N
N

N

HAL

open science

CENTER AND LIE ALGEBRA OF OUTER
DERIVATIONS FOR ALGEBRAS OF
DIFFERENTIAL OPERATORS ASSOCIATED TO
HYPERPLANE ARRANGEMENTS

Francisco Kordon, Thierry Lambre

» To cite this version:

Francisco Kordon, Thierry Lambre. CENTER AND LIE ALGEBRA OF OUTER DERIVATIONS
FOR ALGEBRAS OF DIFFERENTIAL OPERATORS ASSOCIATED TO HYPERPLANE AR-

RANGEMENTS. 2022. hal-03678498

HAL Id: hal-03678498
https://uca.hal.science/hal-03678498

Preprint submitted on 25 May 2022

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://uca.hal.science/hal-03678498
https://hal.archives-ouvertes.fr

CENTER AND LIE ALGEBRA OF OUTER DERIVATIONS FOR
ALGEBRAS OF DIFFERENTIAL OPERATORS ASSOCIATED TO
HYPERPLANE ARRANGEMENTS

FRANCISCO KORDON AND THIERRY LAMBRE

ABSTRACT. We compute the center and the Lie algebra of outer derivations of a familiy of
algebras of differential operators associated to hyperplane arrangements of the affine space A3.
The results are completed for 4-braid arrangements and for reflection arrangements associated
to the wreath product of a cyclic group with the symmetric group &3. To achieve this we use

tools from homological algebra and Lie—Rinehart algebras of differential operators.

INTRODUCTION

Let V be a finite-dimensional k-vector space over a field k of characteristic zero, S the algebra
of coordinates on V and A a central hyperplane arrangement in V. We assume throughout
the article that A is a free arrangement in the sense given by K. Saito in [Sai80]: we require
that the Lie algebra Der A of derivations of S tangent to A is a free S-module. The algebra
Diff A of differential operators tangent to A, as seen by F.J. Calderon Moreno in [CM99] and by
M. Susrez-Alvarez in [SA18], is the subalgebra of End(S) generated by Der A and S. Our results
concern the center and the Lie algebra of outer derivations of Diff A.

The first and simplest example of a free arrangement is the case of a central line arrangement
in V =Kk>2. This case is studied by the first author and M. Susrez-Alvarez in [KSA18] when there
are at least 5 lines: a description of the Hochschild cohomology HH*® (Diff A), including its cup
product and Gerstenhaber bracket, is given explicitly in detail through a calculation independent
of the methods that we now use. The second and most important family of examples is that
of the braid arrangements B,,, given for n > 2 by the hyperplanes H;; = {z € k" : z; = z;}
with ¢ # j: these arrangements are free and have served historically as a proxy to obtain general
results, for instance in V.I. Arnold’s classical article [Arn69].

In virtue of the freeness of A the algebra Diff A is isomorphic to the enveloping algebra of a Lie—
Rinehart algebra (S, L) —see L. Narvaez Macarro’s [NMO08] and the first author’s thesis [Kor19]—
and then the spectral sequence introduced by both authors in [KL21] permits the computation
of HH*(Diff A) in terms of the Hochschild cohomology H*(S, Diff A) of S with values on Diff A
and the Lie-Rinehart cohomology of L. This was successfully applied to arrangements of three
lines in [KL21], and, ultimately, to A = B3 —see Corollary 1.29.

The homological approach described above allows us to compute the center of Diff A under
the hypothesis that the Saito’s matrix of the arrangement A is triangular: more generally, we can
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state this result resorting to the hypothesis of triangularizability of Lie-Rinehart algebras that
we give in Definition 1.12.

Theorem A (Theorem 3.4). Let (S, L) be a triangularizable Lie-Rinehart algebra with enveloping
algebra U. The center of U is k.

Let A,, » > 1, be the arrangement in C? defined by 0 = zyz(z" — y") (2" — 2")(y" — 2"). This
arrangement is B4 when r = 1. When r > 2, it is the reflection arrangement of the wreath product
of the cyclic group of order r and the symmetric group &3. The homological method yields the
following result.

Theorem B (Corollary 5.5). Let r > 1. For each hyperplane H in A, let fg be a linear form
with kernel H and Oy the derivation of Diff A, determined by

Ou(g) =0 if g € k[z1, 22, x3];
On(0) =0(fu)/fu if 0 € Der A,.

The Lie algebra of outer derivations of Diff A, together with the commutator is an abelian Lie
algebra of dimension 3r + 3, the numbers of hyperplanes of A, and is generated by the classes of
the derivations Oy with H € A,..

In the pursuit of HH*(U) a key step is the computation of H*(S,U). We succeeded in its
calculation when e = 0, 1 for a family of Lie—Rinehart algebras that generalizes Der A,.. The result
in Corollary 4.6 relates H'(S,U) to the cokernel of the Saito’s matrix — this is an important
object of the theory with a rich algebraic structure studied, for instance, by M. Granger, D. Mond
and M. Schulze in [GMS11].

There are several ways in which the calculations performed in this article can be continued.
In particular, following the methods of J. Alev and M. Chamarie in [AC92] our findings on the
algebra of outer derivations of Diff A can lead to a description of Aut(Diff A) as in [KSA18, §7]
and M. Sudrez-Alvarez and Q. Vivas’ [SAV15].

The first author is currently a CONICET postdoctoral fellow and received support from BID
PICT 2019-00099. We thank the Université Clermont Auvergne for hosting the first author
in a postdoctoral position at the Laboratoire de Mathématiques Blaise Pascal during the year
2019-2020.

Unadorned Hom and End are taken over k. The set of natural numbers N is that of nonnegative
integers. If n and m are positive integers, we denote by [n,m] the set of integers k such that
n <k <m, and [m] = [1,m].

1. GENERALITIES

1.1. Hyperplane arrangements.

Definition 1.1. A central hyperplane arrangement A in a finite dimensional vector space V is a
finite set {Hq,...,H;} of subspaces of codimension 1. Choosing a basis of V' we may identify the
algebra S(V*) of coordinates of V with S =k[z1,...,x,): for each i € [€] let \; € S be a linear
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form with kernel H;. Up to a nonzero scalar, the defining polynomial Q = A1 --- Ay € S depends
only on A.

Definition 1.2. The set of derivations tangent to the arrangement A is

Der A := {6 € Der(S) : \; divides 0(X\;) for everyi € [€] }.
This is a Lie-subalgebra and a sub-S-module of the Lie algebra of derivations Der(S) of S.
Definition 1.3. The arrangement A is free if Der A is a free S-module.

Theorem 1.4 (Saito’s criterion, [Sai80, Theorem 1.8.ii]). A family of ¢ derivations (01,...,60)
in Der A is an S-basis of Der A if and only if the determinant of Saito’s matrix

91(%1) s 91(.’2[)
M(@l,...,¢95> = . .

04(0x1) 9@('1'4)

s a monzero scalar multiple of Q).

The notion of freeness connects arrangements of hyperplanes with commutative algebra,
algebraic geometry and combinatorics. While not a property of generic hyperplane arrangements,
many of the motivating examples of hyperplane arrangements are free. Saito’s criterion in
Theorem 1.4 is perhaps the most practical way to prove freeness, though there are other methods
to prove this condition —see A. Bigatti, E. Palezzato and M. Torielli’s [BPT20] for a discussion
on the state of the art.

Example 1.5. Let n > 2, E = A™ the affine space with coordinate ring S = k[z1,...,z,]. The
braid arrangement B,, in E has hyperplanes H;; with equation z; —2; =0,1 <i < j < n, so
that the defining polynomial is @ = [[,<;;<, (z; — ).

Consider the derivations 61, ...,0, of S defined for k € [n] by

01(xx) =1, O;(xg) = (g — 1) ... (T — 4-1) if ¢ > 2.

These derivations satisfy (xzp — x;) | 6;(xr — x;) for any 4, j,k € [n] and therefore belong to
Der B,,. The Saito’s matrix (0;(zy)) is triangular and its determinant is ). By Saito’s Criterion,
Der B,, is a free S-module with basis {61,...,6,}.

Ezample 1.6. Let n > 1 and E = A" be the affine space with coordinate ring S = k[zg, z1,. .., z,].
As in Example 1.5 above, the arrangement B,,11 in E has equation J[,<; <, (zi — ;).

Consider the subspace V' = {0} x A™ of E, defined by the equation zg = 0, and the hyperplanes
f[ij of V defined by z; —z; =0for 1 <i < j <n. Wecall B,, the arrangement formed by these
hyperplanes, so that B,, is defined by equation z ...z, H0§i<j§n(wi — ;) = 0. The derivations
a1,...,0p of S =Kk[z1,...,2,] defined for k € [n] by

0 it i > k;
ca(on) = o1, ou(zy) = ifi>2
1(zk) = o (k) o [l — ;) ifi<k

belong to Der B,,. Thanks to Saito’s Criterion, (a1,...,ap) is a basis of Der B,.
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Ezample 1.7. Let V be a finite-dimensional vector space. We say that o € GL(V) is a pseudo-
reflection if o is of finite order and fixes a hyperplane H, of V, and it is a reflection if this order
is 2. A finite subgroup G of the group of automorphisms of V' is a (pseudo-) reflection group if it
is generated by (pseudo-) reflections, and the set of reflecting hyperplanes A(G) of a reflection
group G is the reflection arrangement of G. It is a result by H. Terao in [Ter80] that every
reflection arrangement over k = C is free.

Consider the nth braid arrangement B,, of Example 1.5: identifying the reflection with respect
to the plane z; — z; = 0 with the permutation (ij) € &,, we see that B,, = A(S,).

Ezample 1.8. Let r,n > 1 and consider the arrangement A} in V' = k™ defined by
O=z1...2, H (zf — x7).
1<i<j<n
Taking r = 1 we see that A} = B, for every n. When r > 2 let G = C,.1 6,, be the wreath
product of the cyclic group C, of order 7 and the symmetric group &,,. We see that A7 is the
reflection arrangement of G, this is, A? = A(C,. 1 &,,). There is a well-known basis of Der A" in

[0T92, §B] that consists of the derivations 61, ...,0, of S =k[z1,...,z,] defined for 1 < k,m <n
(m—1)r+1

by Om (k) = ), . Consider the derivations aq,...,a, of S defined for 1 < k < n and
2<m<nby
m—1
a1 (wg) = g, am(zx) =z [ (a7 — 2)). (1)
i=1

These derivations belong to Der A}: evidently oy = 61, and if m > 2 then
Oy = Oy — 5101+ ... + (*1)m715m—1015

o v . . o .
where s; = Zl§¢1<...<ij§m71 xy, -ay ds the jth elementary symmetric polynomial in variables

..., for1<j<m-1 Forl<k<n

yYm—1

(Gm — Slam_l —|— e + (—l)mflsm_ﬁl) (l‘k)

m—1
—1)r+1 —2)r+1 -
:x;m I+ —slx,(fm I+ +o (=) s g2t =y, H(x’,;fx:),
i=1

which equals ayy, (z1). Saito’s matrix (am, (zx)) is diagonal and its determinant is

n k—1
ap(zk) = H Tk H(xz —z)=x1...2, H (z}, — ).
1 k=1 =1

1<i<k<n

n

k=
It follows from Saito’s criterion that o, ..., a, is a basis of Der A7
Example 1.9. Let r > 1. The arrangement A, := A2 is defined by the nullity of
Q(Ay) = z1waxs(ay — af)(ah — 27)(¢h — a5).
The basis of Der A, in (1) consist in this case of the derivations ay,as, a3 of S = k[z1, z2, x3]
with Saito’s matrix
I To I3
0 @y(zy —af) zs(ah — a7)
0 0 z3(xy — xy)(xy — 27)
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1.2. Lie—Rinehart algebras.

Definition 1.10. Let S and (L,[—, —]) be, respectively, a commutative and a Lie algebra endowed
with a morphism of Lie algebras L — Der(S) that we write a — ag and a left S-module structure
on L which we simply denote by juxtaposition. We say that the pair (S,L) is a Lie-Rinehart
algebra, or that L is a Lie—Rinehart algebra over S, if the equalities

(s)s(t) = sas(t), [, 58] = sla, B] + as(s)

hold whenever s,t € S and o, 3 € L.

If S is a commutative algebra and L is a Lie-subalgebra of the Lie algebra of derivations Der S
that is at the same time an S-submodule then L is an Lie-Rinehart algebra over S. This applies
to our situation of interest:

Proposition 1.11. Let A be a hyperplane arrangement in a vector space V. The Lie algebra of
derivations Der A of A is a Lie-Rinehart algebra over the algebra of coordinates of V.

Definition 1.12. Letn > 1, S =Kk|xy,...,2,] and L be a subset of derivations of S such that
(S, L) is a Lie-Rinehart algebra.
(¢) We call L triangularizable if L is a free S-module that admits a basis given by derivations
aq, ..., 0n satisfying the two conditions

aila;) =0 ifi>J, a1(21) -+ an () £ 0.

(1) We say that L satisfies the Bézout condition if in addition for each k in [n — 1], the
element ai(xy) of S is coprime with the determinant of the matriz

ok (Tpt1)  pgr(@ps1) O - 0

ag(tn_2) rp1(Tn-2) - an_2(Tp_2) 0

ap(zn_1) opg1(Tn-1) - . p—1(Tn—1)
ag(zy) apyi(zn) oo . an—1(xn)

FEzxample 1.13. For any n > 2 the Lie-Rinehart algebra Der B,, is triangular and satisfies the
Bézout condition with the basis {61,...,0,} given in Example 1.5. The same goes to Der B,, with
the basis given in Example 1.6.

Ezample 1.14. Let r,n > 1. The Lie-Rinehart algebra associated to A(C,-1&,,) is triangularizable,
as follows immediately from Example 1.8.

Ezample 1.15. Let r > 1. The arrangement A, = A(C,163) from Example 1.9 is triangularizable
thanks to Example 1.8. Moreover, it satisfies the Bézout condition: indeed, as(z2) = za(zh — xF)

is coprime with ag(x3) = x3(x5 — z7), and the determinant

(z
e (wa) o) =de 2 3 = xox3 (5 — )}
o < 2(22) 042(173)> det (172(965 — ) ay(ah — x{)) 203 (23 — 3)

is coprime with a4 (z1) =
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1.3. Differential operators associated to an arrangement. Remember from J. C. McConnell
and J. C. Robson’s [MRO1, §15] that the algebra Diff S of differential operators on S = k[z1, ..., 2]
is the subalgebra of End S generated by Der S and the set of maps given by left multiplication
by elements of S. Recall as well from [MRO1, §5] that if R is an algebra and I C R is a right
ideal, the largest subalgebra Ir(I) of R that contains I as an ideal —the idealizer of I in R—
is{reR:rICI}.

Definition 1.16. Let A be a central arrangement of hyperplanes with defining polynomial Q.
The algebra of differential operators tangent to the arrangement A is

Diff (A) = () Ipis(s) (Q" Diff(5)).

n>1

As seen in [CM99] for k = C or in [SA18] for k of characteristic zero, if A is free then the
algebra Diff A coincides with the sub-associative algebra of End(S) generated by Der .4 and the
set of maps given by left multiplication by elements of S.

Ezample 1.17. The arrangement A = B in k? with equation 0 = zy(y — z) admits, by [KL21, §5],
a presentation of Diff A adapted from [KSA18]: the two derivations

E =20, + y0y, D = y(y — x)9,

of k[z, y] form a basis of Der A4, and the algebra Diff A is generated by the symbols z, y, D and
FE subject to the relations

[y,x] =0,
[D,z] =0, [D,y] = y(y — z),
[E,z] ==z, [E,y] =y, [E,D]=D.

Given a Lie-Rinehart algebra (S, L), a Lie-Rinehart module —or (S, L)-module— is a vector
space M which is at the same time an S-module and an L-Lie module in such a way that if s € 5,
a € L and m € M then

(sa) -m=s-(a-m), a-(s-m)=(sa) - m+as(s) m.

Theorem 1.18 ([Hue90, §1]). Let (S,L) be a Lie-Rinehart algebra.
() There exists an associative algebra U = U(S, L), the universal enveloping algebra of
(S, L), endowed with a morphism of algebras i : S — U and a morphism of Lie algebras
j: L — U satisfying, for s €S and o € L,

i(s)j(@) = j(s), J(@)i(s) —i(s)j(a) = i(as(s)).

(@) The algebra U is universal with these properties.

(iit) The category of U-modules is isomorphic to the category of (S, L)-modules.

Ezample 1.19. If S = Kk[z1,...,2,] then the full Lie algebra of derivations L = Der S is a
Lie-Rinehart algebra and its enveloping algebra is isomorphic to the algebra of differential
operators Diff(S) = A,,, the nth Weyl algebra.
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The following result —[NMO08, §12] when k = C and [Kor19, Theorem 2.19] for k of characteristic
zero— is our motivation to consider Lie—Rinehart algebras in the algebraic aspects of hyperplane
arrangements.

Theorem 1.20. Let A be a free hyperplane arrangement on a vector space V and let S be the
algebra of coordinate functions on V. There is a canonical isomorphism of algebras

U(S,Der A) = Diff (A).
Proposition 1.21. For n > 1 there is an isomorphism of algebras
Diff B, 11 = A; @ Diff B,,.

Proof. Let n € N, S =K[zg, 21,...,2,], T =K|y1,...,yn] and observe that the unique morphism
of algebras k[z] ® T'— S given by z — xg and yx — xp — xo if £ > 1 is an isomorphism —we are
identifying z with z ® 1 and y; with 1 ® yx.

The derivations in the basis of Der B,, 11 given in Example 1.5 induce derivations 01,....0011
onkl[z]®T. For 1 <i<mn+1and1<Ek<n these derivations satisfy
~ z—1; N z 0 B z—0;
01 . 02 : 91 : i1 if 4 Z 3.
Yi = 0; Yk = Yk i =y [T (uk — y5)

The Lie algebra Der S is isomorphic to the Lie algebra product Derk[z] x Der B,,: the derivations
0; with i > 2 correspond to the a;’s in Example 1.6. It follows that the enveloping algebra of the
Lie-Rinehart pair (S, Der B, 1) is isomorphic to the product U(k[z], Derk[z]) x U(T, Der B,,).
The result is now a consequence of Theorem 1.20 and Example 1.19. (]

Definition 1.22. Let n > 1, S = Kk[z1,...,2,] and L a triangularizable Lie—Rinehart algebra
over S with basis (aq,...,a,). We say that L satisfies the orthogonality condition if there exists
a family (u1,...,u,) of elements of U and fi € S for 1 <k <n and1<i<n—1 such that

n—1

up = an + Y frou, [ug, 1) =0 if k#1.
=1

Example 1.23. Consider for n > 2 the Lie-Rinehart algebra Der B,, from Example 1.5. The family
(u1,...,up) of elements of U defined for k € [n] by

up = Z(—l)"ii H (x; —xx)6;
i=k j=it1

is such that [ug,x;] = 0, whence the orthogonality condition is satisfied. The Lie-Rinehart algebra
Der B,, from Example 1.6 also satisfies this condition with a similar choice of orthogonal elements.

Let r > 1 and A, = A(C; 1 83). Let S = k[z1,22, 23] and L = Der A, be the Lie-Rinehart
algebra associated to A,. The derivations {a1, aa, as} given in Example 1.9 make of L a triangular
Lie algebra that satisfies the Bézout condition. We identify the universal enveloping algebra of L
with Diff A,..
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Proposition 1.24. The Lie-Rinehart algebra associated to A, together with the family {u1,ug, us}
of elements of Diff A,. defined by

up = as — (x5 — 2])ag + (25 — 27) (25 — 271, ug = a3z — (2§ —xh)a, usz =as
satisfies the orthogonality condition.
Proof. The condition [ug,x;] = 0if k,1 € [3] and I # k holds true whenever [ < k, so we suppose
that [ > k. If k = 3 there is nothing to see; the case k = 2 amounts to the verification that
[uz, x3] = as(xs) — (v — @)z (ws)
= xg(wy — a5) (2w — 27) — (w3 — ah)ws(ey —27) =0
and for or kK = 1 we have
[u1, @2] = a3(w2) — (25 — a)aa(@2) + (25 — 27) (23 — 27) o (22)
= —(zg — a))z2(ah — 27) + (25 — 27) (25 — 2])x2 =0
and
[u1, z3] = az(ws) — (x5 — 21)aa(ws) + (x5 — 21) (25 — 7)o (3)
= zg(wy — 5) (w5 — a5) — (w5 — 2))zs(eh — o) + (¢ — x7) (25 — x7)z3 = 0.
(I
1.4. Cohomology. Given an associative algebra A the (associative) enveloping algebra A€ is
the vector space A ® A endowed with the product - defined by (a1 ® a2) - (b1 ® ba) = a1b1 @ baao,

so that the category of left A°-modules is equivalent to that of A-bimodules. The Hochschild
cohomology of A with values on an A°-module M is

H*(A, M) = Ext®. (A, M).

When M = A we write HH®*(A) := H*(A, M). C.Weibel’s book [Wei94] may serve as general
reference on this subject.

Definition 1.25 ([Rin63]). Let (S, L) be a Lie—Rinehart algebra with enveloping algebra U and
let N be an U-module. The Lie-Rinehart cohomology of (S, L) with values on N is

HS(L, N) = Ext{; (S, N).

Remark 1.26 ([Rin63]). In the setting of Definition 1.25 above, suppose that L is S-projective and
let A%L denote the exterior algebra of L over S. The complex Homg(AYL, N) with Chevalley—
Eilenberg differentials computes Hg(L, N).

Theorem 1.27 ([KL21]). Let (S,L) be a Lie-Rinehart algebra with enveloping algebra U, and
suppose that L is an S-projective module. There exist a U-module structure on H®(S,U) and a
first-quadrant spectral sequence Eq converging to HH®*(U) with second page

EY® = HY(L,HY(S,U)).

Proposition 1.28. There are isomorphisms HH®(Diff B, 1) = HH*(Diff B,)) for any n > 1.
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Proof. This is a consequence of applying the Kinneth’s formula for Hochschild cohomology as
in H. Cartan and S. Eilenberg’s [CE56, XI1.3.1] to the isomorphism Diff B,,1; = A; ® Diff B, in
Proposition 1.21 and the observation that HH®(A;) =k and HH*(A;) =k if i # 0. O

Corollary 1.29. The Hilbert series of the Hochschild cohomology of Diff By is
h(t) = 1+ 3t + 6t + 4¢3,

Proof. Proposition 1.28 particularizes to HH®*(Diff Bs) = HH*(Diff B;), and then [KL21, Corol-
1ary 58] reads hHH*(Diﬂ‘BS) = hHH*(Diﬁgz) =1 + 3t =+ 6t2 + 4t5 |:|

2. COMBINATORICS OF THE KOSZUL COMPLEX

We let n > 1 and assume throughout this section that (S, L) is a Lie-Rinehart algebra with
S =k[z1,...,2,]) and L a free S-module with basis (a1,...,a,). Let U = U(S, L) be its Lie-
Rinehart enveloping algebra. To compute the Hochschild cohomology of S we use the Koszul
resolution of S available in [Wei94, §4.5].

Lemma 2.1. Let W be the subspace of S with basis (x1,...,x,). The complex Py = S¢ @ A*W
with differentials by : Py — Pe_1 defined for s,t € S, g€ [n] and1 <i; <---<iy<n by
q
bo(slt @i, A Aai) =Y (1) [(say [t) = (slag, t)] @ may Avee Ay, Ao Ay,
j=1

and augmentation € : S¢ — S given by e(s|t) = st is a resolution of S by free S¢-modules. The
notation is the usual one: the symbol | denotes the tensor product inside S¢ and T;; means that
x;, is omitted.

Through a classical adjunction, the complex Homge (P,, U) is isomorphic to
Hom(A*W,U) =2 U ® Hom(A*W, k) = X°. (2)

We compute the Hochschild cohomology H*®(S,U) from the complex (X°,d*®). For each ¢ in
[0,n] the basis {Zr, A...AZp, : 1 <k < ... < kg < n} of Hom(A?W,k) dual to the basis
{xp, Ao A, } of ATWW induces a basis of X9 as a U-module.

Write af = alr. ..o/f for each n-tuple of nonnegative integers I = (ip,...,%1), and call
|[I| =ip + ...+ i1 the order of I. A result d la Poincaré-Birkhoff-Witt in [Rin63, §3] assures that
the set

{af : T eN"} (3)

is an S-basis of U. Moreover, U is a filtered algebra, with filtration (F,U : p > 0) given by the
order of differential operators: F,U = (fal : f € S,|I| < p) for each p > 0.

Proposition 2.2. Let g € {0,...,n}.
(i) The set formed by o’ &y, A--- Ny, with I € N and 1 < ky <... <ky <n is an S-basis
of X1.
(i) There is a filtration (F,X9 : p > 0) of vector spaces on X? determined for each p > 0 by

F X0 = (faldy, A Niy, : f€S,1<k <...<ky<n,IeN" such that |I| < p).
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Proof. In view of (2), for each ¢ the U-module X9 admits {&, A+ A &g, : 1< ky <...<ky<n}
as a basis. The claim follows from this and the S-basis of U in (3) above. g

The differentials d? : X9 — ¥2%! induced by be : P — Po_1 satisfy for ¢ = 0,1

n
d°:u Z[u,xk]jk, d: Zuki‘k — Z ([uk,xl] - [ul,xk])fck A Zy.
k=1

k=1 1<k<i<n
Given m € [n] we denote by e,, the n-tuple whose components are all zero except for the (n—m)th,
where there is a 1.

Lemma 2.3. Leta = ZII\:p fral for ff € S with I € N*. Ifk € [n] and J = (jn,...,j1) € N®

has order p — 1 then the component of [a,zy] in o’ is

n

Z (.]m + 1)am(xk)f‘]+em~

m=1
Proof. It I = (in,...,i1) € N™ has order p then
[flozl,xk] = inflan(xk)o/*e” + ...+ ilflal(xk)alfel mod F,_oU.

If there exists a monomial in this expression belonging to Sa’ then there exists m € [n] such

that I — e, = J. This happens when the component of [f/a!,z;] in o is

z.m04m($k)fj = (Jm + 1)am($k)fJ+em7
and therefore [a, 4] = 37, ;12,1 2omey (G + Dam(x) f/Tema’ modulo F,_»U. O

For g',...,g" € Sand f' = (fl,....,f)), ..., f" = (fr,..., f") € S*" we let

Qg™ ... g") =) glai € AT, QU ) =)0 sy € X

i=1 =1 i=1

Proposition 2.4. Let p >0, u € F,U and w € Fp.’fl,
) NS ;[ | =p} C S is such that u = _ o’ mo 11U then
If {fI: T eN™|I S h th 1| pfl I d F,1U th

@) = > d (0 (G + D F7F, Gy + DF7T 0 G+ D)) o
[J|=p—1

modulo Fp_2}f1.
(it) fw=Y", Z|I|:P flalz; mod Fp,_1 X' for {fl : T e N",|I|=p,l €[n]} C S then
d'w)= > d Q" (G + D FT G + DF T G+ D) o
|J]=p—1
modulo F,_2X?.
Proof. To prove (i) it suffices to see that the desired equality holds in each coefficient of the

S-basis (/@ : J € N", k € [n]) of X* given in Proposition 2.2. Let then J = (jy,,...,j1) € N" of
order p—1 and k € [n]. Thanks to Lemma 2.3 the component in a2y, of d®(u) = ), [u, 2] is

S G + D (@) 1747 (4)

m=1
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On the other hand, given f,..., f! € S a direct calculation shows that the component in & of
d® (QO (f”, ce fl)) is >0 | flai(wy). It follows that the component of
d* (7 (G + DF7F o G+ D7)

in &y, is equal to (4), which is tantamount to what we wanted to see. The proof of (77) is completely

analogous. O

3. COHOMOLOGIES IN DEGREE ZERO AND CENTERS

In this section (S, L) is a triangularizable Lie algebra: S = Kk[z1,...,2,] for some n > 1 and L
is a sub-S-module of derivations of S with a basis given by derivations asq, ..., a, that satisfy
a;(xz;) =01if i > j and a;(x;) # 0 for every ¢ € [n]. Let U be the enveloping algebra of (S, L).

3.1. The cohomology of S with values on U. The Hochschild cohomology H*(S,U) is the
cohomology of the complex (X°,d*) of (2).

Lemma 3.1. The restriction of d° : X0 — X! to F1X° has kernel FyXP°.

Proof. Tt is evident that FyX? = S is contained in kerd’. Let u € F,U and f!,..., f* € S such
that u=>"" | fla; modulo S. We examine the equations d°(u)(1|z;|1) = 0, that is, [u,z;] =0
for each 1 <[ < n. We first observe that

0=lu,z1] = Zfiai(xl) = flaa(z),
i=1

and then f! = 0. Proceeding inductively on k, we assume that u =Y., f'a; and compute
0= [u,zx] = frar(zr) + ...+ ffan(zr) = fFag(zr).

We deduce that f* = 0 and conclude that u € S. O

Proposition 3.2. If p > 0 and u € F,U are such that d°(u) = 0 modulo F,_»X" thenu € F,_1U.

Proof. Let {f! : I € N" |I| = p} C S be such that u = > \1=p fla! modulo F,_1U: thanks to
Proposition 2.4 we have that

d’(u) = Z d(Q° ((jn+1)f‘]+e",...,(j1+1)f‘]+el))a‘] mod F,_»X'.
|T=(nenrd) | =p—1
We deduce that 0 = d° (Q0 ((j, +1)f7F, ..., (j1 + 1)f/*e1)) for each J with [J| = p — 1,

provided that p — 1 > 0. Thanks to Lemma 3.1 we deduce that 0 = f/ex-2 = | = f/+e-1
Since we can write every I € N with |I| =p as I = J + e, for some m € [n] we conclude that if
p—12>0 then fI =0 for every I with |I| = p. O

Proposition 3.3. The inclusion S — U = X" induces an isomorphism of graded U-modules

HO(S,U) = S

Proof. Let us write u = ug + ... + up with uy € F,U \ F;_1U and p > 0 maximal among those ¢
such that u, # 0. As d°(u) = 0 and d°(u,) € F,_1X! for every ¢ € [0,p] we have that d(u,) =0
mod F, 2 X!, and we may use Proposition 3.2 to see that if p > 0 then u, = 0. We conclude
then that p = 0, so that actually u € S. We obtain the result with the evident observation that
every element of S is a O-cocycle in X°. O
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3.2. The cohomology of U. Our recent calculation of H°(S,U) leaves us just one step away
from the zeroth Hochschild cohomology space of U.

Theorem 3.4. Let (S, L) be a triangularizable Lie—Rinehart algebra with enveloping algebra U.
There is an isomorphism of vector spaces HH(U) = k.

Proof. As a consequence of the immediate degeneracy of the spectral sequence of Theorem 1.27
there is an isomorphism of vector spaces HH®(U) = H2(L, H°(S,U)). In view of Proposition 3.3,
this isomorphism amounts to

HH(U) = HY(L,S) = {f €S :ai(f) =0if i€ [n]}

Since ai(f) = Y75, ai(xz;)d;f for f € S, the condition that a;(f) = 0 if i € [n] means that
(01f,...,0nf) belongs to the kernel of the Saito’s matrix M = (ai(xj))?jzl. As this matrix is
triangular and its determinant is nonzero, the condition «;(f) = 0 for all ¢ € [n] is equivalent to
0;f =0 for all j € [n], which is to say that f € k. O

Corollary 3.5. Let r,n > 1. The centers of Diff (A(C,1&,,)) and of Diff B,, are k.

Proof. The algebras considered have been shown to satisfy the hypotheses of Theorem 3.4 in
Examples 1.13 and 1.8. g

4. THE FIRST COHOMOLOGY SPACE H'(S,U)

We now restrict our attention to the case in which n = 3. Let then (S, L) be a Lie-Rinehart
algebra with S = k[z1, z2, 23] and L the free S-module generated by the subset of derivations
{1, a2, a3} in Der S. We suppose that (S, L) is triangularizable, this is, o;(z;) = 0 if ¢ > j and
aq(z1)aa(z2)as(xs) # 0, and that (S, L) satisfies the Bézout condition:

e the polynomials aa(x2) and as(z3) are coprime;

aq (35‘2) a7 (583)
(e ') (122) az(wz)

e the polynomials a;(x1) and det( ) are coprime.

Lemma 4.1. Let {fi i€ {1,2},1€ [3]} C S and write w = 3, (ffaz + fla1) & € X1
If w is a cocycle then there ewist unique elements gi1,g12, 922 of S such that giiaq1(x1) = f1,
gioai(ry) = f2 and gasas(xe) = f3 — gioai(w2). These elements satisfy

W = d(%guaf + grao0; + %gzzag) mod FyX?.

Proof. The components in 2 Ay and 1A of dw = 0 tell us that ay (z;) fl +oa(z;) fl = oy (l’l)fjl

for j € {2,3}. We can arrange these two equations as

(C“(“) 0‘2“2)) (f ) ~ () <f> ®)
ar(ws)  oo(zs) )\ fi fs

and then Cramer’s rule tells us that if i € {1,2} then fi det M = oy () det M;, where M is the
matrix on the left hand of (5) and M; is the matrix obtained by replacing the ith column of M by
(;z; ) It follows that ay(z;) divides fi —because it is coprime with det M in view of the Bézout
hypothesis— and then there exist g1 and g12 in S such that g1 (21) = f{
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Let u; := %gna% + gi12ana; and © = w — d(uy), and write © = 2?21 (ffag + flloq) #;. Since

d(uy) : 1 = [u,21] = gria(z1)oq + gieaq(z1)as mod S
= flai + ffos,

To +—r [U,IQ] = glloq(xg)al + 9120[2(132)&1 + glgal(xQ)ozg mod S (6)

we have f} = f2 = 0. Now, the equation d& = 0 in #; A Z5 and 2, A &3 tells us, as in (5), that
fa = f}=0,and in 25 A 23 that as(zs)f? = ao(x3)f3. Thanks to the Bézout condition there
exists goo € S such that gosan(xs) = f22, in view of (6), f22 is equal to f2 — giaa(22). Put

us == $go203. We see that d(uz)(z1) = 0 and that

d(u2)(x2) = [ug, 2] = gosas(z2)as mod S
= f~22042.
The difference w := @ — d(u2) is therefore a coboundary with no component modulo S in #; nor
in Zo, so we can write w = (flozl + f2()é2) #3 mod FyuX'. Now, the equations that come from
@ being a coboundary are 0 = flai(x1) in #1 A &3, from which f! = 0, and 0 = f2ay(xs) in
%9 A &3, whence finally w € FuX!. We have in this way obtained that w = d(u; + uz2) mod FyX?!,
as desired. O

Proposition 4.2. Let p > 0 and w € Fpil, and let {fl(i3’i2’i1) 1€ [3],i3,42,41 > 0} c S
such that

3
w= Z Z fl(13712ﬂ1)a(i3,i2,7;1)i,l mod Fp—lfl- (7)
=1 i1+i2+i3=p

If w is a cocycle and fl(p,o,o) = f2(p,0,0) = f3(p,0,0) =0 then w € F,_1X'.

Proof. Let us prove by descending induction on ¢ from p to 0 that

the cocycle w is cohomologous modulo F,_1X" to a cocycle of the form (7) with

g ia,i . o > )
fl(fi’?vl):ozfle[[?)ﬂand2322- Y

Our hypotheses give us the truth of (8) for i = p. Suppose now that (8) is true for p,...,i
and assume, without loss of generality, that w is of the form (7) with fl(“””z’“) =0ifl € [3],
i1 +io + i3 = p and i3 > i.

Lemma 4.3. Let ¢ € {0,...,p — i+ 1}. The cocycle w is cohomologous modulo Fp,lﬁfl to
a cocycle of the form (7) with fl(z_l’p_”l’o) =...= fl(l_l’p_""l_q’Q) =0 and fl(”’”’“) =0 if
i1+ 42+ i3 =p and iz > i for every l € [3].

The auxiliary result above implies at once the truth of the inductive step of the proof of (8),
thus demonstrating Proposition 4.2. ([

Proof of Lemma 4.3. Suppose that ¢ = 0. Equation dw = 0 in its component (i — 1,p — 4,0)
reads, thanks to Proposition 2.4,

0=d (91(2-f(i,p4,0)7 (p— i+ 1) f-Lp=i+10) f(ifl,pfi,l)))
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and the inductive hypothesis (8) tells us that f@p=i0) — 0. Applying now Lemma 4.1 in we
obtain that there are g1, 912, goo € S such that

gua (@) = fPT0, grzai(z1) = (p— i+ 1) f PO,
) i—1,p—i+1,0
ga20p(x2) = (p— i+ 1) 2@ L) gr201 (22)
Let v = (%gna% + mglzagm)a(i*l*”*i’o) and write @ = w — d(v), so that there exists

{ﬂ(is’i2’i1)} C S such that

n
& EE : E : fl(ls,12’%1)(1(13712711)@ mod Fp_l.'fl.
=3 t1+i2+iz3=p

Recall that d(v) : z; — [v, 2] for I € [3]. Since

[v,21] = (g1104 (21)1 + mgual(xl)az)a(i—l,p—i,O) mod F, U

_ p(i-1,p—4,1) (i—1,p—i,1 (i—1,p—i+1,0) (i—1,p—i+1,0
=fi alimtp=il) 4 oli—Lp )

we have that ffifl’pfi’l) = ffifl’p%ﬂ’o) = 0. Moreover, as [v, 72], [v, 73] € D, -; Salis:iz0) the
coefficients ﬁ(i3’i2’il) are equal to fl(ig’h’il) and therefore to zero if i + iy + i3 = p, i3 > i and
1€ [3].
We now look at equation do = 0, again in its coefficient of a(i=1?=%0) to obtain that
0 =d (Q40,(p —i+1)fE-tpmi+10) fi=1p=i,1))) This equation in its component in &1 A &2
tells us, thanks to (5), that féi_l’p_i’l) = féi_l’p_i’l) = 0. On the other hand, applying Lemma 4.1
we get g € S such that gag(xe) = (p— i+ 1)]‘72(1‘71’]97”1’0). Letnow A=1/(p—i+2)(p—i+1)
and © = A\ga"=1P=*+2.0) Since [3,21] = 0,
[0, 29] = Ag(p — i + 2)az(w2)a*"HP=HLO) mod F, U
=Ap—i+ D) TP (p— i 4 2)q 7m0

_ fi=1,p—i+1,0) _(i—1,p—i+1,0)
= f2 o

and [0, 73] € D, Salis:i2:11) " the difference @ — d(¥) is a cohomologous modulo F,,_; X! to a
cocycle n =Y 4 D iy bintis=p hl(i:”h’“)a(i?”iz’“)@l with hl(i3’i2’i1) =0ifiy +ig+is=p, iz >1
and [ € [3] and hl(ifl’pfi’l) = hl(ifl’pfiﬂ’o) =0ifl € {1,2}. Applying Lemma 4.1 one final time

we obtain gll,glg,ggg S S Such that gllal(xl) = (p—i-l—l)hgiil’piwrl’o), glgal(xl) = hyil’pii’l)
and gosao(z2) = (p—i+ 1)h(21_1’p_1’1) — g12a1 (x2) —and therefore §11, §12 and goo must be equal

to 0— and that satisfy
91(07 (p_i+1)h(i—l,P—i+1,0)’h(i—l,:l?—i,l)) = d(%§11a§+§12a20¢1+%§22a§) mod FyX!.
It follows that hU—1r—i+1.0) — pli=1p=i1) — (0 and therefore that = 0 mod F,_1X'. This
finishes the proof of the base step of Lemma 4.3.
We finally deal with the inductive step of Lemma 4.3. Let ¢, ¢ and w be as in the statement.

The component in o'=1P~i=%9) of equation dw = 0 yields

0=a Q! (ifCrmma, (p—i— g+ U (g4 1) U tmimea D ) )
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Now, our inductive hypotheses of (8) and of Lemma 4.3 tell us, respectively, that f(-P=i=9:9) =0
and that f(i=1.P=i=¢+19) — () and therefore our equation above reduces to

0=d (9" (0,0, fitomizaain)),

Applying to this situation Lemma 4.1 we obtain g € S such that gaq(z;) = fl(i_l’p_i_q’qﬂ) for

l€[3]. Let v= (q}rg)ga(i_l”’_i_q’q“) and write @ = w — d(v): let {fl(i37i2’i1)} C S such that

~ — F(is,i2,01)  (ig,iz,i1) 4 1
W=D 3D i vigris—p 11 al )#; modulo F, 1 X'. As

[0, 21] = gon (z1)alimbPimta+l) — fl(iflvpfi*qvq+1)a(i—LP—i—q,q-&-l) mod F,_1U
and if j € {2,3} then
[v, 2] € Sali=2p=1=0:4+2) @y 5o (i=1,p—i=q=1,4+2) g G (i=1,p—i=q,q+1) F, .U,

we obtain that fl(is’h’“) = 0 whenever i3 > ¢ and f;FLp_HLO) =...= fl(i_l’p_iﬂ_qm =0 for
every [ € [3] and, in addition, that fl(i’_l’p—i_q’qﬂ) = 0. As a consequence of this, the component
in a(i=1:P=i=4:9) of equation di = 0 reduces to 0 = d (Q! (0,0, f(~1P~i=4:4+1)) | The element §
that is provided for this situation by Lemma 4.1 satisfies gay(a;) = ﬁ(i_l’p_i_q’ﬁl) for 1 € [3]:
it follows that g = 0 and hence fl(i_l’p_i_q’qﬂ) =0forl e [3] and ©® =0 mod F,_1X'. This
finishes the proof of Lemma 4.3. O

From this point on we demand to (S, L) that in addition it satisfy the orthogonality condition:
that there be a family w1, uz, ug of elements of U that can be written as uy = as+hias+ hioq for
some {hi : k€ [3],i € [2]} C S and such that [uj,z;] = 0 whenever k # [. The idea is that that
we can add to any cocycle in F,X! an S-linear combination of u}#, to remove its components
in the maximum power of a3 and in this way obtain a cocycle that falls in the hypotheses of
Proposition 4.2.

Corollary 4.4. Let {uy,us,us} be the family that makes (S, L) satisfy the orthogonality condition.
(i) The cochains nt = ub @y, € F,X' defined for p >0 and k € [3] are cocycles.
(ii) Ewvery cocycle in X' is cohomologous to one in the S-submodule of X' generated by
{ny - k € [3],p = 0}

Proof. Let us denote by Z' the S-module generated by {n!:1 € [3],p > 0}. We prove by
induction on p > 0 that if w € Fpil is a cocycle then there exist z € Z! and u € U such that
w = d°(u) + z. We first observe that Fy(X') = Fy(Z') because 2; = 1, and then for p = 0 we
have that w € Fp(X1) c Z1.

Assume now that p > 0 and let {f/ : 1 € [3],7 € N¥} C S such that w = Z?:l > 11=p flalz
mod F,_1X'. Defining z = E?:1 l(p’o’o)nf we see that the cocycle & = w — z has its components
in aPZ1,aPZs, aPx3 equal to zero, and applying Proposition 4.2 we deduce that @ is a coboundary
modulo F,_1X': let u € U and w’ € F,_1X! be such that @ = d(u) + «’. The inductive
hypothesis tells us that there exist v/ € U and 2z’ € Z! such that w’ = d°(v) + 2/, and thus
w=a+z=du+u')+ (z+2), as we wanted. O

Proposition 4.5. Let p > 0.
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(i) Let w € F,X' be a cocycle, so that there exist {f1, f2, f3} C S and w € U such that
w= Z?:l fin? + du modulo F,_1X'. The cocycle w is equivalent to a coboundary modulo
F,_1X' if and only if 2?21 fiz; is a coboundary.

(#) The unique S-linear map 7, : X! — F, X' such that &, — nt if 1 <1< 3 induces an

isomorphism of S-modules
F,H'(S,U)/F,_ 1H"(S,U) = FoH'(S,U).

Proof. Suppose that wg = >_;-_; fi; is a coboundary and let v € U such that d°(v) = wg. Thanks

to Proposition 3.2 we may assume that v € F1 X! and write v = ga3 + g%as + g'a; mod S for

some g3, g%, g* € S. In view of Proposition 2.4 there exist f{ € FyX! such that we may write
d° <ga§+1 + g*aBas + gla§a1> =d(v)of+ ) fliazin) o lisizin) - mod F,_ %7

P+ 1 i3<p

3
It follows that the difference w—d° (#a?“ + g?afas + gla§a1> is a cochain whose components
in a4, ah 29, o2y are zero. Applying Proposition 4.2 we see that w is equivalent to a coboundary
modulo Fp,lxl.

Reciprocally, let u € U such that d°(u) = w. Thanks to Proposition 3.2 we know that
u€ Fpp Us let us write u =37 51y hEaX with {h¥ : K € N3 |K| =p+1} C S. Taking into
account Proposition 2.4 again we see that

(u) = d (@ ((p+ DACHIOO BP0 POV ) o S plistin)glinini)
13<p
modulo F,_1X! for some fl € FyX'. The equality of this to w implies, looking at the components
in a2, akds, a3, that d (Q° ((p + 1)h(P+1.0.0) b (P.1,0) h(”’o’l))) = Z?:l fi#;. This completes
the proof of the first item.

Now, the truth of the first item implies two things: first, that the composition FuX! —
FPZ{I / Fp,li‘l of 7y, with the projection to the quotient descends to cohomology and, second, that
the map induced in cohomology by this composition is a monomorphism. It is also surjective
thanks to Corollary 4.4(i7). O

Recall that the filtered S-module Fy H' (S, U) has a graded associated S-module Gre H(S,U) =
@D, Grp H'(S,U) given by Gr, H'(S,U) = F,H'(S,U)/F, 1H"(S,U). We have just seen
that Gr, H'(S,U) is isomorphic as an S-module to FyH'(S,U) for any p > 0: we claim that we
can make it an isomorphism of graded S-modules.

Given p > 0, the map 7, : FoX! — F, X" induces an isomorphism of S-modules FoH'(S,U) =
Gr, H'(S,U) that shifts the polynomial degree in 3(p — 1): indeed, for each [ € [3] the class of
n € X', which has polynomial degree 2, is sent to the class of ny’, which has polynomial degree
3p — 1. On the other hand, the morphism of S-modules 7 : Fy(H(S,U)) ® k[as] — Gr HY(S,U)
such that [n;] ® o — [n)] for I € [3] and p > 0 does respect the graduation and is an isomorphism
because so is each +,. In addition to this, we observe that

S ® (21,82, £3)
1 U)) = el ~
Fo(H(5,0)) = Sd(ay) + Sd°(ap) + SdO(ai3) coker M.

We summarize our findings in the following statement.
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Corollary 4.6. Let S = Kk[z1,22,x3) and L a free S-submodule of Der S generated by derivations
a1, g, a3 in such a way that (S, L) is a triangularizable Lie—Rinehart algebra that satisfies the
Bézout and orthogonality conditions. Let U be the Lie—Rinehart enveloping algebra of L. There is
an isomorphism of S-graded modules

H(S,U) = coker M @ k[as],
where M is the Saito’s matriz of (S, L).

Recall that the cokernel of M has a rich algebraic structure — see M. Granger, D. Mond and
M. Schulze’s [GMS11].

5. COMPUTATION OF HH!(U)

The spectral sequence in Theorem 1.27, regardless of its degeneracy, gives us an strategy
to obtain the first Hochschild cohomology space HH®(U) of the enveloping algebra U of a Lie—
Rinehart algebra (S, L): indeed, HH'(U) is isomophic to HL(L, H°(S,U)) ® H3(L, H(S,U)).
In Sections 3 and 4 we computed H°(S,U) and H'(S,U) when (S, L) is as in Corollary 4.6,
which is the conclusion of Section 4. In this section we describe their L-module structure and use
it to compute their respective Lie-Rinehart cohomology spaces for the case in which (S, L) is
associated to a hyperplane arrangement of the form A, = A(C, 1 &3) as in Example 1.9.

5.1. The L-module structure on H*(S,U). Let (S, L) be a Lie-Rinehart pair with enveloping
algebra U. Let us describe the construction in [KL21] that gives an L-module structure to the
Hochschild cohomology H*(S,U) of S with values on U.

Fix oo € L and an S®-projective resolution € : P, — S. Let a, be an ag-lifting of ag : S — S
to P,, that is, a morphism of complexes aq = (aq N Pq)qZO such that e o g = ag 0 € and
for each ¢ > 0,s,t € Sand p € P,

ag((s®t) - p) = (as(s) @t +s@as(t) -p+ (s®1) - p.
The endomorphism o} of Homge (P, U), defined for each g > 0 to be
ag(qﬁ) :p > [a, ¢(p)] — poay(p) whenever ¢ € Homge(P,,U) and p € P,

allows us to define the map V¢, : H*(S,U) — H*(S,U) as the unique graded endomorphism such
that

Va([9]) = [og(9)],

where [-] denotes class in cohomology. The final result is that « — V¢ defines an L-module
structure on H?(S,U) for each ¢ > 0.
5.2. The liftings. From now on we work on the Lie-Rinehart algebra associated to A, and put
FE:=qay, D = as and C := a3. The commuting relations in L are determined by the rules
[E,C] = 2r +1)C, B, D] = (r+1)D, (
9
[D,C) = r(a + 5 — 7). )

as a straightforward calculation shows.
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Proposition 5.1. The rules
Dy (1]z]1) =0,

Di(1|zg]l) = Zxﬂxﬂxi— Z |zl oy — 2|kl ifk=2,3

s+t=r s+t=r—1
define a De-lifting of D : S — S.
Proof. 1t is evident that d; o Dy and Dy o dy coincide at 1|x1|1; if k = 2,3 then dy o Dy (1]xg|1) is
Z o5 (2p|1 — 1|zg)xh — Z w5 (2|1 — )2t ey — 252kl + 27|z
s+t=r s+t=r—1
= (»TZH — xkxq) |1 —1] (acZH — xkx{) ,

which equals Dy o dy(1|zk|l) = Do(zk|l — 1ljzg) = D(xk)|l — 1|D(zg) because zy(x}, — x7)
is D(zy). O

Proposition 5.2. For every p > 0 we have that

DH(P) = pr(ah + o — 2P + ra’ zonh + ral " 'zsnt mod F, 1 X' mod Imd°
Di(n3) = (1= p)ai + (p—r — D)ah +pay)ns mod F, X',
Dinf) = (1 = p)al + pahy + (p—r — )al) 7t mod F, X'

Proof. Recall from Corollary 4.4 the cocycle nf = uj#; for each [ € [3] that is such that u,
commutes with every x; with j # [. The commuting relations (9) in L give

[D,us] = [D,Cl = r(as + 25 — 27)C = r(x} + 25 — 27)us
and
D] = [D,C — (2} — 5)D]
= r(zy + 5 —27)C — (rag(es —ay) — rag(ey — 7)) D
= (s + 2y —27) (C — (23 — 25) D) = r(ws + x5 — 27)us.
It follows that if [ = 2,3 then [D,u] = p(a} + 25 — 27)u] modulo F,_1U. We can now compute
Di () (U [1) = [Dy o} (1| 1)] = nf’ © Dy (1] [1) = [D, 0] = 7 (0) = 05
D] )(Uar[1) = [D, nf (Uza|1)] = nf © Da(1]el1)

[D,uf]nf(Zx?xzxf 5 x?lelxiwzwIIsz)

s+t=r st+t=r—1
= pla} + a5 — a})ud — ((r + Daf —27)w  mod F,U

and for m # 1,1
D) (Uzm|1) = [D,nf (1|2 |1)] — 1} 0 Di(1]am|1)

=[D,01—nf<zx;|xm|xfn— > xixlxﬁxm—xﬂxml):o.

s+t=r st+t=r—1
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With this information at hand we are able to see that

Di(nB) = (1 —p)al + (p — r — Db + pah)nh  mod F,_ XY,
DimE) = (1 — p)at + pah + (p—r — 1)ak) b mod F, X',

Let us now consider the action of D on 7). To begin with, we have

[D,u?] = put~'[D,uy] mod F, U
=pul '[D, (C — (¢ — 2])D + (¢§ — a) (2} — 27) E)]
= pu’fl (T(xg + b — a7)C — raf(zh — 27)D

+ D (@5 — a}) (@5 — 1)) B — (r+1)(a — a}) (a5 —a$)D)

and we observe that D! (n?)(1|z1]1) = [D, u?] — nP(Dy(1]21]1)) = [D,u?]. On the other hand, if
m € {2,3} then

D () (Azm1) = (D, 7 (Lam|1)] = 0} (D1 (Llzu]1))

= [D,O] — T]f ( Z xfn|xm|xfn - Z xi‘;‘xl‘xix’m - J,‘7£|$7,L1>
s+t=r st+t=r—1

_ r—1 P
=rr]  Tpuy.

From these computations we see that the cocycle

Di(nf) — pr(as + by — )i — ey wan — rat " ean)
has component zero in C?&;, CP#y and CP#3, and then Proposition 4.2 tells us that D (n?) is
cohomologous modulo F,_1 X! to pr(z} + o — ai)nt + ral  wanh + ra tasnk. O

5.3. Invariants of H!'(S,U) by the action of L. We already have explicit descriptions of
H'(S,U), in Section 4, and of the action of L thereon, in Subsection 5.1 above: the next step is
to calculate the intersection of the kernels of the actions of E, D and C on H*(S,U).

Proposition 5.3. H3(L, H'(S,U)) = 0.

Proof. Recall that the polynomial grading on S induces a grading on S, on U and on the
cohomology H*(S,U). Since the derivation E induces the linear endomorphism VL, of H!(S,U)
that sends the class of an homogeneous element a of degree |a| to the class of |ala it follows that
ker VL, = H'(S,U)q, where H1(S,U)y is the subspace of H'(S,U) formed by elements of degree
zero. Remember that if k € [3] then |ug| = |ag| = 27, and therefore |n;| = 2r — 1. In view of our
calculation in Corollary 4.6 this means that

ker VL — H1(5,07) = k@ﬁfiéiﬁiﬁ) @ (m,m2,m3) ifr=1

k(iblii+l’2i’2+mgig) lf r Z 2'
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We begin by supposing that » > 2. We observe that if fi, fo, f3 € S; then

D} (Z fi£i> => (D(fi)’i‘i + fiDg(ii))
= ZD(fi)i'i + fir (27 wady + a wads) + falaf — (r+ 1)ah)ds
+ fa(a] — (r+ 1)a5)ds
= D(f1)21 + (D(f2) + firz7 ' as + fo(2] — (r + 1)a}h)) 2o
+ (D(f3) + firey s + f3(2f — (r + 1)ah)) 25
belongs to the homogeneous component of degree r of FoH'(S,U), which is precisely

S ® (21,29, L3) _ S5 ® (@1, &2, &3)
SdO(E) 1 549(D) + Sd9(C) ), ~ S,d(E) + kd (D)’

It follows that if VL ([3 fi#:]) = [D% o fzi"z)} is zero in cohomology there must exist g € S,
and p € k such that

D (Z fi@) = g(@1%1 + w2®2 + 13%3) + p (w2(2y — 1) T2 — v3(5 — 7)23) . (10)

Let us write f; = fi121 + fi2x2 + fisxs with f;; € k for i,j € [3]. Up to the addition of
coboundary that is a scalar multiple of dO(E) = 121 + 2222 + 23283 we may suppose that f;, = 0.
In #; we have D(f1) = g1, or, in other words,

fro(@hth — mah) + frs(@f™ — w1ah) = ga.

r+1
2

The components in 5" and in x§+1 of this equality read fi 2 =0 and f; 3 = 0: this implies that

g =0, and of course that f; = 0. Next, equation (10) in &5 yields the equality in S,
D(f2) + fa(at — (r + D)ag) = p(wa(xh — 7).

and x5 we have fo; = 0 and fo 3 = 0, and what remains is —7rfa oz "

r+1
In ]

b= p(wa(ah —
27). Tt follows that g = 0 and therefore fo = 0; analogously, f3 = 0. We conclude that

ker V1D|H1(S,U)[) =0 when r > 2.

Let us now suppose that 7 = 1 and compute the kernel of the restriction of V1, to H(S,U)o.
Let then f1, fa, f3 € S and A1, A2, A3 be such that Vi, ([ fi#; + A\ini]) is zero in cohomology.
Since

So @ (21,82, 23)
S1(z1& + xole + x383) + k(zo(xa — 1) B2 + x3(x3 — 1) 23)
S1{n1,m25m3)
k(z1m + 22m2 + 2373)

Hl(Sa U)l =

® (nf,m3,m3)
there exist p1, p2 € k and g € Sy such that
Dg (Z f,.fl + Aﬂh‘) = g(l‘lf + T9Z9 + $3.f33) + /.LQ(JZQ(Z‘Q — J,‘1).f2 + .133(1‘3 — 371).%3)

+ p1(xim + zama + x373)
(11)
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We know from Proposition 5.2 that modulo S D§ (m) = (x3+ 22 — 1) + T2m2 + 2373, D% (n2) =
(—x2 + x3)12 and D%(ng) = (z2 — x3)n3 and since D%(Z S%;) C S the equality (11) implies that
M(zg + 22 —z1)n1 + (Mx2 + Ao(—z2 + x3)) 12 + (M3 + Ag(z2 — x3)) 13
= (w1 + T2m2 + T373)
This is an equality in @le S1m;. In Sins we have Azxo + (A1 — A3)zs = pizs, so A3 = 0 and
A1 = p1. In Symp an analogous argument shows that Ay = 0 and A\; = pp again, and finally in
S1m we have

)\1(373 + 20 — $1) = M.

It follows that Ay = p; = 0. Consider now what is left of (11): it is precisely (10) replacing r by
1. The same argument, therefore, allows us to see that ker V}D|H1(S,U)O =0 when r = 1.

We conclude that H3(L, H°(S,L)) C ker (V}, : HY(S,U)o — H*(S,U)1) = 0, from which
HY(L,H'(S, L)) = 0 independently of r > 1. O

Corollary 5.4. Let r > 1 and A, = A(C, 1 63). If (S,L) is its associated Lie—Rinehart algebra
and U its enveloping algebra then HH'(U) = HL(L, S). In particular, the dimension of HH'(U)
is 3r + 3, the number of hyperplanes of A,..

Proof. Thanks to Theorem 1.27 HH'(U) = HL(L, H°(S,U)) ® H2(L, H*(S,U)); Proposition 3.3
tells us that H°(S,U) = S and Proposition 5.3 above that the second summand is zero. (]

Let f € S; be a linear form whose kernel is one of the hyperplanes in As. It is a direct
verification that there is a unique derivation 0y : U — U such that

9r(g) =0 if g € S;
0r(0)=06(f)/f if 6 € Der A,.
Fix as well k = C and factorize the defining polynomial Q(A,) = z1x223 HISKJSS(JU; — ) as
r—1
Q(A,) = z1x023 H(xg — X V(w3 — P xy) (23 — €2 T ay) (12)
j=0
Corollary 5.5. The Lie algebra of outer derivations of Diff A, together with the commutator is
an abelian Lie algebra of dimension 3r + 3 generated by the classes of the derivations 0y with f
in a linear factor of (12).

Proof. We claim that the classes of 0y, with f one of the linear factors in (12), are linearly
independent in OutDer(U). Indeed, let u € U and Ay € k be such that

Z Af0f(v) = [u,v] for every v € U. (13)

Evaluating (13) on each v = g € S we obtain that the left side vanishes and therefore u € H(S,U),
which is equal to S in view of Proposition 3.3. Write u = ijo u; with u; € S;. Evaluating
now (13) on E we obtain that 3 ., Ay = — > .5 ju;. In each homogeneous component S; with
J # 0 we have ju; = 0 and therefore u € Sy =k and, when j =0, Ef Ar=0.

Evaluating the left hand side of (13) on C gives > A9¢(C). Now, if 0¢(C) = C(f)/f =
95(f)C(x3)/f is nonzero then J5(f) # 0 and thus f is a factor of C(z3): let us, then, factor
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C(x3) by @3 and f;; = x5 — e2mi/mg for l =1,2 and j € [0, — 1], and in this way reformulate
the evaluation of (13) at C' as the nullity of

Zas C(x3)/f = Aay (x5 — 23) (25 — 27) ZZ)\JM”CB 5 — 5) (x5 — 1)/ fuy

feEA 1=1,2 j=0
Fix now [ € [2] and j € [0, — 1] and apply the morphism of algebras ¢; ; : S — k[z1, z2] that

sends z3 to e2kmi/T

iyt Y 03(f)C(xs)/f = Mg, ws(ah — ab)(af — 2T)/ fi.

feA

xp: since g5 (x5 — x7,)/fjv) = 0 whenever [ # I’ and j # j' we obtain that

As the expression at which we evaluated ¢; ; was zero, it follows that Ay, , = 0 and, immediately,
that also A\, = 0.

We observe that the indexes that survive in the sum Y A0 are z;, z2 and f; = z9 — 2™/ g

with j € [0,r — 1]; evaluating at D we obtain

> Ap07(D) = Mg, (25 — a7) +Z)\f xo(@y — 1)/ f;-

Reasoning as above we get that A\;, = Ay, = 0 for every j. Recalling now that Fea Ar =0 we
see that Ay, = 0 as well.

The classes of Jy with f a linear factor in (12) span OutDer U because the dimension of
OutDer U = HH'(U) is, thanks to Corollary 5.4, precisely |A|. The composition 909, : U — U
is evidently equal to zero for any f,g € A, as a straightforward calculation shows, and therefore
the Lie algebra structure in OutDer U vanishes. (]
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