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Abstract. The constrained-routing and spectrum assignment (C-RSA) problem is a key
issue when dimensioning and designing an optical network. Given an optical network G
and a multiset of traffic demand K, it aims at determining for each traffic demand k € K
a path and an interval of contiguous slots while satisfying technological constraints and
optimizing some linear objective function(s). In this paper, we first introduce an integer
linear programming formulation for the C-RSA problem. We further investigate the facial
structure of the associated polytope.

Keywords: Optical networks, constrained-routing, spectrum assignment, integer linear pro-
gramming, polyhedron, dimension, valid inequality, facet.

1 Introduction

The global Internet Protocol (IP) traffic is expected to reach 396 exabytes per month by 2022, up
from 194.4 Exabytes per month in 2020 [82]. Optical transport networks are then facing a serious
challenge related to continuous growth in bandwidth capacity due to the growth of global communi-
cation services and networking: mobile internet network (e.g., 5th generation mobile network), cloud
computing (e.g., data centers), Full High-definition (HD) interactive video (e.g., TV channel, social
networks) [9], etc... To sustain the network operators face this trend of increase in bandwidth, a new
generation of optical transport network architecture called Spectrally Flexible Optical Networks
(SFONSs) (called also FlexGrid Optical Networks) has been introduced as promising technology
because of their flexibility, scalability, efficiency, reliability, survivability [7][9] compared with the
traditional FixedGrid Optical Wavelength Division Multiplexing (WDM)[66][67]. In SFONs the
optical spectrum is divided into small spectral units, called frequency slots as shown in Figure 1.
They have the same frequency of 12.5 GHz where WDM uses 50 GHz as recommended by ITU-T
[1]. This concept of slots was proposed firstly by Jinno et al. in 2008 [36], and later explored by the
same authors in 2010 [85]. This can be seen as an improvement in resource utilization. We refer the
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Fig. 1. Slot concept illustration in SFONs [75].

reader to [42] for more information about the architectures, technologies, and control of SFONs.

* This work was supported by the French National Research Agency grant ANR-17-CE25-0006, project
FLEXOPTIM.
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The Routing and Spectrum Assignment (RSA) problem plays a primary role when dimensioning
and designing of SFONs which is the main task for the development of this next generation of
optical networks. It consists of assigning for each traffic demand, a physical optical path, and an
interval of contiguous slots (called also channels) while optimizing some linear objective(s) and
satisfying the following constraints [29]:

1. spectrum contiguity: an interval of contiguous slots should be allocated to each demand k with
a width equal to the number of slots requested by demand k;

2. spectrum continuity: the interval of contiguous slots allocated to each traffic demand stills the
same along the chosen path;

3. non-overlapping spectrum: the intervals of contiguous slots of demands whose paths are not
edge-disjoints in the network cannot share any slot over the shared edges.

1.1 Related Works

The RSA is known to be an NP-hard problem [78] [81], and more complex than the historical
Routing and Wavelength Assignment (RWA) problem [32]. Various integer linear programming
(ILP) formulations and algorithms have been proposed to solve it. A detailed survey of spectrum
management techniques for SFONs is presented in [81] where authors classified variants of the
RSA problem: offline RSA which has been initiated in [61], and online or dynamic RSA which has
been initiated in [86] and recently developed in [56] and [89], and an investigation of numerous
aspects proposed in the tutorial [6]. This work focuses on the offline RSA problem. There exist
two classes of ILP formulations used to solve the RSA problem, called edge-path and edge-node
formulations. The ILP edge-path formulation is majorly used in the literature where variables are
associated with all possible physical optical paths inducing an explosion of a number of variables
and constraints which grow exponentially and in parallel with the growth of the instance size:
number of demands, the total number of slots, and topology size: number of links and nodes [29].
To the best of our knowledge, we observe that several papers which use the edge-path formulation
as an ILP formulation to solve the RSA problem, use a set of precomputed-paths without guaranty
of optimality e.g. in [12], [61], [62], [84], [91], and recently in [73]. On the other hand, column gen-
eration techniques have been used by Klinkowski et al. in [71], Jaumard et al. in [34], and recently
by Enoch in [19] to solve the relaxation of the RSA taking into account all the possible paths for
each traffic demand. To improve the LP bounds of the RSA relaxation, Klinkowsky et al. proposed
in [63] a valid inequality based on clique inequality separable using a branch-and-bound algorithm.
On the other hand, Klinkowski et al. in [64] propose a branch-and-cut-and-price method based on
an edge-path formulation for the RSA problem. Recently, Fayez et al. [21], and Xuan et al. [87],
they proposed a decomposition approach to solve the RSA separately (i.e., R+SA) based on a
recursive algorithm and an ILP edge-path formulation.

To overcome the drawbacks of the edge-path formulation usage, a compact edge-node formulation
has been introduced as an alternative for it. It holds a polynomial number of variables and con-
straints that grow only polynomially with the size of the instance. We found just a few works in
the literature that use the edge-node formulation to solve the RSA problem e.g. [4], [84], [91].

On the other front, and due to the NP-Hardness of the C-RSA problem, we found that several
heuristics [16],[49],[75], and recently in [33], and greedy algorithms [44], and metaheuristics as
tabu search in [25], simulated annealing in [64], genetic algorithms in [23], [31], [32], ant colony
algorithms in [39] , and a hybrid meta-heuristic approach in [70], have been used to solve large
sized instances of the RSA problem. Furthermore, some resseraches start using some artificial in-
telligence algorithms, see for example [40] and [41], and some deep-learning algorithms [8], and
also machine-learning algorithms in [74], and recently in [88] and [27] to get more perefermonce.
Selvakumar et al. gives a survey in [77] in which they summarise the most contributions done for
the RSA problem before 2019.

In this paper, we are interested in the resolution of a complex variant of the RSA problem, called
the Constrained-Routing and Spectrum Assignment (C-RSA) problem. Here we suppose that the
network should also satisfy the transmission-reach constraint for each traffic demand according to
the actual service requirements. To the best of our knowledge a few related works on the RSA; to
say the least, take into account this additional constraint such that the length of the chosen path for
each traffic demand should not exceed a certain length (in kms). Recently, Hadhbi et al. in [29] and
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[30] introduced a novel tractable ILP based on the cut formulation for the C-RSA problem with a
polynomial number of variables and an exponential number of constraints separable in polynomial
time using network flow algorithms. Computational results show that their cut formulation solves
larger instances compared with those of Velasco et al. in [84] and Cai et al. [4]. It has been used
also as a basic formulation in the study of Colares et al. in [15], and also by Chouman et al. in [10]
and [11] to show the impact of several objective functions on the on optical network state. Bertero
et al. in [3] give a comparative study between several edge-node formulations and introduce new
ILP formulations adapted from the existing ILP formulations in the literature. Note that Velasco
et al. in [84] and Cai et al. [4] did not take into account the transmission-reach constraint.

1.2 Owur Contributions

However, so far the exact algorithms proposed in the literature could not solve large-sized instances.
We believe that a cutting-plane-based approach could be powerful for the problem. To the best
of our knowledge, such an approach has not been yet considered. For that, the main aim of our
work is to investigate thoroughly the theoretical properties of the C-RSA problem. To this end,
we aim to provide a deep polyhedral analysis of the C-RSA problem, and based on this, devise a
branch-and-cut algorithm for solving the problem considering large-scale networks that are often
used. In this Part I of our works, our contribution is to introduce a new ILP formulation for the
C-RSA problem which can be seen as an improved formulation for the one introduced by Hadhbi
et al. in [29] and [30]. We further investigate the facial structure of the associated polytope.

1.3 Organization

Following the introduction, the rest of this paper is organized as follows. In Section (2), we present
the C-RSA problem (input and output). In Section (3), we provide the notation, then we introduce
our ILP, called cut formulation based on the so-called cut inequalities. Furthermore, an intial
polyhedral investigation is given in Section (4).

2 The Constrained-Routing and Spectrum Assignment Problem

The Constrained-Routing and Spectrum Assignment Problem can be stated as follows. We consider
a spectrally flexible optical networks as an undirected, loopless, and connected graph G = (V, E),
which is specified by a set of nodes V, and a multiset * E of links (optical-fibers). Each link
e =ij € E is associated with a length ¢, € R, (in kms), a cost ¢, € Ry such that each fiber-link
e € F is divided into § € N slots. Let S = {1, ..., 5} be an optical spectrum of available frequency
slots with 5 < 320 given that the maximum spectrum bandwidth of each fiber-link is 4000 GHz
[35], and K be a multiset ° of demands such that each demand k € K is specified by an origin node
o, € V, a destination node dj, € V'\ {ox}, a slot-width wy, € Z,, and a transmission-reach /; € R,
(in kms). The C-RSA problem consists of determining for each demand k € K, a (oy,dy)-path py
in G such that ZeeE(pk) lo < Iy, where E(py) denotes the set of edges belong the path p, and a
subset of contiguous frequency slots Sy C S of width equal to wy such that Sy N Sy = @ for each
pair of demands k,k’ € K (k # k') with E(pr) N E(prr) # 0 so the total length of the paths used
for routing the demands (i.e., 3 ) c g > cep(p,) le) 1S minimized.

Figure 2 shows the set of established paths and spectrums for the set of demands {k1, ko, k3, k4}
(Fig. 2(c) and Table 2(d)) of Table 2(b) in a graph G of 7 nodes and 10 edges (Fig. 2(a)) s.t. each
edge e is characterized by a triplet [l., c., 8], and optical spectrum S = {1,2,3,...,8,9} with § = 9.

4 We take into account the presence of parallel fibers such that two edges e, e’ which have the same
extremities 7 and j are independents.

® We take into account that we can have several demands between the same origin-node and destination-
node.
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Fig. 2. Set of established paths and spectrums in graph G (Fig. 2(a)) for the set of demands {k1, k2, ks, ka}
defined in Table 2(b).

3 The C-RSA Integer Linear Programming Formulation

Let’s us introduce some notations which will be useful throughout this paper to formulate some
constraints. For any subset of nodes X C V with X # (), let §(X) denote the set of edges having
one extremity in X and the other one in X = V' \ X which is called a cut. When X is a singleton
(i.e., X = {v}), we use §(v) instead of §({v}) to denote the set of edges incidents with a node
v € V. The cardinality of a set K is denoted by |K].

Here we introduce our integer linear programming formulation based on cut formulation for the
C-RSA problem which can be seen as a reformulation of the one introduced by Hadhbi et al. in
[29]. For k € K and e € E, let 2¥ be a variable which takes 1 if demand k goes through the edge
e and 0 if not, and for k € K and s € S, let 2* be a variable which takes 1 if slot s is the last-slot
allocated for the routing of demand k and 0 if not. The contiguous slots s’ € {s — wy + 1,..., s}
should be assigned to demand k whenever z¥ = 1.

Before introducing our ILP, we proceeded to some pre-processing techniques to determine some
zero-one variables s.t. we are able to determine them in polynomial time using shortest-path and
network flows algorithms as follows.

For each demand k& and each node v, one can compute a shortest path between each of the pair
of nodes (o, v), (v,dy). If the lengths of the (o, dy)—paths formed by the shortest paths (o, v)
and (v,dy) are both greater that I then node v cannot be in a path routing demand &, and we
then say that v is a forbidden node for demand k due to the transmission-reach constraint. Let
Vok denote the set of forbidden nodes for demand k € K. Note that using Dijkstra’s algorithm,
one can identify in polynomial time the forbidden nodes V¥ for each demand k € K. On the
other hand and regarding the edges, for each demand k and each edge e = ij, one can compute
a shortest path between each of the pair of nodes (o, %), (j,dk), (ok,j) and (i,dg). If the lengths
of the (o, di)—paths formed by e together with the shortest (og,4) and (j,dx) (resp. (o,7) and
(i,dy)) paths are both greater that I, then edge 4j cannot be in a path routing demand k, and we
then say that ij is a forbidden edge for demand k due to the transmission-reach constraint. Let
EF denote the set of forbidden edges due to the transmission-reach constraint for demand k € K.
Note that using Dijkstra’s algorithm, one can identify in polynomial time the forbidden edges EF
for each demand k& € K. This allows us to create in polynomial time a proper topology Gy, for each
demand k& by deleting the forbidden nodes Vok and forbidden edges EF from the original graph
G (e, G, = G(V\VF, E\ EF)). As a result, there may exist some forbidden-nodes due to the
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elementary-path constraint which means that all the (og, d)—paths passed through a node v are
not elementary-paths. This can be done in polynomial time using Breadth First Search (BFS)
algorithm of complexity O(|E \ E¥|+ |V \ V{|) for each demand k. Note that we did not take into
account this case in our study. Table 1 below shows the set of forbidden edges Ef and forbidden
nodes V¥ for each demand k in K already given in Fig. 2(b).

1l a—c | 2|4{e,d,g}|{cg,dg,de,df cd,ef}
2la—d 14| {g} {cg,dg,df }
3l b—=f |2 |4{e,d,g}|{cg,dg,de,df cd,ef}
4 b—e [1]4| {g} {cg,dg,df}

Table 1. Topology pre-processing for the set of demands K given in Fig. 2(b).

Let g, (v) denote the set of edges incident with a node v for the demand k in Gy. Let 6 (W)
denote a cut for demand k € K in Gy, s.t. o, € W and dy, € V \ W where W is a subset of nodes in
V of Gy. Let f be an edge in 6(W) s.t. all the edges e € §(W) \ {f} are forbidden for demand k.
As a consequence, edge f is an essential edge for demand k. As the forbidden edges, the essential
edges can be determined in polynomial time using network flows as follows.

we create a proper topology Gy = G(V \ VF, E '\ EF) for the demand k
we fix a weight equals to 1 for all the edges e in E'\ EF for the demand k in Gy
we calculate o — di min-cut which separates oy from dj.

if ¢, (W) = {e} then the edge e is an essential edge for the demand k s.t. o, € W and
dr, € V' \ W. We increase the weight of the edge e by 1. Go to (3).

5. if |6, (W)| > 1 then end of algorithm.

= L

Let EY denote the set of essential edges of demand k, and K, denote a subset of demands in K
s.t. edge e is an essential edge for each demand k € K,.

In addition to the forbidden edges thus obtained due to the transmission-reach constraints, there
may exist edges that may be forbidden because of lack of resources for demand k. This is the case
when, for instance, the residual capacity of the edge in question does not allow a demand to use
this edge for its routing, i.e., wg > 5 — Zk’eKe wys. Let E¥ denote the set of forbidden edges for
demand k, k € K, due to the resource constraints. Note that the forbidden edges E¥ and forbidden
nodes v in V with §(v) C EF, should also be deleted from the proper graph G}, of demand k, which
means that G, contains |E|\ |EF| edges and |V|\ [{v € V,§(v) C EF}| nodes. Let Ef = EF denote
the set of all forbidden edges for demand k that can be determined due to the transmission reach
and resources constraints.

As a result of the pre-processing stage, some non-compatibility between demands may appear due
to a lack of resources as follows.

Definition 1. For an edge e, two demands k and k' with e = ij ¢ E} U E¥ U E(’)“l U Ef/, are
said non-compatible demands because of lack of resources over the edge e if and only if the the
residual capacity of the edge e does not allow to route the two demands k, k' together through e,
L€, Wy + Wy > 5 — Zk”eKe Wy .

Let K¢ denote the set of pair of demands (k, k') in K that are non-compatibles for the edge e.
The C-RSA problem can hence be formulated as follows.

min Z Z leacle“, (1)

keEK eeE
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subject to
> ab>1,Vk € K,VX CV st | X N {or,di}| =1, (2)
e€d(X)
> leak <6, VE €K, (3)
ecl

8 =0,Vk € K, Ve € Ef, (4)
8 =1,Vk € K Ve € E¥, (5)
¥ =0,Vk € K, Vs € {1,...,w; — 1}, (6)
Y P >1vkeK, (7)

S=wp

min(s+wy—1,5) min(s+w,—1,5)

x4 x];, + Z VRS Z zf/l <3,V(e, k, k', s) € Q, (8)
0<zF<1,Vke K VecE, (9)
2F>0,Vk e K,Vs €S, (10)
z¥ €{0,1},Vk € K,Ve € E, (11)
2k €{0,1},Vk € K,Vs €. (12)

where @) denotes the set of all the quadruples (e, k, k', s) for all e € E)k € K,k' € K, and s € §
with (k, k') ¢ K¢.

Inequalities (2) ensure that there is an (o, di)-path between o and dj, for each demand k, and
guarantee that all the demands should be routed. They are called cut inequalities. By optimizing
the objective function (1), and given that the capacities of all edges are strictly positives, this
ensures that there is exactly one (o, di)-path between oy, and dj which will be selected as optimal
path for each demand k. We suppose that we have sufficient capacity in the network so that all the
demands can be routed. This means that we have at least one feasible solution for the problem.
Inequalities (3) express the length limit on the routing paths which is called ”the transmission-
reach constraint”. Equations (4) ensure that the variables associated to the forbidden edges for
demand k are always equal to 0, and those of the essential edges are always equal to 1 for demand
k. Equations (6) express the fact that a demand k cannot use slot s < wy — 1 as the last-slot .
The slots s € {1,...,wy — 1} are called forbidden last-slots for demand k. Inequalities (7) should
normally be an equation form ensuring that exactly one slot s € {wg,..., 35} must be assigned to
demand k as last-slot . Here we relax this constraint. By a choice of the objective function, the
equality is guaranteed at the optimum (e.g. min e >20_ s.2F ormin )5, D77 sawg.zk).
Inequalities (8) express the contiguity and non-overlapping constraints. Inequalities (9)-(10) are
the trivial inequalities, and constraints (11)-(12) are the integrality constraints.

Note that the linear relaxation of the C-RSA can be solved in polynomial time given that inequal-
ities (2) can be separated in polynomial time using network flows, see e.g. preflow algorithm of
Goldberg and Tarjan introduced in [24] which can be run in O(|V \ V{|3) time for each demand
ke K.

Proposition 1. The formulation (2)-(12) is valid for the C-RSA problem.

Proof. Tt is trivial given the definition of each constraint of the formulation (2)-(12) such that any
feasible solution for this formulation is necessary a feasible solution for the C-RSA problem.

Let P(G, K,S) be the polytope, convex hull of the solutions for the cut formulation (2)-(12).

4 Polyhedral Analysis

In this section we discuss the facial structure of the C-RSA.
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4.1 Polyhedron P(G, K,S) Dimension

In what follows, we describe some structural properties. These will be used for determining the
dimension of P(G, K, S).

Proposition 2. The follows equation system (13) is of full rank

xsz,forallkzeK(mdeeEg,
a¥ =1, for allk € K and e € EY, (13)
M =0, forallk € K and s € {1,...,wy, — 1}.

The rank of system (13) is given by

r=Y (E§| +|Bf| + (wy - 1))
keK

Let @ denote a matrix associated with the system (13) which contains r lines linear independents.
We distinguish 4 blocks of lines in @ as below

— block Q' corresponds to the equations z% = 0 for all k € K and all e € E},
— block @2 corresponds to the equations 2% =1 for all k € K and all e € E¥,
— block Q3 corresponds to the equations zé‘ =0forall k € K and all s € {1,...,w;, — 1}.

Note that the 4 blocks of the matrix @@ are independants.

A solution of the C-RSA problem is given by two sets Ej and Sj for each demand k € K where Ej,
is a set, of edges used for the routing of demand k which contains a path py satisfying the continuity
of (ok,dy)-path pg for the demand k (i.e., E(px) C Ei) such that ZeEEk le <l and Ef C Ey,
and Sy is a set of slots which represent the set of last-slot selected for the demand k which forms
a set of channels such that each channel contains wj contiguous slots.

Figure 3 shows the routing solutions for a demand k that are feasible for our problem throughout
our proofs.

0 & P.k’ d 3 O B 3 d k 0)‘( P k d k
o—0o—0—00—0—0 o0 o—0—0—0—0—0
o0—10 L&J 0—0 o0—0

k

of P dg
L'—L\—/'/‘.TO—\_)—\)

Fig. 3. A set of edges Ej for a demand k containing an (og,dg)-path Py together with: isolated-edge,
islated-cycle, two isolated-edges, and linked-cycle.

Proposition 3. Consider an equation pux + oz = A of P(G,K,S). The C-RSA equation system
(13) defines a minimal equation system for P(G, K,S). As a consequence, we obtain that for each
demand k

— 0% =0 for all slots s € {wy, ..., 5},
— 0'5 =0 f0’f’ all s € {wk7 ~"7§})
— uk =0 forallec E\ (EfUEY),

and px + oz = X of P(G, K,S) is a linear combination of equation system (13).
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Proof. To prove that pux + oz is a linear combination of equations system (13), it is sufficient to
prove that for each demand k € K, there exists 7 € R‘Ef’ﬂﬁg € R'Eﬂmg € Rw—1 (given that
the matrix @ has 3 blocks) s.t. (u,0) = vQ.

Let 25 and 2° denote the incidence vector of a solution S of the C-RSA problem.

Let us show that 0¥ =0 for all k € K and all s € {w, ..., 5}. Consider a demand k and a slot s in
{wg, ...,5}. To do so, we consider a solution S° = (E?, S°) in which

— a feasible path Eg is assigned to each demand k € K (routing constraint),

— a set of last-slots SP is assigned to each demand k € K along each edge e € EY) with |SP| > 1
(contiguity and continuity constraints),

—{s'—wi+1,..,IN{s" —wp +1,...,8"} = 0 for each k, k' € K and each s’ € SY and s” € SP,
with EQ N EY, # 0, i.e., for each edge e € E and each slot s” € S we have Dker.een {5 €
S9 8" € {s' —wy +1,...,8'} <1 (non-overlapping constraint),

—and {s—wp+1,...,stN{s’ —wp +1,....,8'} =0 for each k' € K and s’ € S}, with E)NEY, #0
(non-overlapping constraint taking into account the possibility of adding the slot s in the set
of last-slots S assigned to the demand k in the solution S°).

SY is clearly feasible for the problem given that it satisfies all the constraints of cut formulation
(2)-(12). Hence, the corresponding incidence vector (z5°,25") belongs to P(G, K,S). Based on
this, we derive a solution S' = (E*, S!) from the solution S° by adding the slot s as last-slot to
the demand k without modifying the paths assigned to the demands K in 8° (ie., E} = EY for
each k € K), and the last-slots assigned to the demands K \ {k} in S° remain the same in the
solution 8! ie., S, = S}, for each demand k' € K \ {k}, and S} = S U {s} for the demand k.
The solution S! is feasible given that

— a feasible path FE} is assigned to each demand k € K (routing constraint),

— a set of last-slots S} is assigned to each demand k € K along each edge e € E} with |S}| > 1
(contiguity and continuity constraints),

—{s—wr+1,.,stN{s —wp +1,..,8} =0 for each k, k' € K and each s € S} and s’ € S},
with E} N E}, # 0, i.e., for each edge e € F and each slot s” € S we have Ykercery {s €
St s” € {s—wk+1,...,s} <1 (non-overlapping constraint).

The corresponding incidence vector (25, 25" ) belongs to P(G, K,S). We then obtain that

S

0 0 1 1
nx +02° :u:ns +02° :,u:cs S

0 0 k
+o0z% +o0y.

It follows that ¥ = 0 for demand k and a slot s € {wy, ..., 5}. The slot s is chosen arbitrarily for
the demand k, we iterate the same procedure for all feasible slots in {wg, ..., 5} of demand k s.t.
we find

ok =0, for demand k and all slots s € {wy, ..., 5}

Given that the demand k is chosen arbitrarily. We iterate the same thing for all the demands &’
in K\ {k} such that

af/ =0, for all ¥’ € K\ {k} and all slots s € {wy, ..., 5}
Consequently, we conclude that
ok =0, for all k € K and all slots s € {wy, ..., 5}

Next we will show that ¥ = 0 for all the demands k € K and all e € E \ (E} U E¥). Consider a
demand k € K and an edge e € E \ (E} U EY). For that, we consider a solution 8% = (E’°, ") in
which

— a feasible path E,’C0 is assigned to each demand k € K (routing constraint),
— a set of last-slots S}° is assigned to each demand k € K along each edge e € E}° with |S;0] > 1
(contiguity and continuity constraints),
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—{s'—wr+1,...,8IN{s" —wp +1,...,5"} = 0 for each k, k' € K and each s’ € S;? and s” € S}9
with E;° N B9 # 0, i.e., for each edge e € E and each slot s” € S we have ZkeK,eeE;f’ |{s' €
S0, 87 € {s' —w + 1,...,s'}| <1 (non-overlapping constraint),

—{s—wp+1,..,stNn{s —wp +1,...,8'} =0 for each k¥’ € K and s € S and s’ € S0 with
(ERX U{e})NEY # 0 (non-overlapping constraint taking into account the possibility of adding
the edge e in the set of edges E,;O selected to route the demand & in the solution S’°),

— and the edge e is not non-compatible edge with the selected edges e € E,’C0 of demand k in the
solution S0, i.e., Ze’eE;" le +1e < li. As a result, E° U {e} is a feasible path for the demand
k.

S0 is clearly feasible for the problem given that it Satisf(i)es al& the constraints of cut formulation
(2)-(12). Hence, the corresponding incidence vector (x5, 2") belongs to P(G, K,S). Based on
this, we distinguish two cases:

— without changing the spectrum assignment established in S’°: we derive a solution S? obtained
from the solution S’ by adding an unused edge e € E \ (E} U E¥) for the routing of demand
k in K in the solution 8’ which means that E? = E? U {e}. The last-slots assigned to the
demands K, and paths assigned the set of demands K \ {k} in & remain the same in the
solution &2, i.e., S = S for each k € K, and EZ, = E)2 for each k' € K \ {k}. §? is clearly
feasible given that

e and a feasible path E,% is assigned to each demand k € K (routing constraint),

e a set of last-slots S,% is assigned to each demand k € K along each edge e € E,% with
|SZ| > 1 (contiguity and continuity constraints),

o {s—wi+1,...s}N{s —wp +1,.,s} = 0 for each k,k’ € K and each s € S? and
s’ € 82, with EZ N EZ # 0, ie., for each edge e € E and each slot s” € S we have
EkeK,eeE,’f {s € S2,s” € {s —wy, +1,...,s}| <1 (non-overlapping constraint),

e and ZE’GE,%\{Q} le’ + le S l_k
The corresponding incidence vector ($82,232) is belong to P(G, K, S). It follows that

S’

0 10 2 2 7
nx +02° :ums +02° :uxs

’ + uf + O’ZS/O.
As a result, ;¥ = 0 for demand & and an edge e.

— with changing the spectrum assignment established in S’: let S’? be a solution obtained from
the solution S’° by adding an unused edge e € E \ (E§ U E¥) for the routing of demand k in
K in the solution & which means that E}? = E° U {e}, and removing slot s selected for the
demand k in 8’° and replaced it by a new slot s’ € {wy, ...,S} (i.e., S = (S \ {s}) U{s'} s.t.
{s' —wp+1,....sIN{s" —wp +1,...,8"} = 0 for each k' € K and s” € S0 with E2NE # 0.
The last-slots and paths assigned the set of demands K \ {k} in S’° remain the same in the
solution 82, i.e., Sj2 = S and E;2 = E} for each k' € K \ {k}. 8% is clearly feasible given
that

e and a feasible path E,’f is assigned to each demand k € K (routing constraint),

e a set of last-slots S,’f is assigned to each demand k£ € K along each edge e € E,’f with
|S;2| > 1 (contiguity and continuity constraints),

o {s—wp+1,..,stN{s —wp +1,..,8} = 0 for each k, k' € K and each s € S}? and
s’ € S with E2 N EZ # 0, i.e., for each edge e € E and each slot s € S we have
ZkeK’eeE’? H{s €S2, s” € {s —wk+1,...,s}| <1 (non-overlapping constraint).

The corresponding incidence vector (xSQ,zslz) is belong to P(G, K, S). It follows that

S’ ’

0 70 ’
nx +02° :uxs

2 ’2 0 10
+02° :uxs —l—,u’e“—kaz‘s —af—!—crf/

which gives that u* = 0 for demand k and an edge e given that o* = 0 for all k € K and all
s € {wg, ..., 5}

As e is chosen arbitrarily for the demand k with e ¢ EF U EF, we iterate the same procedure for
all e’ € E\ (Ef UEY U {e}). We conclude that for the demand k

pk =0, foralle € E\ (EF UEF).
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Moreover, given that k is chosen arbitrarily in K, we iterate the same procedure for all k' € K\ {k}
and all e € E\ (E} U E}). We conclude at the end that

pk =0, forall k€ K and all e € E\ (E} U EF).

Therefore all the equations of the polytope P(G, K,S) are given only in terms of the variables z*
Q
with e € EF U EF and 2F with s € {1,...,wx}. Let Q¥ = 2] be the submatrix of matrix Q
Qi
associated to the equations (4) and (5) and involving variables 2% for all e € Ef U E¥ and variables
2F with s € {1,...,wy} for demand k. Note that a forbidden edge can never be an essential edge at
the same time. Othervvlbe the problem is infeasible. We want to show that u* = v¥Q} +~v5Q? and
= v5Q%. For that, we first ensure that all the edges e € E§ for each demand k are independants
S. t for each demand k € K we have

k. k.
o= o = Y (wE-w) =0

ecEh ec Bk e€Ef

The only solution of this system is p¥ = 'yf “ for each e € E} for the demand k. As k is chosen
arbitrarily in K, we iterate the same procedure for all ¥ € K \ {k}. We conclude that

pk =7, for all k € K and all e € Ef,

We re-do the same thing for the edges e € EF for each demand k which are independants s.t. for
each demand k € K we have

k k
Doub =Y = > (w45 =0

ecEY ecEY e€EY

The only solution of this system is p¥ = 75 *“ for each e € EF for the demand k. As k is chosen
arbitrarily in K, we iterate the same procedure for all ¥’ € K \ {k}. We conclude that

pk =~y°, forall k € K and all e € EY,

On the other hand, note that the slots s € {1, ..., wy — 1} for each demand k are independants s.t.
for each demand k € K, we have

wp—1

- p—1
Z Z 1= Y (o =93 =0
s=1 s=1

s=1

The only solution of this system is o% = 73 ® for each s € {1,...,wy — 1} for the demand k. As k is
chosen arbitrarily in K, we iterate the same procedure for all &’ € K \ {k}. We then get that

oF =~F% forall k€ K and all s € {1,...,w; — 1}. (14)
We conclude at the end that for each k € K and e € F
e if e € EX

e =\ y5< ife € B

0, otherwise
yielding
pF =~A*Qt + +5Q? for each k € K.
Moreover, for each k € K and s € S

ke {ﬁﬁif sef{l,..w, — 1}

S .
0, otherwise

ie., of =15Q3.
As a result (u,0) = vQ with v = (v1,72,73) which ends our proof.
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Theorem 1. The dimension of P(G, K,S) is given by
dim(P(G,K,S)) = |K| * (|E| + |S]) — .

Proof. Given the rank of the C-RSA equation system (13) and the proposition (3).

4.2 Facets

In this section, we investigate the facial structure of our polytope P(G, K,S) by characterizing
when the basic inequalities (2)-(12) of our cut formulation are facets defining for P(G, K, S).

Theorem 2. Consider a demand k € K, and an edge e € E \ (EY, E¥). Then, the inequality
x% >0 is facet defining for P(G, K, S).

Proof. Let’s us denote F¥ the face induced by the inequality =¥ > 0, which is given by
FF ={(z,2) € P(G,K,S) : ¥ = 0}.

In order to prove that the inequality #¥ > 0 is facet defining for P(G, K,S), we start checking
that F* is a proper face which means that it is not empty, and F¥ # P(G, K,S). We construct a
solution &% = (E3,53) as below

— a feasible path Ei’ is assigned to each demand k € K (routing constraint),

— a set of last-slots S} is assigned to each demand k € K along each edge ¢’ € E} with |S3| > 1
(contiguity and continuity constraints),

—{s—wr+1,..,s}N{s —wp +1,..,5} =0 for each k,k’ € K and each s € S} and s’ € S},
with B3 N E}, # 0 (non-overlapping constraint),

— and the edge e is not chosen to route the demand k in the solution &3, i.e., e ¢ E}.

Obviously, §? is feasible solution for the problem given that it satisfies all the constraints of our
cut formulation (2)-(12). Moreover, the corresponding incidence vector (zss,zss) is belong to
P(G,K,S) and then to F¥ given that it is composed by z¥ = 0. As a result, F¥ is not empty
(FF # 0). Furthermore, given that e € E \ (E§¥ U E}) for the demand k, this means that there
exists at least one feasible path Fj for the demand k passed through the edge e which means that
F* + P(G, K,S).

On another hand, we know that all the solutions of F¥ are in P(G, K,S) which means that they
verify the equations system (13) s.t. the new equations system (15) associated with F* is written
as below

x¥ =0, s.t. k and e are chosen arbitrarily

a¥ =0, forall k € K and all e € E}

a¥ =1, forall k € K and all e € E}

2k =0, forall k€ K and all s € {1,...,w;, — 1}.

(15)

Given that the e € E'\ (EF U E¥), the system (15) shows that the equation x* = 0 is not a result
of equations of system (13) which means that the equation ¥ = 0 is not redundant in the system
(15). As a result, the system is of full rank. As a result, the dimension of the face F* is equal to

dim(F*) = |K| * (|E| + |S|) — rank(Q') = |K|* (|E| +|S|) — (1 4+ r) = dim(P(G, K,S)) — 1,

where Q' is the matrix associated with the equation system (15). As a result, the face FF is
facet defining for P(G, K, S). Furthermore, we strengthened our proof as follows using a technique
called ”proof by maximality”. We denote the inequality ¥ > 0 by ax + 2z < \. Let px + o0z < 7
be a valid inequality that is facet defining F of P(G, K,S). Suppose that F¥ C F = {(z,2) €
P(G,K,S) : ux + oz = 7}. We show that there exist p € R and v with v = (71,72,73) ( with
1 € REkex ‘Emmg € RXkex |Ef|,73 € REvexWe=) st (u,0) = p(a, B) +~Q. We will show that
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— p¥ =0 for the demand k and all ¢’ € E \ (E§ U EY U{e}),
— and p¥, = 0 for all demands &’ € K \ {k} and all ¢’ € E\ (E} U E}),
— and 0% = 0 for all demands k € K and all slots s € {wy, ..., 5}.

First, let’s show that o¥ = 0 for all k € K and all s € {wy,,...,5}. Consider a demand k and a slot
s in {wg, ..., 5}. Based on this, we consider a solution 8" = (E’3, S"®) in which

— a feasible path E}? is assigned to each demand k € K (routing constraint),

— aset of last-slots S}> is assigned to each demand k € K along each edge ¢’ € E}> with [S?| > 1
(contiguity and continuity constraints),

—{s' —wp +1,...,8tN{s” —wp + 1,...,8"} = 0 for each k,k’ € K and each s’ € S}3 and
s7 € S with E2 N EZ # 0, ie., for each edge ¢ € E and each slot s” € S we have
ZkeK,e/eE,’f {s' € S3,s" € {s' —wy +1,...,s'}| <1 (non-overlapping constraint),

—and {s—wi+1,...,s}N{s —wp +1,...,8'} =0 for each k¥’ € K and s’ € S}, with E2NE3 #0
(non-overlapping constraint taking into account the possibility of adding the slot s in the set
of last-slots S} assigned to the demand k in the solution S'3),

— and the edge e is not chosen to route the demand k in the solution S”, i.e., e ¢ E;’f’.

8’3 is clearly feasible for the problem given that it satisfies all the constraints of cut formulation
(2)-(12). Hence, the corresponding incidence vector (z5°,25”) is belong to F and then to FF
given that it is also composed by ¥ = 0. Based on this, we derive a solution S* = (E*, %) from
the solution S8 by adding the slot s as last-slot to the demand k& without modifying the paths
assigned to the demands K in 8 (i.e., B} = E7? for each k € K), and the last-slots assigned to
the demands K \ {k} in S’ remain the same in the solution S* i.e., Sj3 = S}, for each demand
k' € K\ {k}, and St = S;2 U {s} for the demand k. The solution &% is feasible given that

— a feasible path E} is assigned to each demand k € K (routing constraint),

— a set of last-slots S} is assigned to each demand k € K along each edge ¢’ € E{ with S} > 1
(contiguity and continuity constraints),

—{s—wr+1,..,s}N{s —wp +1,..,5'} =0 for each k,k’ € K and each s € S} and s’ € S},
with B N E}, # 0, i.e., for each edge ¢’ € E and each slot s” € S we have ZkeK’e,eEg {s €
St s" € {s—wg+1,...,s} <1 (non-overlapping constraint),

— and the edge e is not chosen to route the demand & in the solution S%, i.e., e ¢ E¢.

The corresponding incidence vector (x34, 254) is belong to I and then to F* given that it is also
composed by ¥ = 0. We then obtain that

uzsls + 028/3 = uz84 + 0284 = ,u:csl3 + 023/3 + af.
It follows that 0% = 0 for demand k and a slot s € {w, ..., 5}.
The slot s is chosen arbitrarily for the demand k, we iterate the same procedure for all feasible

slots in {wy, ..., 5} of demand k s.t. we find
o® =0, for demand k and all slots s € {wy, ..., 5}

Given that the demand k is chosen arbitrarily. We iterate the same thing for all the demands &’
in K\ {k} such that

K= 0, for all ¥ € K \ {k} and all slots s € {wy, ..., 5}

Os

Consequently, we conclude that

0% =0, for all k € K and all slots s € {wy, ..., 5}

Next, we will show that z¥ = 0 for all the demands &’ € K \ {k} and all ¢’ € E\ (E} U E}'), and
pk =0 for the demand k and all ¢’ € E\ (E§f U EY¥ U {e}). Consider the demand k € K and an
edge ¢’ € E\ (E¥ UEY U{e}) chosen arbitrarily. For that, we consider a solution 8”3 = (E”3,573)
in which
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— a feasible path E”i is assigned to each demand k € K (routing constraint),

— a set of last-slots S”% is assigned to each demand k € K along each edge ¢’ € E”3 with
|S73] > 1 (contiguity and continuity constraints),

—{s —wp + 1,8t N{s" —wp +1,...,8"} = 0 for each k, k' € K and each s’ € S”% and
s” € S, with B3 N E"3, # 0, i.e., for each edge ¢’ € E and each slot s” € S we have
ZkeK,e'eE”i {s' € 873,57 € {s' —wy + 1,...,s'}| <1 (non-overlapping constraint),

—and {s—wi +1,..,s}N{s —wp +1,...} =0 for each ¥’ € K and s € S”} and s’ € 573,
with (E”3 U{e’})NE”3, # () (non-overlapping constraint taking into account the possibility of
adding the edge €’ in the set of edges E”% selected to route the demand k in the solution 8”3),

— and the edge e is not chosen to route the demand & in the solution 8”3, i.e., e ¢ E”3.

873 is clearly feasible for the problem given that it satisﬁges a113the constraints of cut formulation
(2)-(12). Hence, the corresponding incidence vector (5 ,25"") is belong to F and then to F*
given that it is also composed by =¥ = 0. Based on this, we distinguish two cases:

— without changing the spectrum assignment established in S”3: we derive a solution S° obtained
from the solution S”3 by adding an unused edge ¢’ € E \ (E} U E¥) for the routing of demand
k in K in the solution 8* which means that E; = E”3 U {e’}. The last-slots assigned to the
demands K, and paths assigned the set of demands K \ {k} in 8”3 remain the same in the
solution 8%, i.e., Sp = S”2 for each k € K, and E}, = E”3, for each k' € K \ {k}. 8% is clearly
feasible given that

e and a feasible path E,‘:’ is assigned to each demand k € K (routing constraint),

e a set of last-slots S,E is assigned to each demand k& € K along each edge €' € E,i with
|S2| > 1 (contiguity and continuity constraints),

o {s—wi+1,..,s}N{s —wp +1,..,5} = 0 for each k,k’ € K and each s € S} and
s’ € S}, with E} N E, # 0, ie., for each edge ¢ € E and each slot s” € S we have
EkeK,e’eE;’; {s € S3,s” € {s—wy +1,...,s} <1 (non-overlapping constraint),

e and the edge e is not chosen to route the demand k in the solution 8%, i.e., e & E}.

The corresponding incidence vector (z5°,25°) is belong to F and then to F¥ given that it is
also composed by z¥ = 0. It follows that

ﬂms”g + 025”3 = /mcSS + 0255 = ,ua:S”S + ,u’e“, + O’ZS”S.
As a result, ¥, = 0 for demand k and an edge €’

— with changing the spectrum assignment established in S”3: let S’® be a solution obtained from
the solution S”? by adding an unused edge ¢’ € E'\ (E} U EY) for the routing of demand k in
K in the solution 8" which means that E}> = E”{ U{e’}, and removing slot s selected for the
demand k in 8”3 and replaced it by a new slot s’ € {wg, ...,S} (i.e., S = (573 \ {s}) U{s'} s.t.
{s'—wp+1, .., sIN{s" —wp +1,...,s"} = 0 for each k' € K and s” € S7%, with EPNE"3, # 0.
The last-slots and paths assigned the set of demands K \ {k} in 8”3 remain the same in the
solution 8, i.e., S}3 = S”%, and E}5 = E”3, for each k' € K\ {k}. 8% is clearly feasible given
that

e and a feasible path E}° is assigned to each demand k € K (routing constraint),

e a set of last-slots 57 is assigned to each demand k € K along each edge ¢/ € E}? with
|S;3] > 1 (contiguity and continuity constraints),

o {s—wp+1,.,stN{s —wp +1,...,8} = 0 for each k, k' € K and each s € S}° and
s’ € S with E N E;S # 0, ie., for each edge ¢ € E and each slot s” € S we have
ZkeK,e’eE}f {s € 8}°,s” € {s —wy, +1,...,s}| <1 (non-overlapping constraint),

e and the edge e is not chosen to route the demand & in the solution 8, i.e., e ¢ E,’f.

The corresponding incidence vector (xS/E,ZSm) is belong to F' and then to F* given that it is
also composed by z¥ = 0. It follows that
ua:sﬁs + azS”S = umsls + Uzsls = ua:s”g + ,uf/ + 025”3 - af + Uf,
which gives that u’pf, =0 for demand k and an edge ¢’ given that o¥ = 0 for all k € K and all
s € {wg, ..., 5}
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As € is chosen arbitrarily for the demand k with e’ ¢ E¥ U EY U {e}, we iterate the same procedure
for all ¢/ € E'\ (E} U E¥ U {e}). We conclude that for the demand k

pk =0, for all ¢ € E\ (Ef UEY U {e}).

Moreover, given that k is chosen arbitrarily in K, we iterate the same procedure for all &’ € K\ {k}
and all ¢’ € E'\ (E} U EY). We conclude at the end that

pf =0, forall k' € K\ {k} and all ¢ € E\ (B} UE}),
pk =0, forall ¢’ € B\ (ESYUEY U{e}).

We ensure that all the edges ¢’ € E} for each demand k are independants s.t. for each demand
k € K we have

o= W= Y (b —we) =0,

e'€Ef e'€Ek e'€Ek

The only solution of this system is u¥ = ’yf " for each ¢’ € E} for the demand k. As k is chosen
arbitrarily in K, we iterate the same procedure for all k' € K \ {k}. We conclude that

pk = 'yf’e,, for all k € K and all ¢’ € Ef,

We re-do the same thing for the edges ¢’ € EF for each demand k which are independants s.t. for
each demand k € K we have

ke’ ke’
Doubi= > = Y (=) =0

e'cEY e'€EY e'cEY

The only solution of this system is u¥ = 75 ' for each ¢ € E¥ for the demand k. As k is chosen
arbitrarily in K, we iterate the same procedure for all ¥’ € K \ {k}. We conclude that

i =5 for all k € K and all ¢ € EF,

On the other hand, all the slots s € {1,...,w; — 1} for each demand k are independants s.t. for
each demand k € K, we have

wg—1 wr—1 wg—1
2 : k _ } : k,s § : k k,s

Os = Y3~ (0-5_73 )_0
s=1 s=1 s=1

The only solution of this system is 0% = v5* for each s € {1,...,wy — 1} for the demand k. As k is
chosen arbitrarily in K, we iterate the same procedure for all k¥’ € K \ {k}. We then get that

oF =~4F* forall k€ K and all s € {1,...,w; — 1}. (16)
We conclude that for each k' € K and ¢’ € E
”yf,’e,, ife € E(]f,

k/ ! .
vy ¢, if ¢ € BY,

po =9 ,
p, if K" =k and e = e,

0, otherwise,

and for each k € K and s € S

S

ok — S i s e {1, .., wp — 1},
0, otherwise.

As a result (u,0) = pa® + Q which ends our proof.
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Theorem 3. Consider a demand k € K, and a slot s € {wy, .., 5}. Then, the inequality z¥ > 0 is
facet defining for P(G, K, S).

Proof. Let F¥ denote the face induced by inequality z* > 0, which is given by

FF={(z,2) € P(G,K,S) : zF = 0}.
In order to prove that inequality z* > 0 is facet defining for P(G, K, S), we start checking that F*
is a proper face, and F¥ # P(G, K,S). We construct a solution S¢ = (E°, S%) as below

— a feasible path E? is assigned to each demand k € K (routing constraint),

— a set of last-slots SP is assigned to each demand k € K along each edge ¢’ € E¢ with |S¢| > 1
(contiguity and continuity constraints),

—{s'—wr+1,..,sIN{s” —wp +1,...,8"} = 0 for each k, k' € K and each s’ € S¢ and s” € 5P,
with ES N EY, # 0 (non-overlapping constraint),

— and the slot s is not chosen to route the demand k in the solution 8¢, i.e., s ¢ S,?.

Obviously, S% is feasible solution for the problem given that it satisfies all the constraints of our
cut formulation (2)-(12). Moreover, the corresponding incidence vector (msﬁ, 256) is belong to F'
and then to F¥ given that it is composed by z¥ = 0. As a result, F¥ is not empty (FF # 0).
Furthermore, given that s € {wy, ..., §} for the demand k, this means that there exists at least one
feasible solution for the problem in which s € S, for the demand k. As a result, F¥ # P(G, K, S).
On another hand, we know that all the solutions of F* are in P(G, K,S) which means that they
verify the equations system (13) s.t. the new equations system (17) associated with F¥ is written
as below

2% =0, s.t. k and s are chosen arbitrarily
¥ =0, forall k € K and all e € E}
F—=1, forall k € K and all e € E¥

28 =0, forall k € K and all s € {1,...,w;, — 1}.

(17)

The equation z¥ = 0 is not result of equations of system (13) which means that the equation z¥ = 0
is not redundant in the system (17). As a result, the system (17) is of full rank. As a result, the
dimension of the face F¥ is equal to

dim(F¥) = |K| % (|E| + |S]) — rank(Q”) = |K| * (|E| + |S|) — (1 + r) = dim(P(G, K, S)) — 1,

where Q7 denotes the matrix associated with the equation system (17). As a result, the face FF*
is facet defining for P(G, K,S). Furthermore, we strengthen our proof as follows. We denote the
inequality 2¥ > 0 by az + B8z < \. Let ux + 0z < 7 be a valid inequality that is facet defining F'
of P(G,K,S). Suppose that F¥ C F = {(z,2) € P(G,K,S) : px + 0z = 7}. We show that there
exist p € R and v with v = (91,72, ..., 74) (71 € RZkex ‘Eg‘,'yg € RXkex |Ef|,73 € RErex(wr=1)y
s.t. (4, 0) = p(a, B) +7Q, and that

— o =0 for demand k and all slots s’ € {wy, ...,5} \ {s},
— and ¢¥ = 0 for all demands &’ € K \ {k} and all slots s’ € {wy, ..., 5},
— and p¥ = 0 for all demands k € K and all edges e € E \ (E} U EY).

First, let’s us show that u* = 0 for all the demands k € K and all edges e € E\ (EfUEY). Consider
a demand k € K and an edge e € E \ (E} U EY). For that, we consider a solution 86 = (E’, 5'6)
in which

— a feasible path E}S is assigned to each demand k € K (routing constraint),
— a set of last-slots S}5 is assigned to each demand k € K along each edge e € E;S with |S;5] > 1
(contiguity and continuity constraints),
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—{s'—wr+1, ..., 8IN{s" —wp +1,...,5"} = 0 for each k, k' € K and each s’ € S;5 and s” € S}S
with E;8 N ES # 0, i.e., for each edge e € E and each slot s” € S we have >, cemls |{s' €
S8, 87 € {s' —wy + 1,...,s'}| <1 (non-overlapping constraint),

—and {s' —wi +1,....8tN{s" —wp +1,...,8"} = 0 for each k' € K and s’ € S;% and s” € S}S
with (B8 U {e}) N ES # 0 (non-overlapping constraint taking into account the possibility of
adding the edge e in the set of edges E;S selected to route the demand k in the solution &%),

— the edge e is not non-compatible edge with the selected edges e € E$ of demand k in the
solution S, i.e., ZQ,GE;G ler +1e <. As aresult, E° U{e} is a feasible path for the demand
k,

— and the slot s is not chosen to route the demand k in the solution 8”6, i.e., s ¢ S”¢.

8’6 is clearly feasible for the problem given that it satisfies all the constraints of cut formulation
(2)-(12). Hence, the corresponding incidence vector (z5”°, 25" ) is belong to F and then to F¥ given
that it is composed by z¥ = 0. Based on this, we derive a solution S obtained from the solution
8’6 by adding an unused edge e € E\ (E¥UEY) for the routing of demand k in K in the solution S°
which means that E] = E;° U {e}. The last-slots assigned to the demands K, and paths assigned
the set of demands K \ {k} in 8’ remain the same in the solution 87, i.e., ST = S; for each k € K,
and E], = EJS for each k' € K \ {k}. 8" is clearly feasible given that

— and a feasible path E,Z is assigned to each demand k € K (routing constraint),

— a set of last-slots S} is assigned to each demand k € K along each edge e € Ef with |S7| > 1
(contiguity and continuity constraints),

— {8 —wr+1,...,8}N{s” —wp +1,...,8"} = 0 for each k, k' € K and each s’ € S] and s” € SJ,
with Ef N E}, # 0, i.e., for each edge e € E and each slot s” € S we have ZkeK,eeE,Z |{s" €
SI,s" €{s' —w, +1,..,5'}| <1 (non-overlapping constraint),

— and the slot s is not chosen to route the demand k in the solution S7, i.e., s ¢ S,Z.

The corresponding incidence vector (:c57,z37) is belong to F' and then to F¥ given that it is
composed by z¥ = 0. It follows that

/,L.CL'S,G n 0_25/6 _ M_j}s7 n 0’,287 _ 'LLJ:SIG n ME n 028/6.
As a result, ¥ = 0 for demand k and an edge e.
As e is chosen arbitrarily for the demand k with e ¢ Ef U EF, we iterate the same procedure for

alle’ € B\ (E¥ U EY U {e}). We conclude that for the demand k
pk =0, foralle € E\ (Ef UEY).

Moreover, given that k is chosen arbitrarily in K, we iterate the same procedure for all &' € K\ {k}
and all e € E\ (Ef U EF). We conclude at the end that

ph =0, forall k€ K and all e € E\ (E} U EY).

Next, we will show that, ¢¥ = 0 for all ¥’ € K \ {k} and all s’ € {wy, ...,5}, and o¥ = 0 for all
slots s' € {wy, ..., 5} — {s}. Consider the demand k and a slot s’ in {wg,...,5} \ {s}. For that, we
consider a solution 8”6 = (E”¢,576) in which

— a feasible path E”% is assigned to each demand k € K (routing constraint),

— aset of last-slots S”g is assigned to each demand k € K along each edge e € E”% with \S”2| >1
(contiguity and continuity constraints),

—{s —wp + 1,8t N{s" —wp +1,...,8"} = 0 for each k, k' € K and each s’ € S”¢ and
s € 7%, with E"$ N E”%, # 0, i.e., for each edge e € E and each slot s” € S we have
ZkeK,eeE”g {s' € §7¢,s" € {s' —wy +1,...,s'}| <1 (non-overlapping constraint),

—and {s' —wg + 1,...,s}N{s” —wp +1,...,8"} = 0 for each ¥’ € K and s” € S”¢, with
E"$ N E”S, # () (non-overlapping constraint taking into account the possibility of adding the
slot s’ in the set of last-slots S”¢ assigned to the demand k& in the solution 8”9),

— and the slot s is not chosen to route the demand k in the solution 8”9, i.e., s ¢ S”i.
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879 is clearly feasible for the problem given that it satisﬁﬁes allethe constraints of cut formulation
(2)-(12). Hence, the corresponding incidence vector (5 ,25"") is belong to F' and then to F*
given that it is composed by z* = 0. Based on this, we distinguish two cases:

— without changing the paths established in ¢ : we derive a solution S® = (E®,5%) from the
solution 8”6 by adding the slot s’ as last-slot to the demand %k without modifying the paths
assigned to the demands K in 8”° (i.e., Ef = E”¢ for each k € K), and the last-slots assigned
to the demands K \ {k} in 8”° remain the same in the solution 8% i.e., $”¢, = S}, for each
demand k' € K\ {k}, and S§ = S”% U {s'} for the demand k. The solution S® is feasible given
that

e a feasible path EY is assigned to each demand k € K (routing constraint),

e a set of last-slots St is assigned to each demand k € K along each edge e € E} with
|S8| > 1 (contiguity and continuity constraints),

o {8 —wp+1,..,8}N{s" —wp +1,...,8"} = 0 for each k,k’ € K and each s’ € S§ and
s” € S% with Ef N E}, # 0, ie., for each edge e € E and each slot s” € S we have
ZkeK,eeE,f {s' € S8, s" € {s' —wy +1,...,s'}| <1 (non-overlapping constraint),

e and the slot s is not chosen to route the demand k in the solution 8%, i.e., s ¢ S§.

The corresponding incidence vector (:css, 238) is belong to F' and then to F¥ given that it is
composed by z¥ = 0. We then obtain that

Sa)G . S

26 8 8
5 oz = ux +02° =W

xSnG k

9 6
+025 + Ogr-

1

It follows that o = 0 for demand k and a slot s’ € {wy, ..., 5} \ {s}.

— with changing the path established in S”%: we construct a solution S’® derived from the solution
8§76 by adding the slot s’ as last-slot to the demand k with modifying the paths assigned to a
subset of demands K C K in 8" (i.e., E{ = E”§ for each k € K\ K, and E}® # E”$ for each
ke K)s.t.

e a new feasible path E}® is assigned to each demand k € K (routing constraint),

e and {s' —wp+1,...,5} N {s” —wp +1,...,5”} = 0 for cach k € K and ¥’ € K \ K and
each s’ € §7¢ and s” € S”¢, with E8 N E”S, # 0, i.e., for each edge e € E and each slot
s” € S we have Zkef(,eeE,’f H{s' € §78,s” € {s' —wy, +1,....,8'} + ZkeK\f(,eeE”g {s' €
576 87 € {s' —wy +1,...,5'} <1 (non-overlapping constraint),

eand {s' —wp +1,...8} N {s” —wp +1,...,8”} = 0 for each k¥’ € K and s” € §7%, (non-
overlapping constraint taking into account the possibility of adding the slot s’ in the set of
last-slots S”¢ assigned to the demand k in the solution 8”°),

e and the slot s is not chosen to route the demand k in the solution S, i.e., s ¢ S;5.

The last-slots assigned to the demands K \ {k} in 8”° remain the same in S8, i.e., 57, = S}
for each demand k' € K \ {k}, and S;8 = S”¢ U {s} for the demand k. The solution S&’® is
clearly feasible given that

e a feasible path F}® is assigned to each demand k € K (routing constraint),

e a set of last-slots S,’f is assigned to each demand k& € K along each edge e € E,’C8 with
|S;8] > 1 (contiguity and continuity constraints),

o (s —wp+1,...8tN{s" —wp +1,...8"} = 0 for each k, k' € K and each s’ € S and
s” € S with EF N ES # 0, ie., for each edge e € E and each slot s” € S we have
ZkeK,eeE,’f H{s' € 58,5 € {s' —wp +1,...,5'} <1 (non-overlapping constraint),

e and the slot s is not chosen to route the demand k in the solution S, i.e., s ¢ S;5.

The corresponding incidence vector (acs/g,zsls) is belong to F' and then to F¥ given that it is
composed by z¥ = 0. We have so

»6 »6 8 8 »6 »6 7 L
/wss +025 = ,u:CS +025 = ,u:vs +02° + af, — E E ,u’; + E E ;/e‘,.
keK ecE”$ keK e'€E8

It follows that 0¥, = 0 for demand k and a slot s’ € {wg,...,5} \ {s} given that ;¥ = 0 for all
the demand k € K and all edges e € E'\ (E§ U EY).
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The slot s’ is chosen arbitrarily for the demand k, we iterate the same procedure for all feasible
slots in {wy, ..., 5} \ {s} of demand k s.t. we find

ok =0, for demand k and all slots s’ € {wy, ..., 5} \ {s}.

Given that the demand k is chosen arbitrarily. We iterate the same thing for all the demands k&’
in K\ {k} such that

o =0, for all ¥ € K\ {k} and all slots s’ € {wy, ..., 5}
Consequently, we conclude that
ok =0, for all K’ € K and all slots s’ € {wy, ..., 5} with s # s if k = &'.

On the other hand, we ensure that all the edges e € E(’f for each demand k are independants s.t.
for each demand k € K we have

", K,
o= s Y (uE ) =0.

e€Ek e€Ek e€Bk

The only solution of this system is p* = ’yf “ for each e € E} for the demand k. As k is chosen
arbitrarily in K, we iterate the same procedure for all ¥ € K \ {k}. We conclude that

pf =~p¢, forall k € K and all e € EJ,

We re-do the same thing for the edges e € E¥ for each demand k which are independants s.t. for
each demand k € K we have

k. ke
o= wt Y (w7 =0

ecEk ecEFr ecEFR

The only solution of this system is p* = 75 “ for each e € EY for the demand k. As k is chosen
arbitrarily in K, we iterate the same procedure for all k' € K \ {k}. We conclude that

pk =5°, forall k € K and all e € EF,

On the other hand, all the slots s’ € {1,...,wy — 1} for each demand k are independants s.t. for
each demand k € K, we have

wkfl wkfl wkfl
k k,s’ k k,s'\
g oy = E v3'" — E (05 —v3°)=0
s'=1 s'=1 s'=1

The only solution of this system is o = 'y;f’sl for each s’ € {1,...,w, — 1} for the demand k. As k
is chosen arbitrarily in K, we iterate the same procedure for all k' € K \ {k}. We then get that

of, =48 forall k € K and all s € {1,...,wy, — 1}. (18)
We conclude that for each k € K and e € E
e if e € EE,
fie =\ yae if e € B,
0, otherwise,
and for each k' € K and ¢’ € S

'y?lf/’sl,if s e{l,. . wp — 1},
o 0,if s’ € {wy,...,5} and k' # k,

° 0,if s € {wys,...,5} \ {s} and k' =k,
p,if & =sand k' = k.

As a result (u,0) = pB¥ + yQ which ends our strengthening of proof.
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Definition 2. For a demand k, two edges e = ij ¢ E¥ N EY, ¢/ = Ilm ¢ EY N EY are said non-
compatible edges iff the lengths of (o, dy)-paths formed by e = ij and e’ = Ilm together are greater
that lk

Note that we are able to determine the non-compatible edges for each demand % in polynomial
time using shortest-path algorithms by verifying if the length of the following (o, di)-paths

— (og, dy)-path formed by e and e’ together with the shortest (og, i), (j,1) and (m,dy) paths,
(ok, di)-path formed by e and e’ together with the shortest (o, ), (j,m) and (I, dy) paths,
(ok, di)-path formed by e and e’ together with the shortest (o, ), (i,1) and (m,dj) paths,
(ok, di)-path formed by e and e’ together with the shortest (o, j), (i,m) and (I ,dk) paths,

— (ok, di)-path formed by e and ¢’ together with the shortest (og,!), (m,) and (j,dy) paths,
(ok, di)-path formed by e and ¢’ together with the shortest (og,l), (m,j) and (4,dy) paths,

— (og, dy)-path formed by e and e’ together with the shortest (og,m), (I,7) and (j,dy) paths,

— (og, dy)-path formed by e and e’ together with the shortest (og,m), (I,) and (i, dy) paths,

are greater that [j;.

Proposition 4. Consider a demand k € K. Let (e,e’) be a pair of non-compatible edges for the
demand k. Then, the inequality

o ok <1, (19)
is valid for P(G, K,S).

Proof. Tt is trivial due to the transmission-reach constraint and given the definition of non-
compatible edges for the demand k.

Based on the definition of a non-compatible demands for an edge e, we introduce the following
inequality.
Proposition 5. Consider an edge e € E. Let (k, k') be a pair of non-compatible demands for the
edge e with e ¢ E¥ U EX¥ UEE UEY . Then, the inequality

b+t <1, (20)
is valid for P(G, K,S).
Proof. 1t is trivial given the definition of non-compatible demands for the edge e.

Based on the inequalities (20) and (19), we introduce the following conflict graph .

Definition 3. Let ég be a conflict graph defined as follows. For each demand k and edge e ¢
EE U EF, consider a node v¥ in GE. Two nodes v¥ and v¥ are linked by an edge in G

— ifk=Fk':e and e are non compatible edges for demand k.
— ifk £k :k and k' are non compatible demands for edge e.

Theorem 4. Consider a demand k € K, and an edge e € E\ (E§ U EY). Then, the inequality
xk <1 s facet defining for P(G, K,S) if and only if N(vi.) =0 in GE.

Proof. Neccessity.

For demand k and an edge e € E\ (E§ U EF), if N(vg.) # 0 in G, the inequality z¥ < 1 is
dominated by the inequality (20) or (19) s.t. there exists at least one clique of cardinality at leabt
equals to 2 in the conflict graph GE that contains the node vy .. As a result, the inequality ok <1
is not facet defining for P(G, K, S)

Sufficiency.

Let F’% denote the face induced by inequality z¥ < 1, which is given by

F* ={(z,2) € P(G,K,S) : ¥ = 1}.

In order to prove that inequality ¥ < 1 is facet defining for P(G, K,S), we start checking that
F!* is a proper face, and F!*¥ # P(G, K,S). We construct a solution Sg (E?,59) as below
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— a feasible path E,% is assigned to each demand k € K (routing constraint),

— a set of last-slots Sg is assigned to each demand k € K along each edge e’ € E,i’ with |S,2| >1
(contiguity and continuity constraints),

—{s—wr+1,.,s}N{s —wp +1,..,5} =0 for each k,k’ € K and each s € S} and s’ € S},
with E N E}, # 0 (non-overlapping constraint),

— and the edge e is chosen to route the demand k in the solution S?, i.e., e € Eg.

Obviously, S? is feasible solution for the problem given that it satisfies all the constraints of our
cut formulation (2)-(12). Moreover, the corresponding incidence vector (z5°,25") is belong to
P(G,K,S) and then to F!* given that it is composed by z¥ = 1. As a result, F'* is not empty
(F!k # (). Furthermore, given that e € E\ (E} U EF) for the demand k, this means that there
exists at least one feasible path Ej for the demand & passed through the edge e which means that
F'* +£ P(G, K, S).

On another hand, we know that all the solutions of F/'* are in P(G, K,S) which means that they
verify the equations system (13) s.t. the new equations system (21) associated with F’* is written
as below

x]e“ =1, s.t. k and e are chosen arbitrarily
aF =0, forall k € K and all e € E}

¥ =1, forall k € K and all e € E}
2k =0, forall k € K and all s € {1,...,w;, — 1}.

(21)

Given that the e € E'\ (Ef U E¥), the system (21) shows that the equation x¥ = 1 is not a result
of equations of system (13) which means that the equation ¥ = 1 is not redundant in the system
(21). As a result, the system is of full rank. As a result, the dimension of the face F'* is equal to

dim(Fe'k) =|K| = (|E|+1S|) — rank(@’) =|K|*(|E|+]S]) = 1+ r) =dim(P(G, K,S)) — 1,

where Q' is the matrix associated with the equation system (21). As a result, the face F/* is
facet defining for P(G, K,S). Furthermore, we strengthened our proof as follows. We denote the
inequality 2% < 1 by ax + B8z < . Let ux + 0z < 7 be a valid inequality that is facet defining F of
P(G, K,S). Suppose that F’F C F = {(x,2) € P(G, K,S) : pyz+0z = 7}. We show that there exist
p € R and v with v = (71,72,73) ( with v, € RXkex ‘Em,w € R&kex ‘Ef‘,’Yg € REkex(We=1)) g ¢,
(1, 0) = pla, B) + vQ. We will show that

— p¥ =0 for the demand k and all €’ € E \ (E§ U EY U {e}),
— and g% = 0 for all demands &’ € K \ {k} and all ¢ € E\ (E} U EY),
— and 0% = 0 for all demands k € K and all slots s € {w, ..., 5}.

First, let’s show that o¥ = 0 for all k € K and all s € {wy,...,5}. Consider a demand k and a slot
s in {wg, ..., 5}. To do so, we consider a solution 8" = (E",5") in which

— a feasible path E}? is assigned to each demand k € K (routing constraint),

— a set of last-slots S}? is assigned to each demand k € K along each edge ¢’ € E}? with [S?]| > 1
(contiguity and continuity constraints),

—{s —wp +1,..,8tN{s" —wp +1,...,8"} = 0 for each k,k’ € K and each s’ € S}? and
s” € S with B N E # 0, ie., for each edge ¢ € E and each slot s” € S we have
ZkeK’eleE;j) {s' € 8)2,s” € {s' —wy + 1,...,s'}| <1 (non-overlapping constraint),

—and {s—wi+1,....,s}N{s' —wp +1,...,8’} =0 for each k¥’ € K and s’ € S}) with EXNE}) #0
(non-overlapping constraint taking into account the possibility of adding the slot s in the set
of last-slots S} assigned to the demand k in the solution S"),

— and the edge e is chosen to route the demand k in the solution 8", i.e., e € E}.

S’ is clearly feasible for the problem given that it Satisfles agll the constraints of cut formulation
(2)-(12). Hence, the corresponding incidence vector (z° ,2° ) is belong to P(G, K,S). Based on
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this, we derive a solution S'* = (E19, 5'0) from the solution S’ by adding the slot s as last-slot
to the demand k without modifying the paths assigned to the demands K in 8 (i.e., E;O = EpP
for each k € K), and the last-slots assigned to the demands K \ {k} in S’ remain the same in the
solution §'° i.e., S}) = S}? for each demand k' € K \ {k}, and S}° = S} U {s} for the demand k.
The solution SO is feasible given that

— a feasible path F}" is assigned to each demand k € K (routing constraint),

— aset of last-slots S0 is assigned to each demand k € K along each edge ¢/ € E° with |S}°] > 1
(contiguity and continuity constraints),

—{s—wpg+ 1,8} N{s —wp +1,..,8’} = 0 for each k, k' € K and each s € S;° and
s’ € S} with E{° N EY # 0, ie., for each edge ¢ € E and each slot s € S we have
ZkeK,e'eE;U {s € S{° 8" € {s —wi + 1,...,s}| <1 (non-overlapping constraint).

The corresponding incidence vector (z " zsw) is belong to F' and then to F'¥ given that it is also
composed by x¥ = 1. We then obtain that

’

9 ’9
uzs +02° = ux

81 ’ S’

’ +Jz‘310 = u:z:sg +oz ’ +J§.
It follows that o = 0 for demand k and a slot s € {wg, ..., 3}
The slot s is chosen arbitrarily for the demand k, we iterate the same procedure for all feasible

slots in {wy, ..., 5} of demand k s.t. we find
o =0, for demand k and all slots s € {wy, ..., 5}

Given that the demand k is chosen arbitrarily. We iterate the same thing for all the demands &’
in K \ {k} such that

o =0, for all ¥’ € K \ {k} and all slots s € {wy, ..., 5}
Consequently, we conclude that

0% =0, for all k € K and all slots s € {wy, ..., 5}

Next, we will show that z* = 0 for all the demands &’ € K \ {k} and all ¢’ € E\ (E} U E}'), and
pk =0 for the demand k and all ¢’ € E\ (E¥ U E¥ U {e}). Consider the demand k € K and an
edge ¢/ € E\ (E¥UEFU{e}) chosen arbitrarily. For that, we consider a solution S”9 = (E”9,579)
in which

— a feasible path E”Y is assigned to each demand k € K (routing constraint),

— a set of last-slots S”Y is assigned to each demand k € K along each edge ¢’ € E”9 with
|S”9] > 1 (contiguity and continuity constraints),

—{s —wp +1,..,8}N{s" —wp +1,...,8"} = 0 for each k, k' € K and each s’ € S and
s” € S7), with E”) N E”Y, # 0, i.e., for each edge ¢ € F and each slot s” € S we have
Yrer,eepy {8 € 579,87 € {s' —wg +1,..., s’} <1 (non-overlapping constraint),

— the edge €’ is not non-compatible edge with the selected edges ¢” € E”z of demand k in the
solution 8”9, i.e., Ze,,eE,,g leo + 1o < li. As a result, E”) U {€¢/} is a feasible path for the
demand k, '

— and the edge e is chosen to route the demand k in the solution 8”7, i.e., e € E”9.

879 is clearly feasible for the problem given that it satisﬁges all9 the constraints of cut formulation
(2)-(12). Hence, the corresponding incidence vector (x5 ,25"") is belong to F' and then to F’*
given that it is also composed by z¥ = 1. Based on this, we distinguish two cases:

— without changing the spectrum assignment established in S”?: we derive a solution S'! obtained
from the solution S”Y by adding an unused edge €’ € E\ (E} U E¥) for the routing of demand
k in K in the solution 82 which means that E” = E”9 U {¢'}. The last-slots assigned to the
demands K, and paths assigned the set of demands K \ {k} in "% remain the same in the
solution S, i.e., S72 = S”9 for each k € K, and E"}, = E”Y, for each k' € K \ {k}. S is
clearly feasible given that
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e and a feasible path E”ﬁ is assigned to each demand k € K (routing constraint),

e a set of last-slots S”? is assigned to each demand k € K along each edge ¢/ € E”7 with
|S”2| > 1 (contiguity and continuity constraints),

o {s—wp+1,..,stN{s —wp +1,..,8} = 0 for each k, k' € K and each s € S”% and
s’ € §7%, with E”2 N E”2, # 0, i.e., for each edge ¢/ € E and each slot s” € S we have
EkeK,e’eE”i {s € 872, 8" € {s —wy +1,...,5}| <1 (non-overlapping constraint).

Sll 7 Zsll)

The corresponding incidence vector (z is belong to F and then to F'* given that it is

also composed by z¥ = 1. Tt follows that

9

99 9 9
z° + u’; + 025,

u i O'ZS”Q _ /,LJ,‘SH n 0_2511 _ /,LJ,‘S”
As a result, p¥, = 0 for demand k and an edge €’.

— with changing the spectrum assignment established in 8”?: let S"'* be a solution obtained from
the solution §”? by adding an unused edge ¢’ € E\(EYUEY) for the routing of demand k in K in
the solution 8”2 which means that B} = E”JU{e} s.t. {s—wy+1, ..., s}N{s" —wp+1,..., 8"} =
0 for each k' € K \ {k} and s” € S”%, with E;!' N E”), # (. The last-slots assigned to the
demands K, and paths assigned the set of demands K \ {k} in S$”? remain the same in the
solution S, i.e., Sjlt = §”9 for each k € K, and E}' = E”9, for each k' € K\ {k}. "' is
clearly feasible given that

e and a feasible path F}!! is assigned to each demand k € K (routing constraint),

e a set of last-slots ;! is assigned to each demand k € K along each edge ¢/ € Ej'! with
|S;1t] > 1 (contiguity and continuity constraints),

o {s—wp+1,.,s}N{s —wp +1,...8} =0 for each k, k' € K and each s € Sj!' and
s' € St with B N EM # 0, ie., for each edge ¢’ € E and each slot s” € S we have
Zk€K7e/eE)/€11 [{s € SH,s" € {s —wy +1,...,s}| <1 (non-overlapping constraint).

The corresponding incidence vector (mslll,zslll) is belong to F and then to F’* given that it
is also composed by z* = 1. Tt follows that

99 /11 99
25 SM S

M +O—ZS”9 _ ’ux‘slll +Jz u +’u§/ +O_ZS”9.

Hence, p¥, = 0 for demand k and an edge ¢’

As €’ is chosen arbitrarily for the demand k with e’ ¢ EF¥UE¥ U {e}, we iterate the same procedure
for all ¢’ € E\ (E¥ U E¥ U {e}). We conclude that for the demand k

pk, =0, forall ¢ € E\ (E§ UEY U {e}).

Moreover, given that k is chosen arbitrarily in K, we iterate the same procedure for all ¥’ € K\ {k}
and all ¢’ € E'\ (E§ U E¥). We conclude at the end that

pl =0, forall ¥ € K\ {k} and all ¢’ € E\ (EY UE),
pk =0, forall ¢’ € E\ (E§ UEY U {e}).

We ensure that all the edges €/ € Ef for each demand k are independants s.t. for each demand
k € K we have

ke ke
D= n = ) () =0.
e’€EE e'cEk e'cEk
The only solution of this system is u¥ = ’yf ' for each ¢ € EY for the demand k. As k is chosen
arbitrarily in K, we iterate the same procedure for all ¥’ € K \ {k}. We conclude that

pF = +5¢ forall k € K and all ¢ € EF,

We re-do the same thing for the edges ¢/ € EF for each demand k which are independants s.t. for
each demand k € K we have

Doub=d> wT = Y (i —w)=0

e'cEY e'cEY e'€EY
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The only solution of this system is u*, = 7576' for each ¢’ € EF for the demand k. As k is chosen

arbitrarily in K, we iterate the same procedure for all ¥ € K \ {k}. We conclude that

i =5 forall k € K and all ¢ € EF,

On the other hand, all the slots s € {1,...,w; — 1} for each demand k are independants s.t. for
each demand k € K, we have

wkfl U)kfl wkfl

k _ k,s k k,sy __
E US_E:,Y?) _>§:(Us_73 )_0
s=1 s=1 s=1

The only solution of this system is o% = 'yg,f’s for each s € {1,...,w, — 1} for the demand k. As k is
chosen arbitrarily in K, we iterate the same procedure for all k' € K \ {k}. We then get that

oF =45 forall ke K and all s € {1,...,wy, — 1}. (22)
We conclude that for each k' € K and ¢’ € F
N if e € B,
ul = v, if ¢ € BY,
p, if ' =k and ¢ = e,
0, otherwise,

and for each k € K and s € S

S

& {yéf’s,ifse {1,...,wg — 1},
O- =

0, otherwise.

As a result (u1,0) = pa® + Q which ends our proof.

Theorem 5. Consider a demand k and a subset of node X C V, with |X N {og,dp}| = 1 and
X NVF = 0. Then, the inequality (2), Zeeé(X) x% > 1, is facet defining for P(G, K,S) if and only
if 6(X) ¢ Y.

Proof. Let F% denote the face induced by inequality Z x’é > 1, which is given by
e€(8(X)\Eg)

F¥ ={(z,2) € P(G,K,S) : Z =1
e€(B(X)\EY)

Let X = {ox}. In order to prove that inequality Z x® > 1 is facet defining for P(G, K,S),
e€(8(X)\EF)

we start checking that F% is a proper face which means that it is not empty, and F& # P(G, K,S).

We construct a solution S'? = (E12, 512) as below

— a feasible path F}? is assigned to each demand k € K (routing constraint),

— aset of last-slots S}? is assigned to each demand k € K along each edge €/ € E? with |S}?| > 1
(contiguity and continuity constraints),

—{s—wr+1,...,s}N{s —wp +1,...,5'} =0 for each k, k' € K and each s € S}? and s’ € S}?
with E}? N E}? # 0 (non-overlapping constraint),

— and one edge e from (§(X) \ E}) is chosen to route the demand k in the solution S'2, i.e.,
(6(X) \ B) N E?| = 1.

Obviously, S'? is feasible solution for the problem given that it satisfies all the constraints of our

cut formulation (2)-(12). Moreover, the corresponding incidence vector (25, 25") is belong to

P(G,K,S) and then to F% given that it is composed by Zee(é(X)\Eg) % = 1. As a result, F¥ is
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not empty (F% # (). Furthermore, given that e € E \ (E} U EF) for the demand k, this means
that there exists at least one feasible path Fj for the demand k passed through the edge e which
means that F& # P(G, K, S).

Let denote the inequality Zee(é(x)\E{;) 2% > 1by az+Bz < \. Let ur+o0z < 7 be a valid inequality
that is facet defining F of P(G, K,S). Suppose that F% C F = {(z,2) € P(G,K,S) : pyz + 0z =
7}. We show that there exist p € R and v with v = (71,72,73) ( with 7, € RXkex |E§|,’yg €
R kex ‘Eﬂ,"}/g e REvex (k=) st (u,0) = p(a, B) + 7Q. We will show that

— pk =0 for the demand k and all ¢ € E\ (E} U Ef U (6(X) \ E})),

— and g%, = 0 for all demands &' € K \ {k} and all ¢’ € E\ (B} UE}),
— and ¢¥ = 0 for all demands k € K and all slots s € {wy, ..., 5},

— and that p! are equivalent for all e € (6(X) \ EF).

First, let’s show that o% = 0 for all k € K and all s € {wy,, ..., 5}. Consider a demand k and a slot
s in {wg, ..., §}. For that, we consider a solution &’*? = (E"'?,$"12) in which

— a feasible path E,'€12 is assigned to each demand k € K (routing constraint),

— a set of last-slots S}!? is assigned to each demand k € K along each edge ¢/ € E}!? with
|S;12| > 1 (contiguity and continuity constraints),

—{s'—wp+1,..,8}N{s" —wp +1,..,8"} = 0 for each k,k’ € K and each s’ € Sj!? and
s" € Sii? with EY? N EX? £ 0, ie., for each edge ¢/ € E and each slot s” € S we have
ZkeK,e'eE,’j? {s' € S;}?,s" € {s' —wy +1,...,s'} <1 (non-overlapping constraint),

— and {s—wg+1,...,s}N{s' —wp +1,...,s'} = 0 for each k' € K and s’ € S;;? with E}?NE;}? £ 0
(non-overlapping constraint taking into account the possibility of adding the slot s in the set
of last-slots S!? assigned to the demand k in the solution &''?),

— and one edge e from (§(X)\ EF) is chosen to route the demand k in the solution S''2, i.e.,
(6(X) \ E§) N ER?| = 1.

812 is clearly feasible for the problem given that it satisfies all the constraints of cut formulation
(2)-(12). Hence, the corresponding incidence vector (25, 25"") is belong to P(G, K, S). Based on
this, we derive a solution §'? = (E'3,5'3) from the solution §’'? by adding the slot s as last-slot
to the demand k without modifying the paths assigned to the demands K in 82 (i.e., E}3 = E{?
for each k € K), and the last-slots assigned to the demands K \ {k} in 8’'? remain the same in the
solution 83 i.e., S;}2 = S}? for each demand k' € K \ {k}, and S{3 = S;1? U {s} for the demand
k. The solution S'3 is feasible given that

— a feasible path EE’ is assigned to each demand k € K (routing constraint),

— aset of last-slots S}? is assigned to each demand k € K along each edge ¢’ € E}3 with [S}3] > 1
(contiguity and continuity constraints),

—{s—wp+1,..,stN{s —wp +1,..,8'} = 0 for each k, k' € K and each s € S}* and
s’ € S}? with Ef* N EL} # 0, ie., for each edge ¢ € E and each slot s € S we have
ZkeK,e'eE,? {s € S}3,s" € {s —wg + 1,...,s}| <1 (non-overlapping constraint).

The corresponding incidence vector (x5 " , 2513) is belong to F and then to F% given that it is also

composed by Zee(é(x)\Eg) x% = 1. We then obtain that

M:E8112 + UZs/lZ _ stlS + UZslS _ st/l? + 025/12 + 0-5.

It follows that o* = 0 for demand k and a slot s € {wy, ..., §}.

The slot s is chosen arbitrarily for the demand k, we iterate the same procedure for all feasible

slots in {wy, ..., 5} of demand k s.t. we find

ok =0, for demand k and all slots s € {wy, ..., 5}

Given that the demand k is chosen arbitrarily. We iterate the same thing for all the demands &’
in K\ {k} such that

K= 0, for all ¥’ € K \ {k} and all slots s € {wy, ..., 5}

Os
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Consequently, we conclude that

ok =0, for all k € K and all slots s € {wy, ..., 5}

Next, we will show that z*, = 0 for all the demands &’ € K \ {k} and all ¢’ € E\ (E} UE}'), and
pk =0 for the demand k and all ¢’ € E\ (Ef UEY U (6(X) \ EF)). Consider the demand k € K
and an edge ¢/ € F\ (EY U EF U (6(X) \ E¥)) chosen arbitrarily. For that, we consider a solution
87712 — (E”IQ, 57712) in which

— a feasible path E”}? is assigned to each demand k € K (routing constraint),
— a set of last-slots S”}? is assigned to each demand k € K along each edge ¢’ € E”}? with
|S712| > 1 (contiguity and continuity constraints),
—{s —wp+1,..,tN{s" —wp +1,...,8} = 0 for each k,k’ € K and each s’ € S”}? and
s” € 87}? with E"}2 N E”}? # 0, ie., for each edge ¢’ € E and each slot s € S we have
ez {88 €8712, 87 € {s' —wp +1,...,5'} < 1 (non-overlapping constraint),
keEK,e'€eE” k
— the edge €’ is not non-compatible edge with the selected edges e” € E” ,13 of demand k in the
solution 8”12, i.e., Ze”eE”}f leo 4+ ler < . As aresult, E”12 U {¢'} is a feasible path for the
demand k,
— and one edge e from (§(X) \ EF) is chosen to route the demand k in the solution S”'2, i.e.,
[(6(X)\E§) NE"?| = 1.
8712 i clearly feasible for the problem given that it satisges all1 che constraints of cut formulation
2)-(12). Hence, the corresponding incidence vector (z° , 25" ") is belong to F' and then to F%
X
given that it is also composed by 266(5(X)\E§) 2% = 1. Based on this,

— without changing the spectrum assignment established in S”'2: we derive a solution S'# ob-
tained from the solution S$”!2 by adding an unused edge ¢’ € E \ (E§ U EF) for the routing
of demand k in K in the solution §'? which means that E”% = E”}? U {¢'}. The last-slots
assigned to the demands K, and paths assigned the set of demands K \ {k} in S”'? remain
the same in the solution S'4, i.e., S”i = S”}CQ for each k € K, and E”2, = E”}C? for each
k' € K\ {k}. 81 is clearly feasible given that

e and a feasible path E”% is assigned to each demand k € K (routing constraint),

e a set of last-slots S”% is assigned to each demand k € K along each edge ¢’ € E”% with
|S”2| > 1 (contiguity and continuity constraints),

o {s—wp+1,.,s}N{s —wp +1,..,8} =0 for each k, k¥ € K and each s € S7% and
s’ € §7%, with E”2 N E”2, # (), i.e., for each edge ¢ € E and each slot s” € S we have
ZkeK,e’eE”i {s € §7%,s” € {s —wy +1,...,s}| <1 (non-overlapping constraint).

The corresponding incidence vector (ISM, 2514) is belong to F' and then to F% given that it is

also composed by Zee(é(x)\E{;) 2% = 1. Tt follows that

S” 1 S” 12

,u,ajsﬂlz Yoz 2 _ ,U,$514 n 0_2514 _ ,u,ajsﬂm n ,LLE, Yoz
As a result, u’g, = 0 for demand k and an edge €.

— with changing the spectrum assignment established in S”12: let S''* be a solution obtained from
the solution 8”12 by adding an unused edge ¢’ € E\ (ESUEY) for the routing of demand k in K
in the solution §”1? which means that E}!* = E”}2U{e’}, and removing slot s selected for the
demand k in 8”12 and replaced it by a new slot s’ € {wg, ..., S} (i.e., Sp* = (8712 \ {s}) U {s'}
st {8 —wr +1,..,8}N{s” —wp + 1,...,8} = 0 for each k' € K and s” € S”}? with
EM N E”2 +# (). The last-slots and paths assigned the set of demands K \ {k} in "2 remain
the same in the solution 814, i.e., Si* = 5717 and Ej}* = E”1? for each k' € K \ {k}. 8"* is
clearly feasible given that

e and a feasible path F}!* is assigned to each demand k € K (routing constraint),

e a set of last-slots Sj!* is assigned to each demand k € K along each edge ¢/ € E;!* with
|S;14] > 1 (contiguity and continuity constraints),

o {s—wp+1,.,s}N{s —wp +1,...8} =0 for each k, k' € K and each s € S;!* and
s' € Si¥t with EM N EA #£ 0, ie., for each edge ¢’ € E and each slot s” € S we have
ZkeK’e,eE;CM [{s € S, 8" € {s —wy, + 1,...,s}| <1 (non-overlapping constraint).
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The corresponding incidence vector (a:slm, leM) is belong to F' and then to F& given that it
is also composed by Zee(a(x)\Eg) xF = 1. Tt follows that

512 9 12 114 714 99 12 12
,u:cs +025 = ,uxs +025 = ,uxs + ,u]g/ +025 7 — af + af,

which gives that p¥ = 0 for demand k and an edge e’ given that 0% =0 for all k € K and all
s € {wg, ..., 5}.

As €' is chosen arbitrarily for the demand k with ¢’ ¢ EY U EF U (6(X) \ E}), we iterate the same
procedure for all ¢/ € E\ (E¥ U E¥ U (6(X) \ E})). We conclude that for the demand k

pk =0, forall ¢’ € E\ (E§ UEY U (6(X)\ EY)).

Moreover, given that k is chosen arbitrarily in K, we iterate the same procedure for all k' € K\ {k}
and all ¢’ € E'\ (E¥ U E¥). We conclude at the end that

pl =0, forall ¥ € K\ {k} and all ¢’ € E\ (EY UE),
pk =0, forall ¢’ € E\ (E§ UEY U (6(X)\ EY)).

Let’s us prove that the p¥ for a demand k and edges e € (§(X) \ Ef) are equivalent. Consider an
edge ¢’ € (0(X)\ Ef) s.t. ¢’ ¢ E%. For that, we consider a solution 2 = (E'2, 512) in which

— a feasible path E;z is assigned to each demand k € K (routing constraint),
— aset of last-slots S} 2 is assigned to each demand k € K along each edge e € E}? with |S}2| > 1
(contiguity and continuity constraints), ~
—{s —wp +1,..,8N{s" —wp +1,..,8"} = 0 for each k,k’ € K and each s’ € S{? and
s’ € 5’,1/2 with E,? N E%? # (), i.e., for each edge ¢ € E and each slot s” € S we have
ZkeK,eeE;Q {s' € S}2,5” € {s' —wi +1,...,8'}| < 1 (non-overlapping constraint),
— and there is one edge e from (6(X) \ EF) selected for the routing of demand k in the solution
S22 ie, [(8(X)\ E) NE?| = 1.
S12 is clearly feasible for the problem given that it satisfies all the constraints of cut formulation
(2)-(12). Hence, the corresponding incidence vector (x‘§12,z‘§12) is belong to F' and then to F¥
given that it is composed by Zee(a(x)\Eg) zF = 1. Based on this, we distinguish two cases:

— without changing the spectrum assignment established in S§'2: we derive a solution S'° =
(E'®,81%) from the solution S'? by y .

e modifying the path assigned to the demand k in S'? from F}? to a path E}® passed through
the edge ¢ with |(6(X)\ E§) N EL?| = 1.

The paths assigned to the demands K \ {k} in S'* remain the same in S'° (i.e., E}? = E}?
for each k7 € K \ {k}), and also without modifying the last-slots assigned to the demands K
in S'2, i.e., S} = S5 for each demand k € K. The solution S'° is feasible given that

e a feasible path EE is assigned to each demand k € K (routing constraint),

e a set of last-slots S}° is assigned to each demand k € K along each edge e € E}5 with
|S}2| > 1 (contiguity and continuity constraints),

o {s' —wp+1,..,8}N{s” —wp +1,..,8"} = 0 for each k,k’ € K and each s’ € S}° and
s” € S with E}> N E}? # 0, i.e., for each edge e € E and each slot s” € S we have
ZkeK,eeEE {s' € S}>,s" € {s' —wy +1,...,s'}| <1 (non-overlapping constraint),

e and |(6(X)\ Ef) N E}?| = 1.

The corresponding incidence vector (z is belong to F' and then to F% given that it is
composed by 3¢ 5(x)\gs) T6 = 1. We then obtain that

15 15
S ,ZS )

St St

2 312 1
pxs 4+ 02° = ,uxs

5 15 312 2
+ 025 :,uxs +oz —|—u§,—,u§

D DT S S

e eBP\{e'} e’ €EL2\{e}

It follows that p¥, = u¥ for demand k and a edge ¢’ € (§(X) \ EF) given that u¥, = 0 for all
ke Kandalle” € E\ (E¥ UEY) with e’ ¢ (6(X) \ EF).
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— with changing the spectrum assignment established in S2: we construct a solution S*° derived
from the solution S2 by

e modifying the path assigned to the demand k in S§'2 from E;z to a path E,{c15 passed
through the edge ¢’ with |(§(X)\ E§) N B =1,

e modifying the last-slots assigned to some demands K C K from 5‘%2 to SIQS for each k € K
while satisfying non-overlapping constraint.

The paths assigned to the demands K \ {k} in S'? remain the same in S*° (i.e., E}}® = E}? for
each k” € K \ {k}), and also without modifying the last-slots assigned to the demands K \ K
in 82, ie., 5',%2 = S;15 for each demand k € K \ K. The solution 8’15 is clearly feasible given
that

e a feasible path F}!® is assigned to each demand k € K (routing constraint),

e a set of last-slots 5,215 is assigned to each demand k € K along each edge e € E,’C15 with
|S;15] > 1 (contiguity and continuity constraints),

o {s' —wp+1,....8tN{s" —wp +1,..,8"} =0 for each k,k’ € K and each s’ € S}!° and
s” € S5 with EY5 N E5 #£ 0, i.e., for each edge e € E and each slot s” € S we have
ZkeK,eeEﬁ H{s' € S}1°,s" € {s' —wy +1,...,8'}| <1 (non-overlapping constraint),

o [(0(X)\ E§) NES| =1.

The corresponding incidence vector (xs,w, zs%) is belong to F' and then to F% given that it
is composed by 3, (5(x)\gg) Te = 1. We have so

312 312 115 115 312 312 7. 7.
LL:ES +02° :ﬂxs + 025 :,uxs +02° —1—;15/—,1/5—1— E E af,— E Uf

keK s'esps seS12
2: k E: k
+ Her — U
e EBRA\ e} e EBL?\{e}

It follows that p¥, = u¥ for demand k and a edge €’ € (§(X) \ Ef) given that u¥, = 0 for all
k€ K and all " € E\ (Ef U EF) with e’ ¢ (§(X) \ E}), and 0 = 0 for all k € K and all
s € {wg, ..., 5}

Given that the pair of edges (e, ¢’) are chosen arbitrary in (6(X)\ E}), we iterate the same procedure
for all pairs (e, e’) € (6(X) \ EF) s.t. we find

p = pk, for all pairs e, e’ € (§(X)\ EF).

Consequently, we obtain that u* = p for all e € (5(X) \ EY).
On the other hand, we ensure that all the edges e € E(’f for each demand k are independants s.t.
for each demand k € K we have

k, k,
Dub=>" s > () =0.

ecEk ecEk ecEf

The only solution of this system is p* = Wf “ for each e € E} for the demand k. As k is chosen
arbitrarily in K, we iterate the same procedure for all ¥’ € K \ {k}. We conclude that

pk =~7¢, for all k € K and all e € Ef,

We re-do the same thing for the edges e € E¥ for each demand k which are independants s.t. for
each demand k € K we have

, i, i,
b= = > (-1 =0

ecEY ecEY ecEY

The only solution of this system is p¥ = 75 “ for each e € Ef for the demand k. As k is chosen
arbitrarily in K, we iterate the same procedure for all ¥ € K \ {k}. We conclude that

pk =5°, forall k € K and all e € EY,
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On the other hand, all the slots s € {1,...,wy — 1} for each demand k are independants s.t. for
each demand k € K, we have

wr—1 — wg—1
D ov= Z = D (of =1 =0
s=1 s=1 s=1

The only solution of this system is 0% = v5* for each s € {1,...,wy — 1} for the demand k. As k is
chosen arbitrarily in K, we iterate the same procedure for all k¥’ € K \ {k}. We then get that

ol = 'yg’s, for all k € K and all s € {1,...,w, — 1}. (23)
We conclude that for each k' € K and e € E

fyf/’e, ifeGEgl,
67 1fe€E1 ,
0, ifk::k’andee( (X)\ EY),

0, otherwise

k'
He =

and for each k € K and s € S

ok — ’y§ flifse {1,...,w, — 1},
* 0, otherwise.

We conclude that (u,0) = p Z af +40.
e€(8(X)\Eg)

Theorem 6. Consider a demand k € K. Then, the inequality (7), Zi:wk 2P > 1, is facet defining
for P(G, K, S).

Proof. Let ng denote the face induced by inequality Zi:wk 2% > 1, which is given by

F¥ ={(z,2) € P(G,K,S) : Zz

S=wWpg

2% > 1 is facet defining for P(G, K, S), we start checking

that F¥ is a proper face which means that it is not empty, and F¥ # P(G, K, S). We construct a
solution S'¢ = (E16, 56 as below

In order to prove that inequality >°°

S=Wg

— a feasible path E}¢ is assigned to each demand k € K (routing constraint),

— aset of last-slots S}¢ is assigned to each demand k € K along each edge ¢/ € ELS with |S}¢] > 1
(contiguity and continuity constraints),

—{s'—wp+1,...,8IN{s" —wp +1,...,5"} = 0 for each k, k' € K and each s’ € S}° and s” € Si9
with E}6 N ElS # 0 (non-overlapping constraint),

— and one slot s from the set {wy, ..., 5} is chosen to route the demand k in the solution S, i.e.,
S1 = 1.

Obviously, S16 is feasible solution for the problem given that it satisfies all the constraints of our
cut formulation (2)-(12). Moreover, the corresponding incidence vector (z 16,2‘516) is belong to F'
and then to FS’“ given that it is composed by Zzzwk 2P = 1. As a result, FS’“ is not empty (Fsk £ 0).
Furthermore, given that s € {wy, ..., §} for the demand k, this means that there exists at least one
feasible solution for the problem in which |Sk| > 2 for the demand k. As a result, F¥ # P(G, K, S).
On another hand, we know that all the solutions of F¥ are in P(G, K, S) which means which means
that they verify the equations system (13) s.t. the following equations system (24) associated with
Fsk is written as below
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=1, s.t. k is chosen arbitrarily,

0, for all k € K and all e € EY,
0, for all k € K and all e € E¥,
=1, forall k € K and all e € EF,
2 =0, forall k€ K and all s € {1,...,w; — 1}.

S
The system (24) shows that the equation Z 2% = 1 is not result of equations of system (13)
sS=wy

which means that the equation 33°_ 2% = 1 is not redundant in the system (24). As a result, the

s=wy s
system (24) is in full rank which implies that the dimension of the face F¥ is equal to

dim(FY) = |K|* (|E| + |S|) — rank(M”) = |K| % (|E| + |S|) — (1 + ) = dim(P(G, K, S)) — 1,

where M” denotes the matrix associated with the equation system (24). As a result, the face FS’“
is facet defining for P(G, K, S).

We strengthen our proof as follows. We denote the inequality Z z’: > 1by ar+ 6z < A Let
S=wWyg

ux + oz < 7 be a valid inequality that defines a facet F' of P(G, K,S). Suppose that Fsk CF=

{(z,z) € P(G,K,S) : px + oz = 7}. We show that there exist p € R and v with v = (71,72, 73)

(71 € RXkex \E(’f\’fyg € REkex |E§|,’Yg e REwvex (W= Y5t (1, 0) = p(a, B) + 7Q, and that

— % =0 for all demands &’ € K \ {k} and all slots s € {wy, ..., 5},
— and p¥ = 0 for all demands k € K and all edges e € E \ (E} U EY),
— and all 0% are equivalents for demand k and slots s € {wy, ..., 5} for the demand k.

First, let’s us show that ¥ = 0 for all the demands k € K and all edges e € E\ (EfUEY). Consider
ademand k € K and an edge e € E\ (EfUEY). For that, we consider a solution §'*¢ = (E'16 §16)
in which

— a feasible path Ej!° is assigned to each demand k € K (routing constraint),

— a set of last-slots S}!® is assigned to each demand k € K along each edge e € E}'° with
|S;16] > 1 (contiguity and continuity constraints),

—{s' —wp +1,..,8}N{s" —wp +1,..,8"} = 0 for each k,k’ € K and each s’ € S;!% and
s7 € S0 with Bl N EMS # 0, ie., for each edge e € E and each slot s” € S we have
ZkeK,eeE,’jﬁ |{s' € S;16,s” € {s' —wi +1,...,5'} <1 (non-overlapping constraint),

— the edge e is not non-compatible edge with the selected edges e € E}16 of demand k in the
solution 816, i.e., Ze'eE;jG ler+1e < li. As aresult, Ej°U{e} is a feasible path for the demand
k,

— and one slot s from the set {wy, ..., 3} is chosen to route the demand k in the solution S”*¢,
ie, |S710] =1.

816 is clearly feasible for the problem given that it satisfies all the constraints of cut formulation
(2)-(12). Hence, the corresponding incidence vector (25", 25"") is belong to F and then to Fk
given that it is composed by Z:Zwk 2% = 1. Based on this, we derive a solution S'7 obtained from
the solution &’!¢ by adding an unused edge e € E \ (E§ U E¥) for the routing of demand k in K
in the solution §'¢ which means that E}7 = E;1¢ U {e}. The last-slots assigned to the demands K,
and paths assigned the set of demands K \ {k} in 8’16 remain the same in the solution S, i.e.,
SET = 5316 for each k € K, and EL = E}}° for each k' € K \ {k}. S'7 is clearly feasible given that

— and a feasible path Ely is assigned to each demand k € K (routing constraint),
— a set of last-slots S}7 is assigned to each demand k € K along each edge e € EL7 with [S}7] > 1
(contiguity and continuity constraints),
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s —wp +1,...,8YN{s" —wp +1,....,8"} = 0 for each k, k' € K and each s’ € S!7 and
k
s” € ST with E}" N E}T # 0, ie., for each edge e € F and each slot s” € S we have
w|{s’ € 817,87 € {s' —wy +1,...,5'} < 1 (non-overlapping constraint).
keK,c€E} k
The corresponding incidence vector (xsn,zsn) is belong to F' and then to F¥ given that it is
composed by >3 zF = 1. Tt follows that
/J“TSIIG + O-ZSIIG _ Mx517 + O-Z517 _ stllﬁ + M]ec + 0-25/16.
As a result, u* = 0 for demand k and an edge e.

As e is chosen arbitrarily for the demand k with e ¢ Ef U EF, we iterate the same procedure for
alle’ € B\ (E¥ U EY U {e}). We conclude that for the demand k

pk =0, foralle e E\ (EF UEFY).

Moreover, given that k is chosen arbitrarily in K, we iterate the same procedure for all ¥’ € K\ {k}
and all e € E\ (E§ U EF). We conclude at the end that

ph =0, forall k€ K and all e € E\ (ES U EY).

Next, we will show that, o% = 0 for all ¥’ € K\ {k} and all s’ € {wy, ..., 5}. Consider the demand
k' in K\{k} and a slot s" in {wy, ..., 5} \ {s}. For that, we consider a solution §”16 = (E”16 5716)
in which

— a feasible path E”° is assigned to each demand k € K (routing constraint),

— a set of last-slots S710 is assigned to each demand k € K along each edge e € E”}6 with
|S”16] > 1 (contiguity and continuity constraints),

—{s —wp+1,..,tN{s" —wp +1,...,8"} = 0 for each k, k' € K and each s’ € S”}% and
s” € S”10 with E”16 N E”$ # 0, ie., for each edge e € E and each slot s” € S we have
ZkeK,eeE”iG {s' € §716,8” € {s' —wy + 1,...,5'}| < 1 (non-overlapping constraint),

—and {s' —wp +1,...,8}N{s" —wp +1,...8"} = 0 for each k € K and s” € S”}5 with
E"16 N E”1% £ () (non-overlapping constraint taking into account the possibility of adding the
slot s’ in the set of last-slots 5”19 assigned to the demand &’ in the solution S”!°),

— and |S”16| =1 for the demand k.

8716 is clearly feasible for the problem given that it satisifiﬁes aull1 ;ohe constraints of cut formulation
(2)-(12). Hence, the corresponding incidence vector (x5, 25" ") is belong to F and then to F¥

given that it is composed by Zi:wk 2% = 1. Based on this, we distinguish two cases:

— without changing the paths established in S”!¢: we derive a solution S8 = (E'® §18) from
the solution §”16 by adding the slot s’ as last-slot to the demand k&’ without modifying the
paths assigned to the demands K in 8”16 (i.e., E}® = E”}° for each k € K), and the last-slots
assigned to the demands K \ {k’} in S”16 remain the same in the solution S i.e., $”16 = 5}8
for each demand k € K \ {k'}, and S} = 749 U {s'} for the demand k’. The solution S*® is
feasible given that

e a feasible path E,is is assigned to each demand k € K (routing constraint),

e a set of last-slots S} is assigned to each demand k € K along each edge e € E}® with
|S}8] > 1 (contiguity and continuity constraints),

o {8 —wp+1,...,8tN{s" —wp +1,...,5"} = 0 for each k,k’ € K and each s’ € S}® and
s” € S with E}8 N E}$ # 0, ie., for each edge e € E and each slot s” € S we have
ZkeK,eeE;S {s' € S}8,s" € {s' —wy, +1,...,s'}| <1 (non-overlapping constraint),

e and |S}®| =1 for the demand k.

The corresponding incidence vector (xsls, 28 18) is belong to F' and then to Fsk given that it is
composed by Zi:wk 2% = 1. We the obtain that

» 16 » 16 18 18 » 16 » 16 ’
/wcs +025 = /wcs +02° = /wcs +02° + Uf,.

It follows that 0% = 0 for demand k and a slot s’ € {wy, ..., 5}.
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— with changing the paths established in S”16: we construct a solution S’*® derived from the
solution S”'6 by adding the slot s’ as last-slot to the demand &’ with modifying the paths
assigned to a subset of demands K C K in 8”6 (i.e., Ejf® = E”} for each k € K \ K, and
E}I® # E716 for each k € K) s.t.

e a new feasible path E,’js is assigned to each demand k € K (routing constraint),

eand {s' —wp+1,..,8}N{s" —wp +1,...,8"} = 0 for each k € K and ¥’ € K\ K and
each s € §7}6 and s” € §7}¢ with E}® N E”}¢ # 0, i.e., for each edge e € E and each slot
s” € S we have Zkef(,eeE,;lS H{s' € 5716, s” € {s' —wp +1,...,8'} + ZkeK\f{,eeE”kﬁ {s' €
5716 8" € {s' —wy +1,...,8'}| <1 (non-overlapping constraint),

e and |S}!®| for the demand k.

The last-slots assigned to the demands K\ {k’} in §”1® remain the same in §"*8 i.e., $7 16 = ;18
for each demand k € K \ {k'}, and S};® = 57,9 U {s'} for the demand k’. The solution S*® is
clearly feasible given that

e a feasible path F}!® is assigned to each demand k € K (routing constraint),

e a set of last-slots S;!® is assigned to each demand k € K along each edge e € E;'® with
|S;18] > 1 (contiguity and continuity constraints),

o {s'—wp+1,..,8}N{s" —wp +1,...,8"} = 0 for each k, k' € K and each s’ € S}!® and
s” € S;® with Ej}® N E)® # 0, i.e., for each edge e € E and each slot s” € S we have
EkeK,eeE,;ls {s' € S;18 5" € {s' —wy +1,...,5'} <1 (non-overlapping constraint),

e and |S}!®¥| for the demand k.

The corresponding incidence vector (mslls,zs/ls) is belong to F and then to F¥ given that it
is composed by °7_, zF = 1. We have so

» 16 » 16 718 718 516 9 16 ’ 7. L.
/ws +025 = ,uxs +025 = ,ums +025 + Jf, — E E u’; + E E ,u’;,.
keK ecE” ;6 keK e'€E}18

It follows that ¢ = 0 for demand &’ and a slot s’ € {wy, ..., 5} given that u* = 0 for all the
demand k € K and all edges e € E'\ (EY U EY).

The slot s’ is chosen arbitrarily for the demand k’, we iterate the same procedure for all feasible
slots in {wy, ..., 8} of demand &’ s.t. we find

o¥ =0, for demand k' and all slots s’ € {wy, ..., 5}

Given that the demand %’ is chosen arbitrarily. We iterate the same thing for all the demands k”
in K\ {k, &’} such that

ok =0, for all k7 € K\ {k,k'} and all slots s € {wy>, ..., 5}
Consequently, we conclude that
o =0, for all ¥’ € K \ {k} and all slots s" € {wy, ..., 5}.

Let’s prove now that o for demand k and slots s in {wy, ..., 8} are equivalent. Consider a slot
s € {wy, ...,5} s.t. s’ ¢ S{5. For that, we consider a solution S'6 = (E1¢,§1) in which

— a feasible path E,? is assigned to each demand k € K (routing constraint),

— a set of last-slots 5’;6 is assigned to each demand k € K along each edge e € EN’éG with \5’;6| >1
(contiguity and continuity constraints), _

—{s —wp +1,..,8N{s" —wp +1,..,8"} = 0 for each k,k’ € K and each s’ € S{° and
s” € SIS with Ef N ES # 0, ie., for each edge ¢ € E and each slot s € S we have
ZkeK,eeE;G {s' € 5}0,s” € {s' —wy + 1,...,5'}| <1 (non-overlapping constraint),

—and {s' —wr +1,..,8tN{s" —wp +1,...,8"} = 0 for each ¥’ € K and s” € S,i? with
E° N ES # 0 (non-overlapping constraint taking into account the possibility of adding the
slot s’ in the set of last-slots 5’;6 assigned to the demand k in the solution 5’16).7

— and |S}%| = 1 for the demand k.
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816 is clearly feasible for the problem given that it satisfies all the constraints of cut formulation

(2)-(12). Hence, the corresponding incidence vector (xSlG,zgm) is belong to F' and then to Fg
given that it is composed by Zz:wk 2% = 1. Based on this,

— without changing the paths established in S®: we derive a solution S = (EY9, 51 from the
solution S'6 by adding the slot s’ as last-slot to the demand k and removing the last slot s € S,i67
ie., SEO = (S10\ {s})U {3} for the demand k s.t. {s' —wy +1,...,8'}N{s" —wp +1,...,5"} =0
for each k' € K and s” € S} with E}° N E}? # (. The paths assigned to the demands K in
S'6 remain the same in S (ie., B} = EN’;G for each k € K), and also the last-slots assigned
to the demands K \ {k} in §'°, i.e., S}¢ = S}2 for each demand k” € K \ {k}. The solution
S is feasible given that

e a feasible path F}? is assigned to each demand k € K (routing constraint),

e a set of last-slots S} is assigned to each demand k € K along each edge e € E}? with
|S}9] > 1 (contiguity and continuity constraints),

o {s—wp+1,....stN{s” —wp +1,...,5"} = 0 for each k,k’ € K and each s’ € S}° and
s” € S} with E}° N EL) # 0, ie., for each edge ¢ € E and each slot s € S we have
EkeK,eeE,? {s' € S}?,s” € {s' —wi +1,...,s'}| <1 (non-overlapping constraint),

e and |S}?| =1.

The corresponding incidence vector (xslg, 28 19) is belong to F' and then to F' Lé‘ given that it is
composed by Z§ z¥ = 1. We then obtain that

S=wE TS

HxélG Jr 02316 _ uxsllg Jr 028119 _ ngls Jr 02516 i Uf + a-]:/
It follows that 0% = 0% for demand k' and a slots s, s’ € {wg, ..., 5}.

— with changing the paths established in S': we construct a solution S*° derived from the
solution §1® by adding the slot s" as last-slot to the demand k' in S} and removing the last
slot s assigned to k in S0 (i.e., Si1 = (S}0\ {s}) U {s'} for the demand k) with modifying
the paths assigned to a subset of demands K € K in §'¢ (i.e., E{® = E}S for each k € K\ K,
and B}l # ELS for each k € K), and also the last-slots assigned to the demands K \ {k} in
S remain the same in 8*2. The solution "1 is clearly feasible given that

e a feasible path F}!9 is assigned to each demand k € K (routing constraint),

e a set of last-slots S;!? is assigned to each demand k € K along each edge e € E;!¥ with
|S;19] > 1 (contiguity and continuity constraints),

o {8 —wp+1,..,8}N{s" —wp +1,...,8"} = 0 for each k, k' € K and each s’ € S}1? and
s” € S;9 with B} N B # 0, i.e., for each edge e € E and each slot s” € S we have
EkeK,eeE;jQ {s' € S;19 5" € {s' —wy +1,...,5'} <1 (non-overlapping constraint),

e and |S}19] = 1.

The corresponding incidence vector (xslw,zs/lg) is belong to F' and then to Fg given that it
is composed by Zi:wk 2% = 1. We have so

ugjgw n 02316 _ //LxSllg n 0’2;5/19 _ ul‘gm n 02316 n a'f, B o'f n 0'5
516 3/19
BRI 3B S
kEK e€E}S kER e€E°
It follows that o = o* for demand k and a slots s, s’ € {wg, ..., 3} given that u¥ = 0 for all

k€ K and alle € E\ (Ef UEY).

The slot s is chosen arbitrarily for the demand k in {wy, ..., §}, we iterate the same procedure for
all feasible slots in {wy, ..., 5} of demand k s.t. we find

ok, =¥, for all slots s,s" € {wy, ..., 5}.

Consequently, we obtain that o® = p for demand k and slots s in {wy, ..., 5}.
On the other hand, we ensure that all the edges e € Ef for each demand k are independants s.t.
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for each demand k € K we have

k, k,
douE= Y o= Y () =0.

ec Eé“ eGE'(’)C eEEéc

The only solution of this system is p* = fyf “ for each e € Ef for the demand k. As k is chosen
arbitrarily in K, we iterate the same procedure for all k' € K \ {k}. We conclude that

pk =1, for all k € K and all e € Ef,

We re-do the same thing for the edges e € E¥ for each demand k which are independants s.t. for
each demand k € K we have

k k.
D= W = Y () =0

eEE{C eEE{c eEE‘{C

The only solution of this system is p* = 75 *“ for each e € EF for the demand k. As k is chosen
arbitrarily in K, we iterate the same procedure for all ¥’ € K \ {k}. We conclude that

pf = ~5¢, forall k € K and all e € EY,

On the other hand, all the slots s € {1,...,wy — 1} for each demand % are independants s.t. for
each demand k € K, we have

wr—1 wp—1 wp—1

2 : k _ } : k,s § : k kysy _
O = V3 (03773 )*O

s=1 s=1 s=1

The only solution of this system is o% = 7§’S for each s € {1,...,w, — 1} for the demand k. As k is
chosen arbitrarily in K, we iterate the same procedure for all k¥’ € K \ {k}. We then get that

ob = fyg’s, for all k € K and all s € {1,...,w, — 1}. (25)
We conclude that for each k' € K and e € E
N ife € B
pe =44k ifee BV
0, otherwise
and for each ¥ € K and s € S
A i s e {1, wp — 1)
o =S pif k' =k and s € {wyr, ..., 5}

0, otherwise.

As aresult (u,0) = Z pﬁf + 7@ for the demand k which ends our strengthening of proof.

s=wp

Proposition 6. Consider an edge e € E, and an interval of contiguous slots I = [s;,s;] C S. Let
kK € K be pair of demands with e ¢ (EY U EY), 2wy, > |1|, 2wy > ||, wy + wp > |I], and
k, k' are not mon-compatible demands for the edge e. Then, the following inequality is valid for
P(G.K,S)

Sj Sj
AR SO S YA (26)
s=s;twr—1 s=s;+wyr—1

Proof. For each edge e € E and interval of contiguous slots I C S, the inequality (26) ensures that
if the two demands k, k" pass through edge e, they cannot share the interval I = [s;, s;] over edge
e.
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Theorem 7. Consider an edge ¢ € E, and a slot s € S. Let k, k' be two demands in K with
k, k" are not non-compatible demands for the edge e. Then, the inequality (8) is facet defining for
P(G,K,S) iff K.\ {k,k'} =0, and there does not exist an interval of contiguous slots I = [s;, s;]
s.t.

— Hsi+wr —1,...,8;} > wy,

—and |{s; +wir — 1,...,8;}| > wp,

— and s € {s; + max(wg, wy') — 1,..., 5, — max(wy, wir) + 1},
— and wi +wg > 1]+ 1,

— and 2wy > |I| + 1,

— and 2wy > |I] + 1.

Proof. Let K = {k,k'}.

Neccessity.

If K.\ K # 0, then the inequality (8) is dominated by the inequality (26) without changing its
right hand side. Moreover, if there exists an interval of contiguous slots I = [s;, 5] s.t.

— {si +wg — 1,...,5;}| > wy, for each demand k € K,

and s € {s; + maxwy — 1, ..., s; — maxwy + 1},
ke keK

— and wy + wgr > |I|+1foreach~k,k’6k,
— and 2wy, > |I| 4+ 1 for each k € K.

Then the inequality (8) is dominated by the inequality (26). Hence, the inequality (8) is not facet
defining for P(G, K, S).

Sufficiency.

Let F;i{’s denote the face induced by the inequality (8), which is given by

min(s+wyg—1,5)
F* ={(z,2) € P(G.K,S): Y zF+ Y h=|K|+1}.

K
keK s'=s

min(s+wy—1,5)

In order to prove that inequality Zke I zk + > 2k < K| —|— 1 is facet defining for
P(G,K,S), we start checking that F is a proper face, and F$*® # P(G, K,S).

We construct a solution §?° = (E2, 520) as below

i’) 0 7

— a feasible path F?Y is assigned to each demand k € K (routing constraint),

— aset of last-slots S2¥ is assigned to each demand k € K along each edge ¢’ € E?° with [S2°] > 1
(contiguity and continuity constraints),

—{s—wp+1,..,stN{s —wp +1,...,5'} =0 for each k,k’ € K and each s’ € S3° and s’ € S3?
with E29 N EZ # () (non-overlapping constraint),

— and there is one demand k from the set of demands K (i.e., k € K s.t. the demand k selects a
slot s’ as last-slot in the solution $?° with s’ € {s,...,s +wy — 1}, i.e., s’ € 30 for a demand
k € K, and for each s’ € S for all k' € K \ {k} we have &' ¢ {s,...,s + wy — 1},

— and all the demands in K pass through the edge e in the solution S, i.e., e € E2Y for each
ke K.

Obviously, S?0 is a feasible solution for the problem given that it satisfies all the constraints of our

cut formulation (2)-(12). Moreover, the corresponding incidence vector (xSQO,zSZO) is belong to

P(G, K,S) and then to F2° given that it is composed by 37 ok + ZISI,IT§S+W’“ 1) 2k =1 Asa
result, F;i(’s is not empty (i.e., F;f(’s # (). Furthermore, given that s € S, this means that there exists
at least one feasible slot assignment Sy, for each demands k in K with Sj, N {8,y s+wp —1} = 0.
Hence, F2° # P(G, K,S).

We denote the inequality -, - = gk 4yl ok < |K|+1by az+ Bz < A Let pr+oz < 7
be a valid inequality that is facet defining F' of P(G K, S). Suppose that F;S CF={(2c¢
P(G,K,S) : ux + oz = 7}. We show that there exists p € R and v = (71,72,73) (s.t. 11 €
RZkEK ‘E(IH7,.)/2 [= RZkGK |Ef|,/}/3 c RZkEK(wkfl)) s.t. (’u70-) = p(a7 B) + 7@7 and that
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— of =0 for all demands k € K and all slots s’ € {wg,...,5} with & & {s,...,s + w — 1} if
ke f{

— and a , are equivalents for all k € K and all s’ € {s,...,s +wy, — 1},

— and p¥, = 0 for all demands k € K and all edges e € E \ (B¥UEF) with e £ ¢ if k € K,

— and all pk are equlvalents for the set of demands in K,

— and of, and p¥ are equivalents for all k € K and all s’ € {s,...,s +wy, — 1}.

We first show that p¥, = 0 for each edge ¢’ € E '\ (E§ U EY) for each demand k € K with e # ¢ if
k € K. Consider a demand k € K and an edge ¢’ € E \ (E} U EY) with e # ¢’ if k € K. For that,
we consider a solution §?° = (E"?°,5"2%) in which

— a feasible path E}?° is assigned to each demand k € K (routing constraint),

— and a set of last-slots S;?° is assigned to each demand k € K along each edge ¢’ € E}2° with
|S;2°| > 1 (contiguity and continuity constraints),

—and {s' —wr +1,....8} N{s” —wp + 1,...,8"} = 0 for each k, k' € K and each s’ € S}?°
and s” € S2° Wlth E’20 NEZY # 0, ie., for each edge ¢/ € E and each slot s” € S we have
D okeK.el ‘e B0 {s" € 5’20 s €{s —wr+1,...,5} <1 (non-overlapping constraint),

— and there is one demand k from the set of demands K (i.e., k € K s.t. the demand k selects a
slot " as last-slot in the solution §’?° with s’ € {s, ...,s +wy, — 1}, i.e., s’ € S;?° for a demand
k € K, and for each s’ € Si2° for all k' € K \ {k} we have s’ ¢ {s,...,s + wy — 1},

— and the edge ¢’ is not non-compatible edge with the selected edges e” € E,’fo of demand k in
the solution &', i.e., Ee,,eE];zo leo + 1o <. As avesult, E}2° U {e'} is a feasible path for the
demand k,

— and all the demands in K pass through the edge e in the solution 8%, i.e., e € E for each
ke K.

8?0 is clearly feasible for the problem given that it satiszfges a1210 the constraints of cut formulation
(2)-(12). Hence, the corresponding incidence vector (z& ,2° ) is belong to F and then to F;(’S

given that it is composed by Y, -z @, +Z$T£é+w" 1,%) 2% = 1. Based on this, we derive a solution

82! obtained from the solution §?° by adding an unubed edge ¢/ € E\ (E} U E¥) for the routing
of demand k in K in the solution §?° which means that EZ' = E;2° U {e’}. The last-slots assigned
to the demands K, and paths assigned the set of demands K \ {k} in 8’?° remain the same in the
solution 8?1, i.e., 521 S;20 for each k € K, and E?! = Ej2° for each £k’ € K \ {k}. S?! is clearly
feasible given that

— and a feasible path E?! is assigned to each demand k € K (routing constraint),

— and a set of last-slots S,%l is assigned to each demand k € K along each edge ¢’ € E,%l with
|S2!| > 1 (contiguity and continuity constraints),

—and {s' —wgp +1,....8}N{s" —wp +1,....,8"} = 0 for each k,k’ € K and each s’ € S
and s” € SZ} with EZ' N EZ} # 0, ie., for each edge ¢’ € E and each slot s” € S we have
ZkeK,e/eE? |{s" € S1,s” € {s' —wy, +1,...,s'}| <1 (non-overlapping constraint).

. . . 21 21
The corresponding incidence vector (z° ,2° )

composed by >, ¥ + somin(stwe =19 ok — 1. 1t follows that

s'=s

is belong to I and then to F° given that it is

8120 8/20 8/20

n +oz = ,ux$21 + 02521 = ux + ulzl + azslzo.

As a result, p¥, = 0 for demand k and an edge ¢’

As ¢’ is chosen arbitrarily for the demand k with e ¢ Ef U E¥ and e # € if k € K, we iterate the
same procedure for all e € E\ (E¥ U E¥ U {€/}) with e # ¢” if k € K. We conclude that for the
demand k

pk =0, forall ¢’ € E\ (EYUEY) withe # ¢ if k € K.

Moreover, given that k is chosen arbitrarily in K, we iterate the same procedure for all k¥’ € K\ {k}
and all ¢/ € E'\ (E§ U EF). We conclude at the end that

pk, =0, forall k € K and all ¢’ € E\ (EF U EF) with e # ¢ if k € K.
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Let’s us show that o¥ = 0 for all k € K and all s’ € {wy,...,5} with s' ¢ {s,...,s + wp — 1} if
k € K. Consider the ‘demand k and a slot ' in {wi,...,5} with s’ ¢ {s,...,s +w, — 1} if k € K.
For that, we consider a solution $”20 = (E”20,5729) in which

— a feasible path E” io is assigned to each demand k € K (routing constraint),

— a set of last-slots S”io is assigned to each demand k € K along each edge ¢’ € E”io with
|572%] > 1 (contiguity and continuity constraints),

- {s — wg —|— 1.} N{s” —wp + 1,..,8"} = 0 for each k,k’ € K and each s’ € 572° and

€ 573 with E"30 N E”29 #£ (), ie., for each edge ¢’ € E and each slot s € S we have
ZkeK’e repn20 {s' € 8729 8" € {s' —wy + 1, ..., s’}| < 1 (non-overlapping constraint),

— and {s’ — wk +1,.,8N{s —wp +1,. = () for each ¥ € K and s” € S”% with
E”20 N E” #0 (non overlapping constramt takmg into account the possibility of addmg the
slot s in the set of last-slots S 20 assigned to the demand k in the solution §”29),

— and there is one demand k from the set of demands K (i.e., k € K s.t. the demand k selects a
slot s as last-slot in the solution 8”20 with s’ € {s, ..., s +wy — 1}, i.e., s’ € §72° for a demand
k € K, and for each s’ € §7%9 for all k' € K \ {k} we have s’ ¢ {s,...,5 + wy — 1},

— and all the demands in K pass through the edge e in the solution S”2°, i.e., ¢’ € E” io for each
ke K.

8720 is clearly feasible for the problem given that it satiszﬁes allothe constraints of cut formulation
(2)-(12). Hence, the corresponding incidence vector (x5, 29" ) is belong to F' and then to F;{’s

min(s+wy—1,5)

given that it is composed by >, g 2k + > 0% 2k, = 1. Based on this, we distinguish two

cases:

— without changing the paths established in §”2°: we derive a solution §?2 = (E?2,.$?2) from
the solution §72° by adding the slot s’ as last-slot to the demand k without modifying the
paths assigned to the demands K in 8”2 (i.e., Ef? = E”0 for each k € K), and the last-slots
assigned to the demands K \ {k} in §”2° remain the same in the solution §?? i.e., $”29 = S7?
for each demand k' € K \ {k}, and S?? = 730 U {s'} for the demand k. The solution %2 is
feasible given that

e a feasible path E,%z is assigned to each demand k € K (routing constraint),

e a set of last-slots S72 is assigned to each demand k € K along each edge ¢’ € E?? with
|S#2| > 1 (contiguity and continuity constraints),

o {8 —wp+1,...8tN{s” —wp +1,...,5"} = 0 for each k,k’ € K and each s’ € S?? and
s” € S with EZ2 N E? # 0, i.e., for each edge ¢/ € E and each slot s € S we have
ZkeK,e’eE,? [{s' € S#2,5” € {s' —wy, +1,..., '} <1 (non-overlapping constraint).

The corresponding incidence vector (57, 25”") is belong to F and then to F2° given that it

is composed by Y, oz ok + Somin(s w1, %) zF, = 1. We then obtain that

s'=s

» 20 520 22 22 20 920
,u:cs +02° :,uxs +02° :,uxs + 025 —l—af,.

It follows that ok =0 for demand k and a slot s’ € {wy, ..., 5} with s’ & {s,...,s + wy — 1} if
ke K.

— with changing the paths established in 8”2°: we construct a solution 8?2 derived from the
solution $”2° by adding the slot s’ as last-slot to the demand k with modifying the paths
assigned to a subset of demands K C K in §”?° (i.e., E{??> = E"3° for each k € K \ K, and
E2? £ 7?0 for each k € K) s.t.

e a new feasible path E}?? is assigned to each demand k € K (routing constraint),

e and {s —wg +1,. ’}ﬂ{s” —wp +1,...,5”} = 0 for each k € K and k' € K \ K and
each s’ € 5720 and s” € 5739 with E22 N E"30 £ 0, i.e., for each edge ¢’ € E and each slot
s" €S we have dorei,eeme {5 € S”ZO, s"€{s' —we 1, S HA D per\ ke {5 €
5720 57 € {s' —wy +1,...,8'}| <1 (non-overlapping constraint),

e and {s' —wp +1,....,8YN{s" —wp +1,...,5"} =0 for each k¥’ € K and s” 6 5729 (non-
overlapping constraint taking into account the possibility of adding the slot s’ in the set of
last-slots S”29 assigned to the demand k in the solution S”2°).
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The last-slots assigned to the demands K\ {k} in §”2° remain the same in §'??, i.e., $"29 = 52
for each demand k' € K \ {k}, and S}?? = $”"2° U {s} for the demand k. The solution S'** is
clearly feasible given that
e a feasible path F}?? is assigned to each demand k € K (routing constraint),
e a set of last-slots S;?? is assigned to each demand k € K along each edge € € E;?? with
|S;22] > 1 (contiguity and continuity constraints),
o {s'—wp+1,..,8tN{s" —wp +1,...,8"} = 0 for each k, k' € K and each s’ € S}? and
s” € S22 with E?2 N Ej2% +# 0, i.e., for each edge ¢’ € E and each slot s” € S we have
ZkeK,e’eE,?? {s' € S?2,s” € {s' —wi, +1,...,5'} <1 (non-overlapping constraint).

The corresponding incidence vector (:c‘sm, 23'22) is belong to F' and then to FE’S given that it

. min(s+wg—1,5
is composed by Y-,z 2 + Zy:g s=1,3) 2%, = 1. We have so
57720 57720 o 8/22 8/22 _ 87720 57;20 k E ]';:
nx +o0z = ux +o0z = ux +oz ‘o — E E Her + E E JUACR
%EkeleEﬂio I}eRE”EE,’fZ

It follows that ¥ = 0 for demand k and a slot s’ € {wy, ..., 5} with s’ & {s,...,s + wp — 1}
if k € K given that pk =0 for all the demand k € K and all edges ¢’ € E \ (Ef U E¥) with
e#£e ifkekK.

The slot s’ is chosen arbitrarily for the demand k, we iterate the same procedure for all feasible
slots in {wy, ..., 5} of demand k with s’ ¢ {s,...,s +w, — 1} if k € K s.t. we find

af, =0, for demand k and all slots s’ € {wg,...,5} with 8" ¢ {s,...,s +wy — 1} if k € K.

Given that the demand k is chosen arbitrarily. We iterate the same thing for all the demands &’
in K\ {k} such that

0¥ =0, for all ¥’ € K \ {k} and all slots s' € {wy,...,5} with s’ ¢ {s,....,s + wp — 1} if k¥’ € K.
Consequently, we conclude that
ok =0, for all k € K and all slots s’ € {wy,...,5} with s ¢ {s,...,5 + w;, — 1} if k € K.

Let prove that ¥ for all k € K and all s’ € {5, ..., s+ wy — 1} are equivalents. Consider a demand
k' and a slot s’ € {s, ..., s +wp — 1} with ¥’ € K. For that, we consider a solution $?° = (E?0, §20)
in which

— a feasible path E7?° is assigned to each demand k € K (routing constraint),

— aset of last-slots S7° is assigned to each demand k € K along each edge ¢’ € EZ° with |S7°| > 1
(contiguity and continuity constraints), ~

—{s' —wp + 1,..., 8} N{s" —wp + 1,...,8"} = 0 for each k, k' € K and each s’ € S and
s7 € 3,39 with E,%O N E,%P # (), i.e., for each edge ¢/ € E and each slot s” € S we have
Yrer,eci {s € 520" € {s' —wy + 1,...,5'}| <1 (non-overlapping constraint),

— and {s—wp+1,...,s}N{s' —wp +1,...,5'} = 0 for each k € K and s € 770 with E’NEZ # ()
(non-overlapping constraint taking into account the possibility of adding the slot s’ in the set
of last-slots 27 assigned to the demand k' in the solution §”2°),

— and there is one demand k from the set of demands K (i.e., k€ K s.t. the demand k selects a
slot s" as last-slot in the solution §%° with s’ € {s,...,s + wy — 1}, i.e., s’ € SV for a demand
k € K, and for each s’ € S for all ¥’ € K \ {k} we have s’ ¢ {s, ..., s + wy — 1},

— and all the demands in K pass through the edge e in the solution §20, ie, e € E,%O for each
keK.

S§20 is clearly feasible for the problem given that it satisfies all the constraints of cut formulation

(2)-(12). Hence, the corresponding incidence vector (z5°°,25"") is belong to F and then to F2°

min(s+wy,—1,5)
s'=s

given that it is composed by >, - xlg, +> zf, = 1. Based on this, we distinguish two

cases:



38 Diarassouba et al.

— without changing the paths established in §2°: we derive a solution S?* = (E?3,5%) from the
solution S2° by adding the slot s’ as last-slot to the demand k without modifying the paths
assigned to the demands K in S (ie., EF = E20 for each k € K), and also the last-slots
assigned to the demands K \ {k, k"} m 820 remain the same in S, i.e., S2¥ = S for each
demand k” € K\ {k,k'}, and S = S2?U{s'} for the demand £’, and modlfymg the last-slots
assigned to the demand %k by adding a new last-slot § and removing the last slot s’ € gio
with s’ € {s; + wy + 1,...,5;} and § ¢ {s; +wy, + 1, ..., s;} for the demand k with k € K s.t.
523 = (SPO\{sH U {5} st. {§—wip +1,...,5)N{s —wp +1,....5'} = 0 for each k¥’ € K and
s’ € §% with E2* N EZ # (). The solution 8% is feasible given that

e a feasible path E,f_?’ is assigned to each demand k € K (routing constraint),
e a set of last-slots 5,33 is assigned to each demand k € K along each edge ¢’ € E,z?’ with
|S#3] > 1 (contiguity and continuity constraints),
o {s'—wp+1,....,8tN{s” —wp +1,...,5"} = 0 for each k,k’ € K and each s’ € S?* and
€ S with EP3 N E¥ # 0, ie., for each edge ¢/ € E and each slot s” € S we have
EkeK,e’eEg?’ [{s' € S33,5” € {s' —wk + 1,...,5'}| <1 (non-overlapping constraint).

The corresponding incidence vector (x ‘523, 2823) is belong to F' and then to FES given that it
is composed by >,z 2 + me stk —1,8) 2%, = 1. We then obtain that

'=s

/wgzo + 02520 = /mcSZS + 02823 = /wsm + 02320 + JS’?: - af, + aé?.
It follows that o% = o% for demand &’ and a slot s’ € {wg,...,5} with ¥’ € K and s’ €
{s,...,s + wp — 1} given that o% =0 for 5§ ¢ {s,...,s + wy — 1} with k € K.

— with changing the paths established in S2°: we construct a solution S&'23 derived from the
solution S by adding the slot s’ as last-slot to the demand k' with modifying the paths
assigned to a subset of demands K ¢ K in §2° (i.e., E,’C23 = E,zo for each k € K\ K, and
E23 £ E for each k € K), and also the last-slots assigned to the demands K \ {k, '}
in $?° remain the same in 8, ie., S¥ = 2 for each demand k" € K \ {k,k'}, and
5123 = 5§29 U {s'} for the demand &', and modifying the last-slots assigned to the demand
by adding a new last-slot 3 and removing the last slot s’ € 520 with s’ € {s; + wy + 1, ..., 5;}
and 5 ¢ {s; +wy, + 1,...,8;} for the demand k with k € K s.t. $;23 = (S2°\ {s}) U {5} s.t.
{—wp+1,.,5}N{s' —wp +1,....,8'} = 0 for each k' € K and s’ € 523 with E;>* N EZ3 # 0.
The solution 8?3 is clearly feasible given that

e a feasible path E}?3 is assigned to each demand k € K (routing constraint),

e a set of last-slots S’23 is assigned to each demand k € K along each edge ¢’ € E** with
1S3 > 1 (contiguity and continuity constraints),

o {—wp+1,...,8}N{s” —wpr +1,...,8"} = 0 for each k, k" € K and each s’ € 523 and
s” € 523 Wlth E’23 NEZ # 0, ie., for each edge ¢/ € F and each slot s” € S we have
ZkeK’e reps [{s" € 923, s” e{s —wp+1,...,5} <1 (non-overlapping constraint).

The corresponding incidence vector (25, 25") is belong to F and then to F 2" given that it
is composed by >, - & zk 4 Zmln(9+w" L.5) 2k, = 1. We have so

s'=s

320 320 123 123 320 320 ’
,uxs +025 = ,uxs +025 = ‘LL:CS +025 + 0-577 - af/ + 0§

S IDINTES Sl ST

kEK e’€E2° kEK e’'€E;2®

It follows that o% = o% for demand k' and a slot s’ € {wg,...,5} with ¥’ € K and s’ €
{s,...,s +wy — 1} given that o¥ = 0 for 5 ¢ {s, .. 5+wk—1}WIth]€€K and p¥, = 0 for all
kEKandaHe € E\ (Ek U EY) with ¢ ;éelfk:EK

Given that the pair (k, k') are chosen arbitrary in the set of demands K, we iterate the same
procedure for all pairs (k, k') s.t. we find

ok, = ok, ., for all pairs (k,k)e K

S



On the Facial Structure of the C-RSA Polyhedron 39

with 8" € {s,...,s+wg — 1} and s’ € {s, ..., s +wps — 1}. We re-do the same procedure for each two
slots s,s" € {s,...,s + wy — 1} for each demand k € K with k € K s.t.

ok = ok forall k € K and 5,5’ € {s,...,5 + wy, — 1}.

Let us prove now that p* for all k € K with k € K are equivalents. For that, we consider a solution
S = (E?*, 5?4) defined as below

— a feasible path 2% is assigned to each demand k € K (routing constraint),

— aset of last-slots S7 is assigned to each demand k € K along each edge ¢’ € EZ* with [S34] > 1
(contiguity and continuity constraints),

—{s—wp+1,...,s}N{s —wp +1,...,5'} = 0 for each k, k' € K and each s’ € S?* and s’ € S}
with E2* N EZ! # 0 (non-overlapping constraint),

— and there is one demand k from the set of demands K (ie., k € K s.t. the demand k pass
through the edge e in the solution S24, ie., e € E,%‘l for a demand k € K, and e ¢ E',%fl for all
Woe K\ (k)

— and all the demands in K share the slot s over the edge e in the solution 8%, i.e., {s; + wy, +

.55} NS4+ () for each k € K.

Obviously, S?* is a feasible solution for the problem given that it satisfies all the constraints of

our cut formulation (2)-(12). Moreover, the corresponding incidence vector (x 8% 25™) is belong
to P(G, K,S) and then to F2° given that it is composed by >°, 7 =& zk ZS,‘TSSW’“ 19) 2k =

Consider now a demand &' in K s.t. e ¢ EZ*. For that, we consider a solution S?* = (E?*,52*) in
which

— a feasible path E‘,%‘l is assigned to each demand k € K (routing constraint),

— aset of last-slots S7* is assigned to each demand k € K along each edge e € E?* with [S?*| > 1
(contiguity and continuity constraints), ~

—{s' —wp + 1,.., 8} N {s" —wp + 1,...,8"} = 0 for each k, k' € K and each s’ € S?* and
s” € S'ifl with E,%‘l N E,ff‘ # (), i.e., for each edge ¢ € E and each slot s” € S we have
ZkeK,eeE? {s' € 524,s” € {s' —wy + 1,...,5'}| <1 (non-overlapping constraint),

—and {s—wg+1,...,s}N{s’ —wp +1, ... ’} 0) for each k € K and s’ € S?* with EF*NEZF # 0,

— and there is one demand k from the bet of demands K (ie., k € K s.t. the demand k pass
through the edge e in the solution S24, i.e., e € E,%4 for a demand k € K, and e ¢ E,%fl for all
E e K\ {k}, ) )

— and all the demands in K share the slot s over the edge e in the solution S?4, i.e., {s,...,s +
wy — 1} N S 0 for each k € K.

8§24 is clearly feasible for the problem given that it satisfies all the constraints of cut formulation
(2)-(12). Hence, the corresponding incidence vector (z 53 2524) is belong to F' and then to FEJS

min(s+w,—1 s)

given that it is composed by >, oz 2% + >0
8725 = (E”25,572%) from the solution S24 by

— the paths assigned to the demands K\ {k, k'} in $?* remain the same in §”2° (i.e., £722 = E3!
for each k7 € K\ {k,k'}),

— without modifying the last-slots assigned to the demands K in §%%, i.e., S3* = §7%° for each
demand k € K,

— modifying the path assigned to the demand &’ in §2* from Ek to a path E” ? passed through
the edge e (i.e., e € E"3) with k' € K s.t. {s —wg + 1,...,8} N {s' — wp + 1,..,s'} =0 for
cach k € K and each s’ € S and each s’ € S?* with E2* N E”2? # (),

— modifying the path assigned to the demand k in $?* with e € Ei‘* and k € K from E,%‘l to
a path E”%> without passing through the edge e (i.e., e ¢ E"%°) and {s — wj + 1,...,s} N
{8 —wp> +1,...,5'} = 0 for each k" € K \ {k,k'} and each s’ € 52* and each s € S2* with
EX¥NE? #£0,and {s —wy +1,....s} N {s —wp +1,...,5'} = 0 for each s’ € 52* and each
s’ € 52} with E”22 N E”25 £ 0.

= 1. Based on this, we derive a bOluthH

The solution S”2° is feasible given that
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— a feasible path E” i5 is assigned to each demand k € K (routing constraint),
— a set of last-slots S”%° is assigned to each demand k& € K along each edge e € E”25 with
k g g g A
|S725] > 1 (contiguity and continuity constraints),
—{s —wp+1,..,8tN{s" —wp +1,...,87"} = 0 for each k, k' € K and each s’ € S”%> and
€ 5720 with E"2° N E"%# # 0, i.e., for each edge ¢ € E and each slot s” € S we have
ZkeK’eeEﬂis {s' € 8725, 5" € {s' —wy + 1,...,5'}| < 1 (non-overlapping constraint).

. . . » 25 » 25
The corresponding incidence vector (25, 25")

composed by Y,z =k + me stwe—1.8) 2% = 1. We then obtain that

'=s

is belong to F' and then to F;:(’S given that it is

524 825 524

324 25 324 ’
Hx +02° = ux +02° :uacs +o0z —&-/ﬂ; —,u’;

S D W S S T S N T

eﬂeEui?\{e} e”EEiﬁl e”GE”is e7’EE~‘,§4\{€}

It follows that p* = p¥ for demand &k’ and a edge ¢/ € E'\ (E0 U E}') with vp o € K given that
b =0 forall k € K and all ¢’ € E\ (E§ U E}) with k € K.

Given that the pair (k,k’) are chosen arbitrary in the set of demands K, we iterate the same
procedure for all pairs (k, k') s.t. we find

pF = ¥ for all pairs (k, k') € K.

Furthermore, let prove that all af, and ¥ are equivalents for all k € K and s’ € {8y, s+wy —1}.
For that, we consider for each demand k" with &’ € K, a solution 8% = (E?%,5%%) derived from
the solution S?* as below

— the paths assigned to the demands K \ {k'} in $?* remain the same in % (i.e., EY = E for
each k7 € K\ {k'}),

— without modifying the last-slots assigned to the demands K \ {k} in S%*, i.e., S2* = S for
each demand k” € K \ {k},

— modifying the set of last-slots assigned to the demand &’ in §2* from 5%51 to S2% s.t. S25 N
{8y, s+ wp — 1} = 0.

Hence, there are \f(| —1 demands from K that share the slot s over the edge e (i.e., all the demands
in K\ {k'}), and two demands {k, %'} from K that use the edge e in the solution 5. The solution
826 is then feasible given that

— a feasible path E7° is assigned to each demand k € K (routing constraint),

— a set of last-slots S,%G is assigned to each demand k € K along each edge e € E,%G with \Si6| >1
(contiguity and continuity constraints),

—{s' —wp + 1,.., 8} N {s" —wp +1,...,8"} = 0 for each k, k' € K and each s’ € S7 and
s” € S with EZ° N EZ +# 0, ie., for each edge e € E and each slot s” € S we have
ZkeKeeE% {s" € Sk , 8" €{s’ —wr +1,...,5'}| <1 (non-overlapping constraint),

—and Y, g [EF N {e}| + 1SN {s,...,s +wp — 1} = |K|+1.

The corresponding incidence vector (x S2¢ 2526) is belong to F' and then to F;Zi(’s given that it is

composed by >,z zF + me(s+w’” 1.8) zF, = 1. We then obtain that

'=s

324 324 26 26 324 324 ’ ’ ’ ’
;ms +02° = uxs +025 = ux‘s +025 + u’; - af/ + g ulg,, — E Mg -
" €B25\{e} e B2

It follows that p*" = 0% for demand &’ and slot s’ € {s,....s + wp — 1} given that pk, =0 for all
ke K and all &” € E\ (EE UEY) with e # ¢” if k € K. Moreover, by doing the same thing over
all slots s’ € {s, ..., s + wg — 1}, we found that

pF = o forall 8" € {s,....,s +wp — 1}.
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Given that &’ is chosen arbitrarily in K, we iterate the same procedure for all k € K to show that
pk =ok forall k € K and all §" € {s,...,s + w — 1}.

Based on this, and given that all uk are equivalents for all k € K, and that 0];, are equivalents for
all k € K and ¢’ € {s,...,s +wy — 1}, we obtain that

pk =" forall k,k' € K and all §' € {s,...,s + w — 1}.
Consequently, we conclude that
pF =0k =p, forall k,k' € K and all s’ € {s,...,s +wy — 1}.

On the other hand, we ensure that all ¢/ € E} for each demand k are independants s.t. for each
demand k£ € K we have

> b= P = 3T (k=) =0

e'eBf e'eBk e'eEBk

The only solution of this system is u¥ = ’yf " for each ¢’ € Ef for the demand k. As k is chosen
arbitrarily in K, we iterate the same procedure for all k' € K \ {k}. We conclude that

ik =5 forall k € K and all ¢ € EF,

We re-do the same thing for the edges ¢/ € EF for each demand k which are independants s.t. for
each demand k € K we have

> oph = w3 (k- =0

e'€EEY e'€EEY e'€EEY

The only solution of this system is u¥ = 75 ' for each ¢’ € E¥ for the demand k. As k is chosen
arbitrarily in K, we iterate the same procedure for all k' € K \ {k}. We conclude that

i =5 forall k € K and all ¢ € EF,

Furthermore, all the slots s’ € {1,...,w; — 1} for each demand k are independants s.t. for each
demand k € K, we have

wg—1 wg—1 wg—1

§ : k ks’ k ks’
Ogr = V3 - E (03/ — 73 ) =0
s=1 s=1

s=1

The only solution of this system is o% = 7;)“’5/ for each s’ € {1,...,w; — 1} for the demand k. As k
is chosen arbitrarily in K, we iterate the same procedure for all ¥’ € K \ {k}. We then get that

ok, = "y;f’sl, for all k € K and all 8" € {1,...,w;, — 1}. (27)

s
We conclude that for each k¥’ € K and ¢’ € F
'yf/’e/, if ' € EY,
fygl’e/, if ¢ € EF,
p, if ' € Kand ¢ =e,

0, otherwise,

K _
Her =

and for each k € K and s’ € S
’yg’s,,if se{l,. .. wp—1}
ol = pif k€ K and 5" € {s,...,s + wp — 1},
0, otherwise.

min(s+wy—1,5)

As aresult (u,0) = Z pak 4 Z pBE +1Q.

keK s'=s
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5 Conclusion

In this paper, we studied the Constrained-Routing and Spectrum Assignment problem. We first
introduced an integer linear programming based on the so-called cut formulation for the problem.
We investigated the facial structure of the associated polyhedron by showing that some basic
inequalities of the cut formulation are facet-defining under certain conditions.
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