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GLOBAL EXISTENCE OF SMOOTH SOLUTIONS FOR A
NON-CONSERVATIVE BITEMPERATURE EULER MODEL

DENISE AREGBA-DRIOLLET!, STEPHANE BRULL! AND YUE-JUN PENG2*

1 Univ. Bordeaux, CNRS, Bordeaux INP, IMB, UMR 5251, F-33400 Talence, France
2 Université Clermont Auvergne, CNRS, LMBP, F-63000 Clermont-Ferrand, France

Abstract. The bitemperature Euler model describes a crucial step of Inertial Con-
finement Fusion (ICF) when the plasma is quasineutral while ionic and electronic
temperatures remain distinct. The model is written as a first-order hyperbolic sys-
tem in non-conservative form with partially dissipative source terms. We consider
the polytropic case for both ions and electrons with different ~-law pressures. The
system does not fulfill the Shizuta-Kawashima condition and the physical entropy,
which is a strictly convex function, doses not provide a symmetrizer of the system.
In this paper we exhibit a symmetrizer to apply the result on the local existence
of smooth solutions in several space dimensions. In the one-dimensional case we
establish energy and dissipation estimates leading to global existence for small per-
turbations of equilibrium states.

Keywords: non-conservative hyperbolic system - partial dissipation - symmetrization - energy
estimates - Euler type model for plasmas.

AMS Subject Classification (2000) : 35L60, 35F55, 35QQ31, 7T6N10, 7T6W05.

1. INTRODUCTION

This paper is devoted to the study of the global existence of smooth solutions near constant
equilibrium states for a bitemperature Euler system. This fluid model describes the interaction
of a mixture of one species of ions and one species of electrons in thermal nonequilibrium, with
applications in the field of Inertial Confinement Fusion (ICF). It was derived from a kinetic
model by using a hydrodynamic limit and the Boltzmann entropy. For this kinetic model, a
Discrete Velocity Model (DVM) method with an asymptotic preserving discretization toward
Euler equations was obtained. The kinetic approach also allows to design numerical schemes
for the bitemperature Euler equations. See [1, 5].

We denote by p. and p; the electronic and ionic densities, p = p. + p; the total density, m,
and m; the related masses, c. and ¢; the mass fractions. These variables satisfy

(1.1) Pe = MeNe = Cop, pi = min; = c;p, Me >0, m; >0, c.+c¢=1.
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Quasineutrality is assumed, so that the ionization ratio Z = n./n; is a constant. This implies
that the electronic and ionic mass fractions are constant and given by

Zme m;

1.2 e = ———, =
(12) : m; + Zme m; + Zm,

C;, =
We suppose that the ionic and electronic velocities are equal: u, = u; = u, and the pressure of
each species satisfies a gamma-law with its own  exponent :

(1.3)  pe = (Ve — D)pece = nekpTe, pi=(vi— 1)pie; = nikpTy, ve > 1, 7 > 1,

where kp is the Boltzmann constant (kg > 0), €, and T, represent respectively the internal
specific energy and the temperature of species o for a = e, 1.
Denoting by |- | the Euclidean norm in R?, the total energies for the particles are defined by

1 1
(1.4) Eo = Pata + §pa|u]2 = ¢, (pea + ip]uﬁ), a=e,i.

We denote by v > 0 the interaction coefficient between the electronic and ionic temperatures.
Physically this coefficient is a complicated function of the electronic and ionic temperatures and
of p, see the NRL plasma formulary [11]. A rigorous derivation of v is obtained via a kinetic
underlying formulation [1]. It gives v(p) = Kp where K is a positive constant. This expression
of v implies that more dense is the plasma, faster it reaches the thermal equilibrium. In order
to simplify the notation, we assume that v is a sufficiently smooth function of p, denoted by
v = v(p), and satisfies v(p) > 0 for p > 0. In particular, it suffices to assume that v(1) > 0
in the study of the global existence of smooth solutions for p near 1. From the proof of the
main theorem, we will see easily that global existence still holds when v is a smooth function
of (T,,T;, p) and remains positive at an equilibrium point (T}, T}, p) = (T, T, 1) for a positive
constant 7.

The model consists of two conservative equations for mass and momentum and two non-
conservative equations for each energy:

Op + div(pu) =0,
Oi(pu) + div(pu @ u) + V(pe +pi) = 0,

1.5
(15) €. + div (u(ﬁe + pe)) —u-(¢;Vpe —c.Vp;) = pv(T; — T,),
O&; + div (u(& + pl)) +u- (¢;Vpe — c.Vpy) = —pv(T; = Tp),
where 7.7 stands for the inner product in R?. This is a non-conservative hyperbolic system

which can be written in the synthetic form

(1.6) W+ C;(W)D, W = F(W).

j=1
Now we introduce
Pa (’70( - 1)pa€a
R T e N
(1.7) 0; ba P
¢(107 pu, 867 51) = 7)(/0; pu, 567 SZ)U,

where

(1.8) by = S Ma g o — ¢4,
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It was proved in [1] (see Theorem 2.9) that the functions (7, ¢) defined in (1.7) are a pair of
entropy-entropy flux of (1.5), and 7 is strictly convex in the set of state space §2 given by

Q= {(p7ua€eagi) € Rd+3 ‘ p > O, Ee > O, E; > 0}
Moreover, any smooth solution of the system satisfies the entropy equality

(1.9) Om(p: pu. €2, €6) + div §(p, pu, £, &) = = (T, = Ty,

which is a partially dissipative condition of the system. It is known that the second-order deriv-
ative of a strictly convex entropy provides a symmetrizer of a hyperbolic system in conservative
form (see [9, 3]). Unfortunately, the equations for & and & in (1.5) are not in conservative
form. As already noticed in [2], n”(W) is not a symmetrizer of system (1.5). For the sake of
completeness we prove this result in the Appendix of the present article.

According to the theory on the symmetrizable hyperbolic system [14, 12, 15], the existence
of a symmetrizer is very important to study smooth solutions in Sobolev spaces. Such a
symmetrizer for (1.5) is constructed in Section 2 in any space dimension. It implies the local
existence of smooth solutions. See By(V) defined in (2.10) and Proposition 2.1.

In order to study global existence, we may introduce the total energy £ and the total pressure
p defined by

E=&E+& p=petp
From (1.3)-(1.5), we have

e 7 1
£ = %p_ 1 + %p_ 1 + §p\u!?, p= ,0[(% — 1)cege + (i — 1)01.51.}

and
Oyp + div(pu) =0,

(1.10) O (pu) + div(pu ®@ u) + Vp = 0,
OHE+div(w(E+p) =0, t>0, zeR™

The last equation in (1.10) shows that the total energy is a conservative variable. If v, = ~;,
we introduce a total internal specific energy € by € = c.e. + ¢;6;. Then

1
€ =pe+5plul’s p=(3—Dpe.

Therefore, (1.10) becomes the gas dynamics equations. In this case, system (1.5) is decoupled
and contains (1.10). It is known that smooth solutions to the gas dynamics equations blow
up in finite time [13, 23]. Hence, global existence is not expected. In physically realistic
situations, one can define a weak solution containing shocks. Existence and uniqueness of weak
entropy solutions is rather well understood for one-dimensional strictly hyperbolic systems of
conservation laws, see [4] and references therein. For systems with non-conservative products,
the authors of [8] gave a definition of shocks, but to our knowledge there is no result on the
existence of such solutions for (1.5).

In what follows, we consider the Cauchy problem for (1.5) near constant equilibrium states
in case v, # ;. Let us introduce

N (p, uT,ee,ei)T.
An equilibrium state V is a constant solution of (1.5). We consider in particular the equilibrium
state with zero velocity. Let
V = (17 07 8_67 gi)T7

which is such an equilibrium state with £, > 0 and &; > 0.



4 D.Aregba-Driollet, S.Brull and Y.J.Peng

System (1.5) is supplemented by an initial condition

(1.11) t=0: V=V2)Y (po(x),ul(x),ce0(x),e00(x))’, zeR™

For a positive integer m we denote by H™(R?) the usual Sobolev space equipped with the norm
| - [[m- The result of the global existence of solutions holds in one space dimension and can be
stated as follows.

Theorem 1.1. Let d = 1 and m > 2. Assume Vo, —V € H™(R) and v, # ;. There are two
positive constants ¢ and ko such that if |[Vo — V|lm < ko, then the Cauchy problem (1.5) and
(1.11) admits a unique global solution V satisfying V —V € C(RT; H™(R))NCY{(R*; H™1(R)).
Moreover,
(1.12) sup [[V(t,) = Vm < cl[Vo = Vlim.

teR+

For conservative hyperbolic systems with source terms, the global existence of smooth so-
lutions near constant equilibrium states was proved in [10, 26] in a general framework under
two main conditions. A typical example in this framework can be seen in [24, 7] for the gas
dynamics equations with damping. The first condition required in [10, 26] is an entropy dissi-
pation near an equilibrium state. It implies in particular an L? energy estimate of solutions.
The second one is the classical Shizuta-Kawashima condition (SK) at the equilibrium state [22].
Unfortunately, these two conditions are not satisfied by system (1.5). The first condition fails
because (1.5) is not a conservative system. However, it is known that condition (SK) is not
necessary for the global existence of smooth solutions. There do exist conservative systems for
which global existence holds without this condition. We refer the reader to [27, 6, 19, 17] for
examples in which different techniques are employed to avoid condition (SK).

Thus, it is important to establish a global existence result for a class of systems including at
least one of these examples. In [16] the authors studied energy estimates of smooth solutions
near non-constant equilibrium states for conservative systems. In one space dimension, they
obtained global existence for systems violating condition (SK) but admitting a very special
structure. This allows them to give a proof of global existence by using only a partially dissi-
pative condition via an entropy dissipation. This situation is different from that of the present
paper. In the proof of Theorem 1.1, we not only need a partially dissipative condition but also
a dissipation estimate for other variables (see Lemma 3.5). In [21] the authors tried to explore
a link between the linear degeneracy of characteristic fields and condition (SK) for conservative
systems. Under restrictive conditions, they obtained time-decay estimates of solutions which
imply global existence. One can check that the conditions in [16] and [21] are not fulfilled by
(1.5) and the systems in [27, 6, 19, 17].

Up to our knowledge, Theorem 1.1 gives a first result on the global existence of smooth solu-
tions for a non-conservative nonlinear hyperbolic system with source terms without condition
(SK). The proof of this theorem is based on the local existence of solutions and uniform energy
estimates with respect to time through Lagrangian coordinates. It consists of three steps. The
first step concerns an L? energy estimate. For this purpose, the entropy equality (1.9) is not
sufficient because the system is not in conservative form. We need further to prove equilibrium
conditions between the system and the entropy 7 given in (1.7) at the equilibrium state. The
verification of these conditions is very complicated and tedious for (1.5). To avoid this, we turn
to consider the Cauchy problem in Lagrangian coordinates where these conditions can be easily
checked (see Lemma 3.1). The second step is to establish higher-order energy estimates with a
dissipation estimate for T, —T;. This is a classical step which is done by choosing an appropriate
symmetrizer of the system (see Lemma 3.4). In the last step, we prove a dissipation estimate
for (Vu, Vp) (see Lemma 3.5). In view of special structures of the system, these estimates are
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sufficient to obtain the global existence of solutions in Lagrangian coordinates. Then Theo-
rem 1.1 follows from the equivalence result for the solutions between Eulerian and Lagrangian
coordinates. Remark that in the proof of Theorem 1.1, we need to use different independent
unknown variables in different energy estimates. The difficulty on the lack of condition (SK) for
system (1.5) is overcome by choosing appropriate variables connected by C'*°-diffeomorphisms.

Finally, we point out that there exists a result on the global existence of solutions for partially
dissipative hyperbolic systems in non-conservative form which satisfy condition (SK). However,
the space dimension is required to be bigger than 3 [20] (see Theorem 2.4). System (1.5) is not
included in this framework since it does not satisfy condition (SK). So far, global existence in
several space dimensions is an open problem for (1.5).

This paper is organized as follows. In the next section, we first exhibit a symmetrizer to apply
the result on the local existence of smooth solutions in several space dimensions. Then we study
the structure of the system in one space dimension in Euler and Lagrangian coordinates. In
particular, we show that system (1.5) does not satisfy condition (SK). We also state a result on
the global existence of solutions for the system in Lagrangian coordinates (see Theorem 2.1).
Section 3 is devoted to the proof of the energy estimates in the three steps mentioned above.
In the last section, we give the proof of Theorem 2.1 and then the proof of Theorem 1.1 by
using a result on the equivalence of solutions for the Cauchy problem in Euler and Lagrangian
coordinates.

2. STUDY OF THE BITEMPERATURE EULER MODEL
2.1. Symmetrization of the system. System (1.5) can be written in the form
Op + div(pu) =0,
Oi(pu) + div(pu ® u) + Vp = 0,
0&. + le( (Ee + pe ) u - (¢;Vpe — c.Vp;) = v(p)v,

(2.1) )
81‘,51' + le( S +pz ) +u szpe - Cesz) = (p)va t> 07 YIS Rda
(

with relations (1.1), (1.2), (1.3), (1.4), (1.8) and
v=p(T; —T.), Ty =0buata, «a=e,i.
Now we write the system with variables (p,u, €., &;). We first remark that
(2.2) div(pu @ u) = p(u - V)u + udiv(pu), p=p.+ p;.
Then, for p > 0, the first two equations in (2.1) give
(2.3) O+ (u-Vu+p 'Vp=0.
By the definition of &, and the first two equations in (2.1) together with (2.3), we have

1 1 1 1
. [0:Ea + div(u&,)] = SPu- Opu + Ju- O(pu) + poiea + €a0ip + div <§p|u|2u + pusa>

1 1
= —5pu [(w-V)u+p 'Vp| — Fu [div(pu ® u) + Vp] + pdiea

1
—eq div(pu) + div (§p|u|2u + puea).
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Since
1
—pu- [l V)l = —pu- V(P
aiv (5lufu) = Sluf? div(ou) + 3 pu - V(juf’)
2 2 2 ’

using (2.2), we obtain

2
— _1 2\ . 1 2 71- . 1 9
= —3pu-V(u) = u- Vp = Sfuf* div(pu) + div (Splul*u))
= —u-Vp.

—lpu (u-Vyu+p'Vp] - %u - [div(pu ® u) + Vp] + div <%p\u|2u>

We also have
—eq div(pu) + div(pue,) = pu - Ve,.
These equalities imply that

1 [0iEa + div(u&,)] = pdiea + pu- Veg —u - Vp.

Cao
Moreover,

div(upe) — u - (¢;Vpe — c.Vp;) = pedivu + cou - Vp,
(24) { div(up;) + u - (¢;Vpe — c.Vp;) = p; divu + cu - Vp.

It follows that

1 1
- [atge + div (u(ge + pe)) —u- (Cine - CevPi)] = patge + pu - vge + —Pe diVU,

Ce e
%[&&- +div (w(& + pi)) +u- (;Vpe — V)| = pde; + pu - Ve + %pi div u.
Finally, kiy the expression of p, and the last two equations in (2.1), we obtainl
Oge +u-Veo+ (Yo — Deodivu = v(p)(cep) o,
Oei +u-Ve; + (3 — Degdivu = —v(p)(eip) o,
which are the equations for e, and ¢;. Thus, system (2.1) is equivalent to
Op + div(pu) = 0,
o+ (u-V)u+p 'Vp =0,

(2.5) Oree + 1+ Ve, + (7o — Decdivu = v(p)(cep) v,
i+ u- Ve, + (v — Degdive = —v(p)(ep) v, t>0, zeRY
where
> (oo ny
Let

V= (p> uTageagi)T? &1 = 06(78 - 1)66 + Ci(ﬁ)/i - 1)€i?

where the superscript 7' denotes the transpose of a vector. Since p = pe; and

p ' Vp=pteVp+ Ce(Ve — 1)Vee + ¢i(vi — 1)Vey,
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system (2.5) is written in the form

d
(2.7) OV+Y Bi(V)0,V=H(V), t>0, = (x1,-+,z4) € R,
j=1
where
Uj pe;fF 0 0
-1
pleie; u;lq ce(Ve = 1)ej ci(yi — 1)e;
2. ; =
(2:8) B;(V) 0 (Ve — 1)ece] u; 0 ’
0 (% — 1)61'6? 0 Uj
and
0
0
(2.9) H(V) =

v(p)(cep)~tv
—v(p)(eip) v

with u = (ug, -+ ,uq)?, I; being the unit matrix and (ey,--- ,e4) being the standard basis of
R
By a symmetrizer By (V) for system (2.7) we mean that By()) is a symmetric positive definite

matrix such that By(V)B;(W) is symmetric for all j € {1,2,--- ,d} (see [15]). Now we introduce
a diagonal matrix

(2-10) BO(V) = diag(fﬁefz’, P25e€ifd, Cep25i7 Ci02€e) .

Obviously, By(V) is symmetric positive definite in Q2. Moreover,

UjE1EE] peiEcsie] 0 0
By(V)B,(V) = PE1ELEE; P2Uj5efifd Ce(Ve — 1)p2565i€j ci(vi — 1)025652'6]'
0 A 0 ce(Ve — 1)peceie] Cep U E; 0 ’
0 ci(vi — 1)pPeceie] 0 CipPu g,

which is a symmetric matrix. Therefore, By(V) is a symmetrizer and system (2.7) is symmetriz-
able hyperbolic in the sense of Friedrichs. According to Lax [14] or Kato [12] (see also Majda
[15]), for smooth initial data, the Cauchy problem for (2.1) admits a unique smooth solution,
locally in time. This result is stated as follows and it holds in any space dimension.

Proposition 2.1. Let m > d/2+ 1 be an integer and £, > 0 and &; > 0 be two constants. We
suppose that Vo —V € H™(R?) and

(2.11) mienéd po(x) >0, miengd geo(x) > 0, miengd gin(x) > 0.

Then, there exist T > 0 and a unique smooth solution V to the Cauchy problem (1.5) and
(1.11). This solution satisfies V —V € C([0,T]; H™(RY)) N CY([0, T}; H™1(R?)) and

inf  p(t,z) >0, inf  e.(t,x) >0, inf gt z) > 0.
(t,2)€[0,T] x R4 (t,2)€[0,T] xRY (t,2)€[0,T] xRY

Remark 2.1. B
Condition ||Vo — V||m < ko in Theorem 1.1 with ko being sufficiently small implies (2.11).
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2.2. The system in one space dimension. In one space dimension, systems (2.1) and (2.5)
are written as :

Op + 0x(pu) =
Oy (pu) + 0 (pu” +p) =0,

2.12
(2.12) & + 0, (u(S + De ) w(c;0zpe — CeOxpi) = vV(p)v,
& + 0, (u (& +pi ) + u(C;O0ppe — CeO0xp;) = —v(p)v, t>0, z€R
and
Op + O0x(pu) =0,
O+ ud,u + pt0,p = 0,
(2.13) : g X

Oiee + u0pee + (Ve — 1)ec0pu = v(p)(cep) v,
Oei + udpei + (v — 1)eilpu = —v(p)(cip) tv, t>0, z €R,

respectively. From (2.6) and (2.13), we further obtain

1
at(p2€e) + ax(pQEGU) + 76p25ea:vu = —l/(p)pv,

€

1
i (p°ei) + Ou(pPeu) + vip’ei0pu = ——v(p)pv,
which imply that

Oi(pp) + 0x(ppu) + pp1dyu = (e — i)V (p)po,

(2.14) bi | be
O (pv) + Oz(pou) + ppadsu = — (g + c—) v(p)pv,
where
(2 15) H1 = p[ce%(ﬁ)/e - 1)56 + Csz(’Y@ - 1)51}7
p2 = p(biviei — bevece)-

By (2.6) and the expression of uy above, we see that uy and ps can further be expressed as
linear functions of p and v as

(2)-~(2)

where M is a constant invertible matrix given by

(2.17) M = 1 kp(mecivi +micee) ceCikB(Yi — e)
| (meci + mice)ks mem;(Vi — Ye) kp(mecive + miceyi) )

By the expression of B; given in (2.8), we can calculate the eigenvalues \; and the eigenvectors
r; of (2.13). They are given by

MV)=u—a, V)= V)=u MV)=u+a,

p 0 —p p
—a 0 0 a
Tl(v)_ ('Ye _ 1)56 ) TQ(V) = ('Vz 1)0, ) T3(V): £, ) T4(V)_ ('Ye _ 1)56
(%’ —1)&; (e — 1)ce €; (vi — Ve
where

667 51 \/Ce"Ye Ve 86 + Czﬂyz(’}/z 1)51
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Moreover, by (2.9), we have

00 0 0
oo o 0
HOV=10 0 —mu) B

0 0 Zy(1) —Zp(1)

It is known that condition (SK) is invariant under a change of unknown variables by a C'-
diffeomorphism [10]. This condition shows a coupling property between the eigenvectors and
the source terms of the system. At a given equilibrium state V, it means that H'(V)r;(V) # 0

for all i = 1,2,3,4. From (3.3), we see easily that H'(V)r3(V) = 0. This shows that condition
(SK) is not satisfied for system (2.13).

2.3. The system in Lagrangian coordinates. Let (p,u) € C'(R' x R) satisfying p >
const > 0 in R™ x R and

(2.18) Op + 0y (pu) = 0.
The Euler-Lagrange change of variables from (¢, x) to (¥, y) is defined by
t'=t, dy= pdr— pudt,
or equivalently for y :
y= [ pltepde with X](0) = ult, Xi(0).
Xl(t)

It is clear that this change of variables is a diffeomorphism from Rt x R to itself. For simplicity,
we use the same notation for unknown variables in Euler coordinates (¢,z) and in Lagrangian
coordinates (t,y).

Consider smooth solutions for (2.12). Let

1

(2.19) r=pt, E,=71& = §cau2 + Cotn, O =e,i.
Given a first-order partial differential equation
(2.20) Oyw + Opz1 + b0p20 = f.
By (2.18), in Lagrangian coordinates this equation is written equivalently as
(2.21) O(Tw) + 0y(21 — wu) + b0yzg = 7f.
Applying this to (2.12), we obtain

O — Oyu = 0,

O+ Oyp = 0,
(2.22) LT

O Ee + pOyu + coudyp = v,
O E; + piOyu + c;udyp = —vTv.

Similarly to (2.14), by (2.4), we obtain
Op + 77 10yu = (e — Yi)vo,

v+ 7 dyu = — (@ + %> v,

C; Ce

(2.23)

where 1 and py are given in (2.16).



10 D.Aregba-Driollet, S.Brull and Y.J.Peng

Regarding p, and p as functions of (7, u, E., E;), we have

1

1
Pa = _(Va_1)<Ea_§Cozu2>a 042677;7 P = De + Di-
T

Hence, system (2.22) can be written as
(2.24) U+ AUDOU=GU), t>0, yeR, U= (1,u,E., E)",

which is supplemented by an initial condition

de
(2.25) t=0: U=Uly) Y (r(y),u0), Exlv), Enly)), yeR.
Here,
0 -1 0 0 0
0, Oy 0 Ogp. 0
A(U) p D E.D E; P 7 Q(U) _ :
ceuOrp  Pe + ceuOyp culp,p Culp,p UTU
cudrp  pi+cudyp  cudg,p c;udg,p —VUTV
with
Ce 5—1 +C7j ,—lu 6—1 1—1
op=—_L 8up:—[ (e = 1) +ci(yi — 1)] Coppole—l g2l
T T T
Let

Z;{ = (17 07 Ee; Ei)Tv

which is an equilibrium state of (2.24) with £, > 0 and E; > 0. The result of global existence
of solutions to (2.24)-(2.25) can be stated as follows.

Theorem 2.1. Let m > 2 and Uy — U € H™(R). Assume . # ;. There are two positive
constants ¢ and k1 such that if [|Uy —U||;n < k1, then the Cauchy problem (2.24)-(2.25) admits
a unique global solution U satisfyingUU —U € C(R*; H™(R)) N CY(R*T; H™ Y(R)). Moreover,

(2.26) sup [[e4(t, ) — U], +/O (I10yulln—y + 10ypIl7, -y + llvll5) " < cllthy — U5,

teRT

3. ENERGY ESTIMATES IN LAGRANGIAN COORDINATES

We study energy estimates for the Cauchy problem (2.24)-(2.25). Let m > 2 be an integer
and 7" > 0 such that the local smooth solution U is defined on time interval [0, 7]. We denote
by |||, I - llc and || - ||; the usual norms of L?(R), L>=(R) and H'(R) for I € N, respectively.
We also denote

Ur = max |[U(t,") — U]|m.
te[0,7]
We consider a smooth solution ¢/ near U, namely, Uy is small. In the proof below, we denote
by C' > 0 and ¢y > 0 generic constants independent of ¢t and 7.

The global existence of smooth solutions to (2.24)-(2.25) will be proved in the three steps

shown in Introduction.
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3.1. An L? estimate. We first look at the entropy equality (1.9) in Lagrangian coordinates.
From (2.6), we have
(mip — c;kpv)T
(Ve — 1) (mec; + myce)’
(mep + cekpv)T
(v — 1)(mec; + mice)’

Ee =

g, =

which are strictly positive in a neighborhood of v = 0 when 7 > 0 and p > 0. It follows from
the definition of b,, T, and v that
vp

—ﬁ(Tz - Te)2 = —V1P02,

where v; = v;(7, p,v) given by

(3.1) y = K (mee: +mice)v .
mem;(mip — c;ikpv)(mep + ckpv)

It is clear that, for all 7 > 0 and p > 0, 14 > 0 in a neighborhood of v = 0. We introduce a

new variable
Ca Ya — 1 7_70471 Ca
e ] )

a=e,i

which is a function of variable U. According to the equivalence of equations (2.20) and (2.21)
in two coordinates, the entropy equality (1.9) in variables (¢,y) becomes

(3.2) Os = —1v%,

which means that s is an entropy of system (2.24) with 0 as its entropy-flux.
Recall that an equilibrium state with zero velocity is of the form

V=(1,0,&,)".

By definition, V is an equilibrium state for (2.7) if H(V) = 0. Since v > 0, by the definition of
‘H and v, we have

(3.3) beEe = biE;.
Combining this with (2.19) yields
beEe o b'LE’L def

Ce C;

Lemma 3.1. For all U in the domain under consideration, it holds

(3.4) VsU)GU) =0
and

(3.5) VS(ZZ)A(L{) =VFU),
where

F(U) = Eiup— k‘3<2 + &>u

* me m;
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Proof. A straightforward calculation gives

k e )
“ons) = (L ),
T \me  my
c ¢
o, _ _( c i ) |
s(U) he. + b, U
COpsU) = —— —0usU) = =
Ee - bege’ E; - bigi’
where ) )
€ = —FE, — —u2, a=e,li
Co, 2
Therefore,
~0,s(U) = kB(& &),
Me m;
—dus(U) = 0,
_ . 1
—8E63(LI) = —8EZS<U) = =.
Hence, it is easy to check that (3.4)-(3.5) are satisfied. O
Lemma 3.2. In a neighborhood of U, it holds
t
(3.6) ed(t, ) —ul® +/ lo(t',)[IPdt" < Cllth —U|?, Vit €0, 7).
0

Proof. We introduce B B B
SU)=sU)—sU)+ VsU)U—-U).
Since 7 is a strictly convex entropy for (2.1), by a result in [25], s is a strictly convex entropy for
(2.24). Hence, by Taylor formula, in a neighborhood of U, these exist two constants ¢; > ¢; > 0
such that B B
alU —UP < SU) < el — U
Using (2.24) and (3.2), we have
S — Vs(U)AU)OU = —11v* — VsU)GU).
It follows from Lemma 3.1 that
atS - 8y.7:(2/{) == —V1U2.
In a neighborhood of I, there is a constant 7; > 0 such that v, > ;. Thus, integrating this
equality over [0,¢] x R with ¢ € [0, 7], we obtain (3.6). O

3.2. Higher-order energy estimates. Let U = (u,p,v,s)T. We use variable U in higher-
order energy estimates. From (2.22)-(2.23) and (3.2), we have

Ou+ Oyp =0,
Op + 7 ndyu = — (v — Ye)vv,
(3.7) -1
O + 7 pa0yu = —bvw,
s = —1 02, t>0, reR,
where vy is defined in (3.1), u; and pg are defined in (2.16)-(2.17), and
b; b
b=—+—>0.

C; Ce



SIAM J. Math. Anal. 53 (2021), no. 2, 1886-1907 13

In particular, p; and po are linear functions of p and v. This system can be written as

(3.8) U+ AU)O,U =GU), t>0, zeR,
where
0 100 0
™y 0 0 0 —(7 = ye)vv
AU) = 7y 00 0 | GlU) = —bvv ’
0O 000 — 102
and 7 is regarded as a function of U. By the definition in (2.6), the equilibrium state for U is

U= (0,p,v,5) with
p=0e—DEA+(n—-1)E >0, 1=0, 5=sU).
We first prove the following useful property.
Lemma 3.3. Let 0(p,v) be defined by

(3.9) 6(p,v) = bua(p, v) = (i = ve) pa(p, v).
There is a constant 0 > 0 such that §(p,v) > 0 in a neighborhood of (p,0).

Proof. By continuity, it is sufficient to prove that 6(p,0) > 0. From (1.2), we have

Ce _ Zme,
C; N m; '
It follows from the definition of b, in (1.8) that
bice<76 — 1) beci(’yi — 1) bz
e T gp(yy — 1), G D,
. (v —1) . 7 (% —1)

Since p = 1, from (2.15) we obtain
e 1 — — _ _
6(p, 0) = (%‘ —1+1 7 > (Zyebege + ibigi) = (Vi — Ye) (ibi€i — Yebee) -
Using the fact that b.g. = b;&; > 0 (see (3.3)), d(p,0) > 0 if and only if

76_1
(% —l+— ) (Z7e +7%) > (vi —7e),

or equivalently,
YeZ(vi = 1) +7i(ye — 1) > 0.
Lemma 3.3 is proved since Z > 0, 7; > 1 and ~, > 1. a

Lemma 3.4. Let the conditions of Theorem 2.1 hold. If ||U —U||,n is sufficiently small, for all
t €10,7], we have

t
(3.10) (e, ) — |2, + / (', )2 de

t
< Clth — Ul + C/O (I19yulls + 19ypllr,— + llvlE) 1124 — Ul

Proof. Let
140 0 0 0
0 22 4 0
Ao(U) = Vi e = )
0 —pe O
0 0 0 1
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where

(2 €

NO(T7 b, U) = ﬁﬂﬂp» U)d(p, U)’

and 6(p,v) is defined in (3.9). By lemma 3.3, in a neighborhood of U, there are positive
constants iy, fio and iy such that
:ul(p7v) Z lala (/y’t - 76)”2(]971)) Z la27 MU(T)pa U) Z ﬂU‘

Then it is easy to check that, in a neighborhood of U, Ay(U) is a symmetrizer of system (3.8),
namely, Ay(U) is symmetric positive definite and Ag(U)A(U) is symmetric. In particular,

0 1 0 0 0
o o0 000 [ o
AWAU) =1 ) g g o | AOGW) = o
0O 0 0O — 1102
Let 1 < k < m be an integer. We denote Uy, = 8ly"’U. From (3.8), we have
(3.11) U + AU)0,Ux = 0YG(U) + Jy,

where
Jp = A(U)o, Uy, — 8§(A(U)(9yU).
Taking the inner product of (3.11) with Ag(U)U, in L*(R), we obtain the Friedrichs energy
equality
d k . -
(3.12) %<AO(U)U,€, Up) = 2(Ao(U)IG(U), Ur) + 2(Ao(U) Jy, Up) + ( div A(U) Uy, Uy),
where (-, -) is the inner product of L?(R) and
div A(U) = 8,40(U) + 9,A(U), A= AjA.
By the definition of 4, and A, we have

Oipo Oyfio 0 0

div A(U) = Dyhto %%b%atlh —Opz 0 7
0 —Oto Opn 0
0 0 0 0

with

Oyuo(U) = po(U)0,U,

ouu(U) = H(U)oU = pi(U)(GU) - AU)9,U), i=0,1,2.
Since G(U) = O(v) and the imbedding from H™(R) to W*°(R) is continuous, we obtain
(3.13) (div A(U)Ux, Up) < C(10yullz—y + 10,pl15-1 + 10,05 ) 1T = Ullon-

Next, a direct calculation yields

0
Ao(U) ) = |7 (o = ) O = O (5 — 2) Oy | e
120 (77 Oyu) — 1 9y (17 1120y u)
0

By the Moser-type inequalities [15], we have
(3.14) 2(Ao(U)Jx, Ur) < C(l10yullz—1 + 10yl170—1 + 105017, - ) 1T = Ullm.
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Moreover,
0 0
" I B G B 2o, (Vi = Ye) (W00 — OF (1)) | aes
9,G(U) = —brdhv * bvdfv — bk (vv) = Gt
0 — Oy (11v?)
with
0
Ay(U)Gy = ’
0 ! —dvdfv
0
and
0
s (Vi — Ye) (VOFV — OF(vv)) — po [brdFv — bOF (vv)]
Ao(U)GQ = & ky Y yk; lg ’
pur [brdfv — b0 (V)] — pa (i — ve) (VOFv — OF (V)
—0) (1v?)
where
by
99 = .
Vi — Ve

These equalities imply that
Ao(U)Gl : Uk = —57/|6§U|2

and
Ao(U)Gs - Uy = (aﬂ(% — 1) (v — O (w)) — s [brdfv — ba;;(w)})a;;u
+ (1 [bwlo = b0k wv)] = a3 — ) (vl — D (v0) ) O
(3.15) — O (1v*)d)s.

Observe that each of three terms on the right-hand side of (3.15) is quadratic in variables
(u, p,v) with coefficients depending on derivatives of U — U up to order m. Moreover, using
Lemma 3.3, we have dv > 67 in a neighborhood of U, where 7 > 0 is a constant. Thus, the
Moser-type inequalities imply that

(316)  (Ao(U)3,G(U), Ur) + o7)10yvl* < C(I10,ull7 -1 + 10wl s + [0IZ) T = Ul
Since Ao(U) is positive definite, (Ao(U)Uy, Uy) is equivalent to ||Uy|[>. Combining (3.12)-
(3.16) and integrating (3.12) over [0,¢] with ¢ € [0, T], we have
t t
1Ux|? +/0 loyo(,)IPdt < ClIU = U5, +C/0 (I0yull7—y + 102 Iy + 0IE) T = Ullmdt’,

where Up is the initial data of U. Finally, the change of variables U — U is a C"*-diffeomorphism
in a neighborhood of U. Then, ||U — Ul|; is equivalent to ||/ — U||; for all [ € N. Summing up
this inequality for all k =1,2,---  m, and using Lemma 3.2, we obtain (3.10). O
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3.3. Dissipation estimates.

Lemma 3.5. Let the conditions of Theorem 2.1 hold. If U —U||.n is sufficiently small, for all
t €10,T], we have

t
(3.17) [ o+ 1ol
t
< Cllty —Ullz, + C/O (N0yullns + 10ypll—1 + Il ) 14 — Ul mdt'.

Proof. Let k be an integer with 0 < &k < m — 1. Applying 85 to the first three equations in
(3.7) yields

Qt(?;“u + 8§+1p =0,
(3.18) 8t(9§p + T_1u135+1u = T_1M185+1U — 8;; (T_l,ulayu) — (v — ye)ﬁf(uv),

8@51} + T*1u285+1u = 7"1/1285“1; — (95 (77 p20yu) — b@j(uv), t>0, zcR.
We multiply the third equation in (3.18) by (7; —7.) and take the inner product with 95*'u in
L3(R). Using (v; — 7e)T tpa > 3¢ it yields
Beol|O) ull® < —(1—7e) (0, O u) A+ (vi— e ) (7 20 u—05 (77 p20yu) =60 (vv), O ).
By the Young inequality and the Moser-type inequalities, the last term above is bounded by

colloy ™ ull* + Clloll5, + Clloyullp, o 1U — Ullm.

Moreover, by the first equation in (3.18) and an integration by parts, we have

d
— (% = 1) (800, O ) = —(y — %)a@;“v, M) + (v — e) (05 v, 0 p)
d
S _<71 - ’Ve)£<a§% a§+1u> + ﬁ”af+1p||2 + CHUH%w

where 5 > 0 is a small constant to be chosen. This implies that
d _
(3:19) 2c0/10, ull* < = (% =7e) (v, ) M)+ B0y PP + ClIVI, + CllOyulfus |14 = U -
Similarly, taking the inner product of the first equation in (3.18) with 85“19 in L*(R) and
using an integration by parts, we have
d
050l = — L (@, 047 'p) — (04, 00p).
By the second equation in (3.18), we obtain as above
_<a7];+1ua agljatp> = <a§(7_1ﬂ16y11,) - T_1M18§+1u + (72 - ’76)85(1/’0)7 8];+1u>

+ (77 0, 05 )

< Clloy™tull® + Cllvllz, + Clloyulli o U — Ulln.

Hence,

d _
(3.20) |05 p|” < —5@5% O p) + ClO ull? + Cllwll2, + Clloyull2, - 1d — Ul
Combining (3.19) and (3.20), and choosing 5 > 0 to be sufficiently small, it yields

d
05l + BIEBIE € k(3 =20 (2. 25 u) + 28(0bu, 04 p)]

(3.21) +Cllvll7, + Clldyully, o 1A — Ul
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Finally, since 0 < k < m — 1, we have
(00, 0y )| + (9w, 0y p)| < CllU — U,
Integrating (3.21) over [0,¢] with ¢ € [0, 7], we obtain

t
A(MfWW+w%“m%w < Ol —UIP, + Oty — U2,

t
0 [ (ol + 10yl et = Ul
0
Summing this inequality for all £k =0,1,--- ,m — 1 and using Lemma 3.4, we obtain (3.17). O

3.4. Proof of Theorem 2.1. From (3.10) and (3.17), we have
t
led(t. ) = Ul +/ (Ioyullzuzy + 10ypllm—y + Ill5,) dt’
0

t
< Cllth = Ul + CUT/O (Ioyullzey + l0ypll7—y + Ivl5)dt', ¥t € [0,T].
Since Uy is sufficiently small, we further obtain
— t p—
led(t, ) — U5, +/ (I18yullzuy + 10ypll 1 + I0ll5) de < Clithy — UI[5,, Yt €[0,T].
0

This estimate together with a bootstrap argument implies (2.26) and the global existence of a
solution U to (2.24)-(2.25), provided that ||Uy — U||,, is sufficiently small. O

4. PROOF OF THEOREM 1.1
For the Cauchy problem for (2.12) with initial data given in (1.11), we first define

1&@=AZM@%.

Then Yy = po. By the condition in Theorem 1.1, we have in]g po(x) > 0 and pg — 1 €
re

H™(R). Therefore, the continuous imbedding from H™(R) to C™ }(R) implies that Y is
a C"-diffeomorphism from R to R. We denote by X the inverse C"-diffeomorphism of Y, and
define

Up(y) = (i, o, S + coten, Sl + Ci5i0> (Xo(y))-
Po 2 2

Then condition Vy — V € H™(R) implies that Uy — U € H™(R) and condition ||Vy — V||, < Ko

with ko being sufficiently small implies that ||ty — U||,, is sufficiently small. According to

Theorem 2.1, there exists a global smooth solution U(t,y) = (7(t,vy),u(t,vy), E.(t,y), Ei(t,y))"

to the Cauchy problem (2.24)-(2.25). Then, we define

1 1
= aty :_Eata __2t7 y :7.’
) alt,y) - (t,y) QU( y), a=e,i

On the other hand, the result in Theorem 2.1 also implies that &4 € C*(R* x R) and U is
globally Lipschitzian on R with respect to y (in particular for 7 and u). Then the Cauchy
problem to the following ordinary differential equation

Yi(t) = u(t, Ya(t), Y1(0) =0,

p(t,y)
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admits a unique global solution Y; € C?*(R™). Let us further define a function X by

v
X(t,y) = / 7, m)dn.
Yi(t)
Then, X € CY(RT x R). Similarly to Yy, for all t € RT, X (¢,-) is a C™-diffeomorphism from R
to R. Let us denote by Y'(¢,-) the inverse C"™-diffeomorphism of X (t,-). It is easy to see that

X(O, y) = XO(y)> Y<07 x) = }/O(Q:)

Finally, we define
V(t,z) = (p.u,ec, )" (1Y (t,7)).

It is proved in [18] (see also [25]) that entropy solutions of the Cauchy problem for a hyperbolic
system of conservation laws are equivalent in Euler and Lagrangian coordinates. Moreover,
there are explicit formulations of the solutions between two coordinates. Since the solutions
studied here are smooth, it is obvious that this equivalence result holds for non-conservative
systems. Applying this result, we see that V is a smooth solution to the Cauchy problem (2.13)
and (1.11). Estimate (1.12) follows from (2.26) together with Moser-type inequalities. O

APPENDIX : STRICTLY CONVEX ENTROPY AND SYMMETRIZER

There is a well-known result showing that the second-order derivative of a strictly convex
entropy is a symmetrizer for the hyperbolic system of conservation laws [9, 3]. In general, this
result does not hold for a non-conservative system. In this Appendix, we want to show that
the bitemperature Euler model, which is a non-conservative system, provides a good example
on this topic.

More precisely, we consider the system in the form (1.5) or equivalently (1.6). Denote W =
(p, pu”, E.,&;). Since n defined in (1.7) is a strictly convex entropy, n”(W) is a symmetric
positive definite matrix, denoted by Ag(W). The result below implies that n”(W)C;(W) is not
symmetric in one space dimension.

Proposition. Consider the one-dimensional system (2.12) and denote by C;(W) = C(W) the
related matrix. Then n”(W)C(W) is symmetric if and only if T, = T;.

Proof. A straightforward calculation using (1.5) gives

0 1 0 0
L(cee + civi — 3)u? —(cee + civi — 3)u Ye—1 v —1
cov= — AP 4 Leo(ceve + i — 2)ud B e (3 — ceve — i) UP (YeCe + ci)u ce(vyi — 1)u
(ve—1)p T 2Ce\Cee 1Yi Ye—1D)p e \3 e Ve i YeCe i e\Yi

(Jﬁzﬁp + gci(cene + ey — 2)u? (ijf)f)p +ei (5 —ceve—civi)u? ci(re—Du (vici + ce

Let ¢ = pu. From (1.3) and (1.4), we may write p, in variable W as

Pa = (Ya — 1)<5a - Cg?)z)-

Then 7 defined in (1.7) can be expressed as

Cap Pa .
n="MNe+ i Ua:—EHI(CXQP%L), a=e,1.
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Obviously,

e k C2 2 ece k C2 k C(:‘
p o 2meppe  be  Mepe Mepe
i k 62 2 i Ci k Cz k C;
o) = (I kee e Bcig Reen),
p o 2m;pp; b; = mp; m;ip;
(W) = nc(W) + ni(W).

Since 9% ¢ = 0, the hessian matrix of 7 is of the following form :

2,1 +mi) (e +m) Dogme i

OW) = 2 (e +mi) Op(ne +m) Oeme  Openi

63258 Te 6258 Te 82‘6 Ee e ) 0 ’
apgi T 81151‘ T 0 a&&' Ti
with
4 3 2
YaCa Call 9 Call 9 1 U
82 o — -+ , 8 o — — ) a a — — + )
ool boap  4bype? pa'l 2b,pe? peall bapea  2bap?
52y — Ca n Cout? 52 B U
qq77a - bapéa ba,OéZ’ qg&77a - bap€a’
1
07 ¢ Mo = ———, a=e,i.
Eatal Cabape?

Hence we obtain

4 3
YaCa Call 9 Call 9 1 /u
Pn=3 L Rn=— o = <__ o¢>7
ool ( bop * 4bap53) pa'l 2b,pe? pall bape? \ 2 c

a=e,i a=e,i

2 c 2 2 o U
aqq/r] EZ ba gé (804 + u ) bl aqga - b@pga?
1
02 =— =e,i
Ealall boCape?

The entry in the 3-th row and 1-th column of 7”C is

1 1
(77”6)31 = a11255776 X _(0676 +Civi — 3)u2 + 65655776 {_06(0676 +Ci%Yi — Q)US — CeTelUEe

2 2
3

u Yel

- 2b.pe2  bepee

Similarly,

ud Co+Ci (Ve — 1)\ u
_<7 L Gl ))_

1
C)iz = )
("Chs 2b. pe? bec, bie; P
Therefore, (7”'C)3; = (7”C);3 if and only if b.e. = b;e;, that is to say T, = T;. This proves that
7 is not a symmetrizer of the system. In a same way, we can show that 7”C is symmetric if and
only if T; = T,. O
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