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Abstract  

A critical stage in drought hazard assessment is the definition of a drought event, and the 
measure of its intensity. Actually, the classical approach imposes to all climatic region the same 
set of thresholds for drought severity classification, hence resulting in a loss of information on 
rare events in the distribution tails, which are precisely the most important to catch in risk 
analysis. In order to better assess extreme events, we resort to an extreme value mixture model 
with a normal distribution for the bulk and a Generalized Pareto distribution for the upper and 
lower tails, to estimate the intensity of extreme droughts and their occurrence probability. 
Compare to the standard approach to drought hazard, which relies on a standardized 
precipitation index and a classification of drought intensity established from the cumulative 
standard normal distribution function, our approach allows the drought threshold and the 
occurrence probability of drought to depend on the specific characteristics of each precipitation 
distribution. An application to the West Africa region shows that the accuracy of our mixture 
model is higher than that of the standard model. The mixture performs better at modelling the 
lowest percentiles and specifically the return level of the centennial drought, which is generally 
overestimated in the standard approach. 
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1. Introduction 

This study takes place in the strand of literature dedicated to drought risk assessment (e.g. 
Carrao et al 2016). In sub-Saharan Africa, drought is a major and recurrent threat for people, 
economic activity and environment. Rainfed agriculture is the dominant production system so 
that the agricultural sector, which contributes for a large part to the gross domestic product, 
is directly exposed to dry spells. In these low-income countries, droughts have long-lasting 
effects that can be felt long after weather conditions have returned to normal. Human and 
physical capital losses caused by drought often result in protracted food crisis, and contribute 
to poverty trap. Drought events have also spillover effects on regions or countries that are not 
directly affected by the hazard but are connected by trade. Food price spikes resulting from 
production shortfalls tend to propagate to trading partners that import or export the food 
products. Therefore, in sub-Saharan Africa, severe droughts are associated to food insecurity, 
even famine and human loss, conflicts and economic slowdown (O’Grada 2007). This was the 
case in the beginning of the 70s and 80s, and more recently in 2010-2011, three periods of 
extreme drought that have marked the continent's history. 
 
Despite the pervasive impact of droughts in Africa, drought risk management strategies have 
long been limited to ex-post emergency responses (Wilhite et al 2014). This situation led the 
United Nations Convention to Combat Desertification to plaid for urgent actions at the global, 
regional and national level, to establish a strategic framework for drought risk management 
in Africa (UNCCD, WMO and FAO 2018). To define a consistent framework for drought risk 
management, and enhance resilience to drought, one prerequisite is to identify and 
understand the drought risk components (Hayes et al. 2004). 
 
The risk associated with a natural hazard is defined as the potential loss from the hazard. It is 
commonly view as the combination of three components: hazard, exposure and vulnerability 
(Dilley et al 2005; IPCC 2012). Therefore, depending on the vulnerability of exposed 
socioeconomic and natural systems, a natural hazard may become a disaster.  
 
Hazard, the first component of risk, can be defined as the probability of occurrence of a 
potentially damaging event (Rajsekhar et al 2015). The difficulty in measuring drought hazard 
comes from the multiplicity of drought definitions. There is no unique definition of drought, 
and drought assessment is necessarily region and impact specific (Wilhite and Glantz 1985). 
As other natural hazards, droughts can be characterized in terms of their severity, location, 
duration and timing (WMO and GWP 2016). But droughts differ from other natural hazards in 
many respects. Droughts are slow-onset, large-scale and long-duration phenomena. They 
result from large-scale anomalies in atmospheric circulation, require a minimum of two to 
three months to become established, and persist for months, seasons or years. Therefore, the 
onset and end of droughts, their intensity and spatial characteristics are difficult to assess.  
 
Drought is also a socioeconomic construct, which definition relates to its impact. The 
climatological community has defined four types of drought: meteorological drought, 
agricultural drought, hydrological drought, and socioeconomic drought (Wilhite and Glantz 
1985; WMO and GWP 2016). Meteorological drought is defined as a prolonged dry period in 
the natural climate cycle. Thus, meteorological drought is a relative, rather than absolute 
phenomenon, specific to a region, that can occur in any part of the world whether arid or wet 



Études et Documents n°23, CERDI, 2021 
 

5 
 

(Wilhite 2000). It is measured by departure from normal precipitations over some specified 
period of time. Agricultural droughts originate from soil water depletion during a specific 
growing stage of the crop leading to reduced yields. A commonly used index to assess 
agricultural droughts is the Standardized Precipitation Evapotranspiration Index (SPEI), which 
combines precipitation and evapotranspiration indicators to catch soil moisture (Vicente-
Serrano et al. 2010). Hydrological drought refers to persistent low surface or subsurface water 
supply, in streams, rivers, reservoirs, or groundwater. The Palmer Drought Severity Index 
(Palmer 1965) is used to assess this type of long-term drought, which usually results from a 
prolonged meteorological drought. The index combines temperature and water balance 
indicators. Socioeconomic drought occurs when the demand for water exceeds the supply for 
domestic use or economic activity (for instance hydroelectric energy production or irrigation). 
 
All types of drought originate from a deficiency of precipitation, i.e. a meteorological drought 
that propagates to other types of drought (agricultural, hydrological and socioeconomic) 
(Wilhite 2000). Whatever the type of drought, the intensity of drought is not evaluated upon 
its social or economic impact but in relation to the climatologic norm for the region or to the 
demand for water in the region or sector of activity. Droughts intensity being generally the 
main, or even the sole, criterion used to assess drought hazard, the measurement of drought 
intensity plays a crucial role in estimating drought risk 
 
The reference classification system for drought severity is that of McKee et al (1993). It has 
been established for a standardized index, namely the Standardized Precipitation Index (SPI). 
The SPI measures cumulated precipitation deviations from their long-term mean. It can be 
computed over several intervals of time e.g. 3, 6, 12 months or more. Based on precipitations, 
the SPI specifically assesses the intensity of meteorological droughts but depending on the 
considered time scale, it can also be informative on other types of drought. The raw 
precipitation data are fitted to an incomplete Gamma distribution and then transformed to 
Gaussian equivalents with zero mean and variance equal to one (see for more computational 
details Guttman 1999; Edwards and McKee 1997). Therefore, SPI values are dimensionless, 
comparable across regions with different climatic regimes, and they offer a readily 
interpretable measure of drought intensity. McKee et al (1993) distinguished four types of 
droughts from mild to severe, according to the SPI values and a fixed set of threshold values. 
 
Working with a standardized index of drought, such as the SPI, and using the classification of 
McKee et al (1993), the standard procedure to compute a drought hazard index (DHI) consists 
in giving weights to each drought category. Then the DHI is the weighted sum of the frequency 
of occurrence of each type of drought. Alternatively, each drought category can be further 
split into subcategories corresponding to different occurrence probabilities, from low to high, 
with increasing ratings. Thus, the DHI is calculated by combining the weights and ratings of 
the various subcategories of droughts. The sub-classification can be arbitrarily chosen (Shahid 
and Behrawan 2008) or identified using a natural break classification method (Carrao et al 
2014; Rajsekhar et al 2015; He et al 2013). 
 
The main advantage of this approach to drought classification and hazard estimation, based 
on a standardized index, is to offer a comprehensive and consistent framework allowing 
comparing precipitation depth across regions. However, the standardization process imposes 
a common distribution to the transformed data and the same set of thresholds for drought 
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classification. Therefore, each class of drought has the same probability of occurrence and the 
same intensity whatever the geographical location (Carrao et al 2014). More importantly, 
standardization results in a loss of information on the characteristics of precipitation deficit, 
especially on rare events in the distribution tails, which are precisely the most important to 
catch in risk analysis. 
 
In this paper, we focus on extreme events, and propose an alternative method to drought 
hazard estimation based on extreme value theory. Compared to previous ones, our approach 
does not impose a unique set of thresholds for drought classification nor standardization, or 
any other transformation, of the precipitation data. The drought threshold and the probability 
of occurrence of a drought are estimated, location by location, using an extreme value mixture 
model with a normal distribution for the bulk, and a Generalized Pareto distribution (GPD) for 
the upper and lower tails of the rainfall distribution. The great advantage of this approach is 
to provide estimation of droughts’ intensity and of their probability of occurrence that are 
specific to each geographical location. As a consequence, the drought hazard index can be 
measured more precisely, using the estimated intensity of each drought event instead of a 
somehow arbitrary system of weights and rating. Another advantage of our method is to 
provide an estimation of the drought threshold in the same unit than the raw data, allowing 
setting up an operational drought monitoring system. 
 
To test the relevance of our approach to drought hazard estimation we work on a gridded set 
of rainfall data covering West Africa, from January 1901 to December 2016. Although the 
study area is limited, it includes a wide range of climatic zones. To facilitate comparisons with 
the standard approach of drought classification and DHI evaluation, we focus on 
meteorological droughts measured from cumulated annual rainfall. For ease of interpretation 
most of the results are provided in the form of maps.  
 
The remainder of the paper is organized as follows. Section 2 presents the extreme value 
mixture model. Section 3 describes the studied area and the database. Section 4 provides the 
estimation results. Section 5 compares our estimation of drought hazard with that obtained 
using the standard approach. Section 6 concludes. 
 

2. The extreme value mixture model 

We focus on extreme precipitation events in the lower tail of the rainfall distribution. Drawing 
on the extreme value theory, we define the drought threshold as the precipitation value below 
which precipitation distribution can be approximated by an extreme value model.  
Symmetrically, we consider that heavy precipitation, above an upper threshold, can also be 
approximated by an extreme value model.   
 
To estimate these thresholds separating the bulk of the distribution from the tails, mixture 
models are of great interest. Thanks to their ability to adapt to a wide variety of random 
phenomena, mixture models play an important role in statistical data analysis. They have been 
successfully used in a myriad of applications and statistical data engineering, for instance in 
the fields of econometrics as well as biology and epidemiology, meteorology, and more 
recently Machine learning. The general idea of the model is to express the underlying 
distribution as a weighted sum of a given family of reference distributions. In our context, we 
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are interested only in finite mixture models i.e. finite weighted sums.  Let us denote  𝑋1, … , 𝑋𝑇   
a random sample from a finite mixture of 𝑚 arbitrary distributions possibly 𝑑-vector valued; 

the density function 𝑓 of 𝑋𝑘 can be defined, for all 𝑥𝑖 ∈ ℝ
𝑑, as follows: 

 

𝑓Θ(𝑥𝑖) = ∑𝜋𝑗𝜑𝑗(𝑥𝑖)

𝑚

𝑗=1

,   𝑤ℎ𝑒𝑟𝑒     ∑𝜋𝑗

𝑚

𝑗=1

= 1. 

Denote Θ = (Π,𝝓) = (𝜋1, … , 𝜋𝑚, 𝜑1 , … , 𝜑𝑚)  an object describing the mixture density of the 
sample. We assume that the densities 𝜑𝑗   are drawn from some family ℱ of multivariate 

density functions. Mixtures are said to be parametric or semi-parametric when the elements 
of  ℱ  are completely described by a finite or a discrete number of scalars. Gaussian mixtures 
are, by far, the most popular and most used parametric mixture models in literature either in 
Gaussian regressions or in clustering problems. In this case: 
 

ℱℊ = {𝜑(⋅ |𝜇, 𝜎2) =  density of 𝒩(𝜇, 𝜎2), (𝜇, 𝜎2) ∈ ℝ × ℝ+
∗ }  

where 𝒩(𝜇, 𝜎2)  is the normal distribution of mean 𝜇 ∈ ℝ and variance 𝜎2 > 0, with 
probability density function defined for all 𝑥 ∈ ℝ by 

𝜑(𝑥|𝜇, 𝜎2) =
1

𝜎𝑘√2𝜋
exp (−

1

2
(
𝑥 − 𝜇𝑘

𝜎𝑘
)
2

) 

 
The general representation of the model reduces so that the parameters become Θ =
(Π, 𝝓) = (𝜋1, … , 𝜋𝑚, 𝜇1, 𝜎1, … , 𝜇𝑚, 𝜎𝑚).  
 
Despite their success and popularity, Gaussian mixtures are not convenient to model rare and 
extreme events that are intrinsically linked to precipitation data. In the aim to model these 
events we draw on the “Peak Over Threshold” (POT) approach of Pickands (1975). Under the 
conditions of the Pickands-Balkema-de Haan theorem, the asymptotic distribution of 
observations X exceeding a sufficiently high threshold is a Generalized Pareto distribution 
(GPD).  Therefore, we adopt the generalized Pareto family to model the precipitation tails: 
 

ℱ𝓅 = {𝜑(⋅ |𝑢, 𝜎, 𝜉) =  density of 𝐺𝑃𝐷(𝑢, 𝜎, 𝜉) for (𝑢, 𝜎, 𝜉) ∈ ℝ × ℝ+
∗ × ℝ} 

 
where 𝐺𝑃𝐷(𝑢, 𝜎, 𝜉) is the Generalized Pareto distribution with location parameter 𝑢 ∈ ℝ,  
scale parameter 𝜎 > 0 and shape parameter 𝜉 ∈ ℝ.  For all the rest of the paper we will take 
parametric mixtures:  

ℱ = ℱℊ ∪ ℱ𝓅 

We consider a particular mixture model, denoted GNG, with m=3: a generalized Pareto 
distribution for the upper and lower tails, and a normal for the bulk of the distribution.  
The cumulative distribution function for the GNG mixture is given by1:  
 

𝐹(𝑥) =

{
 
 

 
 

𝑙
𝐺𝑙(𝑥|𝑢𝑙 , 𝜎𝑙 , 𝑙)                                                                             𝑥 < 𝑢𝑙


𝑙
+ (1 − 

𝑙
− 

𝑢
) [
𝐻(𝑥) − 𝐻(𝑢𝑙)

𝐻(𝑢𝑢) − 𝐻(𝑢𝑙)
]                                 𝑢𝑙  𝑥  𝑢𝑢

(1 − 𝑢)+𝑢𝐺𝑢(𝑥|𝑢𝑢, 𝜎𝑢, 𝑢)                                                    𝑥 > 𝑢𝑢 

 

                                                   
1 See Hu and Scarrott (2018).  
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H(x) is the normal cumulative distribution function, G(x) the conditional GPD cumulative 
distribution function. The parameters to be estimated are: the location parameters 𝑢𝑙  and 𝑢𝑢, 

defining respectively the lower and upper tail thresholds; l the lower tail GPD scale 

parameter; 𝜉𝑙 the lower tail GPD shape parameter; u the upper tail GPD scale parameter; 𝜉𝑢 
the upper tail GPD shape parameter. The tail fractions 𝑢 and 𝑙  represent, respectively, the 

probability of being above the upper threshold and the probability of being below the lower 
threshold. In our estimations they are given by: 𝑙  =  𝐻(𝑢𝑙)  and 𝑢  =  1 −  𝐻(𝑢𝑢) so that 

F(x) reduces to: 
 

F(𝑥) = {

𝐻(𝑢𝑙)𝐺𝑙(𝑥)                                                         𝑥 < 𝑢𝑙
𝐻(𝑥)                                                               𝑢𝑙  𝑥  𝑢𝑢
𝐻(𝑢𝑢)+(1 − 𝐻(𝑢𝑢)) 𝐺𝑢(𝑥)                      𝑥 > 𝑢𝑢 

 

 
The conditional GDP cumulative distribution function up to the lower threshold is given by:  

𝐺𝑙(𝑥|𝑢𝑙 , 𝜎𝑙 , 𝑙) = Pr(𝑋 < 𝑥|𝑋 < 𝑢𝑙) =

{
 
 

 
 ⌊1 + 𝜉𝑙 (

𝑢𝑙 − 𝑥

𝜎𝑙
)⌋

−1
𝜉𝑙
⁄

    if 𝜉𝑙 0,   

exp [−(
𝑢𝑙 − 𝑥

𝜎𝑙
)]             if  𝜉𝑙 = 0

 

for all 𝑥 ∈ ]𝑢𝑙 +
𝜎𝑙

𝜉𝑙
; 𝑢𝑙[  if 𝜉𝑙 < 0 ; for all 𝑥 <  𝑢𝑙   if   𝜉𝑙 0  

The conditional GDP cumulative distribution function above the upper threshold is given by:  
 

𝐺𝑢(𝑥|𝑢, 𝜎𝑢, 𝑢) = Pr(𝑋 < 𝑥|𝑋 > 𝑢𝑢) =

{
 
 

 
 1 − ⌊1 + 𝜉𝑢 (

𝑥 − 𝑢𝑢

𝜎𝑢
)⌋

−1
𝜉𝑢
⁄

,    if 𝜉𝑢  0  

1 − exp [−(
𝑥 − 𝑢𝑢

𝜎𝑢
)] ,              if 𝜉𝑢 = 0 

 

for all 𝑥 ∈ ]𝑢𝑢; 𝑢𝑢 −
𝜎

𝜉𝑢
[ if  𝜉𝑢 < 0 ; for all 𝑥 >  𝑢𝑢 if   𝜉𝑢 0. 

 

The shape parameter () determines the tail behavior: if  = 0, the distribution has an 

exponential, light tailed, distribution and belongs to the Gumbel family; if  < 0 the distribution 

has short bounded tail and belongs to the Weibull family; if  > 0 the distribution has a heavier 
tail and belongs to the Fréchet family. As an illustration, Fig. 1 depicts the density of a Gaussian 
law and of a mixture with two Weibull distributions for the tails, and a normal for the bulk. 
Figure 2 shows the sensitivity of the left threshold to the shape parameter of the GPD: the 
threshold is close to the mean when  𝜉𝑢 is positive, and moves away from it when  𝜉𝑢is 
negative. 
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Fig. 1 Results of simulations: probability density of a GPD – Normal – GPD mixture (red) and of Gaussian 

distribution (blue). The two distributions have the same mean. 
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Fig. 2 Drought threshold for different values of the shape parameters of the left tail GPD (
𝑙
)  

 
Parameters estimation can be handled by numerous techniques from graphical to Bayesian 
methods. In what follow, we use the maximum likelihood (ML) estimator and the Evmix R 
package for estimations (Hu and Scarrott 2018).  
 

3. Region and Data  

The region under study is located between latitudes 0 and 18°N, and longitude 20°W and 20°E 
(Fig. 3). This area is centered on West Africa but includes also a part of Central Africa. Rainfall 
patterns in this region are determined by the monsoon system and topography. The region 
encompasses three major climatic areas and several climate transition zones, which cross the 
region from east to west, forming virtually parallel strips from the Tropic of Cancer to the 
Equator. 
 
In the north of the studied area, above latitude 18°N, the climate is semi-desert, of northern 
Sahelian type, or desert. The rainy season is concentrated over 1 or 2 months, average annual 
rainfall varies from 300 mm to less than 100 mm. Further south, the tropical climate is 
characterized by very distinct dry and wet seasons. The length of the wet season and the 
amount of annual rainfall allows distinguishing 3 types of tropical climates. The Sahelian 
climate, or semi-arid tropical, lies between latitudes 12°N and 18°N; the dry season lasts 7 to 
10 months, and the average annual rainfall varies between 300 and 700 mm. The Sudanian 
climate, or pure tropical, corresponds to a dry season of 5 to 6 months, with an average annual 
rainfall between 700 and 1000 mm (1200 mm on the Senegalese coast). The Guinean climate, 
or transitional tropical, corresponds to a shorter dry season, from 4 to 5 months, and an 
average annual rainfall above 1000 mm. The transitional equatorial and equatorial climate lie 
below 10°N over the countries of the Gulf of Guinea. Annual precipitations are abundant, 
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generally above 1000 mm with a bimodal distribution (two dry seasons). However, the rainfall 
distribution is quite heterogeneous in this area. The climate is very humid, with annual rainfall 
above 2500 mm, in the coastal regions of Guinea, Cameroon and Gabon, which are 
characterized by mountainous relief. By contrast, the Dahomey Gap, which includes parts of 
Ghana, Togo and Benin, with annual rainfall total of 1000 to 1200 mm, is abnormally dry for 
the region (see Fig. 3). 
 

 
Fig. 3 Average annual rainfall over the period 1901-2016 (mm) 

 
During the twentieth century, the region has experienced several periods of intense drought 
(UNCCD, WMO and FAO 2018). Widespread and severe droughts have been recorded in the 
1910s and 1940s in the Sahelian part. The more severe droughts ravaged the region from 1968 
to 1974 and during the early- and mid-1980s. These droughts have caused famines, massive 
displacements and considerable human loss. The tropical part of West Africa was also affected 
by these two major droughts but in a more heterogeneous way. More recently, in years 2010-
2011, a new drought wave affected the whole region but with a very variable intensity from 
the Sahelian band to the northern coast of the Gulf of Guinea.  
 
The rainfall data comes from the Climatic Research Unit at the University of East Anglia. We 
use the gridded time-series of monthly rainfall total at 0.5° × 0.5° latitude/longitude 
resolution, for the period January 1901 – December 2016. The data was extracted from the 
revised version of January 2016 of the dataset referred to as CRU TS3.10. The construction of 
the CRU dataset is detailed in Harris  et al (2014). Before proceeding to the estimations, the 
database had to be cleaned. Prior to 1930, numerous outliers have been detected, especially 
for cells located in the northern part of the region corresponding to the Sahara border. 
Therefore, the area above the latitude 18°N has been excluded from the sample. We also 
dropped from the dataset all total annual rainfall that repeat during two or more consecutive 
years.  
 
We computed annual rainfall from monthly data. Annual precipitation total is commonly used 
to assess meteorological drought. A decline in annual total is also a rough indicator of 
agricultural drought especially in the Sahelian and tropical part of the region where the rainfall 
season lasts 2 to 6 months and the annual rainfall total is equivalent to the seasonal cumulated 
rainfall. 
 

4. Estimation results 

The mixture model is estimated cell by cell, for annual rainfall total over the period 1901–
2016. As a rule, we present only the estimation results for the left tail of the distribution, 
corresponding to drought events. 
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4.1. Goodness of fit 

According to the Kolmogorov-Smirnov (KS) goodness of fit test, the estimated mixture model 
provides a satisfactory representation of the data for the vast majority of cells (Fig.4). The KS 
test rejects the equality of the empirical and the mixture cumulative distribution function 
(CDF) in 3.5% of cases only. This good result is confirmed by the chi-square test, which rejects 
the null hypothesis of no significant difference between the observed and expected value in 
1.7% of cases only. Results are not presented, but are available upon request. 
 
We also compared the accuracy of the GNG mixture and the gamma distribution, which is 
used to compute the SPI, on the basis of the Root Mean Square Error (RMSE). The difference 
in the RMSE of the GNG and the gamma shows that the GNG mixture model better fits the 
data in 62.9 % of cases. To formally test whether the prediction errors from the GNG and the 
Gamma are significantly different, we run the test of Diebold and Mariano (1992) corrected 
for small sample-bias (Harvey et al. 1998). Using the absolute error loss criterion, the test 
results provided in Fig. 5, show that GNG mixture has better predictive accuracy than the 
Gamma in 39.4 % of cases. Conversely, the Gamma distribution has better predictive in 23.2 
% of cases only. We can conclude that the accuracy of the GNG model is as high as or higher 
than that of Gamma in 83% of locations. When using the square error loss criterion, the results 
of the Diebold and Mariano test are not as good but still favorable the GNG model, which 
accuracy is as high as or higher than that of Gamma in 77% of locations. 
 

 
Fig.4 Kolmogorov-Smirnov test. Red cells: bootstrap p-value < 0.05, the GNG does not fit the data.  

 

 
Fig.5 Diebolt and Mariano Test. Loss function: Absolute Error 

 

Brown cells: lower accuracy of the GNG is rejected and higher accuracy of the GNG is not rejected. 
Orange cells:  higher accuracy of the GNG is rejected and lower accuracy of the GNG is not rejected. 
White cells: the forecasts accuracy of the GNG and of the Gamma are not significantly different. 

4.3. Spatial pattern of the GPD parameters 

The location parameter of the lower GPD, defining the extreme drought threshold, displays 
the same latitudinal trend than annual precipitations (Fig. 6 and 7). To allow spatial 

comparisons, the location parameters are expressed as z-score: 
(𝑥−𝜇)

𝜎
 with  and  the mean 
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and standard deviation of annual rainfall over the 1981 – 2010 period. Therefore, the 
standardized values indicate the intensity of the precipitation deficit below which a dry spell 
can be classified as an extreme drought: the lowest the standardized threshold value, the 
higher is the intensity of extreme droughts (Fig. 8).  
 
A break appears in the latitudinal organization of the standardized thresholds: they tend to be 
higher above the 10° latitude and lower below (Fig. 9). Three main clusters of particularly low 
values appear whose epicenter is located, respectively, in the western part of Nigeria, the 
southwest and southeast part of the Central African Republic (Fig 8).  
 

The latitudinal trend is less obvious for the scale parameter (𝑙) but there is some evidence 
of a decreasing trend in sigma above the latitude 12 (Fig. 12 and 13). Below, the spatial 
distribution of sigma is quite heterogenous. The shape parameter (𝑙) displays the most 

erratic spatial pattern (Fig. 14 and 15). In more than 77% of cases, the estimated shape 
parameter is negative, meaning that the precipitation distribution has a short bounded left 
tail. 
 

  
Fig. 6 Extreme drought threshold value in mm (𝒖𝒍 )  Fig. 7 Extreme drought threshold by latitude 

  

Fig. 8 Standardized drought threshold  Fig. 9 Standardized drought threshold by 
latitude 

  

Fig. 10 Probability of being below the left threshold (
𝒖𝒍
 ) Fig. 11 Probability of being below the left 

threshold by latitude 
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Fig. 12 Scale parameter (l) 
 

Fig. 13 Scale parameter (l) by latitude 

  

Fig.14 Shape parameter.  
 > 0: Fréchet family;  < 0 Weibull family 

Fig. 15 Shape parameter by latitude 

 
The mixture estimation also gives an implicit parameter, the probability of being below the 
location parameter or tail fraction (𝑢) (Fig. 10). Results show that the probability of non-

exceedance the extreme drought threshold is concentrated around its mean (11.4%), with no 
clear spatial pattern (Fig. 11).  

4.4. The Drought hazard and hazard exposure maps 

Focusing on extreme droughts we consider that rainfall totals below the extreme value 
threshold, given by the location parameter of the left GDP, constitute a homogenous category 
and do not distinguish different classes of droughts below this threshold. Therefore, the 
drought hazard index (𝐷𝐻𝐼𝑔𝑛𝑔) is computed as the product of the minimum intensity of 

extreme droughts, given by the standardized left threshold value (𝑍𝑢𝑙), and the probability of 
being below the threshold (𝑢𝑙):  

 
  𝐷𝐻𝐼𝑔𝑛𝑔  =  |𝑍𝑢𝑙|. 𝑢𝑙         (1) 

 
Figure 16 displays the DHI, which has been rescaled using the min-max normalization method. 
Figure 17 displays the Gi* statistic of Getis and Ord (1992). The G* statistic evidences four 
clusters of large values of the DHI (hot spots), higher than average. The main one is located in 
a region covering southwestern Nigeria, southern Benin and Togo. Two other hot spots of 
drought hazard are located, respectively, in the border area of Cameroon and the Republic of 
Central Africa (RCA), and in the southeast part of RCA. Last, another spatial area of high values 
of DHI emerges in the northern edge of the study area, straddling Niger and Chad. By contrast, 
numerous cold spots, of DHI values lower than average appear. Most of them are located 
above the 10th parallel. 
 
Figure 18 highlights a U-shape relationship between DHI and latitude: DHI is the lowest 
between parallel 10 and 15, and higher above and below this band. Clusters of high and low 
values of DHI alternate from east to west, giving a sinusoidal shape to the relationship 
between the DHI and the longitude (Fig. 19). 
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Fig. 16 Rescaled DHI calculated from equation (2). 

 

 
 

Fig. 17 DHI1. Getis Ord statistics. Red cells: hot spot (high values) of DHI; yellow cells: cold spot (low values) 

 
 

  
Fig. 18 DHI by latitude Fig. 19 DHI by longitude 

 
 

5. Comparison with the standard approach of drought hazard 

To assess the relevancy of our approach to drought hazard estimation, we compare our 
estimation of the DHI with that obtain following the standard approach, and compare the 
ability of the GNG mixture and the SPI to model extreme droughts. 

5.1. The drought hazard index 

Drought hazard is commonly defined as a combination of the intensity of droughts and their 
frequency, and estimated from the SPI and the drought classification of McKee et al (1993) 
(Table 1). Droughts are classified according to a fixed set of thresholds, and the probability of 
occurrence of a drought of a given intensity is the same whatever the geographical location 
and the statistical characteristics of the raw data. Therefore, the intensity of droughts is 
caught through a fixed weighting, and the DHI is given by: 

 

𝐷𝐻𝐼𝑠𝑝𝑖  =  ∑ 𝑊𝑖  ×  𝑓𝑖
4
𝑖=1         (2) 
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𝑊𝑖  is the weight assigned to droughts of class 𝑖 (Table 1, col.2); 𝑓𝑖  is the frequency of droughts 
of type 𝑖, namely the number of drought events of type 𝑖 recorded during the period over the 
number of observations in the period (table 1, col.5). The 𝐷𝐻𝐼𝑠𝑝𝑖 map is given by Fig. 20. 

 

Drought category  W Threshold 
values for the 
SPI 

prob. of 
occurrence 

Empirical 
frequency: 
SPI 

Thresholds 
for the GNG 
in percentiles  

prob. of 
occurrence 

Empirical 
frequency: 
GNG 

Mild drought  0 ]  − 1 ;  0 ] 34 % 0.339 ]16% ;  50% ] 34% 0.354 
Moderate drought  1 ]  − 1.5; −1 ] 9.2% 0.083 ]7%  ; 16% ] 9% 0.088 
Severe drought  2 ]  − 2; −1.5 ] 4.4% 0.040 ] 2%;  7% ] 5% 0.043 
Extreme drought  3  − 2 2.3% 0.029  2% 2% 0.020 

Table 1. Drought type designation and thresholds. DHI. W: weight 
 

For comparison purposes, we recalculate our DHI measure, based on the GNG mixture, 
distinguishing four categories of drought intensity with occurrence probabilities closed to that 
of McKee (Table 1, col. 6 and 7). We measure the intensity of a class of drought by the 
standardized value of the upper threshold of each class. Thus, the DHI is given by: 
 

  𝐷𝐻𝐼𝑔𝑛𝑔  =  ∑ |𝑧𝑖|  × 𝑓𝑖
3
𝑖=1        (3) 

 
With 𝑧1: the standardized value of the 16 th percentile; 𝑧2: the standardized value of the 7th 
percentile; 𝑧3: the standardized value of the 2nd percentile of the GNG distribution. The 
corresponding map is given by Fig.21. 
 

 
Fig. 20 Rescaled DHI calculated using the SPI and equation (2) 

 

 
Fig. 21 Rescaled DHI calculated using the GNG model and equation (3) 

 

The two maps, Fig. 20 and Fig. 21 give a very different picture of the spatial distribution of the 
drought hazard. According to the standard approach (Fig. 20), the draught hazard is higher in 
the Sahelian band and on the western side of the studied area: Senegal, Guinea Bissau, 
Guinea, Burkina Faso, Northern Nigeria, and Southern Chad. By contrast, according to our 
approach, the drought hazard is higher in the southern quadrant of the region (Fig. 21).  
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These differences are mainly due to the standardization process. In the standard approach, 
the thresholds, and consequently the intensity of the various drought categories (Wi), are the 
same for all series. In our approach, the drought classification is based on percentiles of the 
theoretical distribution of the raw data. The thresholds and consequently the intensity of the 
various drought categories, zi, vary according to the characteristics of each rainfall 
distribution.  
 
Another source of divergence, of lesser importance, comes from the unequal quality of 
adjustment of the data. While the empirical frequency of the different types of droughts (fi) 
should the same in the two approaches, and closed to their theoretical probability of 
occurrence, some discrepancies appear (Table 1, col 5 and 8). Unsurprisingly, the GNG model 
performs better to predict extreme drought. This point is explored below. 

5.2. Distribution of precipitation in the lower tail 

The drought classification in Table 2, col.1, is that commonly used by the US Drought Monitor 
(USDM) (Sovboda et al 2002). Thresholds are given by percentiles of the rainfall distribution 
(col. 2). Column.3 gives the corresponding SPI values i.e. the percentiles of the Gaussian law. 
Column 4 gives the theoretical probability of occurrence of each type of drought while 
columns 5 and 6 give the mean frequency of each drought type using alternatively the SPI 
values or the GNG percentiles as thresholds.  
 
 

Drought categories 
(USDM) 

Percentiles  SPI values Theoretical 
prob. of 

occurrence 

Empirical 
frequency: 

SPI 

Empirical 
frequency: 

GNG 

Abnormally dry ]20% ; 30%] ] –0.84; –0.53] 10% 0.093 0.105 
Moderate drought ]10% ; 20%] ] –1.29; –0.84] 10% 0.091 0.098 
Severe drought ]5% ; 10%] ] –1.65; –1.29] 5% 0.044 0.044 
Extreme drought ]2% ; 5%] ] –2.05; –1.65] 3% 0.027 0.025 
Exceptional drought 2% –2.05 2% 0.026 0.020 
Total    30% 0.281 0.292 

Table 2. Probability of occurrence and empirical frequency of drought categories. Empirical frequency is the 
mean frequency over the whole sample, which includes 2981 locations and 263754 annual rainfall 
observations. 
 
We can see that the GNG mixture performs better than the SPI to model the left tail of the 
rainfall distribution, with 29.2% of observations below the 30th percentile compared to 28.1% 
for the SPI. When looking at the distribution of observations below the 30th percentile, the 
GNG is better at modeling the highest and lowest percentiles corresponding, on the one hand, 
to the “abnormally dry” and “moderate drought” categories and, on the other hand, to 
“exceptional drought”. Both the SPI and the GNG perform poorly in detecting “severe 
droughts” between the 10th and 5th percentiles.  

5.3. The centennial drought 

The centennial drought has a return period of 100 years and a return level equals to the first 
percentile of the distribution. Therefore, the 100 years return level is the amount of annual 
rainfall total that can be expected on average in 1 year out of 100 years.  Considering these 
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centennial droughts, the GNG mixture model appears more efficient than the standard 
approach based on the SPI to model these events. 
 
The number of dry spells with an annual rainfall total less than or equal to that of the 100-year 
drought, differs greatly depending on whether it is calculated using the GNG or the SPI 
distribution (Table 3). According to the SPI approach, almost 12% of locations did not 
experience a rainfall episode equal to or below the 100-year drought level while 19% of 
locations experienced more than 2 drought years below the 100-years level, in the period 
1901 - 2016. Results are more consistent when using the GNG distribution: less than 1% of 
locations did not experienced a drought spell below the 100-years drought level, and only 
2.7% of locations experienced more than 2 drought episodes below the 100-years level. 
 

 SPI GNG 
Value Count Percent Count Percent 

0 278 11.59 19 0.79 
1 881 36.72 1554 64.78 
2 785 32.72 760 31.68 
3 352 14.67 60 2.50 
4 92 3.83 5 0.21 
5 11 0.46 1 0.04 

Total 2399 100.00 2399 100.00 
Table 3. Frequency of 100-years drought episodes in the period 1901 - 2016 

 

 
Fig. 22 GNG 100-year drought level: standardized values 

 
 

 
Fig. 23 Brown cells: the intensity of the centennial drought predicted by the GNG is higher than that predicted 

by the Gamma  
 

Figure 22 shows the intensity of the centennial drought calculated from the GNG distribution,  

and measured by the standardized return value. The comparison with the intensity of the 
centennial drought calculated from the gamma distribution, shows that in a majority of cases 
(63.4%), the Gamma minimizes the severity of the centennial drought (Fig. 23). In other words, 
if the GNG is a good approximation of the rainfall distribution, using the Gamma, will lead to 
underestimate the severity of the centennial drought.  
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6. Conclusion 

To design efficient drought risk management and risk coping strategies, at the national or 
regional level, we need above all information on the temporal and spatial distribution of 
precipitation. This information is necessary to assess drought hazard and hazard prone 
locations. A critical stage in drought hazard assessment is the definition of a drought event, 
and the classification of droughts. While the standard method is based on an ad hoc fixed set 
of thresholds, the method we propose aims at providing an objective definition and a measure 
of drought, based on the statistical properties of the rainfall distribution.  
 
We consider the class of droughts that are potentially damaging, which distribution can be 
approximated by an extreme value model. The extreme drought threshold is not set 
exogenously but estimated using the mixture model with a generalized Pareto distribution for 
the upper and lower tails, and a normal for the center of the distribution. The extreme drought 
threshold is given by the location parameter of the lower tail GPD and the probability of 
precipitation below the threshold is given by the lower tail fraction. Therefore, the two 
components of drought hazard, the drought threshold and the drought probability, are 
idiosyncratic, dependent on the specific characteristics of precipitation data.  
 
Another advantage of the proposed method is its operational aspect. The drought threshold 
can be easily estimated and the estimation accuracy tested. The drought threshold is 
measured in the same unit than the rainfall data, in mm per year in our case, so that a rainfall 
deficit can be readily classified and appropriate responses quickly triggered.  
 
The application conducted on the West Africa region and an indicator of meteorological 
drought, shows the great sensitivity of results to the method used to estimate the drought 
hazard. The use of the SPI to identify extreme drought leads to underestimate the intensity of 
extreme droughts, and to an abnormally high frequency of extreme events with a return 
period of 100 years or more. This result potentially challenges many research studies that use 
the SPI to identify rainfall shocks and estimate their economic and social impact.  
 
Last the map of drought hazard index offer a different picture of the spatial distribution of the 
hazard prone locations. Our drought hazard measure shows more heterogeneity across 
locations than the standard one. More important, our results show that the climatic regions 
more favorable to agricultural production are also the more exposed to extreme droughts. 
Considering that the annual rainfall is a rough indicator for agricultural drought, the results 
should lead to pay a greater attention to the wetlands, which are the most agriculture 
intensive and where the intensity of extreme droughts is the highest.  
 
This analysis should be considered as exploratory. Its scope could be extended to a larger 
geographic area, and to other indicators of drought. In drought hazard assessment, the 
assumptions made on the rainfall distribution are crucial and the relevancy of the drought 
hazard estimates depends on the goodness of fit of the assumed distribution. The tests and 
the distribution of drought events show that the mixture model better fit the data than the 
standardization process used to calculate the SPI. However, a still better fitting model can be 
looked for in further research.  
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