ξ2 + 2ξ3

Lkη(−1 + 4ξ − 3ξ2) Lkξ(1− 2ξ + 3ξ2)

ξ 0

6η(ξ2 − ξ) ξ2(3− 2ξ)

Lkη(−3ξ2 + 2ξ) Lkξ
2(ξ − 1)



T 

ui

vi

θi

uj

vj

θj



(A.9)

where ξ = x

Lk

and η = y

Lk

are the normalized coordinates.
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