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Abstract. We consider the approximation of Navier-Stokes equations for a Newto-
nian fluid by Euler type systems with relaxation both in compressible and incom-
pressible cases. This requires to decompose the second-order derivative terms of the
velocity into first-order ones. Usual decompositions lead to approximate systems
with tensor variables. We construct approximate systems with vector variables by
using Hurwitz-Radon matrices. These systems are written in the form of balance
laws and admit strictly convex entropies, so that they are symmetrizable hyper-
bolic. For smooth solutions, we prove the convergence of the approximate systems
to the Navier-Stokes equations in uniform time intervals. Global-in-time convergence
is also shown for the initial data near constant equilibrium states of the systems.
These convergence results are established not only for the approximate systems with
vector variables but also for those with tensor variables.

Keywords: Compressible and incompressible Navier-Stokes equations, Newtonian fluid, re-
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1. INTRODUCTION

Euler and Navier-Stokes equations are two fundamental models in fluid mechanics. There
is a huge number of studies on mathematical analysis around these equations. We refer to
22, 21, 23, 9, 24] and references therein for mathematical results. It is well known that Euler
equations can be derived from Navier-Stokes equations as viscosity coefficients tend to zero. In
this paper, we consider the approximation of isentropic Navier-Stokes equations by Euler type
equations with relaxation which are referred to as relaxed Euler systems. This approximation
problem is studied in both compressible and incompressible cases in whole space R? (d = 1,2,3
in physical situations).

We start with the compressible case. Let ¢ > 0 be the time variable and z = (xq,- -+ ,74) € R?
be the space variable. We denote by v > 0 the shear viscosity and A > 0 the Bulk viscosity.
They are supposed to be constants. We consider the isentropic Navier-Stokes equations

{atp + div(pu) =0,

O (pu) + div(pu @ u) + Vp(p) + divr =0, inRT x R,
1

(1.1)
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with the constitutive law for a Newtonian fluid

(1.2) m = —vo(u) — A(divu)ly,
where
T2,
(1.3) o(u) = Vu+ (Vu)" — E(le u)ly.
Here p > 0 is the density, u = (u,--- ,uq)? € R?is the velocity, p is the pressure function and

Vu = (0p;ui)1<ij<a- We see that 7, o(u) and Vu are tensor variables. In (1.1)-(1.3), I is the
unit matrix of order d, the symbols T" and ® stand for the transpose and the tensor product,
respectively. Throughout this paper, we assume that p is sufficiently smooth and p’(p) > 0 for
all p > 0.

For the Navier-stokes equations (1.1)-(1.2), the construction of relaxed Euler systems depends
on the way how the term div 7 of second-order derivatives of u is decomposed into first-order
derivative terms. Clearly, there are a lot of ways to do it. Among them a natural one is to
replace (1.2) by the Maxwell’s constitutive relation [26]

(1.4) ey +vo(u) + ANdivu)ly = —,

where € > 0 is a relaxation time. Let us denote by tr(m) the trace of 7 :

d
tr(m) =Y mi, = (Ti)i<ij<a-
=1

Since tr(o(u)) =0, (1.4) yields
edtr(m) + tr(m) = —Ad(div u),

which shows that tr(7) depends on u and in general tr(m) # 0. Combining (1.1) and (1.4), we
obtain a first-order system with relaxation :

Op + div(pu) = 0,
(1.5) Or(pu) + div(pu ® u) + Vp(p) + divr = 0,
ey +vo(u) + Mdivu)l; = —7, in RT x R%

Formally, as ¢ — 0, we recover the Navier-Stokes equations (1.1)-(1.2). To our knowledge,
so far system (1.5), in particular on its zero relaxation limit towards (1.1)-(1.2), has not been
studied in the literature.

Remark that the tensor 7 defined in (1.2) is symmetric but the approximate tensor 7 defined
in (1.4) is not always symmetric. By (1.4), the approximate tensor 7(t,-) is symmetric for all
time ¢ > 0 if and only if it is symmetric at ¢ = 0. Nevertheless, we may consider a slightly
more general approximate system by replacing © by @ = (7 4+ 77)/2 in the second equation
of (1.5). It is easy to see that 7 still satisfies (1.4). Consequently, we obtain an approximate
system (1.5) with a symmetric tensor 7 instead of m, even if 7(0,-) is not symmetric. Thus,
the symmetry of 7 is not a restriction condition. For this reason, throughout this paper, we
suppose that the tensor 7 defined in (1.4) is symmetric.
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In a recent paper [39] for d = 3, by splitting vo(u) + A(divu)l, into vo(u) and A(divu)ly,
the author proposed a similar first-order system with relaxation :

(Op + div(pu) = 0,

1 1
Oy(pu) + div(pu ® u) + V + —divy + —V7r =0,
) (pu @) + Vp(p) 75 vnt T2V
(1.6)

v T
o+ —o(u) = ——

\/a e’

where €1 > 0 and &5 > 0 are relaxation times, 7 is a tensor variable and 7 is a scalar variable.
The last two equations in (1.6) were called revised Maxwell’s constitutive relations in [39)].
Comparing to (1.5), system (1.6) admits a special property on the trace of 7. Indeed, since
tr(o(u)) = 0, tr(m) satisfies a linear differential equation of the form

e10itr(m) + tr(m) =0,

which implies that tr(m(¢,-)) = 0 for all ¢ > 0 as soon as tr(71(0,-)) = 0. Under condition
tr(71(0,-)) = 0, the author of [39] built a strictly convex entropy which implies that (1.6) is a
symmetrizable hyperbolic system. He also proved that the smooth solution of (1.6) converges
to that of (1.1) in Sobolev spaces in a uniform time interval as the relaxation times go to zero.
However, the case where tr(71(0,-)) # 0 and the convergence for large time have not been
investigated.

In order to see that (1.6) is an approximate system of (1.1) for small parameters €; and &5,
we introduce

Then (1.6) is rewritten as

Op + div(pu) =0,

O(pu) + div(pu ® u) + Vp(p) + divm + Vmg =0,
£10ym1 + vo(u) = —my,

€90,y + Adivu = —m, inRT x RY.

(1.7)

Formally, as (g1,€2) — 0, from the last two equations in (1.7), we have
m = —vo(u), m=—-Adivu.

Substituting these two relations into the first two equations in (1.7), we obtain easily the
compressible Navier-Stokes equations.

In what follows, systems (1.5) and (1.7) are referred to as relaxed Euler systems with tensor
variables.

The first goal of this paper is to introduce a different approach to construct relaxed Euler
systems. This approach is motivated by the theory of symmetrizable hyperbolic systems [22]
and the Cattaneo law for heat diffusion 26, 6, 7]. In this approach, we only use vector variables
instead of tensor variables. This allows to write the approximate systems in the standard form
of balance laws. For this purpose, we decompose the diffusion term Aw into first-order derivative
terms of u by introducing d full-rank matrices of order d x r with r > d. We prove the existence
with explicit examples of these matrices in the cases where » > d? and r = d. In the latter
case, Hurwitz-Radon matrices are concerned. See [33, 15, 1] for these matrices and relations
with quadratic forms, and [18] for relations with the spin geometry and Clifford algebras.
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More precisely, we consider the compressible Navier-Stokes equations under the form

L3 Op + div(pu) =0,
(1.8) Oi(pu) + div(pu @ u) + Vp(p) = vAu + pV(divu), in R x RY,

where the viscosity coefficients v and p are supposed to satisfy

(1.9) v+pu>0ford=1 and v>0, u>0 ford>2.

Now we show that system (1.1) with (1.2)-(1.3) is included in (1.8) with (1.9). Indeed, since
div(Vu) = Ay, div(Vu)? = V(divu),

we have

4 N A, d=1,
v (vo(u) + Mdivu)ls) = {VAU + puV(divu), d>2,
where
2v
uzv—i-/\—FZ)\, ford > 2.
Therefore, the conditions in (1.9) are satisfied if v > 0 and A > 0. It is clear that system (1.8)
in one space dimension is an easy case, because
vAu+ pV(divu) = (v + p)0u, x € R.

For simplifying the presentation of the problem, in what follows, we only consider (1.8) for
d> 2.

Let r > d be an integer and M; (1 < i < d) be real constant matrices of order d x r which
satisfy

(1.10) MMT =1y and M;MT + M;MF =0 for 1 <i,j <d, j #1.

The existence of these matrices is given in Section 2 (see Proposition 2.1). Let v/ € R™ and
vl € R be auxiliary variables. We introduce the following first-order system of balance laws
with relaxation :

(O:p + div(pu) = 0,

d
I (pu) + div(pu @ u) + Vp(p) + \/;Z M;0, 0" + /u Vo't =0,
(1.11) . i=1
g0t + \/;Z Mf@xju = —ol,
j=1

I R § SR d
\823151} +pdive = —v™’,  in RT x RY,

where g1 > 0 and &5 > 0 are relaxation times. System (1.11) is referred to as relaxed Euler
system with vector variables. Formally, as (¢1,2) — 0, the last two equations in (1.11) yield

d
vl = _\/;ZMJ‘Tazjuv o'l = —Vpdivu,
j=1

which implies that
ViVl = — v (divu).
Moreover, by (1.10), we have

d
\/;Z M;0, 0" = —vAu.
=1
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Substituting these relations into the first two equations in (1.11), we get (1.8). This shows
that the compressible Navier-Stokes equations (1.8) are the formal limit system of (1.11) as
(e1,62) — 0. We point out that the first-order system (1.11) is not included in the class of
systems studied in [31, 32].

The compressible Euler equations are part of (1.11) and such a structure allows us to observe
easily the symmetrizable hyperbolicity of the system. In the absence of a theory on the global
existence of weak solutions for the nonlinear hyperbolic system in several space dimensions,
we consider smooth solutions in Sobolev spaces to the Cauchy problem for (1.11). For this
purpose, we first construct a strictly convex entropy of the system. Remark that the existence
of a strictly convex entropy is very important in our problem because it provides a symmetrizer
of the system to obtain energy estimates in Sobolev spaces. It also provides an L? energy
equality which is the first step in the study of the global existence of solutions.

We prove that system (1.11) converges to the Navier-Stokes equations not only in a uniform
time interval but also globally for all time when the initial data are near constant equilibrium
states. In this paper, the convergence is related to a limit as the relaxation times go to zero. By
the local convergence, we mean that the smooth solution of an approximate system converges to
a smooth solution of the limit system in a uniform time interval with a precise error estimate in
C([0,T]); H™(R?)), where H™(R?) is a usual Sobolev space. The global convergence means that,
for all time, the sequence of smooth solutions of an approximate system admits a convergent
subsequence (in strong or weak topology) whose limit is a global smooth solution of the limit
system. The global convergence is based on the uniform global existence of solutions with
respect to the relaxation times together with compactness arguments.

In the proof of the local convergence, we need to deal with initial layers for (v!,v!?) by
introducing correction terms. For simplifying the presentation, we take €; = &5 as in [39]. The
proof is based on energy estimates by choosing an appropriate symmetrizer of the system. In
the result of the global convergence, we do not require any relation between ¢; and €9, but the
initial data are supposed to be in a uniform neighborhood of constant equilibrium states. The
proof is based on three main steps. The first step concerns an L? estimate which follows from
the entropy equality with a strictly convex entropy. The second step is to prove a usual higher
order estimate with a dissipation estimate for (v!,v!!) by using the symmetrizer mentioned
above. The last step concerns a dissipation estimate for (Vp, Vu), which depends strongly on
condition (1.10) (see Lemmas 4.3-4.4 in Section 4).

The second goal of this paper is to justify the convergence of the relaxed Euler systems
with tensor variables to the Navier-Stokes equations. The local convergence for (1.5) can be
obtained in a similar way to that for the relaxed Euler systems with vector variables. The
proof of the global convergence is given for both (1.5) and (1.7), for which we construct strictly
convex entropies with entropy-flux. In the result of the global convergence for (1.7), €1 and &, are
independent. Besides the usual smallness conditions on the initial data, we also need a smallness
condition on eytr(m)/,/e1 at the initial time and this condition disappears when €5 = O(ey)
or tr(m) = 0 at t = 0 (see Theorem 6.2). We mention that in [39], a strictly convex entropy
and the local convergence of (1.5) were established under a restriction condition tr(m;) = 0 at
t = 0, which is removed in our result. This is a natural treatment since the expression of the
entropy and entropy-flux should be independent of the initial data.

In the incompressible case with d > 2, the Navier-Stokes equations read

(1.12)

Ou+ (u- V)u+ Vp = vAu,
divu = 0.
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where - stands for the inner product in R?. We propose the relaxed Euler systems with vector

variables
.

d
O+ (u-V)u+Vp+ vy Mo, v =0,

j=1

1.13 d
( ) 58tv+\/;ZMjT&Eju: —v,
j=1

\ divu =0,
and that with tensor variables

ou+ (u-Viu+Vp+divr =0,
(1.14) e +v(Vu+ (Vu)') = -,
divu = 0.

We prove that both systems (1.13) and (1.14) converge to (1.12) in the same framework as
above.

Finally, we remark that the idea of this kind of approximations of a second-order partial
differential equation by first-order hyperbolic systems is not recent. It comes back to the study
by Maxwell and Cattaneo [26, 6, 7]. Here is a simple example. The heat equation du — Au =0
can be expressed by the first law of thermodynamics 0;u + divg = 0 together with Fourier
law ¢ = —Vu. Cattaneo proposed a revised law £0;q + Vu = —¢, called now Cattaneo law or
Maxwell-Cattaneo law, where € > 0 is a relaxation time. This forms a linear hyperbolic system
with relaxation

e0yq + Vu = —q,

and we recover the heat equation as ¢ — 0. This idea was developed later in the approximation
of nonlinear second-order systems of partial differential equations by first-order hyperbolic
systems. We refer, for instance, to [36, 28, 5] for the approximation of the incompressible
Navier-Stokes equations by using Oldroyd-type constitutive laws with relaxation, to [10, 35]
for the approximation of the Timoshenko-Fourier system by the Timoshenko-Cattaneo system,
and to [13, 14] for the local convergence of hyperbolic-parabolic systems to the full compressible
Navier-Stokes equations. See also [3, 30, 27, 34] on this topic.

This paper is organized as follows. In the next section, we construct the relaxed Euler
systems with vector variables based on decompositions of Au. We study the symmetrizable
hyperbolicity of the systems and recall results on the local existence of smooth solutions. In
Section 3 we prove the local convergence of the systems. Section 4 is devoted to the result
and the proof of the global convergence of the systems. In Section 5, we consider the relaxed
Euler systems in the incompressible case and prove their convergence to the incompressible
Navier-Stokes equations. In the last section, we study the relaxed Euler systems with tensor
variables and prove similar results to those for the relaxed Euler systems with vector variables.

{@u +divg =0,

2. RELAXED EULER SYSTEMS

2.1. Decomposition of Au.

The construction of relaxed Euler systems is based on the decomposition of A into two
first-order differential operators. Let u : RY — R? be a smooth function. In the usual
decomposition Au = div(Vu), Vu is a tensor for d > 2. In order to use the vector variables
instead of the tensor variables, we employ different decompositions of Au as follows.
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Let r > d be an integer and M; (1 < i < d) be real constant matrices of order d x r which
satisfy

(2.1) M;M" =14 and MM + M;M] =0 for 1 <i,j <d, j #1.

The decomposition of Au is

d d d
(2.2) Au=Y MM, u=> Mo, (Z M]-Tﬁxju> :
i,j=1 i=1 J=1
The first condition in (2.1) implies that M; is a full-rank matrix for all 1 <14 < d. If the entries
of M; are regarded as unknown variables, (2.1) represents at most (d + 1)d®/2 independent
equations with d*r unknown variables. We observe that for a fixed pair (d,r), if (2.1) admits a
solution M; (1 < i < d), then for all # > r, the matrices M; (1 < i < d) (of order d x 7) defined
by M; = (M;, 0ax (7—ry) still satisfy (2.1), where Ogxs is the zero matrix of order d x s for some
integer s € N. The solution for (2.1) with d = 1 is obvious (take = 1). For d > 2, we consider
the following two cases where Case 1 shows that the solution of (2.1) exists for all 7 > d? and
Case 2 shows that the solution with square matrices of (2.1) exists only when d =1,2,4, 8.
Case 1 : r > d%. These matrices can be constructed explicitly as follows.

Let O; (1 <i < d) be any orthogonal matrices of order d. We take

M; = (Oax(i—1)d O, Oax(ria)), 1 <i<d.

Since M; M = 014, these matrices fulfill all conditions in (2.1). In particular, when r = d?
and O; = I, for all 1 <14 < d, easy calculations give

Oy U

d
SMlou=| : | € v
j=1 Oy U
Moreover, let
U1
vl = : . with v(t,z) €R? 1<i<d.
Vg

Then
d d
Myu! =v; and ZMi&mv[ = Z@wivi.
i=1 i=1

The latter is the divergence of v by blocks. In this case, the third equation in (1.11) becomes
61815@[ + \/;Vbu = —UI,

or equivalently,
€10yv; + \/;é?xiu =—v;, 1<i<d.

Case 2 : r = d. This is an interesting case where each M; is a square matrix and also of the
minimum size. The conditions in (2.1) mean that M; is orthogonal and M; M JT is anti-symmetric
forall 1 <4,57 <dand j# i When d > 3 is odd, it is clear that there don’t exist such square
matrices. Indeed, the second condition in (2.1) implies that

det(MZ)det(MJ) = 0, ] 7é i,

which is contradictory to the fact that M; is an orthogonal matrix.

When d is even, it is possible to build M; as follows. Let us fix an orthogonal matrix My,
denoted by O. Define A; = M;O" for 1 <i < d— 1. When 4; is given, we obtain M; through
M; =A0 foralll1 <i<d-—1and My;= 0.
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It follows that A; is anti-symmetric and (2.1) is equivalent to

(2.3) AAT =14, A2

7

= I, AAT +AAT =0

for all 1 < 4,7 < d-—1, 5 # i. Let s > 1 be an integer. Recall that square matrices Ay,
Ay, -+ Ag of order d are Hurwitz-Radon matrices if (2.3) is satisfied for all 1 <14,j <'s, j # 1.
Following the results in [33, 15], for d given, the Hurwitz-Radon matrices can be constructed
up to a Radon number s = p(d). Moreover, these matrices can be written with entries 0 and
+1 alone [8]. More precisely, all integer d > 1 can be expressed as

d=2c+1)2"" abceN, 0<b<3.
Then the Radon number p(d) is given by [33]
p(d) =8a+ 2" — 1.

When 4a + b = 0, we have a = b = 0. Then d is odd and p(d) = 0. Thus, 4a+b > 11is a
necessary condition to obtain a minimum positive number of p(d). An explicit construction of
Hurwitz-Radon matrices can be found in [§].

Here we are interested in determining d such that p(d) > d — 1. This allows to obtain Ay,
Ag, -+ Ag_1 which provide My, M,,--- , My. By the comparison of the expressions of d and
p(d) above, we have

d—1—p(d) = (20 - 210710 _8q) 4 (210 4- 2471 — 1)2°,

Hence, it is easy to see that d — 1 > p(d) when a > 1 or ¢ > 1. Nevertheless, in the other case,
namely, a = ¢ = 0, we have exactly p(d) = d —1 = 2° — 1. Thus, A, As,---, A4_1 can be
constructed for all dimension d of the form d = 2° with b = 0, 1,2, 3, namely, d = 1,2, 4, 8.

We conclude the results from the above discussion in the following proposition.

Proposition 2.1. Let d > 1 be a given integer. There exist integer r > d and matrices
M; (1 <i<d) of order d x r satisfying (2.1) in the following two cases :

i) for all r > d?,

i) forr =d with d =1,2,4,8.

Now we give examples of matrices M; (1 < ¢ < d) satisfying (2.1) for r = d with d = 2,d = 4.
Let @ be the matrix defined by
0 1
=(5)

It is easy to see that @) is orthogonal and anti-symmetric. For d = 2, it suffices to take
My=@Q, My=1I.

For d = 4, we define these matrices by blocs based on () and Is,

(Q 0 (0 L (0 Q B
= (0 = (S0 = (09 e

where M;, M, and M3 are orthogonal and anti-symmetric.
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2.2. Relaxed Euler systems and hyperbolicity.
As mentioned in the introduction, the relaxed Euler systems with vector variables are

(Oip + div(pu) = 0,

d
O(pu) + div(pu @ u) + Vp(p) + Vv Y My, + u Vol =0,
(2.4) 4 =1
e10p0" + \/;Z M]-T&Bju = —ol,
j=1

I R § S d
\52&51} +pdive = —v'7,  inRT x R

Now we study the hyperbolicity of the systems. Let Dy(¢) be a diagonal matrix of order r 4 1
and N; be a matrix of order d x (r 4 1) defined by

DO(E) = diag(51[r7€2)v Nj = (\/;Mj7\/ﬁej>a

where (e1,- -+ ,e4) is the standard basis of R?. Since
d d
divu = Zejr@zju, Voll = Zej@jvn,
=1 =1
system (2.4) is equivalent to
(Op + div(pu) = 0,
d
2.5) poyu + (pu - V)u+ Vp(p) + Z N;Op,v =0,
: ) o ;
Dy(g)0pw + ZN;‘F@xju =—v, v= ( o1 ) .
\ J=1

A part of (2.5) is the compressible Euler equations which is a symmetrizable hyperbolic system.
We can choose a diagonal matrix to be its symmetrizer [22]. Since Dy(¢) is also a diagonal
matrix, by the position of N; and N]-T , we see easily that (2.5) is a symmetrizable hyperbolic
system too.

For p > 0, let h be the enthalpy function defined by h'(p) = p'(p)/p. System (2.4) can be
further written as

d P
(2.6) D1 (£)0,U + Z Aj(p, u)@sz =Sw), U= U S ]R2+d+7"7
j=1 v
where
0
Di(e) = diag(lat1,€1lr,62), S(w)=—1 0 |,
v
uj pe; 0 Uy
Aoy = | Wlpey wile ~N; |, u=| :
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Let (Ep, Fy) be the pair of entropy-entropy flux for the Euler equations, given by
1

Eo(p,u) = 5plul® + H(p),

(2.7) 1

Fo(p,u) = gplulu+ ph(p)u,

where H'(p) = h(p) and |- | is the usual Euclidean norm. It is known that Ej is strictly convex

with respect to the conservative variable (p, pu) of the Euler equations for p > 0. We define
functions £ and F' by

. {E(U) = Eolpu) + F'P + Sl
FU) = Fy(p,u) + an(u,v),
where ay(u,v) : R x R — R? is a bilinear application defined by
u? Nyv

ay(u,v) = :
ul Ny
We check easily that a smooth solution U of (2.5) satisfies the energy equality
(2.9) OE(U) +div F(U) + [v]* = 0.

Therefore, (F, F) is a pair of entropy-entropy flux. Since E is a strictly convex function with
respect to the conservative variable (p, pu,v) for p > 0, E is a strictly convex entropy of
the system. By results in [12, 11, 2], this implies again that system (2.5) is symmetrizable
hyperbolic.

2.3. Local existence of solutions.
Let us denote € = (g1, £2). We consider the Cauchy problem for the relaxed Euler system :

d
D1(5>8tUE + ZAj(p€7u€)a:ij€ = S(U€>7 Ua _ 55
v

(2.10) p
t=0: (p°u",v%) = (p5, ug, vp),
where the initial data may depend on . For m € N, we denote by H™ the Sobolev space
H™(R?) and by || - ||, its usual norm. Let m > g + 1 be an integer. The equilibrium state
we take is (1,0,0) for (p,u,v). We assume (p§ — 1, ug, vé’s, vél’a) € H™ with mieand po(x) > 0. By

the local existence of smooth solutions for symmetrizable hyperbolic systems (see [19, 17, 22]),
there exist a maximal time 7§ > 0 possibly depending on ¢ and a unique smooth solution U*®
to (2.10), defined on time interval [0, 7). This solution satisfies

(p° — 1w, 0", 0™%) € C([0,T5); H™) N C*([0,Tg); H™ ).
In the case of the Cauchy problem for the compressible Navier-Stokes equations
Op + div(pu) = 0,
(2.11) Oi(pu) + div(pu @ u) + Vp(p) = vAu + pV(divu),
=0 (o) = (o).

the local existence of solutions is analogous (see [16, 25]). Assume (py — 1,u9) € H™ with
inf po(x) > 0. There exist a time Ty > 0 and a unique smooth solution (p,u) to (2.11), defined
zeR
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on time interval [0, Tp]. This solution satisfies

(p—1,u) € C[0,T); H™) N C* ([0, To); H™ '), Vu € L*(0,Tp; H™), inf  p(t,z) > 0.

(t,x)€[0,TH] xR

For the local convergence, where g1 = &9, still denoted by ¢, we have Dy(¢) = €l;. We define

d d Ile
v
(2.12) U=—> NfOyu, To=-Y Noyu, vj= ( I1e ) :
j=1 Jj=1 Y%

Let vy be the smooth function satisfying lir% vg = ¥p in a strong topology. If vy # vg, because
e—

of initial layer formations near ¢ = 0, it is impossible that (v°).~q converges to © uniformly in
a time interval [0, 7] with 7" > 0. To treat this difficulty, we introduce a correction variable vy,
depending on (s,z) with s = t/e. In view of the equation for v* in (2.5), we define vy, by
aS,UL = —Vr,
which gives
vr(s,x) = vr(0,x)e ",

We hope that (v° — vy)eso converges to v uniformly in a time interval [0, T]. In particular, this
implies that (v — v.)(0, )0 converges to v(0, ), hence

v (0,2) = vo(x) — V().
From now on, we denote
(2.13) ve(t, ) = (vo(x) — ﬁo(a:))e’t/s,

which satisfies

€0, = —,.
It follows from (2.12) that
d
vAu+ pV(divu) = —ZN (0 +v) + ZN@,]U&
j=1

and
d
e (V+ve) + Y N Opu=—(0+v.) + 0.
j=1

Combining these two equations with (2.11) yields

)0, U: + Ai(p, @,;U—Sv—f—vg—s@v——RVve p
(2.14) D (e)0, ; (p,u)0s, ( V) (Voe), U. = " ’
t=0: (pau76+va):(p07u07v0)y v
where
0
d
R(Vv.)=—| > Njou v
j=1
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3. LOCAL CONVERGENCE

In the results stated below, we suppose that v > 0, p > 0, and M; (1 < i < d) are any real
constant matrices of order d x r satisfying (2.1). From this section, we denote by ¢ > 0 and
¢; > 0(i € N) generic constants independent of any time and €. In the proof of theorems, we
also denote by (-,-) and || - || the inner product and the usual norm in L?(R¢), respectively. We

d
often use the continuous embedding from H™(R?) to W1H>(R%) for m > 5+ L.

Theorem 3.1. (Local convergence for the relaxed Euler system)

def

I II
Let 61 = g9 = € €

d
e > 0. Let m > 5 + 1 be an integer. Let (pj — 1,u,vy",vy"") € H™,

(po — 1,up) € H™? and vy € H™'. We assume iand po(x) >0 and
Te

(3.1) 195 = pollm + [ = wollm + V& [[05 = vollm < cae,

where ¢; > 0 is a constant independent of €.

Let (p,u) be the unique solution to (2.11) on [0,To]. Then there exists a constant o € (0, 1]
depending on Ty, such that for all € € (0, &0], the unique solution (p°,u®,v®) to (2.10) is defined
on [0,Ty]. Moreover,

(3.2) IIPE(t)—p(t)H?nJrHue(t)—U(t)anJr/O [ (t') = () = ve(t) [7ndt’ < ce?, Yt €[0,Ty],

(3.3) |05 (t) — 0(t) — v (t)||lm < evE, Vit e [0, Ty,
where v and v. are defined in (2.12)-(2.13).

Proof. Let us introduce

e We PS—PO
Z€:U€_<@+Ue)a Wf:(ps p),WEZ( 1>7W§: US—UO ,

U —Uu =€ -

where v, is defined in (2.13). Obviously,
25(0, ) = v§ — vo.

Let T° = min(7§,To) € (0,Tp]. Then both systems in (2.10) and (2.14) are well defined in
[0,7°) x R%. Noting that W¢ = U¢ — U,, subtracting (2.10) and (2.14) yields

( d

d

DiEAWT + 30 Ay (0710, WF = 3 (Ay(p.u) — A7)0, U,
o j=1

(3.4) 1

+ S(2° +€0,v) + ;R(Vvs),

\ t=0: We=W,
for (t,z) € [0,T¢) x R% Since S is linear, we have
S(z° +e00) = S(2°) +eS(00).
Let o € N? with |a| < m. we denote

]
oy 0

xzw with |OK|ZOZ1+"'+OZd.
EERE 4

We also denote

Ao(p) = diag (W' (p), pla, In1),  Aj(p,u) = Ao(p)A;(p, ),
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Then
~ W(p)u; p(pej 0
Ao(p)Di(e) = diag (I'(p), pla.elr1),  Aj(pu) = | P(p)e;  pujla N
0 NT 0

J

Since Ag(p)Di(¢) is symmetric positive definite and A;(p,u) is symmetric for all 1 < j < d,
Ao(p)D;(e) is a symmetrizer of system (2.6).
Applying 0% to (3.4), we get

d
(3.5) Di()0(5We) + Y Aj(p°, u) D, (95 W)
j=1
d
= S(092°) +eS(050) + 02 [p ' R(Vv)] + Y I,
Jj=1
where

15 = Ay, )0 (05, W7) — 05 (A (0, %), W2) + 02 [ (A (p.10) — Ay (07 )) s, ).

J

Taking the inner product of (3.5) with 24¢(p°)05W* in L*(R?) and using the fact that both
matrices Ay(p°) D1 () and A;(p°, u®) are symmetric, we obtain the classical energy equality [22] :

%<AO(,05)D1(5)8$W6,8§W8> — 2 Ag(p) 2=, S(022°)) + 2e(Ao(p°) D2 W, S(020,7))
+2<A0( NOWe, 8% p " R(Vu.)])

(3.6) + 2 Z (Ag(p*)12,00We) + (div A(pf, u)O2W*, 92W*),
where
d ~
(3.7 div A(p, u) = B Ao(p)Dr(e) + 3 02, Ay, ).
j=1
Since inf po(z) > 0, by (3.1), we may first suppose that, for sufficiently small ¢,
z€ER
(3.8) IWEO)||m < e, p°(t) >co >0, Vtel0,T°).

In view of the expression of Ay, Di(e) and S, it is straightforward that

(3.9) c(l0gWEII* +ellog="lI") < (Ao(p®)Dir(e)0W*, 0FW*)
< c(lo2WrI* +elloz="]1%),

(3.10) 2 Ag(pF) W=, S(022°)) = —2] 02|,
and
2€<A0 )OSW* S(@g@tﬁ» = —28<8jz€,8§8t17>.
By the Young inequality, we have
(3.11) 2|e(Ao(p)0; W<, S(0700))| < 110727)1° + ce?(|0lly,.



14 Y.J.Peng

Next, by the Cauchy-Schwarz inequality together with (2.13) , we have
2( Ao(pF) e, 0% p ' R(Vv.)]) = —22 (p°0% (uf —w), N;0%(p™" D, 02))

t
(3.12) < C||W1 lmllvo = Tollmsre™.

For the term containing I, we observe that the last 7 + 1 lines of A;(p,u) are constant. This
implies that the last r + 1 lines of A;(p,u) — A;(p°,v°) vanish. By the Moser-type calculus
inequalities (see Proposition 2.1 in [22], p.43), we have

[(Ao(p*)07 [(A;(p,u) = Aj(p%,u7)) 00, U], OFWE)| < || WE 7,

Similarly,

}<A0(p5) [Aj(pv u)ag(al‘g WE) - a;:l (AJ (pga ug)axng)} ’ a§W8>‘ < CHWfH?n
Therefore,
(3.13) 22 [(Ao(p?) 15, 02W°)| < el W12,

For the last term in (3.6), from the definition of Ay, D; and flj, div g(ps, u®) can be expressed
as

div A(p®,u) = diag(A7;,0), Af, = O(V(p°,u%)),
where A7, is a square matrix of order d + 1. It follows that
(3.14) |( div A(p%, u¥)05 W<, 02W*)| < cl| o2 Wi 1%,
Thus, we conclude from (3.6) and (3.10)-(3.14) that

d (S (67 € (67 £ €

< |07, + el Wil + el Wi llmllvo — ollmsre ™.

Integrating this inequality over [0,¢] with ¢ € [0,7%) and adding the inequalities for all «
with |a| < m, together with (3.9), it yields

t
HWf(t)anJerzs(t)HiJr/O 12 ()1t
t
< IIWf(O)Ilfn+€||Za(0)||31+062/ 100 (t") I7dt
0

t t ,
¢ / W) 2.dt + ¢ / IWEE) elloo — ollmsre™ dt.
0 0

From (3.1), we have
IWE(0)|I7, +ell2(0)[f7, < c2?,
On the other hand, using (2.12) and

~0uu = (u V)ut VA(p) — - (vu-+ ¥ div ),

we also have
d
00 = Z N9, ((u -V)u+ Vh(p) — %(VAU + pV(div u)))

j=1
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Hence,
10:0]lm < c([IVollms1 + [[Vullmra).

Since (py — 1,up) € H™? and vy € H™", we have vy — 1y € H™™! and the solution to (2.11)
satisfies Vp € C([0, To]; H™') and Vu € L?(0, Ty; H™*2). Tt follows that

t t t ’
IWEOIE + 1= @+ [ 1@ < ¢ [ IWEE Rl + e [ W) e at + e
0 0 0
Let
t t , :
y<t>:(c [ i +e [ ||Wf(t/)||m6_sdt’+052) |
0 0
Then
IWE Dl < y(0)

and
y'(t) < cy(t) + ce’é, y(0) = ce.

t !
/ e e dt < g,
0

by a Gronwall inequality, we obtain y(¢) < ce, which implies that

Noting that 7° < Ty and

t
||Wf(t)||3n+€|lze(t)lli+/0 I () dt’ < ee®, Vit e [0,T7).

This estimate shows (3.2)-(3.3) and Theorem 3.1 by standard arguments (see [22, 4]). It also
justifies (3.8) by a bootstrap argument (see [38]). O

4. UNIFORM GLOBAL EXISTENCE AND GLOBAL CONVERGENCE

In this section, we want to prove the following result.

Theorem 4.1. (Uniform global existence and global convergence for the relaxed Euler system)

Let e = (e1,€9). Let m > 5T 1 be an integer and (p§— 1, ug, v)°, vi"°) € H™. There are two

positive constants 0 and c (independent of €) such that if

I, II,
(4.1) 105 = Llm + ugllm + Ver g lm + Vez [lv  [lm < 6,

then for all ey, g5 € (0, 1], the Cauchy problem (2.10) admits a unique global solution (p*, u®, vle v11)
satisfying

lp(t) = L%, + lu= ()17, +ex [ =(@)15, + &2 o= @)I15,
t
(4.2) + / (Vo )7y + Ve @)y + 07 ()5, )t
0
< c(llos = 15 + g7, + erllvg®l17, + e2llvg <[17,), ¥ > 0.

Moreover, there exist functions (p,u,v) with (p — 1,u) € L®(R™; H™) and v € L*(R*; H™),
such that, as € — 0 and up to subsequences,

(4.3) (p7u%) — (p,u), weakly-+ in L=(R*; H™),

(4.4) v* — 0, weakly in L*(RT; H™),
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where
d
(4.5) v==Y N/o,u,
j=1

and (p,u) is a unique solution to (2.11) for the compressible Navier-Stokes equations with initial
value (po, ug) being the weak limit of (p§,ug) in H™ (up to subsequences).

4.1. Energy estimates for relaxed Euler equations.

Recall that e = (e1,€5). According to [29], the global existence of smooth solutions follows
from the local existence and uniform estimates of solutions with respect to ¢t. The result will be
uniform with respect to ¢ if the constants in the energy estimates are independent of . Since
the local existence to (2.10) is known, it remains to establish uniform estimates with respect
to t and €. For simplicity, in this section the subscript € in the expression of the solutions is
dropped.

Let T > 0 be any time for which the smooth solution (p,u,v) to (2.10) is defined on time
interval [0, 77,

(p—Lu o' o) e (0, T); H")n C* ([0, T}; H™ ).

In what follows, we denote
(4.6) Br = sup (o(t) = Ulm + @) llm + VEL @)l + Ve[V () [m)-

Since we consider smooth solutions near equilibrium state (1,0, 0) for (p, u,v), we may suppose

1 3
that Br is bounded by a sufficiently small constant independent of € and T". Then 3 <p< 2

It follows that Ag(p) is uniformly positive definite with respect to e.

The proof of Theorem 4.1 follows from an L? estimate, a higher order estimate and a dissi-
pation estimate for Vp and Vu. Recall that in Lemmas 4.1-4.5 below, ¢ > 0 and ¢; > 0 (i € N)
are generic constants independent of ¢, 7' and any time. Let us start with the L? estimate.

Lemma 4.1. (L? estimate) For all ¢ € (0,1]* and all t € [0,T], it holds
¢
(4.7) lp(t) = 17 + lu(@)I* + exllv’ (@)1 + e2llv™ (O + /0 lo(t)|[*at’

< c(llpo = 1+ lluoll® + exllug 2 + eallog17).
Proof. Let us recall the entropy equality in (2.9), which is
OEU) +div F(U) + [v]* =0,

where E and F' are defined in (2.8). By the Taylor formulae, there is a p, between 1 and p such
that

H(p) = H(1) +h(1)(p—1)+ K (p.)(p—1)%
Using the density conservation in (2.10), we obtain

(4.8) 8t<%p|u|2 + W (p)(p =17+ S o'+ S ) + div (FU) = h(1)pu) + o] = 0.
Since h'(p) > 0 for p > 0, when By is sufficiently small, we have

(0= 17 +uP +lof?) < Zplul? + K (o) (0 — 17 + Sol? < e((p — 12 + uf + o).
Integrating (4.8) over [0,¢] x R¢ with ¢ € [0, 7], it yields (4.7). O

Now we consider higher order estimates of U.
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Lemma 4.2. (Higher order estimate) For all ¢ € (0,1]* and all t € [0,T], it holds

]
lp(t) = 17, + Nu@®l, + el @15 + el @), + /Ot [o(#)|I7,d
49 < el LB+ luol, + eilleg 2, + ealleg2,)
C/Ot IV () 1 + V() -2 VU @) 17,
Proof. Let 1 < |a] < m. Applying 92 to (2.6), we get
£)8,(0°U) + ZA P )0y, (05U) = S(05v) — Y ¢,
where

it = 07 (Aj(p, u)05,U) — Aj(p, )03 (0,U).

Similarly to the proof of Theorem 3.1, we obtain the classical energy equality :

d d
E<Ag(p)Dl<5)a§U,a;éU> = 2(Ao(p)eU, S(950)) —2 ) (Aolp)deU, )

j=1
(4.10) + (div A(p,u)d2U,0°U), Yt € [0,T],
where div A(p, u) is defined in (3.7).

Obviously,

e (102012 + 02ul + 21 ll920" |2 + 020" 1)

(4.11) < (Ao(p)D1(e)0U,05U)

< c(llogpl? + 102ulP + x| 92| + allogo|),
and
(4.12) 2(Ao(p)0sU, S(93v)) = 2|05 v]%.
Moreover,

(Ao(p)O2U, T3y = K5 + (pdu, N; (92 (p™'0s,0) — p~ 107 0u,0) ),

where K7 are crossed terms from the Euler equations defined by

(413) K = (h(p)0gp, 0% (ujOn,p) — u;090,,p) + (B (p)s p, 05 (pOa,uj) — pOs Dy, uy)

+ (p0Su;, 02 (W ()0, p) — W )02y, p) + (pOSu, 05 (u;0y,u) — 1050y u).

Applying the Moser-type calculus inequalities and the Young inequality, we have
(4.14) K3 < cllVullm (Vo1 + 1Vull7-1),

(4.15) (A0, )] < e(IVpllns + IVt ) VU2

Let us denote .
. h(p)u; p(p)e;

Ul = ( P ) ) B](Ul) = ( /(p> ’ (p) ! ) )
u p(p)e;  pujla

d
div B(U) = diag(h”(p), 1a)0p + > _ 0, B;(U1).

j=1

17
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Since each N is a constant matrix, from (3.7) and the definition of Ay and /Nlj, it is easy to see
that

(4.16) (div A(p,u)0°U, 02U ) = (div B(U,)U,, 02T, ),
which is independent of v. Using 0;p = — div(pu), we obtain
(4.17) |( div A(p, )30, 20| < e(IIVpllmor + [ Vatmsr) .

Adding (4.10) for all 1 < |a] and integrating the resulting inequality over [0,¢], from Lemma
4.1 and (4.11)-(4.17), we obtain (4.9). O

Now we consider dissipation estimates of Vp and Vu. For this purpose, we introduce

d d
Z Té?xju @:Z

We first establish the following relations.
Lemma 4.3. For all B € N¢, it holds
lo7all® = v|og (Vu)ll* + w07 (divu)|?,
lo70] < cllog(Vo)ll,
(Ofv,00a) = —(07u,9]v),
d
2 (Do(e)

d
(Do(£)0,0%v, 0%4) )02, 001) + > (0,:00u, N;Dy (), 050).
7j=1

Proof. Obviously, it suffices to prove the result for § = 0. By the definition, N; = (/v M;, \/j1e;).
Since €] u = u;, we have

(N]0,,u, Nf@xjm = —y(MiMfﬁiwju, u) + (O, Ui, O ).
Hence, by (2.1),
all* = vIVull® + p divul.

This proves the first equality in the lemma. The other three relations can be proved in a similar
way. O

Lemma 4.4. (Dissipation estimates of Vp and Vu) There are positive constants ca, c3 and ¢y
such that for all e € (0,1]* and all t € [0,T], it holds

d _
7 Y [(Do(e)dv, 07a) + e2(07u, 97 (VR(p))] + sl Vpll5—y + sl Vull7 sy

|B|<m—1

(4.18) < cfvllz, + cllullm (IVolln-1 + IVul7s).

Proof. Let 8 € N? with |8] < m — 1. Applying 97 to the system in (2.10), we have
0,0 p + div 9P (pu) = 0,

(4.19) 0,0%u + 07 ((u - V)u) + 02(Vh(p)) + 07 (—@) —0,
Dy(£)9,0Pv + 0P = —0Pv.
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Taking the inner product of the third equation of (4.19) with %% in L?(R?), by Lemma 4.3 we
obtain

OV + o2 v )* = (050, 055) — {Du(e)ai0k, o20)
= (@000 — D)0, )

x] x

d
— ) (0:0%u, N;Do(e)0,,050).

J=1

Since 1 > 0, by the Young inequality, the above equality implies that

d
(4.20) 2%<D0(6)35U, APa) + v]|05(Vu)||> < c|lv|]?, — 2 Z(@tﬁfu, N;Dy(2)d,,000).
=1

For the last term in (4.20), we use the second equation in (4.19) to obtain
—(0;05u, N; Do (£)0y,050) = (05 ((w- V)u+ Vh(p) + p~'0), N;Do(£),,000).

TiYx

Since € € (0,1]2, by Lemma 4.3 and the Moser-type calculus inequalities, we have

d
=Y (0:0u, N;Do(£)0,,070) < |0 (VR())IIP + elvllz, + el Verllmi[[0]lm,

J=1

where 7 > 0 is a small constant to be chosen. This inequality together with (4.20) gives

d i
(4.21) 22Dy ()0 v, 07a) + V|07 (Vu)l* < nllof (Vo) + cllvllz + cllullml Vull7-.

Next, taking the inner product of the second equation of (4.19) with 92(Vh(p)) in L?(R?)
yields

107 (VR(p)I* = —(0:07u, 07 (Vh(p))) — (07 ((w- V)u+ p~'5), 07 (Vh(p))).
Hence, by the Young inequality,
(4.22) 107 (VR(p)II? < e Vullf,—y + cllvll?, — 2(0:07u, 87 (Vh(p))).
For the last term in (4.22), we use the equation of the density conservation
Orp = — div(pu).
It follows from an integration by parts that
d
—2(0:07u, 0 (Vh(p))) = =22(0u, O (Vh(p))) + 2(0; divu, O (W (p) div(pu))).
Therefore, by the Young inequality and the Moser-type calculus inequalities,
d
=200, 07 (Vh(p))) < =2=(0]u, 0/ (Vh(p))) + el Vull 5oy + el Vol [l
This inequality together with (4.22) gives
d
(4.23)  22(07u, 07 (VA(p)) + [0 (VR < el Vullzy + ellvllz + el Vollmillwllm.

Multiplying (4.23) by 27 and adding with (4.21) yields

%[2@0(6)5’50, 07a) + 4n(07u, 0L (Vh(p))] + nllog (Vh(p))II* + w07 (Vu)|*

< anllVullpy + ellvllz + ellwllm (1Yol + 11Vully, )
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Adding these inequalities for all 5 and taking 1 small enough, since
> 102Vl = (IVull, .,
|B|<m—1

we have

d B v
7 > [2(Do(e)dv, 0)a) + An(0)u, 5 (Vh(p))] + nlI V()2 + §HVqun_1

[B|<m—1
< ol + ellullm (VoI5 -2+ 1Vull7, ).

Finally, recall that h is defined by h'(p) = p'(p)/p. Since p is sufficiently smooth, so is h (say
h € C™(R})). By the Moser-type calculus inequalities (see Proposition 2.1 (C) in [22], p.43),
we have

IVR(p)[m-1 < clIVpllm-1.

On the other hand, A'(1) = p/(1) > 0 implies that h is a C™-diffeomorphism at least in a
neighborhood of p = 1. Thus, ||VA(p)||m—1 is uniformly equivalent to ||Vp||,,—1. This proves
(4.18). 0

Lemma 4.5. (Final estimate) For all ¢ € (0,1)* and all t € [0, T, it holds
lp(t) = LlI7 + w7, + eallo’ @117 + e2llv™ @15,

(4.24) + /0 (Vo) s + V@) oy + [0 @) ) dt’

t
< c(llpo — 17, + lluollz, + exllvgll7, + e2llvg"II7.) +cBT/ IVU )51t
0

where Br is defined in (4.6).
Proof. Notice that, for all 3 € N with |3| <m — 1,

[(Doe)020, 020) + (00, 03 (Th(p))}] < eIV Iy + ul, + exllol |2, + eallo|2).
Integrating (4.18) over [0,¢] and combining the result with (4.9), we obtain (4.24). O

4.2. Proof of Theorem 4.1.

When the solution U is uniformly small in L>°(0,7; H™), the integral on the right hand-side
can be controlled by that of the left-side in (4.24). This implies the uniform estimate (4.2) and
the uniform global existence result.

Now we prove the global convergence. The uniform estimate (4.2) implies that the sequences
(p° — 1)eso and (uf)eso are bounded in L>®(R*; H™) and the sequence (v°).»¢ is bounded in
L*(R*; H™). This ensures the convergence (4.3)-(4.4) and

Dy(g)v® — 0, strongly in L*(R™; H™).
Since (p®, u®,v%) is a solution to (2.5), we have
(0;p° + div(p“u®) = 0,
d

(4.25) O (p°u®) + div(pu® @ u®) + Vp(p°) + Z N;0,,v° =0,

j=1
d
Do(e)0® + Y N0y uf = —0°
\ j=1

For all T > 0, it is easy to see that both (9;p°).~0 and (9yuf).~o are bounded in L*(0,T; H™1).
Hence, (p,u) € C([0,T]; H™ ). Moreover, by a classical compactness theorem (see [37]), for
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all my € (0,m), (p°)e=0 and (u®).~o are relatively compact in C([0,T]; H])}). As a consequence,
as € — 0 and up to subsequences,

(p°,u®) — (p,u), strongly in C([0,T]; H;)'!).

loc

Passing to the limit in the sense of distributions in (4.25), we obtain the Navier-Stokes equations
(2.11) and also (4.5).

Now we describe the initial condition for (p,u). The convergence above is uniform with
respect to time. Hence,

(pga U’((g)) = (pa(o’ ')7 ua(ov )) — (p(Oa ')7 U(O, ))7 StI‘OHgly n H;;Lcl
Moreover, (p,u) € C([0,T]; H™!) implies that (p(0,-),u(0,-)) € H™'. On the other hand,
the boundedness of (pf — 1, uf) in H™ implies that, up to a subsequence, (pf, u§) admits a weak
limit in H™, denoted by (pg,up) € H™. It follows that, for all R > 0

(p<07')7u<07')) = (po,U()), in Bp,
where Bp is the ball of radius R and center 0 in R%. Now m — 1 > d/2 and the embedding

H™ Y(RY) — C(R?) is continuous. Hence, both (p(0,-),u(0,)) and (pg,uy) are continuous
functions in RY. Since R > 0 is arbitrary, we conclude that

(p(O,),u(O,)) = (po,U()), n Rd‘
This ends the proof of Theorem 4.1.

5. INCOMPRESSIBLE RELAXED EULER SYSTEMS

Let d > 2 and v > 0. Consider incompressible Navier-Stokes equations

(5.1) Ou+ (u- V)u+ Vp = vAu,
(5.2) divu =0,
in Rt x R%, where p(t, z) vanishes sufficiently fast as |z| — +oo. Using
1\ Ou; Ou;
(5.3) div ((u-V)u) = (u- V) divu+ tr((Vu)?), tr((Vu)?) = 1; ax; &B:’

it is known that p satisfies a Poisson equation
(5.4) —Ap = tr((Vu)?),
whose solution is given by

pltoa) = [ |Gl = ypr((Valt,))dy

where G is the fundamental solution of the Laplace equation :

1

——lInlz|, ifd=2,
2m

W, lfdz 3,

with Cy > 0 being a constant.
From the discussion in the compressible case, we propose the relaxed incompressible Euler
systems as follows

(5.5) divu =0,
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d
Ou+ (u-V)u+ Vp+ \/;Z M;0,,v =0,
(5.6) J =
O + \/;Z M 0yu = —v,
j=1

in RT x R4, where v € R". Consider the Cauchy problem for (5.5)-(5.6) with initial condition
(5.7) t=0:(u,v) = (ug, vg).

Suppose v, and vj are smooth and

d
(5.8) divug =0, div (Z Mjaxjvg) = 0.

J=1

For incompressible Navier-Stokes equations, suppose (5.1) and divu(0,z) = 0 hold. Tt is
known that (see [23]) the incompressibility condition (5.5) is equivalent to (5.4) for all ¢ > 0.
Now we establish a similar result for the relaxed Euler systems.

Proposition 5.1. Let T > 0 and (u§,vg) € H? satisfying (5.8). Let (u,p,v) be a solution of
(5.6)-(5.7) with regularity

(u,v) € L®(0,T; H*) "nWh>(0,T; H"), Vue L*((0,T) xR, pe L>(0,T; H?).

Then (5.5) is equivalent to (5.4) in (0,T) x RY. As a consequence, we also have

(5.9) div (Zd: M;0,,v(t, -)) =0, Vte]|0,T].

j=1
d
Proof. As in Section 4, we denote v = Z M;0,;v. Multiplying the second equation in (5.6)
j=1
on the left by M; and summing up for all i =1,--- ,d, by (2.2), we have

0,0 + VVvAu = —17.
Applying div to the above equation and to the first equation in (5.6), by (5.3), we have
O(divu) + u-Vdivu + (tr((Vu)?®) + Ap) + v dive = 0,
{58t(divf)) + Vv A(divu) + divo = 0.
If (5.5) holds, then

edy(divo) + divo = 0.

Obviously, the second equation in the above system together with the second condition in (5.8)
yields div o = 0 which is (5.9). This implies (5.4).
Conversely, if (5.4) holds, then

Oup +u - Vup + rup =0,
edwp + VVvAup +vp =0,

{(tr((Vu)Q) + Ap) + /v divo =0,

(5.10)

where (up,vp) = (divu,divd). A standard energy estimate for vp yields

ed
= ol + lepl? = V7 (Vop, Vup).
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Since
Vvup = —0up —u - Vup,

we have 1 4

Vv (Vup, Vup) = —§%||VUD||2 —(V(u-Vup),Vup).
Hence,

1d

5 2 (ellonl + [ Vup]?) + Jupl> = ~(V(u - up), Tup).
A straightforward calculation shows that

d
(V(u-Vup), Vup) = > (Vu; - 05 up, Vup) — (up, [Vup|?).
j=1

Then, by denoting Cr = ||Vu| g ((0,1)xr1), We have
‘(V(u . VuD),VuDﬂ < COr||Vup|?,

which implies that

1d

5 77 Ellonll® + [Vunl?) + llvp|* < Crl|Vun]*
By the Gronwall inequality together with (5.8), we obtain

’UD(t,') =0, VUD(t,') =0, Vte (O,T)

By (5.10), we further obtain dyup(t,-) = 0 for all ¢ € (0,7), which implies (5.5) and (5.9). O

d
Let m > 5 + 1 be an integer. Suppose ug,vg € H™. Similarly to the energy estimates in
Sections 4-5, it is easy to see that the solution of (5.5)-(5.7) satisfies

d
Z (el +llvll) + vl < Cllulz,

where C' > 0 is independent of (u, v). Thus, we may adapt the proof of existence of solutions for
incompressible Euler equations [20, 16, 23]. There exist a maximal time 7§ > 0 and a unique
smooth solution (u,p,v) to the Cauchy problem (5.5)-(5.7) such that

u,v € C([0,T5); H™)nC' ([0, T5); H™Y),  Vpe L*((0,T5); H™ ).
Theorem 5.1. (Local convergence)
Let m > C—i—i-l be an integer. Let (uf,v§) € H™, ug € H™? and vo € H™. We assume
(5.8) holds and
(5.11) [ = wollm + VE 05 — vollm < cre,

where ¢; > 0 is a constant independent of €.

Let (u,p) be the unique solution on [0,Ty] to (5.1)-(5.2) with initial data uy. Then there
exists a constant eg € (0,1] depending on Ty such that for all € € (0,e0], the unique solution
(us, p%,v%) to (5.5)-(5.7) is defined on [0,Tp], and we have

512 0~ + [ o)~ el <, vee 0.7
(513) [05(8) = (8) = va(t) | < v/F Vi € [0, Ty,
(5.14) / V) - ) de < ce, Vie 0.T,

where v and v, are defined in (2.12)-(2.13), and ¢ > 0 is a constant independent of €.
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Proof. Let us introduce
w'=u"—u, ¢=p°—p, 2=v"—(0+uv),

Wy = Ug — Uo, 2y = Uy — V.
From (5.1)-(5.4), we have

d d
O + (u - V) + V& + v Y M0y 2° = —(w - V)u— Vv > Mo, v.,
(5.15) J =1 7=l
e0y 2" + \/;Z M0, w® = —2° —edv, (t,x)€[0,T°) x R,
j=1

where T° = min(7¢, Tp) € (0,Tp). For a € N? with |a] < m, applying 9% to (5.15) yields
d d

005w" + (uf - V)OS + VOIq + Vv Y Mo, 002 = L, — /v Y M;d,,05v.,
j=1 j=1

d

€005 2" + \/;Z Mf@;"@xng = =022 —edyow, (t,x) €[0,T°) x R?,

j=1
where
L = [(u6 - V)ogw® — a;;((m . V)wa)] — 8;“((106 . V)u)
Since divu® = divw® = 0, we have
(07w, VI q") =0
(05w*, (u® - V)0gw®) = 0.
We also have
(0gw®, Mjﬁgjﬁ‘;‘f) = —(022°, Mf@gj@guﬂ.

Hence, a classical energy estimate yields

(105w ” + ellaz==11%) + 21|02
d
(5.16) = 200007, L5) — 2V0 (000", M, 000.) — 2¢(922°, 920,0).
j=1

By the Moser-type calculus inequalities, we have
2|(0pw®, Lg)| < cllwr|l5,.
In a similar way to (3.11) and (3.12), we estimate the last two terms in (5.16) and obtain

2V/v|(05w*, M;0,,00v.)| < el w || me ¢,
2e|(022°, 00 0)| < ||092°|% + ce.

Taking into account these estimates, we add (5.16) for all « to get

d

zi
Thus, a Gronwall inequality together with condition (5.11) implies that
t
lw* (15 +ell== @)1, +/ 12 (") s < ce”.
0

This proves (5.12)-(5.13).

(17, + ell2°17) + 12715 < elws 17, + ellws[lme ™ + ce*.
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Finally, noting z° + v. = v® — v, taking the divergence of the first equation in (5.15), we have

—Aq¢® = div ((us -V)w® + (w® - V)u+ \/;i M;0,, (v° — 17))

j=1

By (5.12), this implies (5.14). The proof of Theorem 5.1 is finished. O

As a variant of Theorem 4.1, we also have a result on the uniform global existence and global
convergence for relaxed incompressible Euler equations. The proof is omitted here.

Theorem 5.2. (Uniform global ezxistence and global convergence)

d
Let m > 3 + 1 be an integer. We assume (uf,v) € H™ and (5.8) holds. There are two

positive constants 0 and c (independent of €) such that if

(5.17) 146l + Ve 1G]l < 6,
then for all e € (0, 1], the Cauchy problem (5.5)-(5.7) admits a unique global solution (u,p®,v)

satisfying
t
€ 2 € 2 € 2 € 2 € 2
0
< c(llugllz, +ellvgliz), ve>o.

Moreover, there exist functions u € L>®°(R*; H™) and p, v € L*(R™; H™), such that, ase — 0
and up to subsequences,

(5.19) ut — u, weakly-+ in L®(R*; H™).
(5.20) Vp* — Vp, v — 0, wedkly in L*(RT; H™),
where

d
(5.21) v=—Vvy M, u,
=1

and (u, p) is a unique solution to the Cauchy problem for incompressible Navier-Stokes equations
(5.1)-(5.2) with initial value ug being the weak limit of uf in H™ (up to subsequences).

6. RELAXED EULER SYSTEMS WITH TENSOR VARIABLES

6.1. The system with Maxwell’s constitutive relation.
We consider system (1.5), namely,

Op + div(pu) = 0,
(6.1) Oi(pu) + div(pu @ u) + Vp(p) + divr = 0,
g0y +vo(u) + Mdivu)ly = —7, in RT x RY,
with initial condition
(6.2) E=0: (pyum) = (g5, uf o),
where 7 is a symmetric matrix variable of order d and ¢ > 0 is a small parameter.

Recall the inner product of two matrices as follows :
d

T = g Ty for ™= (Tij)i<ij<a, T = (Tij)1<ij<d-
i,j=1
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We denote .
TP =n:7m= waj,
ij=1
and
(RT%=/7VTMA\WW (), Awl, =Y loea|?®.
Rd
|a|<m

Obviously,

div(z'u) = u-divr +7: Vu, 7:1;=tr(n).
Now we consider the pair of entropy-entropy flux. Let (Fy, Fy) be the pair of entropy-entropy
flux for the Euler equations, defined by (2.7). By (6.1), we have
0 Eo(p,u) + div Fy(p,u) + u - divr = 0.
By the symmetry of 7 and the definition of o(u), we have
1 1
o o(u) =m:Vu-— a(div u)tr(m).
Hence, the third equation in (6.1) yields an energy equality
A

£ 2, L . (_ _ l) : _
4V3t|7r| + 2V|7T| +m:Vu+ 5 7 (div u)tr(m) = 0.

In order to eliminate the term containing tr(7), we take the trace of the third equation in (6.1).
Since tr(o(u)) = 0, it yields
eoitr(m) + dAdivu = —tr(n),
which implies that
gﬁt(tr(ﬂ))Q + (tr(m)? + d\(div w)tr(r) = 0.
It follows from these two energy equalities that
ey Py () + 2P (m) + 7 : Vu=0.

where
2v 1

(6.3) Pi(m) = i(!ﬂf + w(tr(m))?), with w= G
Let Vi = (p,u, 7). We define functions F; and Fj by
E\(V1) = Eo(p,u) + ePr(m),
{Fl(Vl) = Fy(p, u) + mu.
It is easy to check that a smooth solution V; of (6.1) satisfies the energy equality
(6.5) O E1(Vy) + div Fy(Vy) + 2P () = 0.

Therefore, (E, F) is a pair of entropy-entropy flux of system (6.1). Moreover, if w > 0, then

(6.4)

1
Pi(m) = -l

and if w < 0, by using
(tr(m))? < d|r]?,
we have .

Pi(m) 2 (1 +wd)|rf* =

Hence,

(6.6) Py(r) > min (iy i)w?.
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Since m — Pj(m) is quadratic, E) is a strictly convex function with respect to the conservative
variable (p, pu, ) for p > 0. As a consequence, E is a strictly convex entropy. If we use the
columns of 7 as variables instead of m, system (6.1) can be written in a standard form. We
conclude that system (6.1) is symmetrizable hyperbolic (see [12, 11, 2]) and its Cauchy problem
admits a unique smooth solution defined in a finite time interval (see [19, 17, 22]).

The local convergence of system (6.1) can be proved in a similar way to the proof of Theorem
3.1. Now we establish the global convergence of the system near a constant state (1,0,0) for
Vi. The result is stated as follows.

d
Theorem 6.1. Let m > 5 + 1 be an integer. Assume (p5 — 1,uf, n5) € H™ with w§ being

symmetric. There are two positive constants 6 and ¢ (independent of €) such that if

105 = Ulm + 145 llm + Ve [75]lm <9,
then for all e € (0,1], the Cauchy problem (6.1)-(6.2) admits a unique global solution (p°, us, )
satisfying
1p°(t) = L[5 + = (@) 17 + < 7)1,

(6.7) + /0 (Vo= () Iy + IV ()5, 1 + [l () 15) dt’

< c(llps — L5 + lluglly, +ellmlin), vt >0.

Moreover, there exist functions (p,u, ) with (p —1,u) € L®°(R*; H™) and = € L*(R*; H™),

such that, as € — 0 and up to subsequences,
(0%, u°) — (p,u), weakly-* in L®(RT; H™),
7 — 7,  weakly in L*(RT; H™),
where
m = —vo(u) — A(divu)ly,
and (p,u) is a unique solution to (2.11) for the compressible Navier-Stokes equations with initial
value (po, ug) being the weak limit of (p§,ug) in H™ (up to subsequences).
Proof. Let T" > 0. We follow the same steps in the proof of Theorem 4.1 by considering energy
estimates for V; defined on [0, 7. Integrating (6.5) over R, we have
d
(6.8) — | Ey(V})dx + 2/ Py (m)dx =0,
dt R4 R4

which provides an L? estimate for V; with dissipation for .

Next, for a € N? with 1 < |a| < m, applying 0% to (6.1) and taking the inner product in L?
with

(21 ()05 p, 2000 u, v 00T),

we obtain an energy equality for Vj. Then combining this equality with the energy for tr(0%7),
similarly to (4.10) and (6.5), we have

d
o | (W )z pl? + plogul + 26 Py (@5m) ) dr + 4 / Py (00)da
dt R4 Rd
d
= (div B(U))eU,, 95U ) — 2 K —2(08(p~ " div) — p~ '8¢ divm, pdu),
j=1
where the first two terms on the right-hand side are estimated in (4.14) and (4.16)-(4.17) with

Uy = (p,u). For the last term, since |a| > 1, the Moser-type calculus inequalities yield
(02 (p~" div e — p~ " div O, pdgu) | < eIV pllim-1 |V ullimn-1 [V 1.
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It follows that

4
dt Rd
< c(IVollm-1 + I Vullm-1) IVVA][7, 1.

Adding (6.9) for all @ with 1 < |a| < m, together with (6.8), we obtain
(6.10) E1(t) +4D1(t) < c([Vplln-1 + [ Vullm-1) [VVi 171

(6.9) (h/<p)\agp\2 + pldul + 2€P1(8§‘7r)>da: +4 / P (%) dx

Rd

where & (t) is the total energy defined by
a)=2 [ Epdss Y [ (W00 + plozul)dn + 2:D)
R? 1<a<m B
with
D)= 3 / Pu(0°7)da.
jal<m /&

From (6.3)-(6.4) and (6.6), it is easy to see that D;(¢) is uniformly equivalent to ||7||?,, and
&1(t) is uniformly equivalent to ||p — 1|2, + ||ul|2, + £]|7||2,- This provides an estimate in H™
for V; with dissipation for .

Finally, we consider a dissipation estimate for Vp and Vu. Let 8 € N¢ with |3] < m — 1.
Applying divd? to the third equation in (6.1), we have

£0,(0° div ) + vAPu + pV (div dPu) = —0° div ,
where p =v+ A — %‘. Taking the inner product with 9’u in L2, we have
v||V(07uw) || + pll div(97w)|* = e(0,(0; divm), 07u) — (977, VO u),

which is a key relation to obtain the dissipation for Vp and Vu. Let 2k = min(v,\) > 0. We
know that
V[V @)l + pll div(97w)[* > 2]V (97w
Clearly,
(VO u, 0m)| < w]|V (97wl + cl| o7,
Therefore,
w07 (Vu)ll* < climll7, + (0,07 div ), 07u).

The rest of the proof is similar to that of (4.18). By using analogous techniques, we obtain

(0,(07 div ), 0%u) = %(85 div 7, 0%u) + (02 ((u - V)u + Vh(p) + p~ ' divr), 07 div ),

107V h(p)II* = —%(35Vh(p),3fU>+<8f(h’(p)diV(ﬂU))ﬂfdivw

— (0% ((u- V)u+ p~tdivr), 07Vh(p)).

Combining the last three relations yields

d
(@maVh(p) — 0] div ), 0lu) + k|07 (V) [I* + m |07 VR(p)|

< clmlm + c(IVollm-1 + lullm) VVi]I7 -1,
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where 1, > 0 is a sufficiently small constant. Adding this inequality for all |5| < m—1, together
with (6.10), we have

d
5 5 4 5
& (1) + n2 5|<§ _1<(27718m Vh(p) — €0y div), 0, u)

+ 4Dy () + o (K VUl + V(o) 2, )
<l + (1ol + flln) IV VA2,

where 75 > 0 is a small constant to be chosen. Integration this inequality over [0,¢] with ¢ > 0
and taking 7, > 0 sufficiently small, as in the proof of Lemma 4.5, we obtain

t
lp(t) = L% + a5, + el @17 + /0 (Vo) -y + IVu) 5y + 7 ()5, dt
< c(llpo = 17, + lluollz, + ellmoll), ¥t € (0,7,

which implies (6.7) and the uniform global existence of solutions. The global convergence of
system (6.1) can be performed in a similar way to the proof of Theorem 4.1. a

6.2. The system with revised Maxwell’s constitutive relations.
We consider system (1.7) with the revised Maxwell’s constitutive relations, namely,

Op + div(pu) = 0,
O(pu) + div(pu @ u) + Vp(p) + divmy + Vg = 0,

A1
(6.11) £10ym + vo(u) = —my,
€90,y + Adivu = —m, inRT x RY.
with initial condition
(612) t=0: (p7u77Tla7T2) = (pgvu(e)aﬂ-imﬂ-;O)v

where 7 is a square matrix variable of order d, 75 is a scalar variable and € = (g1, €2). Similarly
to min (6.1), we may assume that m; is symmetric and we know that this assumption is not a
restriction condition.

As mentioned in the introduction, tr(m) satisfies a linear equation

(6.13) £10¢tr(my) + tr(m) =0,

and tr(m(t,-)) = 0 for all ¢ > 0 if and only if tr(nf,) = 0. Condition tr(7j,) = 0 is used in
the study of (6.11)-(6.12) in [39]. However, it is a real restriction on the initial data. In this
subsection, we consider the Cauchy problem (6.11)-(6.12) without this condition. The local
convergence of system (6.11) can be proved in a similar way to the proof of Theorem 3.1 as
g1 = €9 — 0. Now we establish the global convergence of the system near a constant state
(1,0,0,0) for Vo = (p, u, w1, m3).

We start with the definition of a pair of entropy-entropy flux of the system. From (6.1) and
(6.11), we have successively

O Eo(p, u) + div Fy(p, u) + u - (divmy + V) = 0,
1

1
i—;atmﬁ + 5o lmf?+ 5m o) =0,

1
;—i@t\mﬁ -+ X|7T2’2 -+ 7o divu = 0.
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Since ) )
U o(u) =m : Vu— c_l(div w)tr(m),
we obtain
€ )
8t <E0(p, U) + ﬁ|7r1|2 + 2>\|7T2| > + le (Fo(p, u) —+ (7T1 —+ ngd)u)
1 1 1
+ $|7Tl|2 + X|7T2’2 — E(divu)tr(m) = O

In order to eliminate the last term on the right hand-side of the above equality, we multiply
the last equation in (6.11) by tr(m)/d\ and (6.13) by eoma/e1d) to yield

1
a’ﬂgtr(ﬁl) = O,

3
d)\251 7T2t1'(7Tl) =0.

L ..
atr(m)aﬂr? + d(le w)tr(m) +

9
ﬁm&gtr(m)

This implies that

1, . 1 /e
aat [Wgtl'(ﬂ'l)} -+ E(le u)tr(m) -+ a <€j -+ 1>7T2t1'(71'1) 0.
Thus,
3 .
8t <E0(p, U) + ﬁ"ﬂ'ﬂ? 2)\ |2 a’]‘(gt[‘(Tﬁ)) + div (Fo(p, u) + (7T1 + WQ[d)U)
1 1 1 /e
(6.14)  +_|mf + Slmal + (i + 1) mte(m) = 0.

This provides a pair of entropy-entropy flux. However, the strict convexity of the entropy and
the negativity of the entropy production are not guaranteed. To remedy this, we use again
(6.13) to obtain

(6.15) 2a(g)e10,|tr(m)|? + 4a(e)|tr(m)|? = 0,
where a(e) > 0 is a constant defined by

2
ale) = 4d12)\ C_j 1)
Finally, adding (6.14) and (6.15), it yields
(6.16) Oy Eo(Va) + div Fy(Va) + Po(my,m) =0,
where V5 = (p, u, m, m2),
Es(Va) = Eo(p,u) + Es(m1,m),
(6.17) Fy (Vo) = Fo(p,u) + (m1 + moly)u,

1

1 1
Po(my,ms) = fml? + 3 |maf? + da(e)ler(m) * + dA( + 1) matr(m),

with )
Ey(mi,m2) = | 1+ i|ﬂ2|2+2a( e)er [tr(m)|? +—7T2tf(7ﬁ)

4dv dA

By the Young inequality, we see that

E1, 19 €2, 9 _ = E1, o . 3&9 2, 2 /g2 )
618)  pmP + il < Bm,m) < Tinl + el + g (24 a)linm)
and
1 1
(619) P2<7T177T2) Z 2_V’7T1|2+ 2)\‘71-2'2
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Therefore, F, is a strictly convex entropy with respect to (p, pu,m,m) for p > 0 and the
entropy production — P, is negative.
The main result of this subsection is stated as follows.

d
Theorem 6.2. Lete = (e1,&5) and m > 5—1—1 be an integer. Assume (p§—1,u5, 75, 75,) € H™

with 75, being symmetric. There are two positive constants § and ¢ (independent of €) such

that if
£

2
196 = Hlm + l[udllm + VELIollm + V22 1720l + —=[[tr(mio)llm < 0,

G
then for all e1,e9 € (0,1], the Cauchy problem (6.11)-(6.12) admits a unique global solution
(p%,u, 75, m5) satisfying
2
£ 13 £ 151 6 £
10°(8) = 117 + = ()17 + ex 175 @17, + e2 7515, + ;?Ht?"(ﬂl(t))an

t
(6.20) + /0 (Vo= () Iy + Ve (@) 51 + IS @) + 75 17, )

52
< oflloh = LI + sl + exllmioll + +2alimills + Zleei)I2), Ve o

Moreover, there exist functions (p—1,u) € L¥(R*; H™) and w1, m € L*(R™; H™), such that,

as (e1,e2) = 0 and up to subsequences,

(0%, u°) — (p,u), weakly-*+ in L=(RT; H™),

(75, 75) — (m1, ™), weakly in L*(R*; H™),
where

m = —vo(u), mm=—-Adivuy,

and (p,u) is a unique solution to (2.11) for the compressible Navier-Stokes equations with initial
value (po, ug) being the weak limit of (p5,us) in H™ (up to subsequences).

Proof. The proof is similar to that of Theorem 6.1. It follows from energy and dissipation
estimates that we give below. The detail of the proof is omitted here. Let T"> 0 and V; be a
smooth solution defined on [0, 7.
Firstly, the entropy equality (6.16) yields
d
(621) — EQ(%)dl’ + / P2(7T1, 7T2)dZL’ = 0,
dt Rd Rd
which provides an L? estimate for V5 with dissipation for m; and m. Next, let a € N? with
1 < |a| < m. Applying 9% to (6.11) and taking the inner product in L? with
(21 (p)3p, 2000, v 001, 20700 ),
together with the energy equality for tr(9%m; ), we obtain an energy equality for V5 :
d

o (h'(p)|agp|2 + p|0%u|? + 2F5(9%T, 6§W2)>dx + 2/ Py(0%7y, 0%y dx
R4

R4

d
= (div B(U,)8°U, OeU) — 2 Z K5 —2(05(p~ ! divry) — p= 105 div my, pdsu)
j=1

— 203 (p~'Vmy) — p~ 0 Vma, pdgu),

where the first two terms on the right-hand side are estimated in (4.14) and (4.16)-(4.17).
Together with (6.21), we further obtain

(6.22) E5(t) +2D5(t) < c(|Vpllm-1 + [ Vullm-1) IV V71,
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where & (t) is the total energy defined by

=2 [ Eyp,u)d h’8a28ad2/E8,80‘d,
)=2 [ Bapedes 30 [ (Wlozsl + plozu)ar +2 Y [ Ba(orm.opmds

1<|a<m la]<m
and
Z / P2 6 7T1,8 Wg)dl’.
|a|<m

From (6.19), it is easy to see that
1
Dy(t) > —||m1|?, + —||m|?..
A(0) 2 o llm s+ ol

Thus, (6.22) together with (6.17)-(6.18) provides an estimate in H™ for V3 with dissipation for
my and 7.

For the dissipation estimate of Vp and Vu, let § € N? with |8] < m — 1. From the equations
n (6.11), we obtain successively

CZ<85V}L< ), 07u) + (07 (I (p) div(pu)), 07 div u)

— (0P ((u- V)u+ p~H(divr, + V1)), 9°Vh(p)),

107V h(p)]*

V@I + (1= 2 ) div(@fn) | = <1(0(0] divm), o) — (9, Volu),
M div(0Pu)||? = e9(0,(0°Vy), 05%u) — (9P7y, div 0P u),

%(85(51 div T + EQVT['Q), 85U>

+ (08 (1 divmy + &9Vma), 02 ((u- V)u+ p~H(divm + V)

+(0% (e, divmy + &, V), 02(Vh(p))).

(0,02 (1 divmy + e2Vma), Du) =

It follows that

d
— | &) + o Z (02(2m Vh(p) — 1 divm — eVTy), 0%u)

dt
|Bl<m—1
+ 2Ds(t) + me (K VullZ,_y + mlI VAR )
< cllmllm + lIm2lls) + e(IVplln-s + llllm) [VVall5 -
This estimate implies (6.20) and then the result in Theorem 6.2 follows. O
6.3. Incompressible case.

Let d > 2. In the incompressible case, both systems (6.1) and (6.11) lead to the following
system

(6.23) {@u + (u-V)u+ Vp+divr =0,

e +v(Vu+ (Vu)') = —m, inRY x R
and
(6.24) divu =0,

with initial condition

(6.25) t=0: (u,m) = (ug, ),
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where 7 is a square matrix variable of order d and € > 0 is a small parameter. Obviously,
(6.23) is an approximation of the incompressible Navier-Stokes equations (5.1)-(5.2). Applying
div div to the second equation in (6.23), we have

edy(divdiv ) + divdivr = 0.
Suppose now
(6.26) divug =0, divdivrg = 0.
We obtain divdiv(t,-) = 0 for all time ¢ > 0. In this case, we still have
(6.27) —Ap = tr((Vu)?).
Similarly to Proposition 5.1, we have the following result of which the proof is omitted.

Proposition 6.1. Let T > 0 and (u§, 75) € H? satisfying (6.26). Let (u,p, ) be a solution of
(6.23)-(6.25) with reqularity

(u,m) € L=(0,T; H) N W'=(0,T; H'), Vue L>((0,T) xR?), pe L>0,T;H?).

Then the incompressibility condition (6.24) is equivalent to (6.27) in (0,T) x R%. As a conse-
quence, we also have divdivr =0 in (0,T) x RY.

Similarly to Theorems 5.1-5.2, we can prove the local and global convergences of system
(6.23)-(6.24) to incompressible Navier-Stokes equations (5.1)-(5.2). The detail is omitted here.
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