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Abstract

We develop a new approach to study the long time behaviour of solutions to non-
linear stochastic differential equations in the sense of McKean, as well as propagation
of chaos for the corresponding mean-field particle system approximations. Our ap-
proach is based on a sticky coupling between two solutions to the equation. We show
that the distance process between the two copies is dominated by a solution to a one-
dimensional nonlinear stochastic differential equation with a sticky boundary at zero.
This new class of equations is then analyzed carefully. In particular, we show that the
dominating equation has a phase transition. In the regime where the Dirac measure
at zero is the only invariant probability measure, we prove exponential convergence
to equilibrium both for the one-dimensional equation, and for the original nonlinear
SDE. Similarly, propagation of chaos is shown by a componentwise sticky coupling
and comparison with a system of one dimensional nonlinear SDEs with sticky bound-
aries at zero. The approach applies to equations without confinement potential and to
interaction terms that are not of gradient type.

1 Introduction

The main objective of this paper is to study and quantify convergence to equilibrium for
McKean-Vlasov type nonlinear stochastic differential equations of the form

X, — [ /R (X - m)dgt(x)} dt+dBr, i = Law(X)) (1)

where (Bi)>0 is a d-dimensional standard Brownian motion and b : R?% — R% is a Lipschitz
continuous function. This nonlinear SDE is the probabilistic counterpart of the Fokker-
Planck equation

gt“t =V [(1/2)Vu, — (b ] (2)



which describes the time evolution of the density u; of fi; with respect to the Lebesgue
measure on R%. Moreover, we also study uniform in time propagation of chaos for the
approximating mean-field interacting particle systems

N
. 1 . . A
ax = NZb(XZ’N — x?"Mydt 4+ dB! ie{l,...,N}, (3)
j=1
with i.i.d. initial values Xé ’N, e ,Xév ’N, and driven by independent d-dimensional Brown-

ian motions {(B})¢>0}¥.,. Our results are based on a new probabilistic approach relying on
sticky couplings and comparison with solutions to a class of nonlinear stochastic differential
equations on the real interval [0, 00) with a sticky boundary at 0. The study of this type
of equations carried out below might also be of independent interest.

The equations (1) and (2) have been studied in many works. Often a slightly different
setup is considered, where the interaction b is assumed to be of gradient type, i.e., b = —VW
for an interaction potential function W : R — R, and an additional confinement potential
function V : R? — R satisfying lim, o V(2) = oo is included in the equations. The
corresponding Fokker-Planck equation

%ut = V- [(1/2)Vu + (VV + W s wuy (4)
occurs for example in the modelling of granular media, see [58, 6] and the references therein.
Existence and uniqueness of solutions to (1), (2) and (4) have been studied intensively.
Introductions to this topic can be found for example in [27, 44, 45, 56|, while recent
results have been established in [48, 30]. Under appropriate conditions, it can be shown
that the solutions converge to a unique stationary distribution at some given rate, see
e.g. [13, 14, 10, 22, 19, 28|. In the case without confinement considered here, convergence
to equilibrium of (ji;);>0 defined by (1) can only be expected for centered solutions, or after
recentering around the center of mass of fi;. It has first been analyzed in [13, 14] by an
analytic approach and under the assumption that b = —VW for a convex function W. In
particular, exponential convergence to equilibrium has been established under the strong
convexity assumption Hess(W) > pId for some p > 0, and polynomial convergence in the
case where W is only degenerately strictly convex. Similar results and some extensions
have been derived in [42, 15] using a probabilistic approach.

Our first contribution aims at complementing these results, and extending them to
non-convex interaction potentials and interaction functions that are not of gradient type.
More precisely, suppose that

b(x) = —Lx + v(x) , zeR?, (5)

where L € (0,00) is a positive real constant, and v : R — R? is a bounded function. Then
we give conditions on 7 ensuring exponential convergence of centered solutions to (1) to a



unique stationary distribution in the standard L' Wasserstein metric. More generally, we
show in Theorem 1 that under these conditions there exist constants M, c € (0,00) that
depend only on L and v such that if (fi;):>0 and (2);>0 are the marginal distributions of
two solutions of (1), then for all ¢ > 0,

Wi (e, ) < Me™ Wi (fig, o) -

Using a coupling approach, related results have been derived in the previous works [22, 19]
for the case where an additional confinement term is included in the equations. However,
the arguments in these works rely on treating the equation with confinement and interaction
term as a perturbation of the corresponding equation without interaction term, which has
good ergodic properties. In the unconfined case this approach does not work, since the
equation without interaction is transient and hence does not admit an invariant probability
measure. Therefore, we have to develop a new approach for analyzing the equation without
confinement.

Our approach is based on sticky couplings, an idea first developed in [23] to control the
total variation distance between the marginal distributions of two non degenerate diffusion
processes with identical noise but different drift coefficients. Since two solutions of (1)
differ only in their drifts, we can indeed couple them using a sticky coupling in the sense
of [23]. It can then be shown that the coupling distance process can be controlled by the
solution (7¢)¢>0 of a nonlinear SDE on [0, co) with a sticky boundary at 0 of the form

dT‘t = [b(?"t) + CLP(Tt > O)]dt + 2:[].(0,00) (Tt)th R (6)

Here b is a real-valued function on [0, 0o) satisfying b(0) = 0, a is a positive constant, and
(Wi)e>0 is a one-dimensional standard Brownian motion. Solutions to SDEs with diffusion
coefficient 7 + 19 o)(7), as in (6), have a sticky boundary at 0, i.e., if the drift at 0 is
strictly positive, then the set of all time points ¢ € [0,00) such that r, = 0 is a fractal set
with strictly positive Lebesgue measure that does not contain any open interval. Sticky
SDEs have attracted wide interest, starting from [25, 26] in the one-dimensional case.
Multivariate extensions have been considered in [34, 60, 61] building upon results obtained
in [43, 52, 53], while corresponding martingale problems have been investigated in [54].
Note that in general no strong solution for this class of SDEs exists as illustrated in [16].
We refer to [24, 3] and the references therein for recent contributions on this topic. Note,
however, that in contrast to standard sticky SDEs, the equation (6) is nonlinear in the
sense of McKean. We are not aware of previous studies of such nonlinear sticky equations,
which seems to be a very interesting topic on its own.

Intuitively, one would expect that as time evolves, more mass gets stuck at 0, i.e.,
P(r; > 0) decreases. As a consequence, the drift at 0 in Equation (6) decreases, which again
forces even more mass to get stuck at 0. Therefore, one could hope that P(r; = 0) converges
to 1 ast — oo. On the other hand, if a is too large then the drift at 0 might be too strong so
that not all of the mass gets stuck at 0 eventually. This indicates that there might be a phase



transition for the nonlinear sticky SDE depending on the size of the constant a compared
to b. In Section 3, we prove rigorously that this intuition is correct. Under appropriate
conditions on b, we show at first that existence and uniqueness in law holds for solutions
of (6). Then we prove that for a sufficiently small, the Dirac measure at 0 is the unique
invariant probability measure, and geometric ergodicity holds. As a consequence, under
corresponding assumptions, the sticky coupling approach yields exponential convergence to
equilibrium for the original nonlinear SDE (1). On the other hand, we prove the existence
of multiple invariant probability measures for (6) if the smallness condition on a is not
satisfied. Our results for (1) can also be adapted to deal with nonlinear SDEs over the
torus T = R/(27Z), as considered in [18]. As an example, we discuss the application to
the Kuramoto model for which a more explicit analysis is available [1, 7, 8, 12].

Finally, in addition to studying the long-time behaviour of the nonlinear SDE (1), we
are also interested in establishing propagation of chaos for the mean-field particle system
approximation (3). The propagation of chaos phenomenon first introduced by Kac [37]
describes the convergence of the empirical measure of the mean-field particle system (3) to
the solution (1). More precisely, in [56, 45] it has been shown under weak assumptions on W
that for i.i.d. initial laws, the random variables X ’N, i € {1,..., N}, become asymptotically
independent as N — oo, and the common law p)" of each of these random variables
converges to ;. However, the original results are only valid uniformly over a finite time
horizon. Quantifying the convergence uniformly for all times ¢ € Ry is an important issue.
The case with a confinement potential has been studied for example in [19], see also the
references therein. Again, the case when there is only interaction is more difficult. Malrieu
[42] seems the first to consider the case without confinement. By applying a synchronous
coupling, he proved uniform in time propagation of chaos for strongly convex interaction
potentials. Later on, assuming that the interaction potential is loosing strict convexity only
in a finite number of points (e.g., W(z) = |z|?), Cattiaux, Guillin and Malrieu [15] have
shown uniform in time propagation of chaos with a rate getting worse with the degeneracy
in convexity. In a very recent work, Delarue and Tse [17] prove uniform in time weak
propagation of chaos (i.e., observable by observable) on the torus via Lions derivative
methods. Remarkably, their results are not limited to the unique invariant measure case.

Our contribution is in the same vein using probabilistic tools in place of analytic ones.
We endow the space RV? consisting of N particle configurations = (2%), with the

semi-metric I! o 7, where
1 N
1 l—

is a normalized I'-distance between configurations z,y €

m(x,y) = ((mi—;fz;vzlxjxvl,(yi—;[z;\;lyj)]v ) ) (8)

=1

.CCl—y’L

(7)

RN4 and



is a projection from RN? x RV to the subspace Hy x Hy, where

Hy = e e RN : 3" 2l =0}, 9)
Let Wi, denote the L' Wasserstein semimetric on probability measures on RV? corre-
sponding to the cost function I! o 7. Then under assumptions stated below, we prove
uniform in time propagation of chaos for the mean-field particle system in the following
sense: Suppose that (X}, ... ,XtN’N)tZO is a solution of (3) such that Xé’N, e ,XéV’N
are i.i.d. with distribution zig having finite second moment. Let v} denote the joint law of
the random variables XZ’N, i€ {l,...N}, and let fi; denote the law of the solution of (1)

with initial law jip. Then there exists a constant C' € [0, 00) such that for any N € N,

sup Wio, (22N, v]N) < CN7Y2 (10)
>0

The proof is based on a componentwise sticky coupling, and a comparison of the coupling
difference process with a system of one-dimensional sticky nonlinear SDEs.

The paper is organised as follows. In Section 2, we state our main results regarding the
long-time behaviour of (1). The main results on one-dimensional nonlinear SDEs with a
sticky boundary at zero are stated in Section 3. Sections 4 and 5 contain the corresponding
results on uniform (in time) propagation of chaos and mean-field systems of sticky SDEs.
All the proofs are given in Section 6. In Appendix A, we carry the results over to nonlinear
sticky SDEs over T and consider the application to the Kuramoto model.

Notation The Euclidean norm on R? is denoted by |- |. For z € R, we write 2, =
max(0,z). For some space X, which here is either R?, RV? or R, we denote its Borel
o-algebra by B(X). The space of all probability measures on (X, B(X)) is denoted by P(X).
Let pu,v € P(X). A coupling £ of p and v is a probability measure on (X x X, B(X) @ B(X))
with marginals p and v. T'(u,v) denotes the set of all couplings of y and v. The L!
Wasserstein distance with respect to a distance function d : X x X — R, is defined by

Wd(:ua v)= inf d(z, y)f(d.%‘dy) :
ger(“u”) XxX

We write W if the underlying distance function is the Euclidean distance.

We denote by C(R, X) the set of continuous functions from R, to X, and by C*(R,, X)
the set of twice continuously differentiable functions.

Consider a probability space (£2,.4, P) and a measurable function r : Q@ — C(R, X).

Then P = P or~! denotes the law on C(R4,X), and P; = P o r,~! the marginal law on X
at time ¢.



2 Long-time behaviour of McKean-Vlasov diffusions

We establish our results regarding (1) and (3) under the following assumption on b.

B 1. The function b : RY — R is Lipschitz continuous and anti-symmetric, i.e., b(z) =
—b(—2), and there exist L € (0,00), a function v : R? — R? and a Lipschitz continuous
function k : [0,00) = R such that

b(z) = —Lz+~(2) for all z € RY (11)

and the following conditions are satisfied for all x,%,y € R%:

(@ —y,v(x—7) =y —F)) < K(lz -yl -y, (12)
and
liiriigp(m(r) —L)<0. (13)

Let b(r) = (k(r) — L)r. If (13) holds, then there exist Rg, Ry > 0 such that for

b(r) <0, for any » > Ry , (14)
b(r)/r < —4/[R1(R1 — Ro)] , for any r > Ry . (15)

In addition, we assume

B2.

7o < (4/0R1 exp (% /OS B(r)+dr)ds)7l .

We consider the following condition on the initial distribution.
B3. The initial distribution pg satisfies [ga ||z]|* po(dz) < +o00 and [ga x po(dz) = 0.

Note that under conditions B1 and B3, unique strong solutions (X;);>0 and ({XZ’N}?;I)QO
exist for (1) and (3), see e.g. [15, Theorem 2.6]. In addition, note that since b is as-
sumed to be anti-symmetric, by an easy localisation argument, we get that dE[X;]/dt =
E[b* 1y(X;)] = 0 and dE[N-' SN, X7"]/dt = 0. Thus, if Xy and {X;V}¥, have dis-
tribution po and ,u(?N , respectively, with pg satisfying B3, then it holds E[X;] = 0 and
EINLYN, XN =0 for all £ > 0.

Suppose f : Ry — R, is an increasing, concave function vanishing at zero. Then
d(z,y) = f(Jz — y|) defines a distance. The corresponding L' Wasserstein distance is
denoted by Wy. Note that in the case f(t) =t for any ¢ > 0, Wy is simply W;.



Theorem 1 (Contraction for nonlinear SDE). Assume B1. Let jig, vy be probability mea-
sures on (R, B(RY)) satisfying B 3. For any t > 0, let iy and v; denote the laws of X;
and Y; where (Xs)szo and (}75)520 are solutions of (1) with initial distribution fig and vy,
respectively. Then, for allt >0,

Wi (jie, ) < "Wy (fio, ) and Wi (i, ) < Mye™ Wi (fio, o) (16)

where the function f is defined by (37) and the constants ¢ and My are given by

Ry
¢t —2/ / exp / b(u du drds , (17)

Ry _
M, = 2exp(2/O

b(s )+ds) . (18)
Proof. The proof is postponed to Section 6.2.2. O

The construction and definition of the underlying distance function f(|z—y|) mentioned
in Theorem 1 is based on the one introduced by [20].

To prove Theorem 1 we use a coupling (Xt,f/t)tzg of two copies of solutions to the
nonlinear stochastic differential equation (1) with different initial conditions. The cou-
pling (X¢,Y;)i>0 will be defined as the weak limit of a family of couplings (X7, Y,9)s>0,
parametrized by 6 > 0. Roughly, this family is mixture of synchronous and reflection
couplings and can be described as follows. For § > 0, (X?,Y;?);>0 behaves like a reflec-
tion coupling if |X? — Y;’| > 4, and like a synchronous coupling if |X{ — Y;?| = 0. For
X7 — Y| € (0,6) we take an interpolation of synchronous and reflection coupling. We
argue that the family of couplings {(X7?,Y;’);>0 : § > 0} is tight and that a subsequence
{(X?",Y")>0 : n € N} converges to a limit (Xy,Y;);>0. This limit is a coupling which we
call the sticky coupling associated to (1).

To carry out the construction rigorously, we take two Lipschitz continuous functions
rc sc? : Ry — [0,1] for 6 > 0 such that

rc®(0) =0, rc®(r) =1 for r > § ,vc®(r) > 0 for r > 0 and rc®(r)2 +sc¢®(r)2 =1 for r > 0.

(19)
Further, we assume that there exists ey > 0 such that for any 6 < €, rc® satisfies
[YILip
rc®(r) > r  for any r € (0,9) , (20)
2[17[loo

where ||v|lLip < oo denotes the Lipschitz norm of 7. This assumption is satisfied for
example if rc? (1) = sin((7/20)7) 1«5 + Ly>5 and sc®(r) = cos((/26)r) 1,5 with § < ¢y =
20/ i

Let (B )t>0 and (B?)¢>0 be two d-dimensional Brownian motions. We define the cou-
pling (X7, Y,?)s>0 as a process in R?? satisfying the following nonlinear stochastic differential



equation

AX? = b gd(XP)dt + v (70)d B} + s¢® (70)dB? | i) = Law(X?) ,

O —0 —d O (21)
AY? = b 2 (YO)dt + v (70) (1d =260 (e)T)dB} + sc®(72)dB? |, 0 = Law(Y;)

with initial condition (X3,Yy) = (wo,y0). Here we set Z) = X) — Y2, #) = |Z?| and
= 7)) if 70 # 0. For i = 0, & is some arbitrary unit vector, whose exact choice is
irrelevant since rc®(0) = 0.

Theorem 2. Assume B1. Let iy and vy be probability measures on (Rd B(RY)) satisfying
B3. Then, (Xt,Yt)t>0 is the subsequential limit as § — 0 of {(X?,Y)>0 : 6 > 0} where
(X1)i>0 and (Yy)i>0 are solutions of (1) with initial distribution jig and . Further, there
exists a process (rt)t>0 defined on the same probability space as (Xt,Y})t>0 satisfying for
any t >0, | X; — Y| <7y almost surely and which is a weak solution of

dry = (B(Tt) + 2||'7||00P(Tt > 0))dt + 2]1(0700) (’l“t)th R (22)
where (Wt)tz() is a one-dimensional Brownian motion.

Proof. The proof is postponed to Section 6.2.1. O

Therefore, next we study sticky nonlinear SDEs given by (6).

3 Nonlinear SDEs with sticky boundaries
Consider nonlinear SDEs with a sticky boundary at 0 of the form
dry = (b(ry) + Py(g)dt + 21(0,00) (re)d Wy P, = Law(r) , (23)

where b : [0,00) — R is some continuous function and P;(g fR r)Pi(dr) for some
measurable function g : [0,00) — R.

In this section we establish existence, uniqueness in law and comparison results for
solutions of (6). Consider a filtered probability space (€2,.A, (F;), P) and a probability
measure 4 on Ry. We call an (F;) adapted process (7, Wi)i>0 a weak solution of (23)
with initial distribution p if the following holds: u = P ory ', the process (Wi)i>o is a
one-dimensional (F;) Brownian motion w.r.t. P, the process (r¢):>0 is non-negative and
continuous, and satisfies almost-surely

t . t
re— 10 = /0 (b(rs) + Ps(g))ds +/0 2+ 1(0,00)(7s)dW5s , fort e Ry .

Note that the sticky nonlinear SDE given in (6) is a special case of (23) with g(r) =
a:ﬂ-(O,oo) (7’) since ]P)(Tt > 0) f]R ( )dPt( ) with Pt = Po 'r't_l



3.1 Existence, uniqueness in law, and a comparison result

Let W = C(R4,R) be the space of continuous functions endowed with the topology of
uniform convergence on compact sets, and let B(W) be the corresponding Borel o-algebra.
Suppose (r¢, Wt)i>0 is a solution of (23) on (£, A, P), then we denote by P = Por~! its law
on (W, B(W)). We say that uniqueness in law holds for (23) if for any two solutions (7} );>0
and (r?)¢>0 of (23) with the same initial law, the distributions of (r});>¢ and (r?);>¢ on
(W, B(W)) are equal.

We impose the following assumptions on b, g and the initial condition u:

H1. b is a Lipschitz continuous function with Lipschitz constant L and B(O) =0.
H2. g is a left-continuous, non-negative, non-decreasing and bounded function.
H3. There exists p > 2 such that the p-th order moment of the law p is finite.

Note that for (6), the condition H2 is satisfied if a is a positive constant. It follows
from H1 and H2 that there is a constant C' < oo such that for all » € R, the following
linear growth condition holds,

b(r)+ sup p(g) <CA+]r]). (24)
pEP(R4)

In order to get a solution to (23) on Ry we extend the function b to R by setting
b(r) = 0 for r < 0. Note that any solution (r¢);>0 with initial distribution supported on
R, satisfies almost surely r; > 0 for all £ > 0. This follows from Ito-Tanaka formula applied
to F(r) = 1(_se,0) ()7, cf. [51, Chapter 6, Theorem 1.1]. Indeed

t 1
L)1 = [ 1)) = 3600)
t ~ t 1
:/0 L(—00,0) (1) (b(rs) + Ps(g))ds +/0 1 (00,021 (0,00) (75) AW — 54)(7“)

t
= [ 1o Plo)s > 0.

where £{(r) is the local time at 0, which vanishes, since d[r]s = 1(g o) (rs)ds.

Existence and uniqueness in law of (23) is a direct consequence of a stronger result
that we now introduce. To study existence and uniqueness and to compare two solutions
of (23) with different drifts, we establish existence of a synchronous coupling of two copies
of (23),

dry = (b(re) + Pi(g))dt + 210 00) (re)dWs (25)
dsy = (b(se) + Pi(h))dt + 21 (g ooy (s¢)dW; Law(rg, s0) =1,

where P, = Por;t, P, = Pos;t, (W;)i>0 is a Brownian motion and where 1 € T'(u, v) for
JNS ,P(R+)



Theorem 3. Suppose that (b, g) and (I;, h) satisfy H1 and H2. Let n € T'(u,v) where the
probability measures p and v on Ry satisfy H3. Then there exists a weak solution (14, st)t>0

of the sticky stochastic differential equation (25) with initial distribution n defined on a
probability space (2, A, P) with values in (W x W, B(W) @ B(W)). If additionally,

b(r)

b(r) and g(r) < h(r) for any r € Ry, and
P[T’O S

<
< sp| =1,

then Plry < s; for allt > 0] = 1.

Proof. The proof is postponed to Section 6.3.1. O

Remark 4. We note that by the comparison result we can deduce uniqueness in law for
the solution of (23).
3.2 Invariant measures and phase transition

Under the following conditions on the drift function b we exhibit a phase transition phe-
nomenon for the model (6).

Theorem 5. Suppose H1 holds and limsup, . (r~'b(r)) < 0. Then, the Dirac measure
at 0, 0y, is an invariant probability measure for (6). If there exists p € (0,1) solving

(2/a) = (1 —p)I(a,p) (26)

with
© ] 1o
I(a,p) = / exp (fapx + 7/ b(r)dr)da; , (27)
0 2 2Jo
then the probability measure ™ on [0,00) given by

1/2 1 1 [%-
m(dx) A (a—péo(dx) + exp (§apx + 5/0 b(r)dr) )\(O,Oo)(dx)) (28)
is another invariant probability measure for (6).

Proof. The proof is postponed to Section 6.3.2. O

In our next result we specify a necessary and sufficient condition for the existence of a
solution of (26).
Proposition 6. Suppose that b(r) in (6) is of the form b(r) = —Lr with constant a L > 0.

If a/\/f > 2/\/m, then there exists a unique p solving (27). In particular, the Dirac
measure oy and the measure m given in (28) with p are invariant measures for (6). On the

other hand, if a/V'L < 2/\/T, then there exists no p solving (27).

Proof. The proof is postponed to Section 6.3.2. O

10



3.3 Convergence for sticky nonlinear SDEs

Under H1 and the following additional assumption we establish geometric convergence in
Wasserstein distance for the marginal law of the solution 7, of (6) to the Dirac measure at

0:

H4. It holds limsup,_,._(r~'b(r)) < 0 and a < (2 foRl exp (3 fo b(u)+du)ds) ™t with Ry, Ry
defined by

Ry =inf{s € R, : b(r) <0 Vr > s} and (29)
Ry = inf{s > Ry : —;(5 — Ro)b(r) >4 Vr > s} . (30)
Theorem 7. Suppose H1 and H/ holds. Then, the Dirac measure at 0, dg, is the unique
invariant probability measure of (6). Moreover if (rs)s>0 is a solution of (6) with rg

distributed with respect to an arbitrary probability measure p on (Ry, B(R4)), it holds for
allt >0,

Elf(r)] < e "E[f(ro)] , (31)

where f and c are given by (37) and (36) with a and b given in (6) and Ry and Ry given
in (29) and (30).

Proof. The proof is postponed to Section 6.3.3. O

4 Uniform in time propagation of chaos

To prove uniform in time propagation of chaos, we consider the L' Wasserstein distance
with respect to the cost function fy o7 : RV? x RV — R, with 7 given in (8), and fx
given by

xziyz

N
Pl 6 = 3 30

) (32)

with f : Ry — R, defined in (37). This distance is denoted by Wy n. Note that fn is
equivalent to [! defined in (7).

We note that since 7 defines a projection from RY¢ to the hyperplane Hy  RV? given
in (9), for ft and & on Hy, Wy v (1, V) coincides with the Wasserstein distance given by

£€F(N7V) Hy xHpn

and Wy, (fi, 7) = Wi (fi, ), where fy and ' are given in (32) and (7), respectively, and
where W1 (fi, D) is defined as in (33) with respect to the distance I!.

11



Theorem 8 (Uniform in time propagation of chaos). Let N € N and assume B1. Let ji
and vg be probability measures on (Rd,B(Rfl)) satisfying B3. For t > 0, denote by iz and
N the law of Xy and {X;NYY | where (Xy)ss0 and ({ XN )es0 are solutions of (1)
and (3), respectively, with initial distributions fip and 1/8§N. Then for all t > 0,
Wf,N(/_L;? 7 )<e CthN( ®N ®N)+C~71N 1/2
Witor (EN, VY < Mye Wi o (aSN, vEN) + Mlcé_lN /2

where f is defined by (37), My by (18), & by (17) and C is a finite constant depending on
17|locs L and the second moment of po and given in (58).

Proof. The proof is postponed to Section 6.2.3. ]

Remark 9. Denote by 1N and v¥ the distribution of {X:™ Y| and {Y"V}N| where the
two processes ({XEVIN V>0 and ({Y;l NN Yeso are solutions of (3) with initial probability
distributions pdl, vV € P(RNY), respectively, with finite forth moment. An easy inspection
and adaptation of the proof of Theorem 8 show that if B1 holds, then

Wy.N (,Ut Vi )< € CtVVfN( oy V(?N)> Wllon(ﬂt Vi )< 2Mye™* Wllow( sy V(?N)v

where f, ¢ and My are defined as in Theorem 8.

5 System of N sticky SDEs

Consider a systerm of N one-dimensional SDEs with sticky boundaries at 0 given by
dri = (b(r}) + Zg ))dt+ 21 g ) (F)AWT , i=1,...,N. (34)

The results on existence, uniqueness and the comparison theorem for solutions of sticky
nonlinear SDEs mostly carry directly over to a solution of (34) and are applied to prove
propagation of chaos in Theorem 8.

Let u be a probability distribution on Ry. For N € N, ({ri, Wi}¥)i>0 is a weak
solution on the filtered probability space (2, A, (F;), P) of (34) with initial distribution

N if the following hold: u®N = Po ({ro} )Y, ({(Wi}¥ )0 is a N-dimensional (F;)
Brownian motion w.r.t. P, the process (ri);>¢ is non-negative, continuous and satisfies
almost surely for any i € {1,..., N} and t € Ry,

. . t
r;—rgz/o( )+ = Zng ds+/21000 Haw? .

To show existence and uniqueness in law of a weak solution ({ri, W/ }¥,)¢>0, we suppose
H1 and H2 for b and g.
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It follows that there exists a constant C' < oo such that for all {ri}¥, € R¥Y, it
holds SN, [b(9)| + |g(r))] < C(1 + N, [#]), and a possible solution ({i}Y )s>o is non-
explosive. If the initial distribution is supported on Rf , then in the same line as for the
nonlinear SDE in Section 3.1, the solution ({r{}¥ )0 satisfies i > 0 almost surely for
any ¢ =1,...,N and £t > 0 by H1 and H2.

Existence and uniqueness in law of (34) is a direct consequence of a stronger result
that we now introduce. To study existence and uniqueness and to compare two solutions
of (34) with different drifts, we establish existence of a synchronous coupling of two copies

of (34),
T N
drj = (b(r}) + 5 D2 9(r]))dt + 210,00 (r)) AW
7=1

i 1 X forie{l,...,N}  (35)
ds; = (b(s} N Z 1))t + 21 (g 00 (s5)AW} |
LaW(TOa 30) =1,

where ({W/}X,);>0 are N i.i.d.1-dimensional Brownian motions and where n € I'(u, v) for
p,v e PRY).

Let WV = C(R,,R") be the space of continuous functions from Ry to RY endowed
with the topology of uniform convergence on compact sets, and let B(W¥) denote its Borel
o-Algebra.

Theorem 10. Assume that (b, g) and (b, h) satisfy H1 and H2. Let n € T'(u,v) where p
and v are the probability measure on Ry satisfying HS3. Then there exists a weak solution
({ri, sy )10 of the sticky stochastic differential equation (35) with initial distribution
n®N defined on a probability space (2, A, P) with values in WN x WN . If additionally,

b(r) < B(T) and g(r) < h(r), for any r e Ry |
Plry < sb foralli=1,...,N] =1,
then P[ri < si forallt>0andi=1,...,N]=1.
Proof. The proof is postponed to Section 6.4. O

Remark 11. We note that by the comparison result we can deduce uniqueness in law for
the solution of (34).

6 Proofs

6.1 Definition of the metrics

In Theorem 1, Theorem 7 and Theorem 8 we consider Wasserstein distances based on
carefully designed concave function f : Ry — R, that we now define. In addition we
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derive useful properties of this function that will be used in our proofs of Theorem 1,
Theorem 8 and Theorem 7. Let a € Ry and b: Ry — R be such that H4 is satisfied with
Ry and R defined in (29). We define

o(r) = exp (— /OT{B(S)+/2}C].S) , O(r) = /OT o(s)ds , and

c T/\R1

s =15 [ eenas -4 [T 1 /p)as

where

~ -1
c= (2 / {<1>(S)/90(S)}d5> , (36)

and Ry is given in (30). It holds o(r) = p(Ry) for r > Ry with Ry given in (29), g(r) =

€ [1/2,1] for all » € R4 by (36) and H4. We define

g(Ry) € [1/2,3/4] for r > Ry and g(r)
the increasing function f : [0,00) — [0, 00) by
= [ etrigtriar. (37)

Note that f is concave, since ¢ and g are decreasing. Since for all r € R
p(Ro)r/2 < ®(r)/2 < f(r) <®(r) <, (38)

(z,y) — f(|z — y|) defines a distance on R? equivalent to the Euclidean distance on R?,
Moreover, f satisfies

2f"(0) = =b(0)4 —a =—a, (39)

and
2f"(r) < 2£7(0) — f'(r)b(r) —cf(r),  forallr € RA\{Ry}. (40)
Indeed by construction of f, f”(r) = —b(r); f'(r)/2 — c¢®(r)/2 — a/2 for 0 < r < Ry and

so (40) holds for 0 < r < Ry by (38). To show (40) for r > R note that f"(r) = 0 and
f'(r) > ¢(Rg)/2 hold for r > Ry. Hence, by the definition (30) of Ry, for r > Ry,

() + f'(r)b(r) /2 < @(Ro)b(r) /4 < —(R1(Ry — Ro)) ™ o(Ro)r . (41)

Since (1) = 90(}?0) for r > Ry, it holds ®(r) = @(R0)+(7:—Ro)<p(]%0) for r > Ry. Further,
it holds ®(Rp) > Rop(Rp) since ¢ is decreasing for r < Ry. Hence,

r o (r=R1)(®(Ro) + (R — Ro)p(Ro)) 1> (r—R)Rip(Ry) .
Ry Ri®(Ry) T Ri®(Ry) ®(Ry)
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Furthermore, we have

fa [P @(Ry) + (s — Ro)y(Ro)
[ (@) eeas= [ N ds
s = B(Ro) 1 o - 1 - = ®(R)
= (Ry — RO)QP(RS) + 5 (R = Ro)* = 5 (R — RO)so(R;) L (43)
We insert (42) and (43) in (41) and use (36) to obtain
F!(r) + f(r)b(r) /2 < =®(r)®(R1) " (B — Ro) " p(Ro) (44)
- O(r) < _cf(r)  c®(r) ‘ (45)
C2[B(s)/e(s)}ds 2 2
By H4 and (36), we get
_C(I)(T) < _ ~ (I)(Rl) < _ _ 1 < _a _ f”(O) '
207 a9 e(s)}ds 4B {1/p(s)ds 2

Combining this estimate with (44) gives (40) for r > Rj.

6.2 Proof of Section 2
6.2.1 Proof of Theorem 2

Note that the nonlinear SDE (21) has Lipschitz continuous coefficients. The existence
and the uniqueness of the coupling (X?,Y;?)¢>0 follows from [45, Theorem 2.2]. By Levy’s
characterization, (X?,Y,?);>¢ is indeed a coupling of two copies of solutions of (1). Further,
we remark that W) = [}(e2)T - dB! is a one-dimensional Brownian motion. In the next
step, we analyse |X? — Y}?|.

Lemma 12. Suppose that the conditions B1 and B3 are satisfied. Then, it holds for any
€ < eo, where ¢q is given by (20), setting 7) = | X — Y|

drf = (= L] + (&, B g o V(XD — 2) = 4 (Y = y)]) )dt + 20 (73)dW) (46)

< (b0 + 2l [, [ ez = Dl (@o)pf(dy) )t + 2 Pawd , (a1)

almost surely for all t > 0, where ﬁ? and 17,§S are the laws of X? and 17;5, respectively.

Proof. Using (21), B1 and B3, the stochastic differential equation of the process ((7)?);>0
is given by

A2 =220 ~120 + [ | [ A7 =) =2 (5 y)if (da)pf (dy) s

+ 4rc® (7FO)2dt + 4rc® (FO)( 22, e2)dWY .
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For £ > 0 we define as in [23, Lemma 8] a C? approximation of the square root by

5.y = { CV/BTo02 4+ 3/ 2r 4 (3/8)eV? forr <
o VT otherwise .

Then, by Ito’s formula,
AS. (7)) = S PR + 382l Pl
= 28U 2 ~L2 + [ [ (K = @) =2 (F — y)af(ae)f (dy) )
b S (2t -+ S Py ) 2y + 880 o )t Vet

We take the limit ¢ — 0. Then for r > 0, lim._,0S.(r) = (1/2)r~%? and lim._,0 S”(r) =
—(1/4)r=3/2. Since supge, <. |SL(r)| < e 12, supge, <. |SZ(r)| < E3/2 and rc? is Lipschitz
continuous with rc®(0) = 0, we apply Lebesgue’s dominated convergence theorem to show
convergence for the integrals with respect to time t. More precisely, we note that the
integrand (4SL((79)?) 4 8S”((72)?))rc? (7?))?(79)? is dominated by 3¢/2||rc®||r;,. For any
£ < gg for fixed g > 0, the integrand 2S.((7)2)(Z0, —LZ) + [ [~v(X? — x) — 4(Y? —
y)did (z)di) (y)) is dominated by (3/2)(Lmax(e(()1/2) @) + 2] oc).

For the stochastic integral it holds |S%((79)?)4rco (rt)rt] < 3. Hence, the stochastic
integral converges along a subsequence almost surely, to fo 2rc® (#0)dW?, see [51, Chapter
4, Theorem 2.12]. Hence, we obtain (46). By B1 and (20), we obtain for € < ¢

(et By (X7 = X7) = (¥ = ¥7)])
<& Bt s V(XP = 2) = 9(YY — @) +7(¥ = 2) = 1(Y? —y))

Y J;NM Y~y

< (rt)rt + Exwut yNVt [2“7‘|00rc (’JZ’ - y’)]
and hence (47) holds. O

We define a one-dimensional process (rf V>0 by
arf = (b(r2) + 20} o / vt (w)d PP (u) )t + 2 xed (rP)aW; (48)

with initial condition rge =79, PY¢ = Law(r{) and Wf = J3(e)TdBL. This process will
allow us to control the distance of X{ and Y.

By [45, Theorem 2.2], under B1 and B3, (U Vo = (Xf,ﬁé,rf’e)tzg exists and is
unique, where (X?,Y;);>0 solves uniquely (21), (79);>0 and (rf )t>0 solve uniquely (46)
and (48), respectively, with W) = [7(e2)T - dBL.

Lemma 13. Assume B1 and B3. Then, | X —Y?| =7 < rt , almost surely for all t and
€ < €.
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Proof. Note that (7);>0 and (rf’e)tzo have the same initial distribution and are driven by
the same noise. Since the drift of (Ff)tzo is smaller than the drift of (rf’6)t20 for € < €q,

the result follows by Lemma 18.
O

Proof of Theorem 2. We consider the nonlinear process (Ut‘;’e)tzo = ()_(f,}_@‘s,rg’e)tzo on
R2¥+1 for each €, > 0. We denote by P%¢ the law of U%¢ on the space C(R,,R?*¥1).
We define by X,Y : C(Ry,R?*1) — C(R;,R?) and r : C(Ry,R?1) — C(R,,R) the
canonical projections onto the first d components, onto the second d components and onto
the last component, respectively. By B1 and B3 following the same line as the proof of
Lemma 19, see (65), it holds for each 7' > 0

EUY = U < Oty — 1> for ty,t5 € [0,T], (49)

for some constant C' depending on T', L, ||v||Lip, [[7]|cc and on the fourth moment of siq
and 19. As in Lemma 19 the law P3¢ of (U} )o<i<r on C([0,T], R2+1) is tight for each
T > 0 by [38, Corollary 14.9] and for each € > 0 there exists a subsequence d,, — 0 such
that (}P’g?’e)neN on C([0,T],R?¥*1) converge to a measure P% on C([0,T],R**1). By a
diagonalization argument and since {P% : 7' > 0} is a consistent family, cf. [38, Theorem
5.16], there exists a probability measure P¢ on C(R,, R?¥*1) such that for all e there exists
a subsequence §, such that (Pén’é)neN converges along this subsequence to P¢, i.e., the
family (P>¢)s-q is tight. As in the proof of Lemma 20 we repeat this argument for the
family of measures (P€).~o. Hence, there exists a subsequence €, — 0 such that (P ),y
converges to a measure P. Let (X, Ytﬂ“t)tzo be some process on R*¢+1 with distribution
P on (Q, F,P).

Since (X{)¢>0 and (Y,?)s>0 are solutions of (1) which are unique in law, we have that for
any €,0 > 0, P> o (X)™! =Po(X)"! and P*o (Y)™! =Po(Y)"!. And therefore (X;)i>0
and (Y;);>0 are solutions of (1) as well with the same initial condition. Hence Po (X,Y)™!
is a coupling of two copies of (1).

In addition, the statement of Lemma 13 carries over to the limiting process (r¢)¢>o0, i.e.,
|X; — Y;| <7 for all t > 0, since by the weak convergence and the Portmanteau theorem,
P(|X; — 3| < 1) > limsup,_q lim sups_ P(| X7 — Y| < r{) = 1.

Finally, similarly to the proof of Lemma 19 and Lemma 20 there exist an extended
probability space and a one-dimensional Brownian motion (W;)>¢ such that (ry, We)e>o is
a solution to

dry = (b(’l“t) + 2”’)/”001?(7“15 > 0))dt + 2]1(0700) (’l“t)th .
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6.2.2 Proof of Theorem 1

Proof of Theorem 1. We consider the process (Xt, Y;, r¢)t>0 defined in Theorem 2 and sat-
isfying | X; — Y;| < 7 for any ¢ > 0, and (r¢);>0 is a weak solution of (22). Set a = 2||v/0o
and b(r) = b(r). With this notation, B1 and B2 imply H4 and Ry = Ry and Ry = R; by
(14), (15), (29) and (30). By Ito-Tanaka formula, cf. [51, Chapter 6, Theorem 1.1], using
that f’ is absolutely continuous, we have,

df(re) < f/(re)(b(re) + 2[YlcP(re > 0))dt 4 2" (r4) 1 (0,00 (r¢)dt
+ f1(74)21 (0,00) (1) AW .

Taking expectation we obtain by (39) and (40)

%E[f(rt)] < E[f'(ro)b(re)+ + 2(f" (re) — ["(0))] + El(a +2f"(0) 1, 50] < —CE[f(r1)] ,
where ¢ is given by (17). Therefore by Gronwall’s lemma,
E[f(IX: = YiD)] < E[f(r)] < e ™E[f(r0)] = e"“E[f(| X0 — Yo|)] -

Hence, it holds
Wy (e, 7)< B (1% = Vi) < e [ £ y)é(dady)

for an arbitrary coupling £ € I'(uo, v9). Taking the infimum over all couplings & € I'(ug, o),
we obtain the first inequality of (16). By (38), we get the second inequality of (16). [

6.2.3 Proof of Theorem 8

To show Theorem 8, we first give a uniform in time bound for the second moment of the
process (X¢)¢>0 solving (1).

Lemma 14. Let (X;)i>0 be a solution of (1) with E[|Xo|?] < oo. Assume B1. Then there
exists C € (0,00) depending on d, W and the second moment of Xo such that

C =supE[|X;]?] < o0 . (50)
>0

Proof of Lemma 14. By Ito’s formula, it holds

1 _ _ _ — 1
501|X,5|2 = (X4, b* i (Xy))dt + XTdB; + d dt.
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Taking expectation and using symmetry, we get

LE(1R4[2) = E[(X: — Ko, b(Ke — X)] +d

= —E[(X; — X, L(Xs — X¢) = 7(Xe = X)) 5,35 o
—E[(X: — Xo, L(X; = Xo) = v(Xs — X)) x,_ %0 1<,) T4
< B[22 + 51K — X)Lz, g,p)] + IlloeRo +d.
Hence by definition (14) of Ry and by Gronwall’s lemma we obtain the result (50). O

Let N € N. We construct a sticky coupling of N i.i.d. realizations of solutions
({ XN iso to (1) and of the solution ({Y}¥)i>0 to the mean field particle system (3).
Then, we consider a weak hm1t for 0 — 0 of Markovian couplings which are constructed
similar as in Section 2. Let rc®, s¢? satisfy (19) and (20). The coupling ({X}" oy NN N0
is defined as process in R?V¢ satlsfylng a system of SDEs given by

dX;? = b+ ‘5(Xf’5)dt + 1 (7 2)dBy + s¢d (7)) d By

o1
vy’ Zb Y0 = ¥P0)dt + (7)) (1d —26;° (6;°)T)d By + s’ (7 °)d By ? o1

] 1

where Law({Xéé,YOZO N =S @ uPN | and where ({B hy 1)t>0,({B. W 1)t>0 are
ii. d d- dlmensmnal standard Brownian motions. We set X/* = X/ — + N X0y —
Y S Y0, 200 = X0 w =12 and &0 = Z;° /iy for i £ 0. The value
& for rz ¥ = 0 is irrelevant as rc(0) = 0. By Levy’s characterlzatlon { XM VN s
is 1ndeed a coupling of (1) and (3). Existence and uniqueness of the coupling given in (51)

hold by [45, Theorem 2.2]. In the next step we analyse 7.

Lemma 15. Assume B1 holds. Then, for € < €y, where €y is given in (20), and for any
i€{l,...,N}, it holds almost surely,

1 N . n o
470 = LAt (67, 1o D0 (X0 = X3) = (T~ 7))
j=1

1 i i85 gid k.6
+ 21+ L (7 dwy + (&%, ey +—Z@ )t (52)
_ I
< (b)) +2nyuoo Zrc )dt+2,/1+N S (AW

7,0 = k.6
(A +NkZlA )dt
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with ©7° = b g} (X7°) — £ SN, b(X,° — X{°) and

06 |0
Ay’ =|e;

N
= |+ pxie Z - X7 (53)
and where ({W;" }Z 1)t>0 are N one-dimensional Brownian motions given by

i N 5\ q pit T dB) ,
W = N1 /( dBY! 4+ — Z/ dB¥t| |, i=1,...,N. (54)

Proof. By (51) and since v is anti-symmetric, it holds by Ito’s formula for any i €

{1,...,N},

A(7%) = —2L(70)2at + 270, - z (X0 = XP°) — (Vi — VP )at

1 ~i,0 1,0 ~15 1,0
a1+ Dy )2dt+4mrc (i) 20, e
~is Sid 1 N 1.0 7,0
F2AZ b BRI DB - X

N N
=i 1 5, ok 1 kS o6
2Z; ,—Nkzl(bwﬂxt )= 3 LUK = Xi) )t
= J:

where ({W/}Y)i>0 are N i.i.d.one-dimensional Brownian motions given by (54). Note
that the prefactor (N/(N + 1))'/? ensures that the quadratic variation satisfies [W?]; = ¢
for ¢ > 0, and hence ({W}}Y,)¢>0 are Brownian motions. This definition of ({W;}X;)i>0
leads to (1 +1/N)Y? in the diffusion term of the SDE. Applying the C? approximation of
the square root used in the proof of Lemma 12 and taking ¢ — 0 in the approximation
yields the stochastic differential equations of ({f;’é}i]il)tzo. We obtain its upper bound for
€ < ¢g by B1 and (20) similarly to the proof of Lemma 12. O

Next, we state a bound for (53).

Lemma 16. Under the same assumption as in Lemma 17, it holds for anyi=1,... N
E[|47°F] < CiN7! and B A7) < CoN7Y2,

where Ai’é is given in (53) and C1 and Cy are constants depending on ||v|leo, L and C
given in Lemma 1.
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Proof. By B3, it holds E[|Xé’6 2l < oo fori = 1,...,N. Note that given Xti’é, Xg’é are
i.i.d.with law ﬁ? for all j # i. Hence,

1,0 7,0\ | V4,0 —§/vi,0
Eb(Xy — X70)|1Xp"] = bx i (Xp°)
Since y is anti-symmetric, b(0) = 0, and we have

b

. N _ _ _
B[1b# B (X{) — 57— 20 (XD = K0P X
j=1

N N

1 G0 w0y T 1 Vo 0y 2| id
= B[l Y BB - XPOIXP - = DO b(X - X)) X))
=1

N-1%

1 =i
=5 1Varﬁ;s(b(Xt’ —)) .

By (11), B1, B3 and Lemma 14, we obtain
Var s (b(X7 1)) = / (- X’ - =)+ / L(X}® — &)} (d7))
t Rd R4
=i,0 Sid 610\ |2
+ (W& =) = [ A& - ()| i o)

Lz + (’y(Xf’é —x)— /

Ra

B AWK 2y (am) [ 7 (o)

<2L” /]R |z (dz) + 8[|v]|Z < 2L*C? + 8|12, -

By the Cauchy-Schwarz inequality, we have

N
06 S0 1 iS5 oid
E[(A}°)’] < 2B ||b* in(X}) — g 20X, — X))
j=1

1 12 [ S 5462
+2(ﬁ—ﬁ> E{szlb(xt - Xj )|}

1 77:,5 1 o 7:76 ])6 2
< 2 E[Var (b(X;] —->>]+N2(N_1)E[j§rb<xt - X7
AL? 16”7”2 1 2 2
ca R — L 4
< O+ e 4 5 (80L + 4l

§N7101<OO,
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where C) depends on ||y||s, L and the second moment bound C'. Similarly, it holds

E[A;]) <E[[b+ A <25>—N—Zb X0 - x|

(g~ ) Sl - 0]

L LI
< ot YR 4 (VEOVRL 4 )

<N~ 1/2CQ<OO,

where Cy = 2LCY2 + Avloo + (\/501/2 + [[7]00)- -

i,0,€

To control ({rt MY )0, we consider ({ry”}Y )0 given as solution of

N
dri® = B(ri®)dt + Z2H’y”oorc (rf %)t + (A7 + ZAf’é)dt
g 1 k:l (55)

1 ,0,€ 7,0
+2\/1+Nrc (ry®%)dWy

with initial condition 7"6’6’6

(54).

By [45, Theorem 2.2], under B1 and B3, ({U;‘s6 >0 = ({X;é,Y“S i0.€ N Deso
ex1sts and is unique, where ({X“; }7 Y iso solves uniquely (51), ({rt N Diso and
({rt “}iz1N)>0 solve uniquely (52) and (55), respectively, with ({Wt }Z 1)t>0 given by
(54).

Lemma 17. Assume B1 and B3. Then for anyi=1,...,N, |X“s Y“s L zj()_(f"s -
Y;j’é) = 7’1 0 < rz 66, almost surely for allt > 0 and € < €.

= fé’é foralli=1,...,N, Ai’é given in (53) and Wti’é given in

Proof. Note, that both processes ({#°}Y);>0 and ({r">}Y )50 have the same initial
condition and are driven by the same noise. Since the drift for ({ri*}Y >0 is larger
than the drift for ({F°}Y|);s0 for € < ¢ by (20), we can conclude rt5 < ri%¢ almost
surely for all t > 0, e < egand ¢ = 1,... N by Lemma 21. O

Proof of Theorem 8. Consider the process ({UF Y im0 = ({ X7,V ri% N )isg on
RN+ for each €,6 > 0. We denote by P the law of {U%}N, on C(R RN (@d+1))
We define the canonical projections X,Y,r onto the first Nd, second Nd and last N
components.

By B1 and B3 it holds in the same line as in the proof of Lemma 22 for each T > 0

EI{UL = U ) < Clta —ta|* for ta,t2 € 0,77, (56)

22



for some constant C' depending on 7', L, ||||Lip, |V|loc, N and on the fourth moment of pq
and 1. Note that we used here that the additional drift terms (Af;’é)tzo occurring in the
SDE of ({ri® N )i>o are Lipschitz continuous in ({XZ’d}i]\il)tzg. Then as in the proofs
of Lemma 22 and Lemma 23, P%€ is tight and converges weakly along a subsequence to a
measure P by Kolmogorov’s continuity criterion, cf. [38, Corollary 14.9].

As in Lemma 22 the law }P’glﬁ of ({U;’é’E N Do<i<r on C([0, T], RN Z4+1) ig tight for each
T > 0 by [38, Corollary 14.9] and for each ¢ > 0 there exists a subsequence ¢,, — 0 such
that (Pg?’e)neN on C([0,T], RN+ converge to a measure P§ on C([0, T], RNZd+1),
By a diagonalization argument and since {P$ : T' > 0} is a consistent family, cf. [38,
Theorem 5.16], there exists a probability measure P¢ on C'(R., RN 24+1)) such that for all
€ there exists a subsequence J, such that (P5"’E)neN converges along this subsequence to
P¢, i.e., the family (P%€)sw is tight. As in the proof of Lemma 23 we repeat this argument
for the family of measures (P).~o. Hence, there exists a subsequence ¢, — 0 such that
(P ),en converges to a measure P. Let ({X7, Y7, i} )¢>0 be some process on RY(2d+1)
with distribution P on (Q, F, P).

Since ({X’Z’é}f\il)tzo and ({Y;i’é}fil)tzo are solutions that are unique in law, we have
that for any d,¢ > 0, P o (X)™! = Po (X)™! and P* o (Y)™! = Po (Y)~!. Hence,
Po(X,Y) ! isa coupling of (1) and (3). In addition, the statement of Lemma 17 carries over
to the limiting process ({r{}X¥,)i>0, since by the weak convergence and the Portmanteau,
it is preserved under weak convergence by Portmanteau theorem, P(| X} — Y}| < 7! for i =
1,...,N) > limsup,_,,limsups_, P(|XZ’5 - f/ti’(s < ri’(s’& fori = 1,...,N) = 1, where
X} =X} —(1/N) ;V:J(g and Y} = X} — (1/N) j-vzli_/tj forallt >0andi=1,...,N.

Similarly to the proof of Lemma 22 and Lemma 23 there exist an extended underlying
probability space and N i.i.d.one-dimensional Brownian motion ({W/}Y,);>¢ such that
({rt, Wi )io is a solution of

i 3o 1 j i 1Y
drj = b(r)dt + 57 3 2l lloo L 0,00 ()t + (A} + 57 3 AF)dt
j=1 k=1

/ 1 , .
+24/1+ Nﬂ(()’w)(ri)dwg ,

where A} = (b jir(X]) — % S b(X] — X7)].
Using Ito-Tanaka formula, c.f. [51, Chapter 6, Theorem 1.1}, and f’ is absolutely

23



continuous, we obtain for f defined in (37) with b(r) = (k(r) — L)r and a = 2||7||so,

N N
A3 2 F6D) = S (B /i) + (2 S 1y ()
i=1 =1

1 N N
FZZ Tt ”YHooﬂ(Ooo)(Tg)dt
1 Y , 1
+ 3 P OD214 S 00 (AW + Zf )(4i+ 5 ZA’“)

I
—

)

Taking expectation, we get using f/(r) <1 for all » > 0,

N N
¥l L] < g X (B 2 e o)
=1 i=1
FE[2(Illeo + ot £0) 10,00 (r)] + E[241]}

By (39) and (40), the first two terms are bounded by —éx >, f(rf) with & given in (17).
By Lemma 16 the last term in (57) is bounded by

E[A]] <CNTY2,
where
G = 205 = ALCY2 18] + 2(V2CY2L + 1) (58)

Hence, we obtain
dprl : — SN E[f CN—1/2
NZf(T‘t) < ¢ Z Tt +
for ¢ > 0 which leads by Gronwall’s lemma to

E[% > frh) < e—aE[% > A + ééN 2

For an arbitrary coupling & € I'(f1 oN VSZ’N ), we have
1 & C
fct . - J .
Wi n (i) ®N /R2Nd sz zt—y N Z:l(flf y)| ) €(dzdy) + N2

as E[f(rd)] < fpova & iy f(|2'—yi— & E;-V:l (27 —17)])€(dxdy). Taking the infimum over
all couplings £ € F([L[S@N ,vy) gives the first bound. By (38), the second bound follows. [
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6.3 Proof of Section 3
6.3.1 Proof of Theorem 3

We show Theorem 3 via a family of stochastic differential equations, indexed by n,m € N,
with Lipschitz continuous coefficients,

dr?™ = (b(r{"™) + P (g™)dt + 20" (1" ) AW, (59)
”

dsp™ = (b(sp™) + BT ()t + 207 (s AW, Law(rg ™, s™) = Hom
where P/*" = Law(r{"™), P/ = Law(s}"™) and P/"™(g") = Jr, 9" (r)P"" (dz) and
P (W) = Jr, h™(r) P/ (dx) for some measurable functions (¢")men and (A")men,
and where 7 € I'(tn,ms Vnym) for i m, Vnm € P(R4). We identify the weak limit for
n — oo as solution of a family of stochastic differential equations, indexed by m € N, given
by

dri® = (b(r}") + P™(g"™))dt + 21 (g 00) (r")dW; (60)
ds? = (b(s7) + B, (h™))dt + 210,00y (s7)dW; ,  Law(rg, s§") = 0y -

with P/* = Law(r}") and P/™ = Law(s}"), and where 1, € T'(jtm, Vm) fr pim, Vm € P(Ry).
Taking the limit m — oo, we show in the next step that the solution of (60) converges to
a solution of (25).

We assume for (¢"")men, (A™)men, (6™)nen and the initial distributions:

H5. (¢™)men and (h™)men are sequences of non-decreasing non-negative uniformly bounded
Lipschitz continuous functions such that for all v > 0, ¢g™(r) < g™ (r) and h™(r) <
R™H(r) and lim,, 100 ¢™(r) = g(r) and limy, 1o h™(r) = h(r) where g, h are left-
continuous non-negative non-decreasing bounded functions. In addition, there exists K,, <
oo for any m such that for all r;s € R

9" (r) = g™ ()| < Km|r —s[  and [ (r) = W™ (s)| < Kpn|r — o] .

H6. (0™)nen is a sequence of Lipschitz continuous functions from Ry to [0, 1] with 6™(0) =
0, 0™"(r) =1 for allr > 1/n and 0™(r) > 0 for all r > 0.

H7. (ttnm)mneN, (Unm)mmeNs (m)meN, (Vm)men are families of probability distributions
on Ry and (Mnm)n,men, (Mm)men families of probability distributions on R% such that for
any n,m € N0y m € I'(tnm, Vnm) and 0y € I'(fm, vm) and for any m € N, (9 m)nen con-
verges weakly to Ny and (Nm)men converges weakly to n. Further, the p-th order moments
of (ltn,m)n.meN, (Vnm)nmeN, (lm)meN and (Vm)men are uniformly bounded for p > 2 given
i H3.

Note that by H5 for any non-decreasing sequence (, )men, which converges to u € R,
9™ (u,) and h™(u,,) converge to g(u) and h(u), respectively. More precisely, it holds for
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for all m € N, ¢"™(um) — g(u) < 0 and for m > n, ¢"™(um) > g™ (u,) and therefore,
limy, 00 ¢ (un) — g(u) > limy, o0 limy, o0 = limy, 00 g(uy) — g(u) = 0 by left-continuity
of g. Hence, lim;, 00 ¢ (um) — g(u) = 0 and analogously lim, o0 A" (um) — h(u) = 0. By
H5, T' = max(]|h/|cos ||g]|co) is @ uniform upper bound of (¢™)men and (A™)en.

Consider a probability space (€, Ao, @) and a one-dimensional Brownian motion (W3):>o.
Under H5, H6 and H7, for all m,n € N, there exists random variables ™" s™™ : Qg — W
for each n,m such that (r;""™,s;"™)i>0 is a unique strong solution to (59) associated to
(Wy)¢>0 by [45, Theorem 2.2]. We denote by P™™ = Q o (r™™, s™™)~! the corresponding
distribution on W x W.

Before studying the two limits n, m — oo and proving Theorem 3, we state a modifica-
tion of the comparison theorem by Ikeda and Watanabe to compare two solutions of (59),
cf. [35, Section VI, Theorem 1.1].

Lemma 18. Let (r;""™, s;"™)i>0 be a solution of (59) for fized n,m € N. Assume H1, H
5 and H6. If Q[ry™ < si™] =1, b(r) < b(r) and g™(r) < h"™(r) for any r € Ry, then

Qry™ < s forallt >0 =1. (61)

Proof. For simplicity, we drop the dependence on n,m in (r;"™) and (s;""™). Denote by p
the Lipschitz constant of 0™. Let (ax)ren be a decreasing sequence, 1 > a; > ag > ... >
ap > ... > 0, such that fall p 27 = 1, Jar p 27 ldr = 2,.. ., Jok= 1p_23:_1d$ = k.
We choose a sequence Vg (u), k= 1,2, ..., of continuous functions such that its support is
contained in (ay, ag—1), [;*7* ¥y (u)du =1 and 0 < Wy (u) < 2/k-p~2u~2. Such a function
exists. We set

Ydy [ Yp(u)du if x >0,
0 ifx<0.

Note that for any k € N, o € C2(Ry), |¢)(2)] < 1, pr(z) = 24 as k 1 oo and ¢} (z) 1
1(0,00) (7). Applying Ito’s formula to ¢y (¢ — s¢), we obtain

or(re — st) = @r(ro — so) + (k) + I2(k) + I3(k) ,

where
mzf%mﬁ%www—mmmm,
0= [ G = su)blra) = o) + Pulg™ = Pu(h™ldu

h@—waﬁ $)107(ra) = 0" (5.)du
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with P, = Qor; ! and P, = Q o s; L. Tt holds by boundedness and Lipschitz continuity of
977,

1
E[L (k)] =0, and E[3(k)] < iE[/ Op(ry — 8u)p? 7w — su\Qdu} <
We note that by H5 E[(¢"(ry) — h™(s4)) 1y, —s,<0] < 0 and

E[(g™ (ru) — A" (su))Lr,—s,>0] < E[(¢™ (ru) — 9" (su) + 9™ (5u) — B (5u)) Lr,—s,>0]
<E[(g"(ru) — 9™ (5u)) Lr,—s,>0]
< KmEHTu - SU‘RTU—SUZO] (62)

t
-

by Lipschitz continuity of ¢, by ¢ (r) < h™(r) and since ¢" and A" are non-decreasing.
Hence for I, we obtain

~ A ~

Ir(k) = /t Pp(ru — SU)[B(Tu) —b(ry) + b(ry) — b(su)]du
+/ P (r E[(gm(ru) = h"(su)) Lr,—s,>0] + E[(¢" (ru) — hm(SU))Lu—su<0]>du

< [ htra = su)lra = suldut [ Gra = s KnBllra = sulln s 20ldu

Taking the limit £ — oo and using that E[rg — s¢] = 0, we obtain

E[(r, — s1)4) < LE| /0 (ru su)ydu + K| /0 "L 000y (i — 5u)El(ru su)4ldu] , (63)

by the monotone convergence theorem and since (¢}, )xen is a monotone increasing sequence
which converges pointwise to 1 o) (7). Assume there exists t* = inf{t > 0 : E[(r;—s;)+] >
0} < co. Then, fj E[(ry — su)+]du >0 or f§ E[L(g0)(ru — 8u)]E[(ru — su)+]du > 0. By
definition of t*, E[(r, — su)+] = 0 for all u < t* and hence both terms are zero. This
contradicts the definition of ¢t*. Hence, (61) holds. O

Next, we show that the distribution of the solution of (59) converges as n — co.

Lemma 19. Assume that b, 13, g and h satisfy H1 and H2. Let n € T'(u,v) where
the probability measures p and v on Ry satisfy H 3. Assume that (g™)men, (A™)men,
(0™)nen, (Hnm)mmneN, Unm)mneN and (Mnm)mnen satisfy condition H5, H7 and H 6.
Then for any m € N, there exists a random variable (r™,s™) defined on some probability
space (Q™, A™, P™) with values in W x W, such that (ri", sj")i>0 is a weak solution of the
stochastic differential equation (60). More precisely, for all m € N the sequence of laws

Q o (r™™, s™) =L converges weakly to the distribution P™ o (r™, s™)~t. If additionally,
b(r) <b(r) and g¢™(r) <h™(r), for any r € Ry and
Qlry™ < sp™ =1 for any n,m € N,

then P™[r{* < s for allt > 0] = 1.
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Proof. Fix m € N. The proof is divided in three parts. First we show tightness of the
sequences of probability measures. Then we identify the limit of the sequence of stochastic
processes. Finally, we compare the two limiting processes.

Tightness: We show that the sequence of probability measures (P™™),cn on (W x
W, B(W) ® B(W)) is tight by applying Kolmogorov’s continuity theorem. Consider p > 2
such that the p-th moment in H3 and H7 are uniformly bounded. Fix 7" > 0. Then the
p-th moment of 7" for t < T can be bounded using Ito’s formula,

™ P < plrg ™ PR (b ™) 4+ B (g™)))dE 4 207 () plr ™ PRy AW,
+p(p — D™ P20 (rp)dt
< p(Ir P LA D™ P 4 2p — P2 de 4 267 (1 p(r P AW,
<p(L+T+2(p— 1))y Pdt + p(T + 2(p — 1))dt + 20" (" )p(ry ™ P~ AWy

where I' = max(]|g]|co, || ||oc). Taking expectation yields

d

GBI P < p(L 4T +2(p = 1) B P+ p(T +2(p — 1)) -

Then by Gronwall’s lemma

sup E[|r}"[P) < eI (Bl|rg 7] 4 Tp(L + 2(p — 1)) < Cp <00, (64)
t€[0,T)

where C), depends on T" and the p-th moment of the initial distribution, which is finite by
HG6. Similarly, it holds sup,ef 71 El|sy""[P] < Cp for t < T. Using this moment bound, it
holds for all ¢1,t2 € [0,7] by H1, H5 and HG6,

Bllry"™ = rii" ) < Ca(p) (E / BOE™) + Pl + ] [ 20 )
Lr ;
SCz(p)((E[m . |T"m|pdu}+Fp)|t2—t1\p+E /1 20" ( ”m)dulpp])
P t2
< Cb(p)((m . E[|r™™P]du + FP) Ity — t1|P + 2P/2|ty — t1|p/2)

< 03(]% T7 Ea F’ Cp)|t2 - t1|p/2 )

where C;(-) are constants depending on the stated argument and which are independent of
n,m. Note that in the second step, we used Burkholder-Davis-Gundy inequality, see [50,
Chapter IV, Theorem 48]. It holds similarly, E[|s);™ —s"™[P] < C3(p, T, L, T, Cyp)[ta—t1[P/2.
Hence,

EH(Tgm 8?2’ ) (r;‘nlm S?{m”p} < 04(pa T7 E7F7 Cp)|t2 - tl‘p/Q (65)
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for all ¢1,t9 € [0,T]. Hence, by Kolmogorov’s continuity criterion, cf. [38, Corollary 14.9],
there exists a constant C' depending on p and  such that

E[[(", "™ < C- Calp, T, L,T,C,y) (66)

|z (t1)—z(t2)]
[t1—t2|7

C([0,T],R?). Hence, for each T > 0 there exists a subsequence n, — oo and a probability
measure P7 on C([0,T],R?). Since {P#}r is a consistent family, there exists by [38,
Theorem 5.16] a probability measure P™ on (W x W, B(W) @ B(W)) such that there is a
subsequence (ny)ren such that P™™ converges along this subsequence to P™. Note that
here we can take by a diagonalization argument the same subsequence (ng)ien for all m.

Characterization of the limit measure: In the following we drop for simplicity the
index k in the subsequence. Denote by (ry,s;)(w) = w(t) the canonical process on W x W.
Since P™™ o (rg,Sp) ! = Nym converges weakly to 7, by H7, it holds P™ o (rg,s0) ! = 1.
We define the maps M™™ N™" : W x W — W by

n,m

where [ is defined by [z], = supy, 4,ef0.1] and ("™, 87" )nen >0 is tight in

t t
MM™ — g, 1o — / (b(re) + P7(g™))du and N™™ — s, — s — / (b(s0) + P2 (h™))du

0 0
where P?* = P""o(r,) "' and P = P""o(s,)~!. For each m,n € N, (M;"", F;,P"™) and
(N"™, Fy, P™™) are martingales with respect to the canonical filtration F; = o((ry, Su)o<u<t)
by Ito’s formula and the moment estimate (64). Further the family (M;""™ P™™),en >0
and (N, P™"™),,cn >0 are uniformly integrable by Lipschitz continuity of b and b and by
boundedness of ¢ and h™. Further, the mappings M™™ and N™™ are continuous in W.
We show that P™™ o (r,s, M™™ N™™)~1 converges weakly to P o (r,s, M™ N™)~! as
n — 0o, where

t t R
M =1~ 1o — / (b(r) + Pu(g™)du and NI ='s, —so — / (b(su) + Pu(h™))du |
0 0
(67)
with P, = P™or, ! and P, = P™os, 1. To show weak convergence to P™o(r,s, M™, N™)~1,

we note that (M™, N™) is continuous in W and we consider for a Lipschitz continuous and
bounded function G : W — R,

) /W G w)dP™™ o (M)~ () — KW Glw)dP™ o (M™) ()

g' A}V Gw)dP™™ o (M™™)L(u) — /W G(w)dwmo(Mm)—l(m‘

4 ‘ /W Gw)dP™™ o (M™)(w) — /

G(w)dP™ o (Mm)l(w)’ .
W
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The second term converges to 0 as n — oo, since (M™) is continuous. For the first term it
holds

‘ /W Glw)dP™™ o (M) (w) — /W G(w)dP™™ o (Mm)l(w)’
_ ‘ /W (G o M™™)(w)dP™™ (w) — /W (G o Mm)(w)dIP’”’m(w)‘
< GllLip Eg%dw(M”’m(W)7Mm(w)) ;

where dw(f,9) = 22821 SuDiejo k] 27%|f(t) — g(t)|. This term converges to 0 for n — oo,
since for all T'> 0 and w € W, for n — oo

T
sup (M} () = M) < [ | ox (g™ - 7 ox (g™ ds 0.
t€[0,T] 0

by Lebesgue dominated convergence theorem, since g is bounded. Hence,
‘ / Gw)dP™™ o (M™™) "1 () — / G(w)dP™ o (Mm)—l(w)‘ 0 forn — oo,
W W
and similarly for (N™"), and therefore by the Portmanteau theorem [39, Theorem 13.16],
weak convergence of P™™ o (r,s, M™™ N™™)~1 to P™ o (r,s, M™ N™)~! holds.

Let G : W — Ry be a Fs-measurable, bounded, non-negative function. By uniformly
integrability of (M;"™,P™™),cn+>0, for any s < ¢,

EMGOM — M) =BG () + Pulg™)dw)]

= Jim B (G [ (ea) + PG dw) (%)
= lim E"(GOM — M) =0,

and analogously for (N;"™);>¢ and hence, (M, F;,P™) and (N;™, F;,P") are continuous
martingales. The quadratic variation ([(M™, N™)];) exists P"*-almost surely. To complete
the identification of the limit, it suffices to note that the quadratic variation is given by
[M™] = 4/ 1(0,00) (ru)du P™-almost surely,
0
[N™] = 4/ 10,00) (8u)du P™-almost surely, and (69)
0
[M™ N™] = 4/ 1(0,00) (Tu) L(0,00) (Su)du  P™-almost surely,
0

which holds following the computations in the proof of [23, Theorem 22]. We show that
(M) —4 2 1(0,00)Tudu) is a sub- and a supermartingale and hence a martingale using a
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monotone class argument by noting first that for any bounded continuous and non-negative
function G : W — R,

E[G(M)?) = lim E"™[G(M™)?) (70)

n—oo

holds using uniform integrability of ((M;""™)?, P™™),cn >0 which holds similarly as above.
Note that

t
Em[ / 10,00) (Tu) du} < lim lim inf E™™ [ / ]l(eﬁoo)(ru)du] (71)

ei n—oo

holds by lower semicontinuity of w — [j 1 o0)(ws)ds for each € > 0, Fatou’s lemma and
the Portmanteau theorem. For any fixed ¢ > 0,

t t

Then by (70), (71) and (72)

E™ [G ((Mgn) (M2 4/ 10,00 ru)duﬂ

t
> lim lim inf E™™ {G ((1\4;””)2 — (M™™)2 — 4 / Hn(ru)Zduﬂ =0

€] n—oo

and hence by a monotone class argument, cf. [50, Chapter 1, Theorem 8], ((M;™)?
401 (0,00) (Tw)du, ]P’m) is a submartingale. To show that it is also a supermartingale we
note that ((M]™)? — 4t,P™) is a supermartingale by (70). By the uniqueness of the Doob-
Meyer decomposition, cf. [50, Chapter 3, Theorem 8], t — [M™]; — 4t is P™-almost surely
decreasing. Note further, that (r¢, 7, P") is a continuous semimartingale with [r] = [M™].
Then by Ito-Tanaka formula, cf. [51, Chapter 6, Theorem 1.1],

/0 "1 oy (ra)d (M, = /0 1oy (ru) il = /0 Loy () () dy = 0.

where #{(r) is the local time of r in y. Therefore, for any 0 < s < ¢,
[M™]; — [M s—/ﬂ(ooo)l‘u <4/]loOo r,)d
and hence, for any Fs-measurable, bounded, non-negative function G : W — R,
E™ [G((th) —(M™? 4/ 1 (0.00) ru)du)] <0.

As before, by a monotone class argument, ((M;")? —4 [71 (0,00) (T )du, P™) is a super-
martingale, and hence a martingale.
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Hence, we obtain the quadratic variation [M™]; given in (69). The other character-
izations in (69) follow by analogous arguments. Then by a martingale representation
theorem, see [35, Chapter II, Theorem 7.1], we conclude, that there are a probability space
(Qm™, A™ P™) and a Brownian motion motion W and random variables (™, s™) on this
space such that P™ o (7™, s™)~1 = P™ o (r™,s™)~! and such that (r™,s™, W) is a weak
solution of (60). Finally, note that we have weak convergence of @ o (r™™, s™™)~! to
P™o (r™,s™)~! not only along a subsequence since the characterization of the limit holds
for any subsequence (ny)ken.

Comparison of two solutions: To show P [r]" < s for all ¢ > 0] = 1 we note that
by Lemma 18, Q[r}* < si for all ¢ > 0] = 1. The monotonicity carries over to the limit by
the Portmanteau theorem for closed sets, since we have weak convergence of P o (r,s)~!
to P o (r,s) L. O

We show in the next step that the distribution of the solution of (60) converges as
m — oo. For each m € N let (2", A™, P™) be a probability space and random variables
P os™ Q™ — W such that (77, s7");>0 is a solution of (60). Let P™ = P™ o (™, sm)~!
denote the law on W x W.

Lemma 20. Assume that (b,g) and (b,h) satisfy H1 and H?2. Let n € T'(u,v) where
the probability measures p and v on Ry satisfy H 3. Assume that (g™)men, (A™)men,
() meNs (Um)men and (Nm)men satisfy conditions H5 and H 7. Then there ezists a
random variable (r,s) defined on some probability space (2, A, P) with values in W x W,
such that (r+,st)t>0 s a weak solution of the sticky stochastic differential equation (25).

Furthermore, the sequence of laws P™ o (r™, s™)~! converges weakly to the law Po(r,s).

If additionally,

, g(r) < h(r) and g™ (r) <h™(r) for any r € Ry, and
0l=1 for any m e N

then Pry < s; for allt > 0] = 1.

Proof. The proof is structured as the proof of Lemma 19. First analogously to the proof
of (64) we show under H1, H5 and H7,

sup E[|rP] < oo . (73)
te[0,7

Tightness of the sequence of probability measures (P"),eny on (W x W, B(W) @ B(W))
holds adapting the steps of the proof of Lemma 19 to (60). Note that (64) and (65)
hold analogously for (r}", s7")men by H1, H5 and H7. Hence by Kolmogorov’s continuity
criterion, cf. [38, Corollary 14.9], we can deduce that there exists a probability measure P on
(Wx W, B(W)®B(W)) such that there is a subsequence (my,)ken along which P converge
towards P. To characterize the limit, we first note that by Skorokhod representation
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theorem, cf. [9, Chapter 1, Theorem 6.7], without loss of generality we can assume that
(r™, s™) are defined on a common probability space (2,4, P) with expectation E and
converge almost surely to (r,s) with distribution P. By H5, P/"(¢™) = E[¢"(r{"*)] and
the monotone convergence theorem, P[™(¢g™) converges to P;(g) for any ¢ > 0. Then, by

Lebesgue convergence theorem it holds almost surely for all ¢ > 0

lm [ (B(T;ﬂ) + Py(gm))du - /0 t (z;(rt) + Pu(g))du , (74)

m—0o0 0
where P = Po (r™)~! and P, = Po (r,)~!. A similar statement holds for (s¢):>o.
Consider the mappings M™ N : W x W — W defined by (67). Then for all m € N,
(M, F,P™) and (N{", F:,P™) are martingales with respect to the canonical filtration
Fi = o((ry,su)o<u<t). Further the family (M, P™)pens>0 and (N, P™)men>0 are
uniformly integrable by (73). In the same line as in the proof of Lemma 19 and by (74),
P™ o (r,s, M™, N™) converges weakly to Po (r,s, M, N) where

M, :rt—ro—/()t(g(ru)+Pu(g))du and Nt:st—so—/ot(é(su)+Pu(h))du.

Let G : W — R, be a Fs-measurable bounded, non-negative function. By uniform inte-
grability, for any s < t,

BIG(M, — Mo)) = BIG( [ () + Pulg)de] = Jim E"IG( [ (blr) + Paly™ )]

—00
— lim E"[GM" — M) =0,
and analogously for (N¢)¢>o. Hence, (M, 7, P) and (N, F¢,IP) are martingales. Further,
the quadratic variation ([(M,N)];) exists P-almost surely and is given by (69) P-almost
surely, which holds following the computations in the proof of Lemma 19. As in Lemma 19,
we conclude by a martingale representation theorem that there are a probability space
(Q, A, P) and a Brownian motion W and random variables (r,s) on this space such that
Po(r,s)"! =Po(r,s)! and such that (r,s, W) is a weak solution of (25). Note that the
limit identification holds for all subsequences (my,)ren and hence P™o (™, s™)~! converges
weakly to P o (r,s)~! for m — oo. The monotonicity P™[r* < s/ forallt > 0] = 1
carries over to the limit by Portmanteau theorem, since P™ o (r,s)~! converges weakly to
Po (r,s)" 1. O

Proof of Theorem 3. The proof is a direct consequence of Lemma 19 and Lemma 20. [

6.3.2 Proof of Theorem 5

Proof of Theorem 5. Note that the Dirac at 0, dp, is by definition an invariant measure of
(r¢)¢>0 solving (6). Assume that the process starts from an invariant probability measure
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7, hence P(r; > 0) = p = 7((0,00)) for any ¢t > 0. Note that for p = 0 the drift vanishes. If
the initial measure is the Dirac measure in 0, dg, then the diffusion coefficient disappears.
Hence, Law(r;) = dp for any t > 0. It remains to investigate the case p # 0. Here, we
are in the regime of [23, Lemma 24] where an invariant measure is of the form (28). Since
p = P(r; > 0), the invariant measure 7 satisfies additionally the necessary condition

I(a,p)
p=7((0,00)) = 75
(0D = 5 ap) + 1) )
with I(a,p) given in (27). For p # 0, this expression is equivalent to (26). O

Proof of Proposition 6. By Theorem 5, it suffices to study the solutions of (26). By (27)
and since b(r) = —Lr, it holds for I(a, p) (1-p)I(a,p),

\/7 /‘/Z exp(— 2/2)da:>\/jexp< ]g )(1 —p). (76)

In the case a/VL < 2/y/7, I(a,0) = \/m/L by (76). Further, by 1+ < ¢” and a/VL <

2/V/m,
% /ﬁLMxl—)ML<¢ ¢/r2dxe%r
<. /= 2PN pel < [ Tep(2-1) \/?
_\/g(1+ﬂe ¢ _\Eep V3

for p € (0,1]. Hence, f(a,p) < f(a,O) by (76). Therefore, f(a,p) < f(a,O) < % for all
p € (0,1] and so & is the unique invariant probability measure for a/VL < 2/,/7.

To show that for a/VL > 2/\/7, there exists a unique p solving (26), we note that
I(a,p) is continuous with I(a,0) > 2/a and I(a,1) = 0. By the mean value theorem, there
exists at least one p € (0,1) satisfying (26). In the following we drop the dependence on
a in I(a,p) and I(a,p). We show uniqueness of the solution p by contradiction. Assume
that p; < po are the two smallest solutions of (26). Hence, it holds either I’(p;) < 0 or
I (p) = 0 for p;. Note that the derivative is given by

P'(ps) = -1 1—p)I'(pi) = —I(p; — o) (pi () +
() = =1(i) + (1= )T (pi) = =T () + (1= pi) (piy7 1(00) + 7)
2 a/ pi 2 a
a(l—pi)+( p)L(l—pz+> (1—pi)+L (77)

Then, for ps > py, it holds

A 2 a 2 a A

I'(pe) = ————=+= < + 2= T(p) <0

W)=~y "L ety T
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If I'(p1) < 0, it holds I"(pz) < 0 which contradicts that p; and py are the two smallest
solutions. In the second case, when I'(p;) = 0, we note that the second derivative of I(p)
at pp is given by

"(p1) = =2I'(p1) + (1 — p)I" (1)

a’p1 a’pr  a a?
=(—-2 1-— = I - = 1-— I
( + (1 —p1) 5T )( (p1) 5F —i—L)—i-( P1) (p1)2L
a’pr a a a
) TR Rl Ay frwry

Hence, in this case there is a maximum at p;, which contradicts that p; is the smallest
solution. Thus, there exists a unique solution py of (26) for a/VL > 2//7.
O

6.3.3 Proof of Theorem 7

Proof of Theorem 7. To show (31) we extend the function f to a concave function on R by
setting f(z) = z for x < 0. Note that f is continuously differentiable and f’ is absolutely
continuous and bounded. Using Ito-Tanaka formula, c.f. [51, Chapter 6, Theorem 1.1] we
obtain

df(rt) = f’(rt)(l;(rt) + CLP(’I} > 0))dt + 2f”(’l“t)]]_(0700) (T‘t)dt + th s

where M; = 2]3 f'(75)1(0,00)(7s)d B is a martingale. Taking expectation, we get

SELF0)] = ELF () () + aPlre > 0))] + 2EL7 ()07
= BLf(r)b(re) + 20" () — £"(0)] + Elaf (re) + 2" (O)1P(r1 > 0)
< —cB[f(r)] .

where the last step holds by (39) and (40). By applying Gronwall’s lemma, we obtain (31).
O

6.4 Proof of Section 5

As for the nonlinear case we show Theorem 10 via a family of stochastic differential equa-
tions, with Lipschitz continuous coefficients,

™™ = (B(ry™™) + Zg PP )+ 207 (") AW

| ) 78
dsimm = ( m,m Z Jnm )dt+29”( ”””)thZ ()

Law(ry™™, s5™™) = om , i€ {l,...,N},
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where 7y.m € I'(tnm, Vnm). Under H1, H2, H5, H6 and H7 we identify the weak limit
of ({Fbm™m gbrmm z]\il,n,meN)t>0 solving (78) for n — oo by ({ri'™, Si7m}i]\;1,meN)tZO solving
the family of SDEs given by

N
dry™ = (b(r} Z 1)) At + 21 g o) (™AW
i _ (3 ol (79)
dst’ = ( N Z )dt + 2]1(0 oo)( )th ,
Law(r§", sém):nm, ie{l,...,N},

where 7, € T'(tm, Vim)-

Taking the limit m — oo, we obtain (35) as the weak limit of (79). In the case
g(r) = 1(0,00)(7), we can choose g™ = 6.

Consider a probability space (€,.4p, Q) and N i.i.d.1-dimensional Brownian motions
({WiX )i>0. Note that under HI-H7, there are random variables {r®™»m}N fghnmi NV
Qo — W for each n,m such that ({rt"m stmm1N ) is a unique solution to (78) by [45
Theorem 2.2]. We denote by P™™ = Q o ({rtm™ stmmiN =1 the law on WY x W,

Before taking the two limits and proving Theorem 10, we introduce a modification of
Ikeda and Watanabe’s comparison theorem, to compare two solutions of (78), cf. [35,
Section VI, Theorem 1.1].

Lemma 21. Suppose a solution ({T;nm, sinm N Diso of (78) is given for fized n,m € N.

Assume HY5 for g™ and k™, H1 for b and b, Ho for 6™. IfQ[znmgslnmforallz—
1,...,N] =1, b(r) < b(r) and g™(r) < k™(r) for any r € Ry, then

Qri™™ < st™™ for allt >0 andi=1,...,N] =1

Proof. The proof is similar for each component ¢ = 1,..., N to the proof of Lemma 18. It
holds for the interaction part similarly to (62) using the properties of ¢”* and h"™,

N
1 .
722 ]nm hm(]nm N}: ],nm ]nmm(ooo(jnm_sg,n,m)'

Hence, we obtain analogously to (63),

, . t
E[(Ti,n,m S;nm) ]SLE[/(Tznm_ znm) du}—l—K ]E / ernm Sjnm) du}
0
7j=1
for all i =1,..., N. Assume analogously to the nonlinear case t* = inf{t > 0 : E[(r bILm_
s7™"™) 1] > 0 for some i} < co. Then, there exists i € {1,..., N} such that fo E[(rim™ —

i) ¢Jdu > 0. But, by definition of ¢*, for all ¢, u < t*, E[(ri™™ — s4™™),] = 0. This
contradicts the definition of t*. Hence, Q[ry"™"™ < sy™™ for all 4, t > 0] = 1. O

36



In the next step, we prove that the distribution of the solution of (78) converges as
n — 0o.

Lemma 22. Assume that H1 and H2 is satisfied for (b, g) and (3, h). Further, let (0™)pen,
(gm)mEN7 (hm)mEN; (,un,m)n,mENy (Vn,m)n,mEN and (nn,m)n,meN be such that H5, HG6 and
H7 hold. Let m € N. Then there exists a random variable ({r*™, st™}N ) deﬁned on some
probability space (™, A™, P™) with values in W™ x WY such that ({r TN Diso s
a weak solution of (79). Moreover, the laws Q o ({rt™m, stmmiN )=l converge weakly to
Pmo ({rtm, stmyN V=L If in addition,

b(r) <b(r) and ¢™(r) < h™(r) for any r € R,
Q[Té’n’mﬁsé’n’m]zl foranyneN,i=1,...,N,

then P™[ry"™ < sy™ for allt >0 and i€ {1,... N} = 1.

Proof. Fix m € N. The proof is divided in three parts and is similar to the proof of
Lemma 19. First we show tightness of the sequences of probability measures. Then we
identify the limit of the sequence of stochastic processes. Finally, we compare the two
limiting processes.

Tightness: We show analogously as in the proof of Lemma 19 that the sequence of
probability measures (P™™),cny on (WY x WV B(WN) @ B(WY)) is tight by applying
Kolmogorov’s continuity theorem. We consider p > 2 such that the p-th moment in H7

are uniformly bounded. Fix T > 0. Then the p-th moment of /™" and s™"™ for t < T is
bounded using Ito’s formula,
dlry™™ P < plry ™™ P (™M) + Zg Pl ™))t

+ 2911( i,m, m)p’r?,m’p72 i,m, det + p( B 1)|r2,n,m‘p 220n(ri,n,m)2dt
< p(Iry™ L+ Tl P 2p = DI P de 287 (0 (T W
< p(L+T+2(p — D)™ Pt 4 p(T -+ 2(p — 1)dt + 20" (rf™ " yp(r™ )PV
Taking expectation yields

d

SB[ < p(L 4+ T+ 200 — 1) Bl + p(T +2(p 1))

Then by Gronwall’s lemma

sup E[|ry™™7] < PEATHEEDT(E[|g™ ™ 7] + Tp(T +2(p — 1)) < Cp < oo, (80)
te[0,T)
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where (), depends on 7" and the p-th moment of the initial distribution, which is by

assumption finite. Similarly, it holds sup,¢jo 1 E[|si™™P] < C, for t < T. Using these
moment bounds, it holds for all ¢1,t5 € [0,7] by H1, H5 and HG6,

ElJriy " =i

2o g 1 al 51, t2 n(.i,n,m i
< O (B[ [ B+ 5 Do gm )+ [ 20 i maw; )
1 ‘_ 1
L
|752—t1| t1

p
<O (7 EHrmm\P]dqurp)\tQ —tafP + 27|ty — 11P/?)
t2 —t1] Ju,

S 03(197 T7 L7F7 Cp)|t2 - tl‘p/2 ’

< G(p)((B| \rwmwdu}+rp)|t2—tlyp+ﬂ<:|/ 20" (ri;™ ™) duf?/?))

where Cy(-) are constants depending on the stated arguments, but independent of n,m.
Note that in the second step, we use Burkholder-Davis-Gundy inequality, see [50, Chapter
IV, Theorem 48]. It holds similarly, E[|s;™ — s;™™P] < Cs(p, T, L,T,Cp)[ta — t1[P/2.
Hence,

E[|({ry™, sy M) — (g™, sy )P
N .
< Cu(p, N) O (E[Jry"™ — vy ™ P] + E[sp™ — i P]))
=1
< Cs(p, N, T, L,T,Cp)|ta — t1]P/*

for all ¢1,t9 € [0,T]. Hence, by Kolmogorov’s continuity criterion, cf. [38, Corollary 14.9],
there exists a constant C' depending on p and  such that

E[[({rimm, sty )]p) < € Cs(p, N, T, L,T,Cy) (81)

where [} is defined by [z], = sup, s,eo.1] % and ({ri"™™, f&nm}l]\il)nEN,tEO is
tight in C([0,T],R?"). Hence, for each T > 0 there exists a subsequence ny — oo and a
probability measure Pz on C([0, 7], R*Y). Since {P%}r is a consistent family, there exists
by [38, Theorem 5.16] a probability measure P™ on (WY x WV B(WY) @ B(WY)) such
that P™*™ converges weakly to P™. Note that we can take here the same subsequence (ny)
for all m using a diagonalization argument.

Characterization of the limit measure: Denote by ({r},s:} ) = w(t) the canonical
process on W x W¥. To characterize the measure P™ we first note that P™ o (rf,s}) ! =

nm for all i € {1,..., N}, since P"™(r{,s}) ™! = 1, m converges weakly to 7, by assump-
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tion. We define maps M>™, N*™ : WV x WN — W by

i,m ) ) e i 1 al m(..j
M :rt—ro—/o (b(ru)+Nj§jlg (r]))du . and
" (82)

i S to,. 1 XN .
Ny :si—sg—/o (b(sZ)—l—Nth(s{))du.
j=1

For each n,m e Nand i =1,..., N, (Mti’m,ft,IPm ™) is a martingale with respect to the
filtration F; = o((rd,s}) : j=1,...,N,0 <wu <t). The family ({M;"}N |, P"™),cxni>0
and ({Nt”n N P™)eng>o are uniformly integrable. Since the mappings M*™ and
N®™ are continuous in W, P™™ o ({ri,s’, M*™ N®mIN )=l converges weakly to P™ o
({ri, s, M¥m Nm1IN =1 by the continuous mapping theorem. Then applying the same
argument as in (68), (M;™", F;,P'™) and (N, F;,P"™) are continuous martingales for all
i =1,...,N and the quadratic variation ([{M®™ N*™}N ],)>0 exists P™-almost surely.
To complete the identification of the limit, it suffices to identify the quadratic variation.
Similar to the computations in the proof of Lemma 19, it holds

[Mi,m] — 4/0 ]]_(0700) (I‘L)du P™-almost surely,
[Ni,m] — 4/ ]l (0,00) (SZ)dU P™-almost surely, and (83)
[Mzm sz _ 4/ 1 Ooo )]1(0 OQ)( Z)du P"_almost surely,

Further, [M*™, M7™], = [N“™, NJ™), = [M>™ N7™], = 0 P™™-almost surely for i # j
and (M, lmM] Py (NPTNT™ P and (M NPT, P are martingales. For any
bounded, contlnuous non-negative functlon G:W-—=R, 1t holds

EMG(M™ M]™ = M MP™)] = lim EMG(M]T M - M ME™)] =0,

n—00

respectively, E™[G(N;"N}™ — NimNF#™)| = 0 and E™[G(M}™ N}™ — M N#™)| = 0.
Then

[ME™ MP™) = [N&™ NI™| = [M5™ N»™) =0 P™-almost surely, for all i # j . (84)

Then by a martingale representation theorem, cf. [35, Chapter II Theorem 7.1], there is
a probability space (2™, A™, P™) and a Brownian motion {WZ ¥, and random variables

({rtm, sHm 1N ) on this space such that P™o ({rtm stm}N =1 =Pmo({r! s}V )~ and
such that ({rZ m_stm WIN 1) is a weak solution of (79).
Comparison of two solutions: To show P™[r;™ < sy forallt >0and i =1,...,N| =

1 it suffices to note that P [ri™™ < ™™ forallt > 0and i = 1,...,N] = 1, which
holds by Lemma 21, carries over to the limit by the Portmanteau theorem, since we have
weak convergence of P™™ o ({r!,s'}¥. )71 to P™ o ({r s}V )L O
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We show in the next step that the distribution of the solution of (79) converges as
m — oo. Consider a probability space (2™, A™, P™) for each m € N and random variables
{rimN_ fghmAN o m s W such that ({r0™, st m}fil)tzo is a solution to (79). Denote
by P™ = P™ o ({7‘”” smIN )=1 the law on WN x WH,

Lemma 23. Assume that H1 and H?2 is satisfied for (b,g) and (b,h). Let n € T'(u,v)
where the probability measures p and v on Ry satisfy H3. Further, let (¢™)men, (K"™)meN,
(4 ) meN, (Vm)meN and (Nm)men be such that H5 and H'7 hold. Then there exists a random
variable ({r',s'}¥.|) defined on some probability space (2, A, P) with values in WY x WV
such that ({rf, st} 1) is a weak solution of (35). Moreover, the laws P™o({rt™, stmiN )=l
converge weakly to P o ({ri,s'}N. V=1, If in addition,

b(r) <b(r), g(r)<h(r), and g¢™(r)<h™(r) for any r € Ry, and
Pm[ <s0 forallt>0andic{l,...,N}|]=1 for any m € N,

then P[ri < si forallt >0 andi€ {1,...,N}] = 1.

Proof. The proof is structured as the proof of Lemma 22. Tightness of the sequence
of probability measures (P™),,cx on (WY x WV B(WY) @ B(WY)) holds adapting the
steps of the proof of Lemma 22 to (79). Note that (80) and (81) hold analogously for
({ri™, sb™ N,) by H1, H5 and H7. Hence by Kolmogorov’s continuity criterion, cf.
[38, Corollary 14.9], we can deduce that there exists a probability measure P on (WY x
WV, BOWN) @ B(W)) such that there is a subsequence (my,)ren along which P converge
towards P.

To characterize the limit, we first note that by Skorokhod representation theorem, cf. [9,
Chapter 1, Theorem 6.7], without loss of generality we can assume that ({ri™, st™}V )
are defined on a common probability space (£2,.4, P) with expectation F and converge
almost surely to ({r?,s*})¥,) with distribution P. Then, by H5 and Lebesgue convergence
theorem it holds almost surely for all t > 0,

lim / b(r Z ™) du = / b(ry) + 1 9" (r])du . (85)
Consider the mappings M®»™, N&™ . WV x WN x P(WN x W) — W defined by (82)
Then for all m € N and i = 1,..., N, (MZ’m,]:t,IP’m) and (Nti’m,}"t,IP’m) are martin-
gales with respect to the canonical filtration F; = o(({rl,s’}¥)o<u<t). Further the
family ({Mf’m}ij\él,Pm)meNizg and ({Nf’m},fil,Pm)meN7t20 are uniformly integrable. In
the same line as weak convergence is shown in the proof of Lemma 19 and by (85),

40



™o ({rt, s, MP™ N¥mIN =1 converges weakly to Po ({ri,s!, M? N*}¥)~! where

Mf:ri—rf)—/ot(l;( )+ — Zgrj )du and

j 1
. . . t,. . .
Ng:s;—sg—/o (b(SL)+NZh(s{L))du.
j=1

Then ({M{}N.,, F,P) and ({N/}Y,, F;,P) are continuous martingales using the same ar-
gument as in (68). Further, the quadratic variation ([{M], N/} ];)i>0 exists P-almost
surely and is given by (83) and (84) P-almost surely, which holds following the compu-
tations in the proof of Lemma 19 and Lemma 22. As in Lemma 22, we conclude by
a martingale representation theorem that there are a probability space (2, A, P) and a
Brownian motlon (Wi, and random variables ({r'}¥ 1 {s ¥ ;) on this space such that
Po({ri, s} )1 Po ({r,s'}¥ )~! and such that ({r’, s’ W’ N 1) is a weak solution of
(25).

By the Portmanteau theorem the monotonicity carries over to the limit, since P™ o
({r?, s} )7t converges weakly to Po ({rf,s?}}¥ )~ L. O

Proof of Theorem 10. The proof is a direct consequence of Lemma 22 and Lemma 23.
O

A Appendix

A.1 Kuramoto model
Lower bounds on the contraction rate can also be shown for nonlinear SDEs on the one-
dimensional torus using the same approach. Here, we consider the Kuramoto model given
by
dX; = —k [/ sin(X; — x)dp(x)| dt + dB; (86)
T
on the torus T = R/(27Z).

Theorem 24. Let pi; and v be laws of Xi and Y; where (X)s>0 and (Ys)s>0 are two
solutions of (86) with initial distributions po and vy on (T,B(T)), respectively. If

4k /07r exp(2k — 2k cos(r/2))dr < 1 (87)

holds, then for allt > 0,

Wilp,vi) < e Wi(uo, o) and — Wi(ug, vp) < 2exp(2k)e™ Wi (1o, o) ,
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where
er=1/(2 /(: /OT exp[2k(cos(r/2) — cos(s/2))]dsdr) (88)

and f is a concave, increasing function given in (92).

In [18, Appendix A], a contraction result is stated for a general drift using a similar
approach.

We prove Theorem 24 via a sticky coupling approach. In the same line as in Section 2
the coupling (X;, Y;)¢>o is defined as the weak limit of Markovian couplings {(X7,Y,?);>0
0>0}onTxT=R/(2rZ) x R/(27Z) given by

dx? = —k [/ sin(X? — :E)d,uf(:n)} dt + rc (72)dB} + s¢ (7)d B2
T

(89)
dy? = —k [ / sin(Yy — :U)dl/f(x)] dt — v (F2)dB} + s¢® (7)dB?
T
where 7 = dr(X?,Y;?) with dr(-,-) defined by
x — y| mod 27 if (|z —y| mod 27) <7,
dn(.y) = (lz =yl ) (I .yl ) < (90)
(2m — |x — y| mod 27) otherwise .

The functions rc?,sc® are given by (19) and satisfy that there exists g > 0 such that

rc? (1) > r/2 for any 0 < 7 < 6 < €.

Theorem 25. Assume (87). Let po and vy be probability measures on (T, B(T)) having
finite forth moment. Then, (X, Y:)i>0 is the subsequential limit as § — 0 of {(X,Y,)i>0 :
0 > 0}, where (X¢)i>0 and (Yi)i>0 are solutions of (86) with initial distributions py and vy,
respectively. Further, there exists a process (1¢)e>0 satisfying for any t > 0, dp(Xy, Yz) < ry
almost surely, and which is a weak solution of

dT‘t = (Qk‘ sin(rt/2) + Qkp(’f’t))dt + 2:[].(0?71.} (’r‘t)th - 2d€? y (91)
where (Wy)i>0 is a one-dimensional Brownian motion on T and €™ is the local time at 7.

Proof. The proof works analogously to the proof of Theorem 2 stated in Section 6.2.2. It
holds similarly to Lemma 12 by Meyer-Tanaka’s formula, cf. [51, Chapter 6, Theorem 1.1],
and using (90),

i = [ sn(x? = ¥P)(~Rer | [[sin(x — adpo) — [ sin(y} - a)vn(z)|

t
+ / sen(X? — Y)2red (7)e,dBY + / 20 (70)208(80 — 5)(da) |
0 R
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where sgn(z) = L(gx(7) — Liz2q (%), (£f)e>0 is the local time at a associated with (X7 —
Y?)is0 and e, = (X7 — Y2)/dp(X],Y?) for ) # 0. For % = 0, e; is some arbitrary unit
vector. For any a the support of ¢{ as a function of ¢ is a subset of the set of ¢ such that
re = a [38, Theorem 19.1], hence Lo ()¢} = 0 almost surely. so the term involving
the local time reduces to —2¢7. Further, we note that W; = [ sgn(X; — Y,?)e,dB} is a
Brownian motion. As in Lemma 12, it holds for the process (ff )e>0 for € < €y with €g given
by (20),

di? < (2ksin(7 /2) + 2kE 8 s (re(dr(2,7))))dt + 2rc” (7])dW; — 2d¢7 |
where we used the properties of rc® and
(z—y) - (sin(e - 7) — sin(y - 7)) < 2sin(z — |/l — y|

for any x,y,% € T. Consider (Tf’e)tzo given by
Ard€ = (2ksin(rP€/2) + 2k/ rc(u)d PP (w))dt + 2rcd (rO)dW, — 2407
0

where P is the law of 7. Then as in Lemma 13, for the processes (7%);>0 and (ri*);>0
with the same initial condition and driven by the same noise it holds 7 < rf *“ almost surely
for every t and € < €.

Consider the process (U)o = (X2, Y, 7050 on T2 x [0, 7] for each ¢,6 > 0. We
define by X,Y : C(Ry,T? x [0,7]) — C(Ry,T) and r : C(Ry,T? x [0,7]) — C(R,,[0,7])
the canonical projections onto the first component, onto the second component and onto
the last component, respectively. Analogously to the proof of Theorem 2, the law P%¢ of
the process (Uté’g)tzo converges along a subsequence (J, €;)ken to a probability measure P.
Let (X, Y;,7¢)i>0 be some process on T? x [0, 7] with distribution P on (Q,F, P). Since
(X{)i>0 and (Y,?)s>0 are solutions of (86) which are unique in law, we have that for any
6,0 >0,P%o(X)"! =Po(X) ! and P o (Y)"! =Po(Y)~!. And therefore (X;);>0 and
(Y2)1>0 are solutions of (86) as well with the same initial condition. Hence Po (X,Y) ! is
a coupling of two copies of (86).

Further, the monotonicity 7 < rf “ carries over to the limit by the Portmanteau theo-
rem. Finally, similarly to the proof of Lemma 19 and Lemma 20 there exist an extended
probability space and a one-dimensional Brownian motion (W;);>o such that (ry, W) is
a solution to (97).

O

Proof of Theorem 24. Similarly to (37) we consider a function f on [0, 7] defined by

i) = [ eratryar, (92)



where
B(r) = exp{2k(cos(r/2) = 1)}, B(r) = / " 5(s)ds
i) = 1= [{8()/p(s)1ds —k [ {1/2()}ds

er = (2/0 {®(s)/( s)}ds>_1 .

Then for k satisfying (87), §(r) € [1/2,1] and f is a concave function satisfying similarly
to (38)

exp(—2k)/2r < f < ®(r) <r (93)

and -
J'(0) = <k
2(f"(r) = F'(0)) < ~2ksin(r/2)f'(r) —exf(r)  forall v € [0,7].

By Ito’s formula it holds

(94)

df(’l"t) f (’I"t)(2]€ SIH(T/Q) + Qk’P(’l} > O))dt + 2f (’I"t) (0,7] (’l“t)th - 2f (7"15)(3157T
+ 2f"(r)Lo.m (re)dt -

Taking expectation and using that the term involving the local time is negative, we obtain

ZEro)] ER(F"(r) = £7(0)) + f'(re)2k sin(ry/2)] + (21" (0) + 2k)P(ry > 0)

where the last step holds by (94). Then
E[f(dr(Xe, Y2))] < E[f(re)] < e T'E[f(ro)] = e™“E[f(dr (X0, Y0))] , (95)
provided (87) holds. Thus
Wi, ve) < e~ T Wi(po, o)
and by (93)

Wi (e, v1) < 2exp(2k)e” "W (o, vo) -
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Remark 26. Let us finally remark that we can relax the condition (87) and we can obtain
contraction with a modified contraction rate cr for all k < kg, where ko is given by

ko /07r exp(2ko — 2ko cos(r/2))dr =1 . (96)

. —1
More precisely, set { =1—k [ exp(2k — 2k cos(r/2))dr and et = ¢ (fgr{q)(s)/@(s)}ds) .
Then, §(r) € [¢/2,1] and ¢ exp(—2k)/2r < f(r) < r. Following the previous computations,

we obtain

Wi (e, ve) < 2exp(2k)/Ce™ " Wi (o, v0)
where for k close to ko, the contraction rate becomes small and the prefactor 2 exp(2k)/(
explodes.
A.2 Sticky nonlinear SDEs on bounded state space

In the same line as in Theorem 3, existence, uniqueness in law and comparison results hold
for solutions to the sticky SDE on [0, 7] given by

drt = (b(’f’t) + 2]€P(T‘t > O))dt + Qﬂ(o,ﬂ-) (T’t)th — QdE?, (97)

where £ € Ry and ¢™ is the local time at 7.
The analysis of invariant measures and phase transitions can be easily adapted to the
case of the sticky SDE on [0, 7] given by (97).

Theorem 27. Let (1¢);>0 be a solution of (97) with drift b satisfying H1. Then, the Dirac
measure at zero, Oy, is an invariant probability measure on [0, 7] for (97). If there exists
p € (0,1) solving (1/k) = (1 — p)I(k,p) where

™ 1 T
I(k,p) = /0 exp (k:p:c + 5/0 b(r)dr)da: ,

then the probability measure © on [0, 7| given by
1 1 /%
m(dz) k—pég(dx) + exp (kpa: + 5/0 b(r)dr) Ao,m (d) (98)

is another invariant probability measure for (97).

Proof of Theorem 27. The proof works analogously to the proof of Theorem 5 for sticky
SDEs on Ry. Note that here the condition (75) transforms for p € (0, 1] to

I(k,p)
/(kp) + I(k,p)

p=m((0,m) = 7 & (1 =p)I(k,p)=1/k .
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Example 28. Consider a solution (r)>o of (97) with drift b(r) = 2ksin(r/2). Consider
a solution p € (0,1] solving 1/k = (1 — p)I(k,p) with

I(k,p) = /0 exp (k:px —}—/O ksin(r/Q)dr)dx = /0 exp (k:px + 2k — 2k cos(z/Q))dx .

Then by Theorem 27, the Dirac measure at zero, dg and the probability measure
1

m(dx) o T

do(dz) + exp(kpx + 2k — 2k cos(x/2)) A ) (dx) (99)
are invariant probability measures for (97). We specify a necessary and sufficient condition
for the existence of a solution p satisfying 1/k = (1 — p)I(k,p). We define I(k,p) =
(1—p)I(k,p). We first consider the case 1/k < I(k,0) = o exp(2k — 2k cos(x/2))dx. Then
since 1/k > I(k,1) = 0 and by the mean value theorem there exists a p solving 1/k = I(k,p)
and therefore there exist multiple invariant distributions for (99). On the other hand, if
1/k > I(k,0) = [ exp(2k — 2k cos(x/2))dz, since m < [ exp(2k — 2k cos(x/2))dx and for
k< 1/m, it holds

d N e
@j'(k,p) =—I(k,p)+(1— p)/ kx exp(kpx + 2k — 2k cos(z/2))dx
0

= /OW((I —p)kx — 1) exp(kpx + 2k — 2k cos(z/2))dx <0,

there is no p satisfying (99).

Remark 29. The contraction result given in Theorem 7 carries over to the sticky diffusion
(r¢) given by (97) on [0, n] with b(r) = 2ksin(r/2). If (87) holds, then fort >0, (31) holds
with f defined in (92) and cr defined in (88) using (95). Moreover by Remark 26, we can
deduce that if (96) holds, the Dirac measure at zero, &y, is the unique invariant measure
and contraction towards dg holds.
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