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Abstract. It is proved recently that partially dissipative hyperbolic systems converge
globally-in-time to parabolic systems in a slow time scaling, when initial data are smooth
and sufficiently close to constant equilibrium states. Based on this result, we establish
error estimates between the smooth solutions of the hyperbolic systems of balance laws
and those of the parabolic limit systems in one space dimension. The proof of the error
estimates uses a stream function technique together with energy estimates. As applications

of the results, we give five examples arising from physical models.
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1. INTRODUCTION

Consider a system of balance laws of the form

d
Q)
oxU 0, F;(U) = — , 1.1
: +; F(U) = = (L1)
with initial condition
U0,z) =Us(z), =€R% (1.2)

Here U : R} x R? — S C R" is the unknown variable, ¢ € (0,1] is a small parameter

standing often for the relaxation time in physical models (see Section 5), t' > 0 is the usual
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time and x = (z1,--- ,24) € R? is the space variable. The vector @ : S — R" and the flux
function F; : S — R" are smooth for all 1 < j < d. The set S is called the state space.
We assume is symmetrizable hyperbolic, i.e., there exists a symmetric positive definite
matrix Ag(U), called symmetrizer, such that Ay(U)Fj(U) is symmetric for all 1 < j < d and
allU € S.

Usually, the source term Q(U) is of the form

where ¢ : S — R" is a smooth function, 1 <r < n. With the same partition, we denote

U —

U

], ueR"", veR,
v

as well as the initial data

Us(x) = [ué(m)] , ug(x) € R* wvg(x) € R

v (x

We also denote the flux function as F; =

fj], where f; : S — R"7" and g; : S — R" are
9j
both smooth functions. More generally, under the same partition, a vector V' € R™ and an

VI Mll M12
and M = , respectively.
VII M21 M22
A large number of physical models of the form (I.1)) can be found in [29, 20]. The local
existence of smooth solutions to ([1.1])-(1.2]) is well-known due to Lax [13] and Kato [11], see

also [I7]. Under sub-characteristic conditions [16], (1.1)) converges formally to a hyperbolic

n X n matrix M will be denoted by V =

system as ¢ — 0. We refer the reader to [16] 2, O] [1, B0, 24] and references therein for the
mathematical analysis and results.

It is well-known that, generally speaking, smooth solutions of the Cauchy problem —
exist only locally in time and singularities may appear in finite time. However, the

dissipative structure of the system may prevent the formation of the singularity and lead to

U’e
global smooth solutions in a neighborhood of an equilibrium state U, = € S for (1.1)),
Ve

i.e., q(U.) = 0. The global existence for — was proved by Hanouzet-Natalini in one
space dimension [6] and was extended by Yong [31] to the case of several space dimensions.
In the proof of these results, they need essentially two main conditions. The first one is a
partially dissipative condition and the second one is the Shizuta-Kawashima condition (SK)

(see [25]) at an equilibrium state.
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When the slow time ¢ = et’ is introduced and the following change of variables is made
1
u(tyx) =u(t' z), ov°(t,z) =—-v(t', x), (1.3)
€
[C1)-(2) becomes
d
1
u + — O, fi(u®,ev%) =0,
s+ Z fi(uf, evf)

j=1
d q(u®, ev®) (1.4)
e20p° + Z Oy, 9;(us, ev%) = _’T’ '
7=1
u®(0,2) = ui(x), v°(0,2)= UO(x).
\ 9

Under reasonable conditions on f; and g, system in converges formally to parabolic-
type equations as ¢ — 0 (see [19]). The justification of the local-in-time convergence was
proved in [2I]. See also [4] and [12] for a study close to semilinear case. Moreover, in a
neighborhood of an equilibrium state, the uniform global existence with respect to € and the
global-in-time convergence of the system were obtained in [22].

In the local-in-time convergence result, the convergence rate was well-known shown and
it depends on the local existence time [21I]. For large time, it was obtained by Junca-Rascle
[10] for damped Euler system with compactly supported initial data or in the isothermal
case, and by Goudon-Lin [5] for the so-called M1-model in the radiative transfer theory.
Both results hold in one space dimension. However, the convergence rate is a quite open
problem for large time for general systems. In this paper, we study this problem in one
space dimension based on the result in [22]. When the initial data are sufficiently close to
the equilibrium state, we establish the convergence rate for all time by means of energy

estimates. More precisely, for d = 1, (1.4) becomes

1
0tu5 + g@mf(ue, 8’05) = O,
g(u®, £v%)

e20u0° + 0,g(uf, ev®) = "

(1.5)

with initial condition
v5()

u?(0,2) = ug(x), v°(0,2) = (1.6)

We first recall results on the uniform global existence and the global-in-time convergence
of the system established in [22]. Let G. C S and €2, be open sets satisfying U, € G, and
Q. x {0} C G,. For the Cauchy problem (|1.5)-(1.6), the assumptions needed in [22] are as

follows.

u

(A1) For all U = € G,

v

q(u,v) =0 <= v=0.

(A2) The matrix 0,q(u,,0) is invertible.
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(A3) For all u € Q., 0, f(u,0) =0.

(A4) For all u € Q., 9,A} (u,0) = 0.

(A5) There exists a constant ¢y > 0 such that

§I

eR", Vueq,,
51]

€7 Ao, 0)Q (u, 0)¢ = o€, V& = [

where | - | denotes the usual Euclidean norm and ”7” denotes the transpose of a vector or a
matrix.

(SK) The kernel of the Jacobian Q' (U.), Ker(Q'(U.)), contains no eigenvector of the matrix

f]

g

Remark 1.1.

(i) (A1) means that the equilibrium state is of the form (u.,0), i.e., v, = 0.

F'(U.), where F =

(1) (A2)-(A3) are necessary to derive the limit system as second-order partial differential
equations (see [19, 22]). If we denote A(u,v) = F'(u,v), (A8) means that A*(u,0) = 0.
(11i) (A4) is a technical assumption, which is satisfied when the system is semilinear or
n —r = 1. The latter is the case for gas dynamics equations.

() (SK) is a dissipative condition, which implies a time dissipative estimate of VU.

Remark 1.2. (A5) is the partially dissipative condition, which implies a time dissipation
estimate of v. Under this condition, it is proved in [30] (see also Proposition 2.1 in [22])

that there is a neighbourhood €2y C € of ue, such that
A (u,0) =0, YueQ.

It follows that, for all u € €y,

All(u,0) 0 ] _ [0 0 ] _

A ’ =
0(“7 O)Q <u7 0) 0 A32<u, O) 0 a@‘](ua O)

0 0
0 A2(u,0)0,q(u,0)]
Thus (A5) shows that A2*(u,0)d,q(u,0) is a positive definite matrixz in 0 and

(€M) AT (1, 0)0,q(u, 0)E > col¢™ P, VEM eRT, Vue Q. (1.7)

Under these assumptions, in a neighbourhood of the equilibrium state, the uniform global
existence of solutions to (1.5))-(1.6)) was proved. The solution (uf,v®) satisfies the following
estimate

t
lu (t) = el + €[l (I3 +/ (o (OII7 + 10su (7)1 dr
0

< O(llug — uelli + llvillz), ¥t =0, (1.8)
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where || - ||, denotes the usual norm of the Sobolev space H* < H*(R) with integer k > 2

and C' > 0 is a generic constant independent of ¢ and ¢ > 0. Moreover, let @i, € H*. If
ug — 1y, weakly in H”,
then
u® — 4, weakly-* in L=(R"; H"),
v — 0, weakly in L*(R"; H"),
where 4 —u, € L>®(R*; H¥) and 4 is the unique solution to the Cauchy problem for a system

of second-order partial differential equations
0u — 9,40, f (1, 0)[0,¢(a, 0)] " 0.g(a, 0)} = 0,

(1.9)
u(0, x) = (),
and
v = —[0,q(1,0)] " 9,g(w,0). (1.10)
In addition, the system in is parabolic (see [22] and Lemma [3.1| below). It follows that

the following estimate holds for # :
|a(t) = uelli + [10:a(t) ;-2 + /Ot 18, a(r)|i dr < Clldg — uellz, ¥t >0, (1.11)
provided that ||ag — w.l|x is sufficiently small. This together with yields
151 + /Ot (oD + 19:0(7)IF—s) dr < Cllig — wuellz, ¥t > 0. (1.12)

Estimates and — are useful in Sections 3 and 4 for the proof of the conver-
gence rate. We point out that the above results are also valid in several space dimensions.
Moreover, from ([1.10) and the initial condition of v° in , in general there are initial
layers on variable v in the limit process from — to —.

The aim of the present paper is to establish error estimates for u* — «# and v®* — v. For
this purpose, we introduce an additional condition which links functions f and ¢ (see (H)
in Section 2). The main technique in the proof is the use of a stream function derived
from the first conservation equations in and . This technique is efficient for the
one-dimensional system of conservation laws. It has been successfully used in 10} 5] where
error estimates for the density were proved in L?(R* x R). The particularity of the results in
[10, 5] is that, for the non compactly supported initial data, their limit systems are linear (see
examples given in the last section). Our limit system in may not be linear. Moreover,
for the initial data in H* our error estimates are showed in L2(R*; H*) N L>(R*; H*1) for
u and in L*(RT; H*"2) for v. The estimates are uniform for all € € (0, 1], contrarily to the

local convergence case where € should be small [21].
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The paper is organized as follows. In the next section, we state the main results of this
paper. Sections 3 and 4 are devoted to the proof of the main results by energy estimates.

In the last section, we give examples of systems which are included in [10, [5].

2. MAIN RESULTS

From (A3), we see that f(u,0) is constant. It follows that
O f (u,v) = 0; [ f(u,v) — f(u,0)].

Hence, we may suppose f(u,0) = 0 (otherwise, we replace f(u,v) by f(u,v) — f(u,0)).
Together with (A1), there are smooth matrix functions f;(u,v) of order (n —r) x r and

¢1(u,v) of order r x r such that

(2.1)

with
fi(u,0) = 0, f(u,0),
¢1(u,0) = 0yq(u, 0).
By (2.1)), (1.5)-(1.6) can be written as
Oyt + 0, (f1(us, ev®)v®) = 0,

e20,0° + 0,g(uf, ev°) = —qy (u®, ev®)ve, (2.3)
v5()
p

u?(0,2) = ui(z), v°(0,z) =
It is easy to see that the formal limit of (2.3)) as € — 0 is given by
oy + 0, (f1(w,0)v) = 0,
u(0,x) = tp(x).

By (A2), ¢1(u,0) is invertible when @ — u, is sufficiently small. Then we obtain ([1.9)-(1.10).
In the study of the convergence rate, we need an additional assumption.

(H) There exists a constant matrix D, of order (n — ) X r, such that
fi(u,v) = Dg1(u,v), V(u,v) € G.
Under this condition, by (2.2)), the limit equation in ([1.9)) for @ becomes
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It is clear that condition (H) implies that f(u,v) = Dgq(u,v). Since f(u,0) = 0 and ¢(u,0) =

0, from the Taylor formula, we have

1 1
fl(u,v):/o Oy f (u, sv) ds, ql(u,v):/o Ouq(u, sv) ds.

Therefore, the condition in (H) is equivalent to

1 1
/ Oy f(u,sv)ds = D/ Ovq(u, sv)ds.
0 0
The main results of this paper are stated as folows.

Theorem 2.1. (Convergence rate for u®) Let (A1)-(A5), (SK) and (H) hold. Let k > 2
be an integer, (u®,v°) be the unique solution to (1.5)-(1.6)) and u be the unique solution to
(1.9) with initial data @y being the weak limit of u§ in H*. We define

65(a) = [ (uilo) = walw)
There exist positive constants 6, C7 and Csy, independent of €, such that if
[Jug — wells + [[v5lle <6, (2.6)
and
[¢5llx < Cre®, (2.7)

then for all € € (0,1], we have the following estimate
+00
sup [[u(t) — a(t)|[i-, +/ lu(t) — a(t)xdt < Coe™, (2.8)
teR+ 0

where a > 0 is a constant independent of ¢ and oy = min(1, «).

Theorem 2.2. (Convergence rate for v°) Let the assumptions of Theorem hold and v be
given by (1.10). We further assume

[W5llk-2 < C1e”, (2.9)

with B > 0 being a constant independent of €. Then for all € € (0,1], we have the following

estimate

+oo
sup €2[[v*(t) — 0(t) ;2 +/0 [0°(t) — o(t)[[7_p dt < Coe™. (2.10)

teRT

where v = min(1, «, f3).
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3. PROOF OF THEOREM [2.1]

In what follows, C' > 0 is a generic constant independent of ¢ and any time. We assume
that the conditions in Theorem hold. Then k£ > 2 is an integer. We denote by | - ||
the usual norm of L2 % L?*(R). In the proof of Theorems , we use the fact that the
embedding from H'(R) to L>(R) is continuous for all integer [ > 1.

We start with a preliminary result, which is proved in Lemma 2.2 in [22].

Lemma 3.1. Let (A1)-(A3) and (SK) hold. There is a neighbourhood 2o C 4 of u., such
that (L1.9)) is parabolic in the sense that

0o f (1, 0)[Dug(u, 0)] 7 Dug(u, 0)
18 a positive definite matriz for all u € Qq, namely, there exists a constant ¢; > 0 such that
1" 0, f (u,0)[0uq(u,0)] ' 0ug(u, 0)n > cilnl*, ¥n€R™", Vue .
We remark that under condition (H), the above inequality is equivalent to
0" DOug(u,0)n > ci|n?, ¥n €R™", Yue€ Q. (3.1)
Subtracting from the first equation in (2.3), we have
Oy(u® — ) + 0, [f1(u®, ev®)v® + DO,g(w,0)] = 0.
Then there exists a stream function ¢° satisfying
O = — [fl(us,svs)vs + DO,g(a, O)],
0.¢° = u® — u,
50,00 = [ (03 - w0(w)
For all integer [ with 0 <[ < k, we introduce
(') = (O, 0p0%),  (@,0') = (95, 0,0), ¢ = 0,0
Then
opl = -0 [f1 (us, ev®)v® + DOg(u, 0)],
0, = ul — !, (3.2)
¢'(0,z) = 0;¢°(0, z).
Lemma 3.2. For all T > 0, we have

T
16" (T) 1> + /0 (u' — ', DO [g(u", ev%) — g(u,0)])dt < Ce, VO <I<E, (3.3)

where oy is defined in Theorem [2.1] and (-,-) stands for the inner product in L*(R).
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Proof. Since § > 0 is sufficiently small, together with implies that (u®, ev®) € G,
and (u® — e, £v°) is uniformly small with respect to € in L>°(R* x R). In addition, the weak
convergence of u§ to @y in H* implies that ||dg — uellr < é. By (L.11), we have @ € Q5 and
u — u, is sufficiently small.

Let 0 <1 < k. Applying &' to the second equation in (2.3)), we have
g0’ + O g(uf, ev”) = =L [qr (v, £v°)0°].

Taking the inner product of this equality with DT¢' in L*(R) and integrating over [0, T, we
get

T
0 = / (qbl, 2Dopt + D(?i“g(ua, ev) + 8i(Dq1(u5, ev®)v®))dt
0
= h+ DL+ (3.4)

with the natural correspondence of Iy, I, and I3, which are treated term by term as follows.

First, since D is a constant matrix,

T
L = 52/ (¢!, Do dt
0
T d T
= 52/ —<¢Z,Dvl>dt—s2/ (0,¢', Dv'dt.
o dt 0
For all £ € (0,1], we use (L.8)), (L.11)), and to obtain
Td
2 [ Dt = D), DI - (6'0). D)
0

IN

S @IP+ {16 O +Ce

1
< ZIGmIP + o
and
T T
g / (8t¢l,Dvl>dt‘ < 62/ [(OL(f1(u®, ev°)v° + Dd,g(u,0)), Dv')|dt
0 0
< Cet
These estimates imply that
1
L] < Slle' (D)7 + O (3.5)

Similarly,

T
I = / (&), DA (o, ev7))dt
0
T
_— / (0,8, DAL g (e, e0%)) dt
0

T
= —/ (u' —a', DAL g(uf, ev®))dt. (3.6)
0
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For I3, we use again (3.2)) to obtain
T
o= [ (ol e )
0
T
= - / (¢!, 00" + DO g(u, 0))dt
0

= IO - e+ [~ Dot 0. (3.7
Thus, since —Iy — I3 = I, combining — and using and , we get . U

Lemma 3.3. (L?-estimate) It holds
/+OO |us(t) — a(t)||* dt < Ce®. (3.8)

0
Proof. With [ =0, gives
/T(uE — a1, D(g(uf, ev®) — g(u,0)))dt < Ce™. (3.9)
0

We use the Taylor formula to obtain

g(u®,ev®) — g(u,0) = /0 [0u9(U=(s)) (v — 1) + 8vg(U5(s))(5v€)]ds, (3.10)

where

U(s) = (a+ s(u® — a),esv).
From and (1.11]), it is easy to show that U (s) — U, is sufficiently small in L>(R* x R),
uniformly with respect to € € (0,1] and s € [0, 1]. Therefore, noticing (3.1)), the continuity

of 0,g implies that there is a constant co > 0 independent of € such that
T 1 B T
/ / (u® —u, DOLg(U(s))(u — u))dsdt > 202/ lus (t) — u(t)||*dt. (3.11)
o Jo 0
Moreover, by the Young inequality,
T 1 B T
/ / (uf — @, DO,g(T(s)) (=07 )dsdt > —cs / 6 (t) — a(t)|2dt — C=2.
o Jo 0
It follows from (3.10) that
T T
|t~ a Dgtat e0%) — gl 00t = e [ (0) - ate) Pt - 2
0 0
which implies (3.8]) from (3.9) by letting T — +o0. O

The proof of Theorem [2.1] follows from the following estimate.
Lemma 3.4. (Higher order estimates) It holds

+0o0
sup [l (t) — @) + / s (t) — a(e) |2 de < Ce>, (3.12)

teR+t



Applicable Analysis, 100 (2021), no. 5, 1079-1095 11

Proof. For all integer [ with 1 <[ < k, we need to control the integral in (3.3). From (3.10))

we obtain
8L [g(u, ev°) — / Dug(T()) (! — @)ds
%A 0L (Dug(0% () (0" — 7)) — Dug(U%()) (! — )] ds
v [ dlo@ e s

Similarly to (3.11f), we have

/0 /O (il — i, DO, g(T()) (! — @))dsdt > 2, / Il (t) — (1) | 2dt.

0

By the Moser-type inequalities, we also have

< Ofju® — |-y,

/0 [04(0ug(UF(s))(w° = @))) — Bug(U%(s))(u' — )] ds

< Cel|v®||;.

| o))

Hence, by the Young inequality, these estimates imply that

/0 (ul — ﬂl, D@i(g(ue, ev®) — g(u,0)))dt
> %{£\w<> al(t)[2dt — /‘wu>—-<nmwaw—a%wm%+ewwwmwt
> @A|mu (t)]2dt — c/\m ()] dt — Ce>. (3.13)

It follows from - that
T T
|t = dwra <o [ - e ce
By Lemma and an induction argument on [, we obtain
/T il () — () |2dt < O, W0 <1<k
0
Adding these inequalities for all 0 < [ < k and letting 7" — 400 yields
/0 ) — )] 2de < o2,

Therefore, implies that

/T<u —a', DO (g(uf,ev°) — g(@,0)))dt > —Ce*™,

0

Combining the two inequalities above together with (3.3)) yields (3.12]). O
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4. PROOF OF THEOREM [2.2]

In this section, we prove the convergence rate of v°. Let the assumptions in Theorem

hold. For convenience, we introduce

From and (2.4), we have
20° + q1 (1, 0)v° = —0,g(us, ev®) — [qu(uf, ev®) — qi (@, 0)]v°,
20,0 + q1(,0)0 = —0,9(w,0) + £°0,0.
Therefore, w® satisfies
20w + qi(u, 0)uw® = R7, (4.1)
where, by noting v* = w® + v,
R =R — g (v, e0%) — qu(a, 0)Jw",
with
— RS = 0,[g(u, ev®) — g(1, 0)] + [q1(uf, ev®) — q1 (1, 0)]v + £20,0.

Recall that Ay(w,0) is a symmetric positive definite matrix and A}?(@,0) = 0. Hence,
AZ%(u,0) is also a symmetric positive definite matrix. It follows that there is a constant

c3 > 0 such that
csl|w||* < (A% (u,0)w, w) < C|lw|?, YweR". (4.2)

Similarly, (1.7]) implies that
(A% (1w, 0)q: (4, 0)w, w) > coljw|?, Yw € R, (4.3)
Lemma 4.1. For all T > 0, the solution w® of (4.1 satisfies
T
s (D) + 200 [ e (e) P
0
T
< / (2(AF(, 0)R*, w) + *(0, AP (@, 0)w®, we))dt + Ce*||w (0)||>. (4.4)
0

Proof. Taking the inner product of (4.1)) with A%*(u,0)w® in L*(R), since AZ*(w,0) is

symmetric, we have

d — € £ — — 1> g
82E<A§2(u,0)w , Wy + 2<A32(u,0)q1(u,0)w , W)

= 2(AZ(u,0) R, w) + (0, A% (1, 0)w®, we).

Integrating this equality over [0, 7] and using (4.2))-(4.3]), we obtain (4.4)). O
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Lemma 4.2. (L*-estimate) It holds

—+00
e? sup [[v*(t) — o(t)]|” +/ [v°(t) — o(t)[|*dt < Ce™,
0

teR+

where v > 0 is defined in Theorem [2.3,

13

(4.5)

Proof. We want to apply Lemma 4.1 by estimating the terms on the right-hand side of

(4.4). From (1.11)) and the weak convergence of u§ to @ in H*, we have obviously
10 AG? (@, 0) || oo e+ <y < Cllio — uel| < C4,
where 6 > 0 is defined in (2.6)). It follows that, for all £ € (0,1],
e2(0, A% (u, 0)w®, w) < C§|lw®|>.
For the first term on the right-hand side of , we use to obtain
10:[9(u", ev%) — g(@, 0)]|] < C([lu® — @l +el|v]1).
Similarly, by , we have
a1 (w®, ev°) = 1(@, 0)]7 + 20,0]| < C(|lu® — al| + eljv°|| + £*[|9,])).
Therefore, by the definition of Rj,
175 < C(llu® = ally + ello?|ls + e[| 0:0]]).

On the other hand, we also have

g1 (u®, €0°) — qu (@, 0) || oo e xmy < O ([[0° = @l poo (e xmy + V7 || oo e xm) ) -

By (1.§), and
U — U =u" — U — (U — Ue),
we see that
|u® — G| oo (mt xR) + €]|V° || Loo (it xr) < C6.
It follows that
2[| A5 (@, 0) (g1 (u®, £v%) — a1 (@, 0))w| < Cd[w].
Hence,
2| AT (@, 0) 7| < Colwe|| + C(Jlu —ally + el|v|1 + *| 0l
Applying the Young inequality together with yields

(4.6)

2(A7 (1, 0) RF, wf) + (0, AT (1, 0)w", wf) < col|w?||* + C(Jlu” — al]* + o[} + %[ 0,]),

provided that 0 is sufficiently small. By Lemma [£.1 and Theorem [2.1], this implies that

T
e2||ws(T)|)? —i—/ lwe (t)]|2dt < Ce** + Ce?||lw(0)|*>, VT >0.
0
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Finally, noting ([2.9) and

ew®(0) = vy — €7y,
we obtain (4.5)), since T' > 0 is arbitrary. O

When k£ = 2, Lemma implies the result in Theorem [2.2] For k > 3, the proof of
Theorem [2.2] is completed by the following estimate.

Lemma 4.3. (Higher order estimates) For k > 3, it holds

+oo
e® sup [[v*(£) = o(1) [ +/ [oF () = D() [t < C™. (4.7)
0

teR+

Proof. Let [ be an integer with 1 <1 < k — 2. Applying &' to yields
20,0 w + q1(,0)0Lw® = 0L R* + J7, (4.8)
where
O,R° = R — 9 [(qr (v, e0%) — @1 (@, 0))wr],
J = q(a,0)0 w® — dL]q(a, 0)we].

We want to apply Lemma 4.1 to (4.8)) by replacing w® by dLw® and R® by 0L R° + JF in (4.1]).
By the definition of R, we have, as in the proof of Lemma [.2]

10, RS 1l < C(Jlu® = allx-1 + el o[lx-1 + 10,0 5—2).

Now

=0, [(qu(u", e0%) — qu (@, 0))w]

= —(q(u,ev%) — (@, 0)) P

+ (@1 (v, e0%) — 1(@,0))Pw® — 9y (a1 (w, £0%) — qu (@, 0))wr].

Similarly to the proof in Lemma [4.2] by the regularity of @, we have
(g1 (u®, ev°) = @1 (@, 0))Owe|| < C6|Fpw].
By the Moser-type inequalities, it is clear that
(g1 (u®, ev%) = a1 (@, 0)) O — O [(qr (u®, v°) — a (@, 0))w]|| < Cllw i,
171 < Cllw[fi-1-
Hence,
2| AT (@, 0)(0, R + D) < C(llu” = alli—1 + ellv®fle—1 + 2[00 1—2)
+ CO|0Lw® || 4 C|ws|;-1.
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It follows from the Young inequality that
2(AT (@, 0) (0B + J7). ut)| < C(llw = allfy + [l iy +€*|illi—)
+ C8|0,we|* + Cllwe|[Es.
By , we also have
£2(0,A% (1, 0)0 w®, 0Lw®) < C§||OLws]?.
Applying Lemma to (4.8)), we have

T
x|t (DI + o [ (o) P
0

T
< C/O (lu® = alli—y +ello*l[i-y + 21007z + llwl7-1) dt + Ce*[w(0) ][},

provided that ¢ is sufficiently small. This together with the result in Theorem yields
€2||5iw€(T)||2+/T 105w (1) ]|dt < C/T lw |7y dt+Ce?||w(0) [F_p+Ce™™, V1 <1< k-2.

0 0
By Lemma |4.2| and an induction argument on [, we obtain

Aot + [ ol < 02 ) + 02,

0

which is true for all 0 < 1 < k—2. Since T is arbitrary, (4.7)) follows from the above inequality
together with (2.9)). d

5. EXAMPLES

In this section, we give five examples of systems which fulfill all conditions (A1)-(A5),
(SK) and (H). Then Theorems can be applied. In these examples, ¢ > 0 is the slow
time and the systems are expressed after scaling . For the convergence rate, Example
5.3 with compactly supported initial data or in the isothermal case and Example [5.5] were

studied in [10] and [5], respectively.

Example 5.1. (Wave equation of heat conduction) This concerns a linear equation which

is written as (see [8, 21] and references therein)

gzaftw — O+ 0w =0, t>0, z€R.
Let us introduce
u® = d,w, v°=—0w,

then the equation becomes

oyuf + 0,v° =0,
(5.1)
e20,0° + Opuf = —0v°,
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which is of the form (1.5)) with
flu,v) =q(u,v) =v, glu,v)=u, D=1
Its corresponding parabolic limit equation is
Ot — Oyt = 0, (5.2)

which is a classical heat equation. It is easily checked that conditions (A1)-(A5), (SK) and
(H) are satisfied. Then Theorems can be applied.
Example 5.2. (A generalized discrete two-velocity model) The model is written as (see for
instance [27, 23, 15, 22] ) :

eoif +0uf = (f+9)"(9 - 1),

g —Oug=c"'(f+9)"(f—g), t>0 z€R,

where v 1s a real number and f + g > 0. We show that this system fulfills all conditions in
Theorem [2.1) for v = —1. To see this, we introduce

3 3 1
w= g == g)

The equivalent system for v = —1 is
O + ax(”—) —0,
uS
(5.3)
1 £\ 2 20°
200 + —8x((u5)2 + 52<U—> > —— ,
2 us Uus
which is of the form ((1.5)) with
1 1 2 1
flu0) = Satwo) = =, gluv) = (@ +e2()), D=3,
The corresponding limit equation is
1
Ol = 7 Ore (a®) =0, (5.4)

which is a nonlinear parabolic equation for u > 0. It is easily checked that conditions (A1)-
(A5), (SK) and (H) are satisfied. Then Theorems can be applied.

Example 5.3. (Euler equations with damping) The equations in one space variable are of
the form (see [18, 26, [3] [14], 22])

Oip + O, (pw) = 0,
tP (pw) (5.5)

2(0(pw) + 0x(pw?)) + 0up(p) = —puw.
Here € > 0 is the relaxation time, p > 0 is the density, w is the velocity and p(p) is the
pressure function satisfying

p(p) >0, Vp>D0. (5.6)
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System ((5.5)) is of the form (1.5) with
2
u=p, v=pw, f(u,v)=qu,v)=uv, glu,v)= % +p(u), D=1.

Its corresponding limit equation is

Oyp — Owap(p) =0, (5.7)

which is in general a nonlinear parabolic equation under condition (5.6)). It is easily checked
that conditions (A1)-(A5), (SK) and (H) are satisfied. Then Theorems can be
applied. For weak solutions, an error estimate for p in L*(RT x R) was obtained in [10]

when the initial data are of compact support or in the isothermal case, i.e., p(p) = p, which

implies that (5.7)) is a linear heat equation.

Example 5.4. (The Euler equations with damping in Lagrangian coordinates) In this exam-
ple (see [1,22]), let dy = pdx — pvdt. Then the Lagrangian coordinates (t,y) are well defined
for p > 0 and the Euler equations (5.3)) are equivalent to (see [28])

o — Oyv =0,
(5.8)
20w+ 9,p(1) = —v, t>0, yeR,
where
T=1/p, p(1)=p(1/7).
System is still of the form with
u=r, f(u,v)=—q(u,v)=—-v, g(u,v)=p(u), D=-1.
Condition is equivalent to
p(r) <0, V7>0. (5.9)
The corresponding limit equation is
O T + 0yyp(1/7) = 0, (5.10)

which is a nonlinear parabolic equation under condition (5.9)). It is easily checked that con-

ditions (A1)-(A5), (SK) and (H) are satisfied. Then Theorems can be applied. We
remark that (5.10]) is a nonlinear equation even if p is a linear function.

Example 5.5. (The M1 model) This model in one space variable is written as

Oip + O (pw) = 0,
74 (pw) (5.11)

e20y(pw) + 0, (pB(ew)) = —pw,
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where p > 0 is the density, w is the velocity and B(w) is defined by

B(w) = % + HQ—IAU(U)), A(w) = V4 — 3w?.

This system is of the form (L.5)) with

u=p, v=pw, f(u,v)=qu,v)=v, gu,v)=uB/u), D=1.

Its corresponding limit equation is

1

which is a linear heat equation. It is easily checked that conditions (A1)-(A5), (SK) and
(H) are satisfied. Then Theorems can be applied. Remark that for smooth solutions

an error estimate for p in L*(RT x R) was obtained in [5].
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