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Abstract. It was proved that Euler-Maxwell systems converge globally-in-time to drift-
diffusion systems in a slow time scaling, as the relaxation time goes to zero. The conver-
gence was established to the Cauchy problem with smooth periodic initial data sufficiently
close to constant equilibrium states. In this paper, we establish error estimates between
smooth periodic solutions of Euler-Maxwell systems and those of drift-diffusion systems.
Similar error estimates are also obtained for Euler-Poisson systems in place of Euler-
Maxwell systems. The proof of these results uses stream function techniques together

with energy estimates.

Résumé. Il a été prouvé que des systemes d’Euler-Maxwell convergent globalement en
temps vers des systemes de dérive-diffusion dans une échelle de temps lent, lorsque le
temps de relaxation tend vers zéro. La convergence a éte établie au probleme de Cauchy
avec données initiales régulieres périodiques suffisamment proches d’états d’équilibres con-
stants. Dans cet article, nous établissons des estimations d’erreur entre les solutions
régulieres périodiques des systemes d’Euler-Maxwell et celles des systemes de dérive-
diffusion. Des estimations d’erreur similaires sont aussi obtenues pour des systemes
d’Euler-Poisson au lieu des systemes d’Euler-Maxwell. Nous utilisons des techniques de

fonctions de courant et des estimations d’energies pour la démonstration de ces résultats.

Keywords: Convergence rate, Euler-Maxwell system, Euler-Poisson system, drift-diffusion

system, stream function
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1. INTRODUCTION

In this paper, we consider the convergence rate problems in the zero-relaxation-time limits
for Euler-Maxwell and Euler-Poisson systems, which are both important fluid models in
plasma physics. We study these problems in the case of periodic solutions. We establish
the global error estimates between the smooth solutions of the Euler-Maxwell system and
those of the drift-diffusion system. Similar error estimates are also established for the Fuler-
Poisson system. In the proof, stream function techniques are used for both Euler-Maxwell
and Euler-Poisson systems.

We first study the global-in-time convergence rate problem for the three-dimensional one-
fluid Euler-Maxwell system for electrons. The Euler-Maxwell system describes the motions

of particles in plasmas, which can be written under the form (see [1I 2, [3])

(8t/p + div(pv) =0,
Oy (pv) +div(pv @ v) + VP(p) = —p(E 4+ v x B) — %, 1)
OyE -V xB=pv, divE=1-p, |
(wB+V xE=0, divB=0, t>0, x €T3,
with initial conditions
t'=0: (p,v,E,B)=(p5,v5, ES,B)(x), x¢&T? (1.2)

where T? is a torus in R3, x = (x1, 19, 13) € R? is the space variable, t' > 0 is the usual time
and ¢ € (0,1] is the relaxation time which means the average time required for the state
being relaxed to the equilibrium. Here p > 0 is the mass density, v is the velocity field, E is
the electric field and B is the magnetic field, which are all functions of (¢, z). The pressure

function P is supposed to be smooth and strictly increasing, namely
P'(p) >0, Vp>0. (1.3)
System admits an equilibrium state
(p,v, E,B) = (1,0,0, B.),

where B, € R? is an arbitrary constant vector.

There are a lot of physical models with relaxation time [22]. The zero relaxation time
limit is a well-known problem in asymptotic analysis and singular perturbation theories. We
refer to [14] [I8] and references therein for the study of this limit from first-order hyperbolic
systems to hyperbolic systems. However, if a slow time scaling is used, the limiting system

may become parabolic (see [10]).
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Here, the slow time is t = et’. if we introduce

t 1 t t t
f(ta)=p - “(t,x)=~v (- E(tx)=E (- B(t,z) =B -
p(7x> p(E:?x)? v (7:C) E:'U (6’:{;)’ (7'%.) (67'1.)7 (7'7:) (87'%.)7
then (1.1])-(1.2) becomes

Op® + div(pfv®) = 0,
e2(0y(p°v°) + div(pfv° @ v°)) + VP(p°) = —p°(E° + ev® x BF) — p°0F,

(1.4)
e E* —V x B =¢p®v®, divE® =1 — p7,
\e@tBE +V x Ef=0, divB®=0,
with initial conditions
P00 =@, 0.0 =0 g0 = BE, B9 =BE. 1)
in which the following compatibility conditions should hold:
divE; =1—pf, divBS =0. (1.6)

Formally, as ¢ — 0, if denoting the limits of (p°,v¢, E¢, B?) as (p, v, E/, B), one gets that
the formal limiting equations of are
(atp + div(pv) = 0,
v =—E—Vh(p),
VxB=0, divB=0,

ﬂwE:1—@ V x E=0,
where h is the enthalpy function satisfying
P'(p
p

Consequently, it follows from the third equation in (1.7) that B is a constant vector. And
since V x £ = 0, there exists a potential function ¢ satisfying £ = V. As a result, (1.7

yields the classical drift-diffusion model

Op — AP(p) — div(pVe) =0,

Ap=1—p, (1.8)
p(0,z) = po,

as well as
E=V¢, v=-V(h(p)+e). (1.9)

In order to ensure the uniqueness of ¢, we impose

def
mg(t) =
’]1‘3

o(t,x)dr =0, Yt>0.
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The study of the global-in-time error estimates between the smooth solutions to (|1.4)-
to those of the drift-diffusion model is based on the existence results of the
global smooth solutions to the Euler-Maxwell systems. The Euler-Maxwell system (|1.4)) is
symmetrizable hyperbolic for p > 0, then the problem - admits a local smooth
solution according to Lax [12] and Kato [9]. We point out that the Euler-Maxwell system
and the Euler-Poisson system are different due to the coupling terms and to the difference
between the Poisson equation and the Maxwell equations. In Chen-Jerome-Wang [3], a
global existence result of weak solutions in a one-dimensional Euler-Maxwell system with
extra relaxation terms was established by using the fractional step Godunov scheme together
with a compensated compactness argument. For smooth initial data, the global existence
of smooth solutions, which are sufficiently close to the equilibrium state, to — was
proved in [20), 4, 24]. For the relaxation limit problems, the local-in-time and the global-
in-time convergence of as € — 0 were obtained by Hajjej-Peng [6] and Wasiolek [21],
respectively. These results were established for smooth solutions in a torus or in the whole
space. In the local-in-time convergence result, the convergence rate was clearly shown and
it depends on the local existence time [20]. For large time, as we know, no result has been
reached so far.

Now we turn to the global error estimates for the Euler-Poisson system. The Euler-Poisson
system is also an important model that describes the motions of unmagnetized particles in
plasmas or semiconductors. The three-dimensional one-fluid Euler-Poisson system on a torus

T3 can be written as (see [2, [17])

Opp + div(pv) =0,
O (pv) + div(pv @ v) + VP(p) = —pVo — ==, (1.10)
Ap=1-p,
with initial conditions
t'=0: (p,v) = (p5(x)v5(x)), zeT (1.11)

Here p, v and P are defined in the same way as in (L.1)), ¢ is the scaled electric potential
satisfying

def

me(t) o(t,x)de =0, VYt>0. (1.12)

3

We define ¢, by :
Agy =1 pp-

The relaxation limit problem as ¢ — 0 for smooth solutions of has been widely

analyzed by many authors. See [10] 1], 25] for the local-in-time convergence and [19] for

the global-in-time convergence, respectively. The derivation of the limiting system is similar
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to that of the Euler-Maxwell system, see the details in Section 3. However, similarly to the
Euler-Maxwell system, so far there is no result on the global convergence rate for .
We mention that the global convergence rate was obtained in some other one-dimensional
models. See Junca-Rascle [§] for the isothermal Euler system with damping, Goudon-Lin
[5] for the so-called M1-model in the radiative transfer theory and Li-Peng-Zhao [13] for the
general hyperbolic systems of balance laws. For multi-dimensional models, no result has
been reached by now.

The aim of this paper is to establish error estimates for both the Euler-Maxwell and
Euler-Poisson systems. The main results are given in Theorem and Theorem for
Euler-Maxwell system and Euler-Poisson system, respectively. We employ stream function
techniques to provide an error estimate for p° — p in L?(R*; L?(T?)). This estimate is not
trivial since it cannot be derived from the classical energy estimates for the Euler-Maxwell

or Euler-Poisson system. For a conservative equation
Oz + divw = 0, (1.13)
we call ¢ a stream function associated to this equation if ¢ satisfies
O =w, divp = —2z. (1.14)

The existence of stream functions is clear. Indeed, define

t
olt.0) = o(0.) + [ wlrz)dr
0
with
divep(0,2) = —2(0,x).
Then it is easy to check that ¢ is a stream function.

In one space dimension, the stream function technique was successfully used for obtaining
convergence rates in [8, [5] [I3]. In this paper, we need to find an appropriate stream function
for the Euler-Maxwell system. By subtracting the mass equation of the limiting system (|1.7))
from that of the original system (|1.4)), we obtain the following conservative equation

O (p” — p) + div(p*v® — pv) = 0.
Hence, the stream function ¢ satisfies
Opp = p°v° — po,
divgp = —(p° — p).
A natural candidate of the stream function is the error of the electric field ¢ = E° — E, since

div(E® - E) = —(p" — p).
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However, since we lose the information of 9,F after taking the limit ¢ — 0, we can only get
the information of div(d,FE) directly from the limiting system, and as a result, d,p is not
equal to p*v® — pu, but takes the following form with some additional divergence free term
K

Owp = p*v° — pv + K.
Here this K may not be uniquely determined. Consequently, we can regard £ — E as the

stream function of the following modified conservative equation
O (p® — p) + div(p*v® — pv+ K) = 0. (1.15)

Similar situation occurs for the Euler-Poisson system. It is worth mentioning that the
right choice of K and the energy estimates for the terms containing K are one of the main
difficulties in the proof. This is very different from the classical stream function techniques
in one-dimensional case.

Given an integer k > 3, we want to establish the following error estimates.

(i) For the Euler-Maxwell system,
e for p and ev in L®(RT; H*2(T3)),
e for £ and B in L>®(RT; H*1(T?)),
e for p and E in L*(RT; H*1(T?)),
e for v and VB in L?(R*; H*2(T3)).
(ii) For the Euler-Poisson system,
e for p and ev in L>®°(RT; H*2(T?)),
o for V¢ in L®(R*; H*1(T3)),
e for p and V¢ in L*(RT; H*1(T?)),
o for v in L2(R*; H2(T3)).

It is worth mentioning that these estimates are uniform for all ¢ € (0, 1], contrarily to the
local convergence case where € should be small [6]. For simplicity, we denote by || - ||, || - ||o
and || - ||; the usual norms of L2 % L2(T%), L= % L=(T%) and H' ¢ H!(T?) for all integers
[ > 1, respectively. We will repeatedly use the continuous embedding H? — L°°.

This paper is organized as follows. Sections 2 is devoted to the convergence rates in the
zero-relaxation-time limit for the Euler-Maxwell system. In Section 3, similar estimates are

established for the Euler-Poisson system.

2. CONVERGENCE RATE FOR EULER-MAXWELL SYSTEMS

In what follows, we denote by k > 3 an integer and C' > 0 a generic constant independent

of € and any time.
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The study of the error estimates is based on the results on the uniform global existence

and the global-in-time convergence from ([1.4)-(1.5)) to (1.8)-(1.9) established in [21I]. These

results can be stated as follows. Let U, = (1,0,0, B,)" be an equilibrium state. We denote
Ua = (p€7€U€7E€7B€)T7 Ug - <p87U87E87B8)T7

where T denotes the transpose of a vector or a matrix. Then there exists a constant dy > 0,
which is independent of ¢, such that if |Us — U, || < do, then the periodic problem (|1.4))-(1.5))

admits a unique global solution U® satisfying

t

1U=(t) — Uellx +/0 (o (7) = 1l + [ (D)) dr < CIUG = Uell, vt > 0. (2.1)

Moreover, if (py — 1, Ey) € H* x H* and

(p5: E5, BS) = (po, Eo, Be),  weakly in H*,
then

(p°,E°,B°) — (p,E, B.), weakly-* in L(R*; H"),
v — 0, weakly in L*(R"; H"),

where (p, ¢) is the solution to the periodic problem of the classical drift-diffusion model ([T.8))

and (E,v) satisfy (1.9).
The result on the convergence rate for ([1.4)-(1.5) is stated as follows.

Theorem 2.1. Let k > 3 be an integer and (1.3) hold. Let (p°,v%, B, B%) and (p,v, E) be
the unique smooth solutions to (1.4)-(1.5) and (1.8)-(1.9), respectively. Denote Ey = E(0,-).

There exists a positive constant 0 > 0, independent of €, such that if
o6 = e + [lvGllk + 1G]k + 185 — Belle <6, (2.2)
and for any given positive constants p and Cy independent of € satisfying
[vGlle—2 + 1 E5 — Eolli-1 + 1B — Bells—1 < Cre”, (2.3)

then for all e € (0, 1], there exists a positive constant Cy independent of €, such that we have

the following estimate

Sup (7 (®) = p()l[5—2 + €*[[0°(t) = 0() 5o + 1E°(£) — E(®)llz—y + 1 B*(t) — Bellk—1)

+o0o
+ /0 (Io°(7) = ARy + 105(7) = () l—p + [125(7) = E(T)liy + IVB(7)lli—») d7

< 02521’1 7

where p; = min (p, 1).
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Remark 2.1. It is not necessary to impose an initial error condition on py — po. Indeed,
(2.3) together with (1.6[)-(1.7)) implies that

195 — Pollk—2 < Cie”.

2.1. Proof of Theorem Let (p°, v, E¢, B%) be the unique smooth solution to ([1.4))-
(1.5), and (p, v, E') be the unique solution to the drift-diffusion model (1.8)). For a multi-index
a = (a1, s, a3) € N3, we denote

olel

= aq %) s
0x{" 0x5* 0xs

aa

with |Ck‘ = o1 + oo + g3,
and
(Pa» Var Bay Ba) = (0%p°, 8°v%, 0* E°,0° B°),
(Peis Tay By Ba) = (8%p, 0°0,0°E, 0*B).

We first prove the following result.

Lemma 2.1. Assume ||po—1||x is sufficiently small. Then the solution (p,v, E) to (1.8))-(1.9)

satisfies

t
lp(t) — 11l + ; 1p(7) = Uipadr < Cllpo = 1llz, ¥t >0, (2.4)
t

1) I[5-1 + 100 ()75 +/0 () + 00()z-2)dr < Cllpo = 17, Yt >0. (2.5)

and
t
IE@)|§+ 10:E@); -, +/0 (B3 + 10:E()[Z) dr < Cllpo — 1|7, VE>0. (2.6)

Proof. Let n = p—1 and o € N? be a multi-index with || < k. From (1.8), for any ¢ > 0,

we have
O — div(P'(p)Vi) — div(pVe) =0,
Ad=—n, my(t)=0.

(2.7)

Applying 0 to the first equation in (2.7) and taking the inner product with 9%n in L?, it
holds

S SR+ ()0 (V)07 (V) + (0°(V9), V(o)
= (P(p)0r (Vi) — 0 (P(p)Vi), 0°(V0)) — (0 iV ), V(o)) (28)

where (-, -) is the inner product in L?. By the Poisson equation in ([2.7), we have
(0%(V9),V(0°R)) = [[0°7l|*.
Since P is strictly increasing and p is close to 1, there is a constant P; > 0 such that

(P/(0)0"(V),0%(V)) = o[l (Vn)||”
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Then applying the Poincaré inequality to the Poisson equation in yields
Vool < Cllo*nl. (2.9)
By the Moser-type inequalities [I5], we obtain
(P'(p)0*(Vn) — 0*(P'(p)Vn),0%(V)) — (9°(nVe), V(0*R)) < Cllallx|17llis.-
Thus, adding for all @ € N3 with |a| < k yields
1d

5 7l + 1205 + il vl <l

Since ||7]|x is sufficiently small, integrating the above inequality over [0, ¢] yields (2.4]).
As a consequence of (2.4)) together with (2.9)), we obtain

t
IE®)] +/0 IE(T)[[7sadr < Cllpo — 1z, ¥t > 0. (2.10)
On the other hand, for a multi-index 8 with |5] < k — 1, (1.9)) gives
1073l < Cllalljg- (2.11)
Applying 9,0° to both sides of the Poisson equation in leads to
AD,0° ¢ = divd® (pv).
It follows from and that
10.07E| < Cl19°(pv)|| < Cllaljg41- (2.12)
By , this implies that
0BG+ [ 1B < Clla =117, veo

Combining this inequality with (2.10)) yields (2.6]).
Similarly, (2.4) together with (2.11]) implies

15l + /Ot [o(T)|[zdr < Cllpo — LIz, VYt >0. (2.13)
For a multi-index v with |y| < k — 3, applying 0,0” to the equation for v in yields
0,070 = =" (W (p)Vpo,p + I (p)Voip + O,E).
Since 9;p = —div(pv), by and , we obtain
10:0™ 0] < Clvlljy142 + 10 L]}y,
which, together with , implies . O

From ([1.8)-(1.9)), we have
divo,Vo = —0,p = div(pv),
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which implies that there exists a function H such that

Vo —pv =V x H,

- (2.14)
divH = 0.
In order to make H uniquely determined, we add a restriction condition
mg(t)= [ H(t,z)de =0, Vt>0. (2.15)

’[[‘3

The estimate for H is as follows.

Lemma 2.2. The solution H to — satisfies
He L®RYHY  and 0,H € L*(RT; H* ).
Proof. Taking the rotation operator to both sides of the first equation in , we have
AH =V x (pv), Vt>0. (2.16)

which, by Lemma [2.1] implies VH € L*(R*; H*~!). Besides, by using (L.7) and (L.9), it is
easy to see that
0(7) = (047)5 + Pkt = —div(pD) + DT,

which implies that 9,(pv) € L*(R*; H*"2?). Taking the time derivative to both sides of the
equation ([2.16)), we obtain
Aatf_f =V x 3t(ﬁ?7)

For a multi-index 3 € N3 with || < k — 2, applying 9” to both sides of the above equation,

and making the inner product of the resulting equation with 9°9,H, we have

IVO°o,H|* < C|(8°0,H,V x 8,0°(pv)) |

IN

C|{(V x 0°0,H,8,0°(pv)) |
1 _
< §||V3531tH||2 +Cl10.0°(pv)|I?,

here we have used the Young’s inequality and the fact divd,{ = 0. This implies that
O,VH € L*(R*; H*2). Then applying the Poincaré inequality to H and 0,H ends the
proof. O

Now we have the following uniform estimate with respect to ¢.
Lemma 2.3. It holds
t
[ U@+ IVE@IE ) ar <Clvs v, vezo,  (2an)
0

where G* = B® — B,.
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Proof. Let t > 0 and
Ef = —200° — f°, (2.18)

in which
fe=2e(v" - V) + Vh(pF) +v° + e(v° x BF).
Since € € (0, 1], from ({2.1]), we obtain
t
[ Ul ar < s - v (219)
0
For a multi-index 8 € N? with |3] < k — 1, applying 9° to both sides of (2.18]), we obtain
Eﬁ = —628t1)g - 8Bf€.
Taking the inner product of the above equation with Ejs in L? yields
IEs|)> = = (E3,0° f7) — & (Drvs, Ep) ,
in which by the Young’s inequality,
€ 1 3
[(Es,0° )] < S EsII* + CllO7 £,

and by ([1.4)) and the Moser-type inequalities,

d
e® (O, Eg) = 52@ (vg, Eg) — €* (vg, 0, E3)
d
- 82% (vg, Eg) — £ (v5, V x Gg +£9°(p°°))
d g €
52@ (vg, Eg) — Cllv* ||z — vIIVGE |l _s,

where v > 0 is a sufficiently small constant to be determined later. Hence,

d e £ [
222 % (v, By) + | Esll* < CHIV Gy + ClIO° £ + Ol I}

Summing up all |3 < k — 1, integrating over [0,¢], and noticing (2.1)) and (2.19)), we have

t t
/0 IEEEdr < =22 S (us(T), Bo(T)) + CIUG — U2 + Cv / IV G ()2 ydr

|B]<k—1
t
< U TR+ oy/ IVGE(r)|12_dr. (2.20)
0
For a multi-index v € N3 with |y| < k — 2, applying 07 to the equation for 9, E¢ in ((1.4)),

we obtain

V x G, =cedE,—cd(p°v°),
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where G, = 97G¢. Taking inner product with V x G, in L?, and using the equations for F£*
and B¢ in (1.4]), the Cauchy-Schwarz inequality and the Moser-type inequalities, we have
d

IV x G,|* = y (eE,,V x G.) — (E,,eV x 0;B,) — (0" (p"v°),V x G,)
d 1
< B, VG~ (VX E0B) + LIV x G+ Ol
< LB VXG4V X B2+ 1V x G2 + C||2
— dt Y Y Y 2 Y k>

which implies
d
IV X Gy II* < 22 (2B, V x Gy) + 21V x B, 1P + Ol
Since divG® = 0, summing up all |y| < k — 2, integrating over [0, ] and using ({2.1)), we have

t t
/0 VG dr < 2 Y (eBy(T),V x Gy(T)) + C / |E*(r)2_ydr + CI|UE — U2

[v|<k—2
t
€ 2 € 2
< ¢ [ IE@IR dr + €05 - ULJE:
0
Substituting this inequality into (2.20]), we have
t
/ (B ()iey + IVGE(7) i) dr < CNU5 = Uell7,
0
provided that v is sufficiently small. This proves ([2.17]). O
For convenience, we denote
(N¢,w®, F¢,G°) = (p° — p,v° — v, E° — E, B° — B,),
and
(No, Wa, Fioy Go) = (0N, 0", 0%F*=, 0°G").
Subtracting the first equation in ([1.7]) from the mass equation in (|1.4)), we have
O;N* + div(p“v° — pv) = 0.
From (T4), (L8)-(L9) and [@14), we have
divF® = divE® — divE = —N°, (2.21)
and
_ 1 _
O F® =0 E° — O FE = (p°v° —pv) + -V x G°—V x H. (2.22)
€

According to the definition in the introduction (see (1.13)-(1.14)), F* is a stream function
of (1.15)) with the corresponding K = ¢!V x G —V x H.

Now we turn to the estimates for (N¢, w®, F*¢, G*).
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Lemma 2.4. It holds

sup ([[N*()[lz—2 + 1F° ()i + G (O)II7-1)
teR+
i 2 2 2 2
+/0 Nt + IE (D) llier + VG (T)[[7—2) dr < Ce™,
where py is defined in Theorem[2.1]

The proof of Lemma[2.4] follows from a series of lemmas that we give the details as follows.

Let T > 0. To begin, we subtract the equation for v in (1.9 from the second equation in

(1.4), leading to

2 (Oy(pv%) +div(p*® ®2%)) + VP(pf) = VP(p)

= —(p°E° = pE) — ep°(v° x B°) — (p™v° — pv).

For all @ € N? with |a| < k—1, applying * to the above equation, taking the inner product

with F, in L? and integrating over [0, T, we have
T T
0 = / e2 (F,,0%0,(p°v%)) dt + / (F,,0%(p°v° — po)) dt
0 0
T T
+ [ B0 VP - POt [ (Faon o F) at
0 0
T B T
—|—/ (Fo,0*(N°E)) dt + / (Fy,220% (div(p™v® ® v°)) 4+ e0%(p"v° x B))dt
0 0
def

== [1+[2+[3+[4+[5+[6, (223)

with the natural correspondence for Iy, I, I3 ,14, I5 and I, of which the estimates are given
by a series of lemmas as follows. In lemmas 2.8, the parameters p; and ¢ are defined in
Theorem 2.1, and x> 0 is a sufficiently small constant to be chosen in Lemma [2.9]

Lemma 2.5. (Estimate of I) For all |a] < k — 1, it holds
1 T
] < Ce™ + || Fu(T)]° +M/ IVGE(7) i _sdr. (2.24)
0

Proof. Recall that
T
I = / g2 (F,, 0°0,(p"v%)) dt.
0

Taking the integration by parts with respect to time, we have

T T
L = / %€2<Fa,8“(p5v5)>dt— / e? (0 Fa, 0%(p"v)) dt, (2.25)
0 0
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in which

g d (67 £, € 1 1 I3 1>
[ G2 Ee e na] < QRO+ HIROF + IR+ C gl

1
< I +Ce. (2.26)

By using (2.1)), (2.6)), (2.22)), the Cauchy-Schwarz inequality and the Moser-type inequalities,
the last term on the right hand side of ([2.25)) is estimated as

T
/ e2 (O, F,, 0% (p*v°)) dt‘
0

T T
< / e(V x Gy, 0%(p0v%)) dt’ + € / (0%(p*v®), 0%(p°v°)) dt
0 0
T —
+ 52/ <8tEa,8a(p€v€)>dt‘
0
T
< / e(V x Gy, 0%(p0v%)) dt’ + Ce?.
0

It remains to estimate the first term on the right-hand side of the above inequality. When

la] = 0, by (2.1)) and the Young’s inequality, we have

T T
/‘quGmﬂﬂﬁ'g %/HVXG%ﬂﬁh+C§
0 0

T
— [ IVEE@|Par + ce
0

where p > 0 is sufficiently small and to be determined later. For 1 < |a| < k — 1, by using

vector formulas, we obtain

T T
/ e(V X Gy, 0%(p°v%)) dt‘ = / (eGq, V x 0%(p°v°))
0 0

T
< u/ IVGE(T)|7_ydr + C&2.
0
Combining (2.25)), (2.26)) and these two estimates above yields (2.24)). O
Lemma 2.6. (Estimate of 1) For all |o] < k — 1, it holds

1 1
L 2 SIFDI + IGuD)| - Ce>

T
06 swp G2, — Cp / IVGE(r)|2_ydr. (2.27)

0<t<T
Proof. Recall that .
5:/<mﬂww—wmw
0
Noticing (2.14) and (2.22)), we have
1 _
O(p*v° — pv) = O F, — -V X G, +V x 0°H.
£
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Then using (L.4), (2.1, (2.3), the Cauchy-Schwarz inequality and Lemma 2.2 we have

L = /T Yy p o= (v xr e, —oom) ) a
2 - 0 th a ou5 «

_ /T1d||F(t)||2dt+/T 0Go, 2GL ) dt
- 0 th o o €0y 0”5 o
d

T
-/ (E <5Ga,8aH>—<sGa,at8aH>) it
0
= YE@p+Lie.or - Linor - dic.or
oglhe gl glma glhe

T d _ T 3
— / - (eGo,0"H) dt + / (G, 0,0%H) dt
0 0
1 2 1 2 2 g d  T] g Q T]
> Z|F(D)?+ 2 ||Ga(D)|]? = Ce® — | —(eGa,0°HYdt + [ {(eGa,0,0°H) dt.
2 2 o dt 0
Since p € L=®(R™; H*) and v € L®(R*; H*1), we obtain that H is continuous at ¢ = 0. As

a result, by the Young’s inequality

IN

‘/0 %@Ga,aalﬂdt‘ e [(Ga(T), 0“H(T)) | + £ (Ga(0), 0" H(0))|

IN

1
LGP+ Cn,

It suffices to prove the following

T

T
/ (G, 0,07 ) dt‘ <O+ 05 sup |G|, + / VG dr.  (2.28)
0 0<t<T 0

Actually, for 1 < |a| < k — 1, (2.28) obviously holds by noticing (2.17) and Lemma [2.2]

When a = 0, it needs a little more calculations. Since div G* = 0, there exists a function y*©

such that

V x x* =G°,
divy® = 0.

In order to make x® uniquely determined, we add a restriction condition
/ X°(t,x)de =0, Vt=>0.
T3
Noticing divy® = 0, using (2.1) and the Poincaré inequality, we immediately have

IXEOllk-1 < CIVXO k-1 = CIG O le-1,  VE>0. (2.29)
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Consequently, in view of the expression for H in (2.14)), using (1.8)-(1.9) and taking integra-

tion by parts, we have

(eG°,0,H) = (eV xx°,0,H)
= (ex",V x 0,H)
= <5X 0 (O,V — pv)>
= —(edivx®, dup) — (ex®, 0i(p0))
= —{ex", (Op)v + pO:D)
= (ex", div(pv)v) + (ex7, pO:(V(h(p) + ¢)))
= (X", div(p)v) — (X7, V0i(¢ + h(p)))
= (ex", div(p0)v) — (ex, VpOi) — (ex®, VpO:ih(p)) -
Now we estimate the three terms on the right-hand side of the above. First,

e (X, div(pv)o) | < Cel|GZ[lx-r]|D]5-1-

Noticing the Poisson equation in (2.7) and using the Poincaré inequality and the estimate

, we obtain
e (X%, 000V )| < CellX“ e IVAINIOVE] < CellGZle-rllp — iy
Finally, using and the Cauchy-Schwarz inequality, we have
[{ex®, Vpoih(p))] = [(ex®, Vol (p)div(pv))| < Cel| Gl ll(lp — LUz + 19llZ-1)-
Combining all these estimates, we arrive at
[(G*, 0 )| < Cel|Glk-1(llp — Uiy + 17-0).

Integrating the above over [0, T, noticing the estimates (2.4)), (2.5) and (2.29) and using the

Young’s inequality, we have

T T
<€GE,&:H>dt‘ < C/ IG=%-1 (17 = Uz, + [I9lE-y)dt
0

T
eE / 17— 121 + [olB_y)de

< 08 sup [|GE(t)|[i, + Ce,

0<t<T

which implies (2.28)) and therefore ends the proof. O
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Lemma 2.7. (Estimate of I3) For all || < k — 1, there exists a positive constant ¢; > 0,

such that
T

T
> 01/ N, (7)||2dr — 05/ N ()|, dr. (2.30)
0 0

Proof. Recalling and using yield
T
L= [ (R0 (V(P@) - PO) i
0
T
= [ LR - Pl
0

- / (No, 0°(P(p°) — P(p))) dt.

We use the Taylor’s formula to obtain

1
P = P) = [ P oNs
where
po(s) = p+sN°.
From and (2.4)), it is easy to show that p°(s) — 1 is sufficiently small in L>®(R* x T?),
uniformly with respect to € € (0, 1] and s € [0, 1]. Besides, we have

O (P(F) — P(p) = / P/ (5 (s)) Nads

n / (0% (P (5 ())N°) — P'(7())Na) ds.

First, noticing (2.1)), (2.2)), (2.3) and (2.4)), it is easy to find that when ¢ is sufficiently small,
p° are uniformly bounded from below for all € € (0,1] and s € [0,1]. Thus the continuity

and monotonicity of the pressure function P(p) imply that there exists a positive constant

c1 > 0, such that
1
/ (No, P(5°(5))Na) ds > 21| N (2.31)
0

Then, noticing § is sufficiently small, the weak convergence from (p, E5) to (po, Eo) implies
that
lpo = 1l + | Eoll1 < 0.

Hence, by the Moser-type inequalities, we have
10 (P'(5°(s))N®) — P'(5°(s)) Nall < CO|IN®|[4-1,
which, along with the Cauchy-Schwarz inequality, implies
1
| et PFEIN — PN ds 2 —aNalP - OV (232
0

Thus, combining ([2.31)) and ([2.32) yields ([2.30)). O
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Lemma 2.8. (Estimates of I, Is and Ig) For all |o| < k—1, there exists a positive constant

co > 0, such that
T T
Q+Q+J@z@/ Muﬂwm={w/‘WWUMﬁ@T—C§. (2.33)
0 0
Proof. Recall that
T
h::/(ﬂﬁ%ﬂﬂMa
0
T —
I; = / (Fo,0%(N°E)) dt,
0
T
Iy = / (Fy, 0% (div(p“v® ® v°)) + €0%(p"v° x B7)) dt.
0

First, due to (2.1)) and (2.2), we notice that when 0 is sufficiently small, p* are uniformly

bounded from below, which implies that there exists a positive constant c; > 0, such that
(Fo, p Fo) > 4C2HFaH2-

As a result, by using the Moser-type inequalities, the Young’s inequality and the Cauchy-

Schwarz inequality, we obtain
T T T
L= [ Fwo e = [ (R R) e [ (FL 00 ) - R d
0 0 0
T T
> ey [ IR - [ IR P
0 0

T
—o/nm@ww—f&wﬁ
0

v

T T
2 [ Rl = €5 [P @I
0 0

Similarly, we have
T T
Ll < o / | Fu(r) 2 + C5 / IN* ()| dr,
0 0

T
Gl < e [ RGP+
0
These estimates imply (2.33) provided that § > 0 is sufficiently small. OJ

Since Iy + I3 + Iy + I + I¢ = —1;, combining (2.21)), (2.23) and Lemmas 2.8 and

summing up all || < k — 2, it follows
T
INS(D)[—2 + I F=(T) -y + 1GE(T)l +/0 (N + 1F=() ko) dr

T
< 0 405 sup ||GFW)|2, + C / IVGE(r)|2_ydr,
0

0<t<T
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provided that ¢ is sufficiently small. Taking the superior limit with respect to 7', we have

+o0
sup ([[N(0)5- + IF=(@)[51 + 1G=®)llz-) +/0 (V=D ks + 1)l ) dr

teRt

+oo
< 04O / VG ()12 dr, (2.34)
0

provided that ¢ is sufficiently small.
The proof of Lemma [2.4] will be completed provided that we prove the following result.

Lemma 2.9. It holds

+o00
/ IVGE(7)||2_ydr < CePr, (2.35)
0

Proof. Let T' > 0. The Maxwell equations in ((1.4]) can be rewritten as

€0 FF —V x Gf = gpfv° — €0, F,
e0,G*+V x F* =0, divG® =0.

For a multi-index v € N® with |y| < k — 2, applying " to the above yields

O F, —V x G, =ed(p*v°) — 68,517?7,
Gy +V x F, =0, divG, = 0.

Taking the inner product of the first equation with V x G, in L?, and using the Moser-type

inequalities, the Young’s inequality and the Cauchy-Schwarz inequality, we have

IV xG,|I? = (e0,F,,V x G,) — (0" (p*v° — Q,E),V x G,)

d [ n
= = (eF,,V x G,) — (V x Fy,e0,G,) — (e (p°v° — O,F),V x G)

d 1 . _
7 EF VX G) IV X B P+ SV X Gyl + C[[o7[5_y + CE*(|O B,

IA

which implies

d ) ]
IV X GLIIP <27 (eF,, V x Go) + 2|V x B |I* + C2|lv7 [y + OO E i o
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Summing up all |y| < k — 2, integrating over [0, 7], and using (2.1)), (2.3, (2.6) and (2.34)),
we obtain that there exists a constant ¢ > 0, such that
T
|1V x Gl
0

< Ce Y (F(D),VxG(T)) = Ce Y (F(0),V x G4(0)) + Ce”

Iv[<k—2 ly|<k—2

T
+C/ |V x F(7)||7_odr
0

T
€ € 1 C/'L 3
< ORI+ CIE M, + 0 + [ VG- (I sir

éu [T
< Ce?r 4 7/ IVGE(7)]|7_ydr.
0

Since div G = 0, by choosing u < 1/¢, we arrive at
T
/ IVGE ()| _ydr < CePr,
0
Since T is arbitrary, this proves (2.35]). O

The proof of Theorem [2.1] follows from the following estimate.

Lemma 2.10. It holds

+o00o
sup (O o+ [ (@) ot < O™ (2:36)
0

teRT

Proof. The second equation in ([1.4]) is equivalent to
200" + 2(v° - V) + Vh(p®) = —E° — ev® x B® — 1~
Subtracting the equation for v in from the above equation, we have
20 +w® = RS, (2.37)
where
RS = —2(v° - V) — V(h(p®) — h(p)) — F* — ev® x B* — £20,0.

Let T' > 0. For all a € N? with |a| < k — 2, applying 0% to (2.37)), taking the inner product
with w, in L? and integrating over [0, T], we get

T

T
IIff’wa(T)HQﬂL/0 lwa(7)|[Pdr < C/O 107 B3 (7)[*dr + [lewa (0)I*. (2.38)

The Taylor’s formula gives

h(p®) — h(p) = /0 h'(p+ sN®)N<ds.
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We write the term ev® x B¢ as
ev® X B = ev® X G + ev® X B,.
Since k > 3, we use the Moser-type inequality for the quadratic term
Jo (wo)| < Cllulle-llolle-1, Vv € B, Ja] <k—1.
Therefore, for |a| < k — 2, we have
10%(v" x GO)|| < Clo7[[|GZ[[x
el|l9% (v - V)u©|| < Clellos (o) [lv7[x,

and by (2.1) and (2.4)),
10°V (h(p%) = h(P))I| < ClIN®[[-1.

Thus, using (2.1) and (2.5) together with Lemma [2.4] we obtain
T
/Hmmﬁwmgcﬂa
0

Besides, ([2.3)) implies
lewa (0)||* < Ce.

Substituting these estimates into (2.38)) and summing up all |a] < k — 2, we arrive at
T
kw@m4+/nwmm¢hg&%,
0

which implies (2.36]) since 7' > 0 is arbitrary. O

3. CONVERGENCE RATE FOR EULER-POISSON SYSTEM

In what follows, we denote by k > 3 an integer and C' > 0 a generic constant independent

of € and any time.

3.1. Statement of the problem. Similarly to section 2, we introduce a slow time ¢t = et/

and the following parabolic scaling,

t 1 t t
(= t — _ € t — _ _ £ t — _
) =p (L) o =to(Lae). e =o(te).
then (L.10)-(1.11) becomes
Op° + div(pv®) = 0,
e? (u(p*v°) + div(pv® ® 7)) + VP(p°) = —pFV " — p*0f, (3.1)
AP =1—p°, me(t) =0,
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with initial conditions

x
pE(O, x) = pS(m), 7}5(0,$) = ) (Z)E(O? m) = ¢8($)7 (3'2)
in which ¢ is defined by
Ay =1 = p;.

Let (p,,¢) be the formal limit of (p°,v%,¢°) as € — 0. It is easy to see that it is also
governed by the the drift-diffusion model (1.8) with

v=—Vh(p) — Vo. (3.3)

The study of the error estimates is based on the results about the uniform global existence
and the global-in-time convergence of the system established in [19, [7, 23]. These results can

be stated as follows. Let V, = (1,0,0)" be an equilibrium state. We denote
VE= (0,20, Vo) T Vg = (0, 5. Veg)

There exists a constant dy > 0, which is independent of ¢, such that if ||V — V.|| < do, then
the periodic problem (3.1)-(3.2]) admits a unique global solution V¢ satisfying

t
IO A / | (1) [2dr < CIVE — Vi, Vit >0, (3.4)

Moreover, if

()

o — Po, weakly in H*,
then
(5°, V) = (p. V), weakly-+ in L*(R*; HY),
v® — v, weakly in L*(R"; H).
Moreover, by the Poincaré inequality, the estimate below for ¢ holds
t
e lir + 110ed (1[5 +/0 (I k2 + 10:6(T) [511) dr < Cllpo — Ul5, VE>0. (3.5)

The result on the convergence rate for (3.1)-(3.2) is stated as follows.

Theorem 3.1. Let k > 3 be an integer, (1.3) and (1.12)) hold. Let (p°,v, ¢°) and (p,v, )
be the unique smooth solutions to (3.1)-(3.2) and (L.8])-(1.9), respectively. Assume

106 = Ll + [loglle < 6, (3.6)

and

W5 llk—2 + IV (5 — @o) . < Cse, (3.7)
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for some positive constants 6, q and Cs independent of €, where § is sufficiently small. Then
for all € € (0,1], there exists a positive constant Cy independent of €, such that the following

estimate holds

Sup (lo7(t) = p(O)llz—2 + %[V (1) = 0(®)l[z—2 + V() = Vo(t)l[5-1)

+ /0+ (Io°(t) = p() 7=y + IV (8) = Vo) [[ioy + [0°(t) — 0(t)[[i—p) dt < Cae™,
where q; = min(q, 1).
3.2. Proof of Theorem (3.1} For simplicity, we adopt the similar notations
(N*, ', F) = (¢ — p,v° — 5, V¢° — V).
From and , we have
divF® = A¢° — Ap = —N°.
Then
div(0F°) = —0,N°® = div(p“v® — pv).
Consequently, there exists a function M€, such that
O F*® = (p°v° — pv) + V x M°.

We conclude that

F= = V(¢ - 9),
divFe = —N¢, (3.8)
O F® = (p°v° — pv) + V x M,
which will be frequently used in the later proof. According to the definition, F* is a stream
function of with corresponding K = V x M¢®.
For a multi-index o € N2, we denote
(P Vo, @) = (0997, 0%0%, 0%¢°),
(Pa Vo @a) = (0P, 0°0,09),
and
(Noy Wa, Fy) = (0N, 0%w®, 0“F*).
We start with the following result.

Lemma 3.1. It holds

+o0
sup (N7 + [1F(0)llz-1) +/0 (IN=(Dli—y + IF(T) ko) dr < C*, - (3.9)

teR+

where q; > 0 is defined in Theorem |3.1].
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Proof. Subtracting (3.3]) from the second equation in (3.1 leads to
2 (Du(pF7) + div(ptof @ 7)) + V(P(F) — P(p)) = —(0°V 6 — jV) — (p°0° — o). (3.10)
Let T > 0. For a multi-index a@ € N3 with || < k — 1, applying 9° to (3.10)), taking the
inner product with F,, in L? and integrating over [0, 7] , we have
T T
0 = / e2 (F,,0%0,(p"v%)) dt + / (F,, 0%(p°v° — po)) dt
0 0
T T
+ [ Fn 0P - P+ [ (R0 F)
0 0

T T
+/<aﬁ%wvmﬁ+/eﬂaﬁ%mff®wmt
0 0

Y Tt o+ Js+ Ji+ Js + Je, (3.11)

with the natural correspondence for Ji, Jo, J3 ,Js, J5 and Js, which are treated term by

term as follows. First, taking the integration by parts with respect to time in .J;, we have

T T
Jl _ _/ 62 <8tFa,8°‘(peva)> dt +/ % <Fa,aa<p€vf)> dt.
0 0

Noticing ({3.8]),

OA(¢° — ¢) = —0,N° = div(p“v® — pv),
which implies
10:Full = [18:0°V (¢7 = @) || < Cl|0*(p7v° — po)].

Thus, using (3.4), the Cauchy-Schwarz inequality and the Moser-type inequalities, we have

T T
/ e (0pFa, 0%(p°v%)) dt‘ < 052/ (Il ()i + 19(r)I[E-y)dr < O,
0 0

and similar to (2.26)),

d

T
|4 <Fa,aa<p6v6>>dt\ <YRm@p+cem,
0

1 =

Hence, we have
1
Al < SN + 0.

For Js, noticing (3.8), we find that F, is rotation-free. Hence,
’ e 1 2 1 2 1 2 201
ho= [ (B 0By~ x 2= L@ - RO 2 SIE@) - osn.
0

Similarly, using @4). 23), G4). B3). B0, B7). B3). the Young's incquality, the

Cauchy-Schwarz inequality and the Moser-type inequalities, J3, J4, J5 and Jg can be treated
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in a similar way as in (2.23)). Then we have
T T
oz e [ NP -5 [N dr
0 0
T T
oz s [ IR -C6 [ IO dr
0 0

| Js|

IN

T T
o [ IFumIPdr+C5 [ IN(IR
0 0

T
s < 02/ | Fu(r)|2dr + C<2.
0

Since Jo + J3 + Jy = J; — J5 — Jg, combining (3.11)) and the estimates for J; (1 < ¢ < 6) and
summing up all |a| < k — 1, it yields

T
1F5(T) 71 +/ (IN*(D) 7oy + 1= (1) [[}2y) dT < O,
0
provided that ¢ is sufficiently small. Besides, from (3.8]), we have
[N¥[[e=2 < [[VF®|[e—2,
which implies
T
INS(T) gz + 1 F=(D)I7-s +/0 (IN=(liey + [1F5(7)3or) dT < O™

This proves ([3.9) since T" > 0 is arbitrary. O

The proof of Theorem follows from the following estimate.

Lemma 3.2. It holds

+oo
sup [lew® (t) [l + /0 [w® (7)l[}—pd7 < Ce*. (3.12)

teR+
Proof. Noticing that the second equation in is equivalent to
e2(0p0° + (v° - V)vF) + Vh(p?) = =V — 1~

Subtracting from the above, we obtain

20w +w® = RS, (3.13)
where

R = =204 + (v° - V) — (Vh(p?) — VA(p)) — F*.

Let T > 0. For a multi-index a € N* with |a| < k — 2, applying 0 to (3.13)), taking the

inner product with w, in L? and integrating over [0, 7], it yields

waa(T)H2+/0 Hwa(T)HdTSC/O 10°R5(7)lldr + [[ewa (0)]]*. (3.14)
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The two terms on right-hand side of the above inequality are treated similarly as in (2.38)),

which gives the following

T
| ool < e,
0

lew, (0)|I> < Ce*.

Substituting these estimates into (3.14)), summing up all |o| < k — 2, it follows

T
lews (T)|?_, + / |w® (7)||2_ydr < C2,
0

which implies (3.12]) since 7' > 0 is arbitrary. O
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