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* ARNAUD

In this paper, we provide bounds in various metrics between
the successive iterates of two functional autoregressive processes with

isotropic Gaussian noise of the form Y 1 = Ty(Y}) + /702211

and Yj 1 = T~y (V3) + \V/702Z} 1 in the limit where the param-
eter v — 0. More precisely, we give non-asymptotic bounds on
p(L(Y},), L(Y3,)), where p is an appropriate weighted Wasserstein dis-
tance or a V-distance, uniformly in the parameter «y, and on p(7~, ),
where 7y and 7y are the respective stationary measures of the two
processes. Of particular interest, this class of processes encompasses
the Euler-Maruyama discretization of Langevin diffusions and its
variants. To obtain our results, we rely on the construction of a dis-

crete Markov chain (ng’Y)) keN for which we are able to bound the
moments and show quantitative convergence rates uniform on ~. In
addition, we show that this process converges in distribution to the
continuous sticky process studied in [20, 18]. Finally, we illustrate our

result on two numerical applications.

1. Introduction. We are interested in this paper in Markov chains (Y} )xen start-

ing from y € R? and defined by recursions of the form
(1) Vi1 =Ty (Ye) + 0/ 7 Zk11,

where 0 >0, v € (0,7], for ¥ >0, {T, : v € (0,7]} is a family of continuous functions
from R? to R? and (Zy) k>11s a sequence of i.i.d. d-dimensional standard Gaussian ran-
dom variables. Note that the Euler-Maruyama discretization of overdamped Langevin
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diffusions or of general Komolgorov processes and its variants belong to this class of pro-
cesses and in that setting v corresponds to the discretization step size. Indeed, the Euler
scheme consists in taking for any v € (0,7], T, (y) =y + 7b(y) for some b: R? — R%
When b = —VU for some potential U, these methods are now popular Markov Chain
Monte Carlo algorithms to sample from the target density z — e~V / Jra e Uy,
However, in some applications, explictly computing VU is not an option and further
numerical methods must be implemented which come with additional bias since only
approximations of VU can be used in (1). In this paper, we precisely study this ad-
ditional source of error. In particular, based on a chain defined by (1), we consider a
second Markov chain (f/k) ren defined by the recursion

(2) Yieer = Ty(Y2) + 0/ ks

where {T,, : v € (0,7]} is a family of functions from R? to R? such that for any =,
TW is an approximation of T, in a sense specified below, and (Zk)k>1 is a sequence
of i.i.d. d-dimensional standard Gaussian random variables potentially correlated with
(Z)k>1- i

We will enforce below conditions that ensure that both (Yj)ren and (Yj)g>1 are
geometrically ergodic, and denote by ., and 7, their invariant probability measures
respectively. If for any v > 0, Tv is close in some sense to T, the overall process (Yk)keN
can be seen as a perturbed version of (Yi)ren, and 7 is expected to be close to .
The main goal of this paper is to establish quantitative bounds between the finite-time
laws of the two processes and between their equilibria. We pay particular attention
to the dependency of these estimates on . Indeed, in the case of the Euler scheme
of a continuous-time diffusion, 7, and the law of Y};/,| for some ¢ > 0 converge to
the invariant measure and law at time ¢ of the continuous-time process, and similarly
for the perturbed chain. Hence, as v — 0, our estimates should not degenerate, but
rather yield quantitative estimates for the continuous time process. More precisely, the
present paper is the discrete-time counterpart of the study conducted by [18] in the
continuous-time case, and as «y vanishes we recover estimates that are consistent with
those of [18].

As in [18], our results are based on the construction of a suitable coupling of the
processes, i.e. a simultaneous construction of a pair (Yk,Yk)keN of non-independent
chains that marginally follow respectively (1) and (2) and are designed to get and
stay close one to the other. We use the maximal reflection coupling for Gaussian laws,
namely at each step the two chains are coupled to merge with maximal probability
and, otherwise, we use a reflection (see Section 2.2 below). Estimates on the laws of
the chains then follow from the study of (||Yx — Yi||)ren, which is itself based on the
analysis of a Markov chain (Wj)ren on [0,+00) that is such that, by design of the
coupling, ||V — Yi|lx < Wi for all k € N. Thus, the question of establishing bounds
between the laws of two d-dimensional Markov chains is reduced to the study of a
single one-dimensional chain. Besides, together with the Markov property, the auxiliary
chain presents some nice features. First, it is stochastically monotonous, i.e. if (W})xken
is a Markov chain associated to the same Markov kernel as (Wj)ren and such that
Wo < Wy, then for any k € N, W, is stochastically greater than WY, i.e. for any ¢t >0,
P(W, <t) > P(W/ <t). Secondly, (Wy)ren has an atom at 0.

The main results and main steps of this study are the following. First, we prove
that (Wg)ken admits a unique invariant measure and that, independently from =, the
moments and mass on (0, 4-00) of this equilibrium are small when the difference between
T, and T, is small. Second, we establish the geometric convergence of the chain towards
its equilibrium, at an explicit rate (stable as v — 0). Finally, we prove that, as v — 0,
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the chain (Wj)ren converges in law to the continuous-time sticky diffusion that played
the same role in [18]. This last part is not necessary to get estimates on the finite-time
and equilibrium laws of (1) and (2) for a given v > 0, but it sheds some new light
on the limit sticky process which, in [18], is constructed as the limit of continuous-
time diffusions with diffusion coefficients that vanish at zero, rather than discrete-time
chains. In some sense, (Wj)ren can be seen as a discretization scheme for the sticky
process, see also [2] on this topic.

Besides the obvious continuous/discrete difference between [18] and the present work,
let us emphasize a few other distinctions. First, in [18], the one-dimensional sticky
process has an explicit invariant measure. This is not the case in our framework, which
makes the derivation of the bounds on the moments of the equilibrium a bit more
involved. Secondly, in [18], although it is proven that the mass at zero and the first
moment of the law of the sticky diffusion converge to their value at equilibrium (which
is sufficient to get estimates on the laws of the two initial d-dimensional processes), the
question of long-time convergence is not addressed for the sticky diffusion, whereas our
long-time convergence results for (Wj)i>o together with its convergence as v — 400
furnish an explicit convergence rate for the sticky diffusion. The proof of the stability
of the mass at zero and of the first moment in [18] relies on a concave modification
of the distance (such as used e.g. in [16]), which is contracted by the chain before it
hits zero. This method does not apply to, say, the second moment of the process. As
a consequence, the results of [18] only concern the total variation and #; Wasserstein
distances, while we consider a broader class of distances.

Finally, our theoretical results are illustrated through numerical experiments. We
study the influence of the discretization scheme generally needed to perform Bayesian
inference for parameters of Ordinary Differetial Equations (ODEs).

Notation and convention. We denote by B(R?), the Borel o-field of R? endowed
with the Euclidean distance and by ¢,2 the density of the one-dimensional Gaussian
distribution with zero-mean and variance o2 > 0. In the case o = 1, we simply denote
this density by . Aga stands for the subset of R? {(x,2) € R? : v € R?} and for any
A C R% A° for its complement. Let p and v be two o-finite measures on (R¢, B(R?)).
If v is absolutely continuous with respect to u, we write v < p. We say that v and p
are equivalent if and only if ¥ < p and p < v. We denote by [-] and |-| the floor and
ceiling function respectively. For d,n € N*, M, ,(R) stands for the set of d x n real
matrices. We denote by C*(U,A) the set of k-th continuously differentiable functions
from an open set UC R™ in A C RP. We use the convention Y 7_ =0 and [[}_, =
for n <p, n,p €N, and a/0 = +o0 for a > 0.

2. Sticky reflection coupling.

2.1. Main result. The Markov kernels R, associated with (Y})ren defined in (1) are
given for any y € R? A € B(RY) by

Ry h) = (2n0%9) % [ 1aly)exp{= Iy =T )| (2% } dy'

Note that Rv associated with (ffk)keN is given by the same expression upon replacing
T, by T,. We consider the following assumption on the family {T., : v € (0,7]}. This
condition will ensure that R, is geometrically ergodic (see Proposition 1) and it will be
important to derive our main results regarding the distance of Rﬁ and Rﬁ, for k€ N.



H1. There exist R1,L >0 andm > 0 such that for any y € (0,7], there exists a non-
decreasing function 7., : [0,400) — [0,400) satisfying 7,(0) =0, || T,(z) —T,(2)| <
7 ([|x — &) for any z,7 € R, and

(3) sup {ry(r)/r}<1+L, sup {7y (r)/r} <1—"m.
re(0,400) ré(Ri,+00)

In addition, sup.¢ o5 | T,(0)] < +o0.

Note that the condition that for any v € (0,7], 7, is non-decreasing can be omitted
upon replacing in our study 7, by the affine majorant

) 7y § LTLT ifr e [0, R,
v (1+Ly)R1+ (1 —my)(r —Ry) otherwise.

Indeed, by definition and (3), for any r € [0,400), 7y(r) < 7(r), therefore for any
z,7 € RY, || T, (z) — T,()|| < 7(||z — Z]|). In addition, an easy computation leads to
setting Ry = 2R (L +m)/m,

sup {7y(r)/r} <14+AL, sup {7 (r)/r}<1—m/2.
r€(0,+00) re(Rz,+00)
Then, 7, satisfies H1 and is non-decreasing.

Note that H1 implies that for any r € [0,+00) and v € (0,7], 7y(r) < (1 +9L)r,
therefore T, is (1 4 +L)-Lipschitz. The second condition in (3) ensures that for any
v € (0,7], T, is a contraction at infinity, i.e. for any z,7 € R, ||T,(z) — T, (Z)| <
(1 —m) [lz =&, if ||z — Z[| > Ry

The assumption H1 holds for the Euler scheme applied to diffusions with scalar
covariance matrices, i.e. (1) with T, (z) =z + vb(z) and a drift function b: R — R?,
if, for some Ly, mp, R > 0, b is Ly-Lipschitz continuous and satisfies

(@ —y,b(x) = b(y)) < —mplw —yl,

for all z,y € R? with ||z —y|| > Rp. Indeed, this implies that for any z,y € R%
| T, (x) = Ty (y)|| < (1 + Lyy)|lz — y|| and, provided v € (0,L?/mp) and ||z —y|| > Ry,
T (x) — Tv(y)H2 < (1 —myy)||z — y||>. Therefore, it suffices to consider 7, defined by
(4) with L=Ly, m=m,/2 and Ry = Ry.

Our results will be stated in term of Wasserstein distances and V-norms, whose
definitions are the following. Consider a measurable cost function ¢ : R?? — [0, 00).
Then the associated Wasserstein distance #; is given for two probability measures p, v
on R? by

Welv) = nt [ clwy)m(da,dy),
R2d

mell(v,p)

where II(v, 1) is the set of transference plan between v and p, namely the set of proba-
bility measures on R? whose first and second d-dimensional marginals are respectively v
and p. In the particular case where c(z,y) =1 Y (x,y), #. is simply the total variation

distance || - ||7v. For V : R% — [1,+00), the choice c(z,y) = Lac, (x,y){V(x) +V(y)}
yields the V-norm (see [11, Theorem 19.1.7]), i.e. #.(v,u) = ||[v — p|lv. Finally, for

c(z,y) = ||z —y||P with p € [1,+00), #. is the p-th power of the usual Wasserstein
distance of order p.
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Following the same line as the proof of [9, Theorem 15]', we can show that H 1
implies that the Markov kernel R, is V -uniformly geometrically ergodic where for any
c¢>0and z € RY, V,(z) = exp(c||z||?), with a convergence rate that scales linearly with
the step size 7.

PROPOSITION 1. Assume H1. Then, setting y1 =5 A{1/m}, for any v € (0, 1], R,
admits a unique stationary distribution m.. In addition, there exist ¢ >0, p € [0,1) and
C >0 such that for any x € R and ~ € (0,71], [[8.RE — 7, |lv, < Cp* V().

PROOF. This result is a simple consequence of [9, Corollary 11]. Its proof is given
for completeness in Section 5.1.1. O

Note that this result can be made quantitative, and other convergence results in
total variation and Wasserstein distance of order p € [1,+00) can also be established
following the same lines as the proof of [9, Corollary 14]. However, these results are out
of the scope of the present paper and would be simple adaptations of those in [9] or
[17].

We now consider an assumption which quantifies the perturbation associated with

T, relatively to T, for v € (0,7].
H2. There exists coo > 0 such that sup,cga | T, () — T,y (2)|| < veoo for all y € (0,7].

ExXaMPLE 2. The assumption H2 holds for the Euler scheme applied to diffusions
with scalar covariance matrices, i.e. (1) and (2) with

(5) T, (z) =z +b(x) and T,(r)=x+~b(z),
under the condition that sup,cga ||b(x) — b(x)|| < coo. This setting is exactly the one we
introduced to motivate our study. In particular, in the case where b= —VU for some

potential U, b may correspond to a numerical approximation of this gradient.

Note that compared to T, v € (0,7], we do not assume any smoothness condition
on T.,. More precisely, we do not assume that T, satisfies H1. Regarding the ergodicity
properties of R, associated with T, v € (0,7], we have the following result.

PROPOSITION 3. Assume H1 and H2 and set 73 =5 A{1/m}. Then, for any v €
(0,71], R7 admits a unique stationary distribution .. In addition, there exists ¢ >0
such that for any vy € (0,%1], there exist py € [0,1) and C, >0 such that for any x € R
182 125 — 75 llv., < CypiVe(x), where Ve(x) = exp(c]lz|?).

PRrROOF. The proof is postponed to Section 5.1.2. O

Similarly to Proposition 1 with respect to R,, Proposition 3 implies that Rv is V-
uniformly geometrically ergodic. However in contrast to Proposition 1, the dependency
of the rate of convergence with respect to the step size «y is not explicit anymore since
the results and the method employed in [9] or [17] cannot be applied anymore.

Note that Proposition 1 and Proposition 3 imply that R, and ]N%V converge to 7, and
7y respectively in total variation and Wasserstein metric of any order p € [1,400).

1[97 Theorem 15] consider the case where T comes from the Euler discretization scheme and has
form T (z) =z + vb(x).



Based on the two assumptions above, we can now state one of our main results. Our
goal is to quantify the distance between the laws of the iterates of the two chains (Y)xren
and (Y3), in particular starting from the same initial point # € R? or at equilibrium.
Indeed, remark that, in view of Propositions 1 and 3, letting & — 400 in the next
statement yields quantitative bounds on #¢(.,7) for any v € (0,7 A {1/m}].

THEOREM 4. Assume HI1 and H2 hold. There exist some explicit constants C,c > 0,
p €10,1) satisfying for any k €N, v € (0,7] and z,% € RY,

We(0uRE, 6:RE) < Cp*v(||lw — #]|) + coso
where c(z,%) = ¢(||lz — Z||), with
(€, V) € {(L0,400) ['1): (|- [ (L0,400) xP(I]); L(0,400) €xP([-])) } -

REMARK 5. It is also possible to treat the case of cost functions c of the form
c(z,y) =¢(|lz —yl) (V(z)+ V(y)) with ¢ as in Theorem 4 and V a positive function,
simply by using Holder’s inequality. Indeed, for p,q>1 with 1/p+ 1/q =1, we can
bound

Welvan) < (Hey (v, )" (v (VY24 (u(v9))17)

with c,(z,y) = P(||lz — yl|). Bounds on the W, distance can then be established as
in Theorem 4, while bounds on expected values of V2, independent from -y, are clas-
sically obtained through Lyapunov arguments (see e.g. the proof of Proposition 1 in
Section 5.1.1).

The rest of this section is devoted to the proof of this result. In particular, we define
in the following the main object of this paper.

2.2. The discrete sticky kernel. We define a Markovian coupling of the two chains
(Yi)wen and (Yi)ren defined in (1) and (2) by using, at each step, the maximal reflec-
tion coupling of the two Gaussian proposals, which is optimal for the total variation
distance (i.e that maximizes the probability of coalescence). Let (Uy)r>1 be a sequence
of i.i.d. uniform random variables on [0, 1] independent from (Z)x>1 which we recall is
a sequence of i.i.d. d-dimensional standard Gaussian random variables. We define the
discrete sticky Markov coupling K, of 12, and 1:27 as the Markov kernel associated with
the Markov chain on R?? given for k € N by

©) Xir1="To(Xk) + (0°7)"* Zp1a
Xit1 = Xpp1 B + (1 = Big)Foy (X, Xy Ziot1)
where Biy1 = 1o +o0) (D7 ( Xk, Xis Zk41) — Urt1) and

Py (2,8,2) = To(7) + (0%9) " {1d —2e(z, #)e(x,7)" } =,

. Bled) if Bz, 2) £0
(7) E(z,2)=T,(Z) - Ty(z), e(z,2)= { [E(z,2)] ( . )
€ otherwise ,

py(7,7,2) =

@or, { Bz, 2] = (029)(e(x, 7). 2)}
oy {(027) 2 {e(w, 7). 2)} a
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where ey € R? is an arbitrary unit-vector, i.e. [|e| =1, and ¢, is the density of the

one-dimensional Gaussian distribution with mean 0 and variance o2v. In other words,
K, is given for any v € (0,7], (z,y) € R*? and A € B(R??) by

o—l217/2

K, ((z,z),A) = /Rd 1a(To(2) + (0%9) 22, Ty (x) + (627) 22)p, (2, 7, Z)Wdz
o—l217/2

+ R Ta (T’Y(x) + (027)1/2271:‘7(1.7'%72:)) (1 —p»y(Lf,Z))WdZ :

In words, from the initial conditions (z,Z), this coupling works as follows: first, a
Gaussian variable Zp 1 is drawn for the fluctuation of Xjy;. Then, Xk:—H is made
equal to X}, with probability p(z,#, Zj41) and, otherwise, the fluctuation of X1 with
respect to its average Tv(j) is given by the orthogonal reflection of Zj; in the direction
T, (&) — T, (a).

It is well known that for any (z,%) € RY, K,((z,%),A x RY) = R,(z,A) and
K, ((z,%),R? x A) = R, (z,A), see e.g. [4, Section 3.3], [13, Section 4.1], [17] or [9].

The starting point of our analysis is the next result, which will enable to compare
the coupling difference process HX kil — X kil H with a Markov chain on [0, 400). Define

(Gr)kz1 for any k> 1 by

(8) Gk - <e(Xk71’Xk*1)a Zk) )

where e is given by (7). For any a >0, g € R, w € [0,1] and ~ € (0,7] define
©) H(a,9,u) = Ljo 400) (0 = Py, (a, 9)) (a — 2(02W)1/29) ;
where

Poss (0= (1))
Po2y ((077)79)

(10) Po2(a,g9) = 1A

PROPOSITION 6. Assume H1 and H2 hold. Then for any v € (0,7], k € N, almost
surely, we have

(11) 1 Xk1 = Xiga | <% (1 X — Xill, Gryr, Upga)
where (Xk;Xk)keN are defined by (6), and for any w € [0,4+00), g €R and u € [0,1],
g’}’(wagvu) = %V(T’Y(w> +’)/000797’u‘) :

In addition, for any g € R? and u € [0,1], w — %, (w, g,u) is non-decreasing.
PROOF. The proof is postponed to Section 5.1.3. O

Consider now the stochastic process (Wj)ren starting from || Xo — Xol|| and defined
by induction on k as follows,

Wis1 =9, (W, Gig1, Up41)

(12) _ Ty (W) + Yeoo — 203 /VGL  if Upi1 2 Doy (T9(Wi) + Voo, G
0 otherwise.

By definition (8) and (7), an easy induction implies that (Gp)r>1 and (Ug)r>1 are

independent, (G)r>1 are ii.d. standard Gaussian random variables and (Uy)r>1 are
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i.i.d. uniform random variables on [0, 1]. Therefore, (Wj)ren is a Markov chain with
Markov kernel @), defined for w € [0,400) and A € B([0,+00)) by

(13) Qy(w,A) = 8(A) / By (75 (1) + 100, )0 (9)dg

+ /R Ia <T’y(w) + Yoo — 207"/ 29) {1 =Dz, (7 (w) + 7600, 9) }p(9)dg ,

where ¢ is the density of the standard Gaussian distribution on R. By Proposition 6,
we have almost surely for any k € N,

(14) 1 Xk — Xkl < Wi

Another consequence of Proposition 6 is that @, is stochastically monotonous (see

e.g. [23] or [28]), more precisely if (W )ren and (Wi )ren are two chains given by (12)

with the same variables (G, Uy)keny with Wy < Wy, then almost surely Wy, < W, for

all kK € N. This nice property will be used several times in the analysis of this chain.
The main consequence of (14) is the following result.

COROLLARY 7. Assume H 1 and H 2 hold. Let c:R?*? — [0,+00) of the form
c(z,y) =¢(||z —y||) for some non-decreasing function ¢ : [0,4+00) — [0,+00), ¢(0) = 0.
For any z,% € R? and k € N,

5 +o0
HelooRo, 8B < [ | ey (@), dw.0) < [ @)@ (e — ). ).

R2d

PRrROOF. Let k€ N. By (14) and since € is non-decreasing, we get almost surely
¢(|| Xk — Xgl|) < €¢(Wy). Taking the expectation concludes the proof. O

From Corollary 7, the question to get bounds on "//c(éIR,’j, 65;}?5) boils down to the
study of the Markov kernel ), on [0, 400), which is the main part of our work.

2.3. Analysis of the auziliary Markov chain. We start with a Lyapunov /drift result.

PROPOSITION 8. Assume H1 and H2 hold. Then for any w > 0,
Qy ¥ (w) < (1= ym) W (w) LR, 100) (w) + (1 + L)V (w) Lo,y (w) + Yoo
where Q- is defined by (13) and for any w € R, ¥ (w) = |w| .

PRrROOF. The proof is postponed to Section 5.1.4. O

Proposition 8 implies in particular that for any w € R,
QY (w) < (1= ym) V(W) LRy 400) (W) + Y[(L+m) Ry + coc] -
Then, a straightforward induction shows that for any k € N,
QS (w) < (1 —7m)" 95 (w) + (L +m)Ry + ol /m,
and therefore by Corollary 7 taking ¢(t) =t,
(15) W82 R, 85 15) < (1 —ym)* [|l — || + [(L +m) By + coc) /m.

However, this result is not sharp as k — +o00. Indeed, in the case ¢ =0, R, = R’y and
by Proposition 1, it holds that %(695}%5’ 61R§) — 0 as k — +o00, while the right-hand
side of (15) converges to (L +m)R;/m# 0. We need to refine our results in order to fill
this gap. To this end, we need to analyze more precisely the long-time behavior of @),.
A first step is to show that it is ergodic.
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PROPOSITION 9. Assume H 1 and H 2 hold. For any v € (0,7], Q, admits a
unique invariant probability measure i, and is geometrically ergodic. In addition,
p({0}) > 0 and g1y is absolutely continuous with respect to the measure 8y + Leb on
([0,400), B([0,400))). Finally, in the case co # 0, f1y and dy + Leb are equivalent.

PRrROOF. The proof is postponed to Section 5.1.5. O

COROLLARY 10. Assume H 1 and H 2 hold. Let c : R* — [0,4+00) of the form

c(z,y) =¢(||lz —y|l) for some non-decreasing function ¢ : [0,4+o00) — [0, +00), ¢(0) = 0.
For any z, € R? and k €N,

16 SRR < [ @) @~ 7l — ) + i (©).

where i, is the stationary distribution of Q- given by (13). In particular, if x = 7,
%(%Rl;’ 6IR'I§) < py(€).

PROOF. The proof of (16) is a consequence of Proposition 9 and Corollary 7. The
last statement follows from the fact that (), is stochastically monotonous. Indeed,
by Proposition 6, for any w,w € [0,400), w < @, and a € [0,+00), Q~(w,[0,a]) >
Q~(w,[0,a]). Therefore, for any a € [0,+00), w +— Q(w,[0,a]) is non-increasing on
[0,400) and for any non-increasing bounded function f, Q,f(w) > Q+f(w) for any
w,w € [0,+00), w < w. As a result, a straightforward induction shows that for any
keN, w,w € [0,400), w<w, and a € [0,+00), Qﬂj(w, [0,a]) > Qﬁ(w, [0,a]). Then, we
obtain Q%(0,[0,a]) > o pu(dw) Q% (w, [0, a]) = p14([0,a]). Since € is non-decreasing on
[0,400), we get (4€(0) < f14(€), which combined with (16) completes the proof. O

Corollary 10 then naturally brings us to derive moment bounds for the stationary
distribution s, v € (0,7] and quantitative convergence for @)y to . Our next results
address these two problems.

THEOREM 11.  Assume H1 and H2 hold. For any § € (0,{L™' A (ce™"/co0)?}] and
v€(0,7],

(17) /[ ) Seer, n((0,490) < exer,
0,400

where (., is the stationary distribution of QQ, given by (13), and, considering ¢ given
below in (58),

C1 = 7]1R1(1 + L/m) + l/m,
co = PNy (14 4L) /62 + [ 4+ 7]12) / (V270) + 2¢[0 + 7] /23 OHNE /63 |

o (5 q [ SO O] (L AL R+ (54 Y
o3 2270 251/2 50— (0+7)L '

PROOF. The proof is postponed to Section 5.1.6. OJ

THEOREM 12.  Assume H1 and H2 hold. For any a >0 and v € (0,7],

+oo
| Lo () explaw) djs () < e

where c3 is explicitly given in the proof and ., is the stationary distribution of (), given
by (13).
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PROOF. The proof is postponed to Section 5.1.7. O
We now specify the convergence of () to p., for any v € (0,7].

THEOREM 13. Assume H1 and H2 hold. There exist explicit constants p € [0,1)
and C' =0 such that for any v € (0,7], w >0,

185@% = 113l < Cp* ¥ (w)
where V(w) =14 |w| or ¥ (w) = exp(a|wl|), for a> 0.

PROOF. The proof is postponed to Section 5.1.8. O

Combining the results of Corollary 10, Theorem 11, Theorem 12 and Theorem 13
allows to address the main questions raised in this section and prove Theorem 4.

Discussion on the bounds provided by Theorem 11. In this paragraph, we discuss how
the constants ¢y, co given in Theorem 11 behaves with respect to the parameters Ry,L,m
in the limit ¢, — 0 and 4 — 0. For ease of presentation, we also only consider the case
o=1.

(1) First consider the case R; = 0. then ¢; = n~! and ¢y &~ [Cl/[mgl/Q] + C90Y/2 for
6 € (0,{L ' A (e /coo)?}] and numerical constants Cy,Cy = 0. Then, since in the
case Ry =0, we can take L — 0 and § can be arbitrary chosen in (0, +oc). Taking
§ < m~ !, we obtain that ¢y &~ C} /m1/2. Note that the dependency of ¢y, co with respect
to m'/? is then sharp. Indeed, consider the particular example of two auto-regressive
processes for which T (y) = (1 — 0y)y and T, (y) = (1 — 0v)y +voa for vy € (0,07 })
and a,p > 0. Then, on the one hand, H1 and H2 are satisfied with R =0, m =
0 and c¢s = pa which lead to cico ~ a and cycs ~ Ca/ 0'/2, for some universal
constant C' > 0. On the other hand, an easy computation (see e.g. [12]) shows that
the stationary distributions 7, and 7., provided by Proposition 1 and Proposition 3
are N(0,071(2 —v07)™!) and N(a, 071 (2 — v07) ') respectively. Therefore, we get
Wi(7y,7y) = a and |7y — 7|l rv ~ Ca/0/? as v,a — 0 and we get up to universal
constants ¢; and cs. B

(2) We now consider the case Ry > 1, L = 0. Note that in this case § can be
arbitrary taken in (0,1). Then, for some universal constants Cp,Cs,C3, 71 ~
C10'2 J®{CoR, /6% 4 C3¢500'/?}. Therefore, taking 6 < m~! V R?, we get that
for some universal constants Dy, Dy, E >0, ¢; ~ Di[(Ry Vo2 + m7!], ¢y ~
Em~1/2 v R;. Note that the behaviour of ¢o with respect to 1 and m is consistent
with the results obtained in [18] (see [18, Lemma 1]) for the stationary distributions
of continuous sticky processes. Note that it is shown in [18, Example 2] that this
bound is sharp with respect to R; and m.

(3) In the case Ry AL > 1, taking § = L™! since we are in the regime co, — 0, we get
that up to logarithmic term and using 7 <L, ¢1, o & exple*(R1L"7? 4 ¢5)?]. The
estimate for ¢y is also consistent with [18, Lemma 1] which holds for stationary
distributions of continuous sticky processes.

3. Continuous-time limit. In the case where T, and T7 are specified by (5),
then under appropriate conditions on b and b, it can be shown, see e.g. [9, Proposition
25], that for any 7' >0 and x € R?,

(18) lim {Héch%m - 25:CPTHV + H‘Sx—é%m - 5wPT||V} =0,

m——+00
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for some measurable function V : RY — [1,4+00) and where (P)i>o and (P));s0
are the Markov semigroup corresponding to (1) and (2). Then, this naturally im-
plies convergence in total variation and also Wasserstein distance of order p if
inf, cra{V(z)/||z||’} > 0. As a consequence, results of Section 2 immediately trans-
fer to the continuous-time processes. More precisely, let ¢ : R?¢ — [0, 4+00) of the form
c(z,y) = ¢(||z — y||) for some non-decreasing function ¢ : [0, 400) — [0,+00), ¢(0) = 0.
If (18) holds and sup,, ,cge{c(z,y)/{V (¥)+V (y)} < 400, we get by the triangle inequal-
ity that for any z,# € R, T >0, #(5,Pr, &if’T) <liminf,, ,1 5 7%:(61,]%%”1, 6iR7T”/m).
Then, results of Section 2 can be applied implying if H1 and H 2 holds, that for
any z,% € R? there exist C;,Cy > 0 such that for any T > 0, V/C(SIPT,%PT) <
C1pT + Cycoo. We therefore generalize the result provided in [18] which is specific to
the total variation distance. We do not give a specific statement for this result which
is mainly technical and is not the main subject of this paper. Instead, the goal of this
section is to study the continuous-time limit of the coupling (6) (and not only of its
marginals) toward some continuous-time sticky diffusion.

More precisely, let (v,)nen be a sequence of step sizes such that lim, v, =0

and wg > 0. Then, consider the sequence of Markov chains {(W,gn))keN : n € N} for
any n € N, (W,gn))keN is the Markov chain defined by (12) with WO(") =wp, Y =Y, and
therefore associated with the Markov kernel @), . Let {(WE”))te(Mm) : n € N} be the

continuous linear interpolation of {(Wk"))keN : n € N}, i.e. the sequence of continuous
processes defined for any n € N, t € (0,+00) by

(n) (n) (n) (n)
(19) Wil =W Wi = Wi Ht v = 18/l 3 -
Note that for any £ € N and h € [0,7,], W,(:/lJrh =W + (h/'yn){W,gi)l - W,gn)} We

denote by W = C([0,+00),R) endowed with the uniform topology on compact sets, W
its corresponding o-field and (W¢)¢>( the canonical process defined for any ¢ € (0, 400)
and w € W by Wy(w) = w;. Denote by (WW;)¢>0 the filtration associated with (W¢)i>o.

Note that {(Wgn))te(07+oo) : n € N} is a sequence of W-valued random variables. The
main result of this section concerns the convergence in distribution of this sequence.
We consider the following assumption on the function 7.,.

A 1. There exists a function k :[0,+00) — [0,400) such that for any v € (0,7],
7y(w) = w + y&(w) and k(0) = 0. In addition, k is L.-Lipschitz: for any wy,wy €
(0, +00), [r(w1) = K(w2)| < Ly w1 — wal.

This is not a restrictive condition since, under H1, up to a possible modification of
Ty, it is always possible to ensure A1l.

Under A1, we consider a sticky process [29, 30, 18], which solves the stochastic
differential equation

(20) AW, = {K(Wy) + coo }dt + 201 g 100) (W) By,

where (B;)i>0 is a one-dimensional Brownian motion. Note that for any initial distri-
bution py on (R, B(R?)), (20) admits a unique weak solution by [18, Lemma 6].
The main result of this section is the following.

THEOREM 14. Assume A 1. Then, the sequence {(WE”))t>0 : n € N} defined by
(19) converges in distribution to the solution (W¢)i>o of the SDE (20).
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The proof of this theorem follows the usual strategy employed to show convergence
of a sequence of continuous processes to a Markov process. A first step is to show that

under A1, {(W,ﬁ”))t>0 : n € N} is uniformly bounded in L? for some ¢ > 2, on [0,7]
for any T > 0.

PRrROPOSITION 15. Assume A 1. Then for any T >0, there exists Cr > 0 such that
SUP,eN E[SUPte[o,T] {Wﬁ”)}‘*] < Cr where (W,En))t>0 is defined by (19).

PROOF. The proof is postponed to Section 5.2.1. O

Then, we are able to obtain the tightness of the sequence of stochastic processes
{(W)120 : neN}.

PROPOSITION 16. Assume A 1. Then, {(Wi”))@o :n €N} s tight in W.

PRrROOF. The proof is postponed to Section 5.2.2. O

Denote for any n € N, p,, the distribution of (Wg"))@o on W. Then, by Prohorov’s
Theorem [3, Theorem 5.1,5.2], (i, )neny admits a limit point. If we now show that
every limit point associated with {(Wﬁn))@o : n € N} is a solution of the SDE (20)
using that {(th) )e=o0 : n € N} is tight again and since (20) admits a unique weak
solution, the proof of Theorem 14 will be completed. To establish this result, we use
the characterization of solutions of SDEs through martingale problems. More precisely
by [6, Theorem 1.27], the distribution g on W of (W¢);>0, solution of (20), is the unique
solution to the martingale problem associated with g, the drift function w +— k(w)+coo
and the variance function 201 g 4o, i.€. it is the unique probability measure satisfying
on the filtered probability space (W, W, (Wy)i>0, ib):

(a) the distribution of Wy is p;
(b) the processes (M¢)¢>0, (N¢)i>o defined for any ¢t > 0 by
t t
(21) M; =W, — W, —/0 {co + (W)} du,  Ny=M; —402/0 10, 400) (Wy)du

are (W})i>o-local martingales.

In other words, it corresponds in showing that (M;);>o is a (W})i>o-local martingales
and by [27, Theorem 1.8] identifying its quadratic variation ((M),);>o as the process
(402 [ 1(0,400) (Wu)du)s>o. Therefore, Theorem 14 is a direct consequence of the fol-
lowing result.

THEOREM 17. Assume A 1. Let p., be a limit point of (p,)nen. Then, the
two processes (My)i=0 and (N¢)iso defined by (21) are (Whi)iso-martingales on
(W7 W; (Wt)t>07 l’l’oo)

PROOF. The proof is postponed to Section 5.2.4. O

Consider the differential operators A, A defined for any 1 € C*(R) by
(22) Ap(w) = {#(w) + oo }¢' (w) 4 21 g 400) (w) 0?3 (w)
Ap(w) = {r(w) + coo }¢' (w) + 20°¢" (w) ,

where & is arbitrary extended on R. Note that A is the extended generator associated
with (20). A crucial step in the proof of Theorem 17 is the following,.
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PROPOSITION 18. Let ¢ € C3(R), satisfying
(23) sup{ || (w) /(1 + w?) + ¢ |(w) /(1 + [w]) + "] (w) + [¢®|(w)} < +00.
we
Then, for any N € N, (t1,...,tn,s,t) € [07+oo)N+2, 0<ti <<ty <s<t, ¥
[0, +00)N — R, positive, continuous and bounded, it holds that

@0 tim B[ (oWE) — W) = [ AW ) w(WE, WD) =0,

n—-—+o0o

In addition, if ¢"(w) >0 for any w € R, it holds that

t ~
25) timsupE | (o(W() (W) - [ Ap(W)du) wWiT,. WI) | <.

n—-+o0o

PROOF. The proof is postponed to Section 5.2.3. O

Note that while Proposition 18-(24) is in general sufficient to conclude on the con-

vergence of the sequence of processes {(W§"))t>o : n € N} (see e.g. [19]), in our setting,
it is not enough to complete the proof of Theorem 14 since the diffusion coefficient
associated with A is discontinuous. To circumvent this issue, we adapt to our sequence

{(W,(fn))@o : n € N} the same strategy employed in [26, Proposition 6.
4. An application in Bayesian statistics: parameter estimation in an ODE.

4.1. Setting and verifying the assumptions. Consider an ordinary differential equa-
tion ODE on R" of the form

(26) To(t) = folwo(t),1), 19(0) = o €R",

where {fy :,0 € R} is a family of function from R™ x [0,+00) to R parametrized
by some parameter § € R%. In all this section zy € R” is assumed to be fixed and we
consider the following assumption.

AO1. For all § € RY there exists a unique solution of (26) defined for all positive
times, which we denote by (z¢(t))i=0. In addition, the functions (0,x,t) € R x R™ x
[0, +00) > fo(x,t) and (0,t) € R? x [0, +00) + my(t) are continuously differentiable.

In fact the continuous differentiability of (6,t) — x¢(t) is a consequence of the one of
(0,2,t) — fo(x,t), see e.g. [31, Theorem 4.D].

To fix ideas, throughout this section, we will repeatedly discuss the following case of
a logistic equation.

EXAMPLE 19. Forr e CYR,R,), set fo(z) =x(1—r(0)z) for any 0,z € R, so that
(26) reads

o(t) = wo(t) (L —=r(O)zo(t)) ,  20(0)=wo,

with xg > 0. In this example, AO 1 holds and, r and xg being positive, for all § € R,
the solution of (26) is such that xy(t) € [0,e'xg] for all t > 0. Indeed, x — z(1 —r(0))
is locally Lipschitz continuous, which yields existence and uniqueness of a mazximal
solution. Since 0 is always an equilibrium, solutions stay positive, from which z(t) <
zg(t) for all t >0, implying that xe(t) < e'zg for all t > 0. This also implies non-
explosion, hence the solution is defined on [0,+00).
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We consider the problem of estimating 6 based on some observation of a trajectory
of the ODE. More precisely, for T >0, N € N*, (t1,...,ty) ERN 0<t; <--- <ty =T,
the statistical model corresponding to the observation y = (y;)ic(1,..,.N} € (R™)V is given
by

(27) yi = xo(ti) +<i,

for # € R? and where (Ei)ie{lymy ~y are independent and identically random variables
on R™ distributed according to some known positive density . with respect to the
Lebesgue measure. Given a prior distribution with positive density mp on R?, the a
posteriori distribution for this model admits a positive density m with respect to the
Lebesgue measure which is characterized by the potential U given by (up to an additive
constant)

N
—logm(0)=U(0) = —Inmy(8) — Zlngpe (yi — wo(ts)) -

We consider the following assumption on 7 and ¢, setting — log(m) = Up.

AO2. The functions mo and . are twice continuously differentiable and there exist
my >0, Ly, Ry 2 0 such that VUy is Ly -Lipschitz continuous and for any 0,0 € R? with
106> R,

(0 —0,VU(0) — VU (0)) > myll6 — 0]

In practice, expectations with respect to the posterior distribution can be approx-
imated by ergodic means of the Unadjusted Langevin Algorithm (ULA), namely the
Markov chain

(28) X1 = Xp —7VU(Xg) + V27 Zk 41,

where v > 0 and (Zk)ren are independent and identically standard Gaussian variables.
The long-time convergence of this algorithm and the numerical bias on the invariant
measure due to the time discretization are well understood, see e.g. [7, 14, 15, 8, 10]
and references therein. However, in the present case, it is not possible to sample this
Markov chain, as the exact computation of

N
(29) VU(0) = —Vylnm(0) + ZVgxg(ti)Vx Inpe (y; — xo(t;)) ,

is not possible in most cases because of the term involving xy and Vyxg. Here Vg and
V. denote the gradient operator with respect to 6 and x respectively. Therefore, only
approximations of these two functions can be used in place of (z4(t;), Voza(t:))ic[o,n;
which leads to an additional discretization bias. Our results based on the sticky coupling
yields a quantitative bound on this error (with respect to the ideal ULA above). Let us
detail this statement.

First, remark that ¢ — zg(t) = (zg(t), Voxe(t)) solves

(30) Zp(t) = Fy(zo(t),1) 29(0) = zp = (0, 0)
on R™ x M,,(R) with for any z € R", A € My,(R), 0 R t >0,
(31) F@(($7A)7t) = (fg(l',t),V@f@(Z’,t) +Avxf9(x7t)) .
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Provided fy, Vg fy and V., f are computable, in practice this ODE can be approximated
by standard numerical schemes. For instance, a basic explicit Euler discretization with
time-step h > 0 is given by

30) =2,  Z((k+1Dh) = Z5(kh)+hFp (2 (kh),kh)  VkeN
and
(32) Z5(t) = 25 (kh) + (t — kh)Fy (35 (kh),kh) . € [kh, (k+1)h).

To establish the consistency of this approximation (with some uniformity in 6), we
consider the following condition.

AO3. There ezist Lp,Ll»,Cp,d >0 and a compact set K C R™ x Mg ,(R) such that
the following holds. For allt € [0,T] and 6 € R?, the ball centered at zo(t) and radius §
is included in K. Moreover, for all 2,2 € K, t,s €[0,T] and 0,0 € RY, ||Fy(z,t)|| < Cp
and

(33) 1Fp(2,t) = F3(Z, )| < L0 =0l + L% (|2 — 2] + [t = s]) -

PROPOSITION 20. Assume AO1 and AO3. There exist h,C >0 such that for all
he (0,h], 0 €R?, and t € [0,T), 28 (t) € K and X1V, ||z0(t;) — Z5(t)|| < Ch, where z
solves (30) and Z} is given by (32).

PROOF. The proof is postponed to Section 5.3. O

ExAMPLE 21 (Continuation of Example 19).  Let us check for instance that AOS3 is
satisfied for Example 19 provided that r is twice continuously differentiable on [0,+00)
with, for some L,,LI L’ >0,

r

(34) r,r’ and r" uniformly bounded respectively by L., L, and L. .

We may consider for ezample r: 0+ a10%/(6? 4 az) for a1, as € (0,+00). Recall that
fo(x) =x(1 —7r(0)x) and zy(t) € [0,e'xo] for all @ € R and all t € [0,T], so that for any
t>0 and 6 e Rd,

|90.fo (o (1))| = |1 ()25 (t)| < Lyeaf.

for all t > 0. Notice that 1/r(0) is an equilibrium of the equation, so that it cannot
be crossed by other solutions. Hence, on the one hand, if 1 < r(0)xo then xg is non-
increasing (in particular xo(t) < xo for allt = 0) while, on the other hand, if 1 > r(0)xo,
then 1 = 1r(0)xqo(t) for allt > 0. In both cases, we get that for all t >0,

102 fo(zo ()] = |1 — 2r(0)z4(t)] < 1+ 2Lyag.

Combining the two previous bounds,
t
Jona(t)| < [ (Liead+ (1-+ 2Lrm0) [Bpaa(s)] ) ds

and thus by Gronwall’s inequality, ||Opze(t)|| < My = L a2teB+2Lrmo)t - for all t € [0,T]
and 0 € R. Then, for any 6 >0, AO 3 is satisfied with K = [—6,elzq + 0] x [-Mp —
8, My + 6]. Since K is compact and as, by (31), for any z € R", A € My, (R), § € RY,
£>0,

Fy((z,A),1) = (2(1=r(0)2) , 7'(0)z* + A(1 - 2r(0)a)) ,
then (33) easily follows from the condition (34).
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Since other schemes may be used, in particular higher-order ones, we consider more
generally in the following a solver W% : R? — (R x My, (R))Y for h > 0 satisfying the
condition:

AO4. There exist h,Cy,a >0 such that, for any § € R? and h € (0, h],
N
D llz(t) = O)] < Cwh®,
i=1

where zg is a solution of (30) and Uh:RY — R™ x Mg, (R) is the i-th component of
o

When AO 3 and AO4 are both satisfied, without loss of generality, we assume
furthermore that h is sufficiently small so that C'yh® < 4. This implies that U?(0) € K
forall 9 € R, i€ {1,...,N} and h € (0, h).

Writing Wk(0) = (2k(t;),GE(t:)), we can consider for any 6 € R?,

N
(35) bu(0) = ~Volnmo(6) + Y- Cy(t) - Volnee (i — 35 (1)

as an approximation of VU (29) Remark that, now, in contrast to b(f) = VU (), it is
possible in practice to evaluate by,(#) for § € RY, provided V;In . and Vylnmg can be
evaluated. We now assess the error due to the use of b, in place of the exact gradient in
(28) by verifying that the assumption of Section 2 are satisfied. For v, h >0 and 6 € R?,
denote

(36) T,(0) = 6-7VU(#),  Tyn(0) = 0—7bu(0).

When AO2 and AO3 are both satisfied, there exist C,,L, > 0 such that for all ¢ €
{1,..., N}, the function s; on the compact set K given for any x € R™ and A € M4, (R),
by

(37) si(z,A)=AV_ Inp. (y; — x)
is bounded by Cs and Lg-Lipschitz continuous on R"™ x Mg, (R).

PROPOSITION 22. Under AO1, AO2, AOS3 and AO/, for any h € (0,h), the
functions T and T given by (36) satisfy for any v >0, H1 and H2, with

2NCS mgy N Lt
Coo =CyLsh®, Ri= VRy, m=—, L=Ly+Ldp)y tie"r.
ny 2 i=1
PROOF. The proof is postponed to Section 5.3. O

Under the conditions of Proposition 22 and using the results of Section 2, we get
that the Markov chains (Xj)ren and (Xk)keN associated to T, and T, given by (36)
have unique invariant measure 7, and 7,5, and that there exist 7, h,C > 0 such that
for all v € (0,4] and h € (0, A,

(38) [y = Tynlloy < Ch.

ExXAMPLE 23 (Continuation of Example 19).  As a conclusion, consider the logistic
case of Example 19 with the Euler scheme (32), assuming that r € C*(R, [0, 4+00)) satis-
fies (34). Then, by Example 19 and Example 21, AO1, AOS3 and AO/ hold. Assuming
moreover that my and ¢. are Gaussian, then AO 2 also holds and we obtain (38).
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4.2. Numerical results. We illustrate our findings on two particular ODEs. First,
we consider the ODE associated with the Van der Pol oscillator corresponding to the

second order ODE:
(39) Fo(t) — 0(1 — wp(t)?)do(t) + x4 (t) =0,

where 6 € R is the parameter to infer. It corresponds to (26) with fg(z1,22) = (22,60(1 —
x%)z9 —x1). We generate synthetic data solving (39) using the 4th Runge-Kutta method
for T'=10 and § = 1. We then select (z4(;))?2; for (¢;)#, uniformly chosen in [0, 7]. The
observations y = (y;)?2; are obtained from (z¢(t;))?2; adding i.i.d. zero-mean Gaussian
noise with variance 0.5. We consider the corresponding statistical model (27) where
(£:)?2, are i.i.d. zero-mean Gaussian random variables with variance 0.5. We consider
as prior 7, the zero-mean Gaussian distribution with variance 0.5. We then use ULA
with v = 1072, for which the gradient is estimated using the Euler method with the
time steps h € {0.05,0.01,0.001}. Figure la represents the histograms corresponding to
the different Markov chains after 10° iterations with a burn-in of 10* steps. Gaussian
kernel density approximation of these histograms are estimated and used as proxy for
the density of the invariant distributions 7, ;, of the Markov chain ()~( k) keN associated to
T%h given by (36). To obtain a proxy for the density of 7, the stationary distribution
of (Xj)ken associated to T, we use the same procedure but using the Euler method
with h = 0.0001. We then estimate the total variation between ., and 7, for h €
{0.005,0.004,0.003,0.0025,0.0015,0.001,0.00075,0.0005} using numerical integration.
The corresponding results over 10 replications are reported in Figure 1b. We can observe
that the total variation distance linearly decreases with h which supports our findings.

2.51 0.0035
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0.54

0.0

0.5

— ey

Estimation of ||

0.0030 4

0.0025 4

0.0020 4
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0.001
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0.002
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0.003

T
0.004

T
0.005

time step h

(a) Empirical histograms and corresponding

KDE for different time steps h (b) Numerical estimation of |7, — 7 p [TV

Fig 1: Numerical illustrations for the Van der Pol oscillator (39)

For our second experiment, we consider the Lotka-Volterra model describing the
evolution of the population of two interacting biological species denoted by ¢ +— xg(t) =
(ug(t),vg(t)). The dynamics of these two populations are assumed to be governed by

the system of equations given by:
(40) ig(t) = (& = Bog(t))ua(t) ,  0o(t) = (= + dug(t))ve(t),

where 6 = («, 3,v,0) is the parameter to infer. We follow the same methodology pre-
sented in [24, Chapter 16]. For this experiment, we consider an other statistical model



18

as previously and generate synthetic data y = (;)?2; accordingly and associated with
observation times (¢;)?%; uniformly spaced in [0,7] for T =10 and the true param-
eter 6y = (0.6,0.025,0.8,0.025). More precisely, for any i € {1,...,50}, v; = (u},v})
with ) = ug(t;)e i, v} = vp(t;)e™ and (ey,5,€,,7)72, are ii.d. one dimensional zero-
mean Gaussian random variables with covariance matrix I. The prior 7y is set to be
the Gaussian distribution on R* with means (1,0.05,1,0.05) and standard deviations
(0.5,0.05,0.5,0.05). The posterior distribution is then given by 7(0|y) x exp(—=U(6)),

where

U(0) = —logm(6) + i <(10gU? - logudti))z;(logvi’ - IOgUG(ti))2> .

i=1
We then use ULA with v =5 x 1072, for which the gradient is estimated using the
Euler method. We focus here on the second component of the chain. The results for
the other components are similar. Figure 2a represents the histograms for the second
component corresponding to the different Markov chains after 107 iterations with a
burn-in of 10 steps. Gaussian kernel density approximation of these histograms are
estimated and used as proxy for the marginal density of the invariant distributions 7,
of the Markov chain (X},)gen associated to T .k given by (36). To obtain a proxy for the
marginal density of 7, the stationary distribution of (Xj)ren associated to T, we use
the same procedure but using the Euler method with h =0.0001. We then estimate the
total variation between 7., and 7., for h € {k x 1072 : k € {1,...,10}} using numerical
integration. The corresponding results over 10 replications are reported in Figure 2b.
We can observe that the total variation distance still linearly decreases with h.

o o o

N N w

o a =3
L L L

o

=

15
L

Estimation of ||, — iy, nllrv
o
o
G

o

o

o
L

o

=3

o
L

0.02 0.04 0.06 0.08 0.10
time step h

(a) Empirical histograms and corresponding

KDE for different time steps h (b) Numerical estimation of |7, — 7 [TV

Fig 2: Numerical illustrations for the Lotka-Volterra model (40)

5. Postponed proofs.
5.1. Postponed proofs of Section 2.

5.1.1. Proof of Proposition 1. Recall that under H1, we have for any 7 € (0,7],
sup  {[|Ty(z) = Ty (0) / [l=]|} < (1 +~L),

z€R, 2#£0

sup — A{|[Ty(2) = T, 0)[[ /ll=[]} < (L = ~m).

z€R, ||z]| >Ry

(41)
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Define for any x € R?
(42) Ver(x) = exp(c|lz — T,(0)||?), for c=m/(1667) .
Note that since sup. ¢ g5 [ T,(0)[| < 400 by H1, V., goes to +oo at infinity and
lim { sup V.,/Vo}H(z)=1= lim { inf V.,/V.}(z)=1.

1
le—+00 *1e(0.5] e[ —+00 7€(0,7]

Therefore, by [9, Corollary 11], it is sufficient to show that there exist 7 € (0,7],
A€ (0,1), A >0 such that for any v € (0,7;] and = € R%,

(43) RV (x) KXV (z) +9A.

We show that it holds with
(44)
A =3A{1/m}, A=exp(—emM?/4), M =R,V (8do>/m)"*,

A=\ exp(cM? +7{ByM?+ By —log(\) }){B1M?* + By —log(\)} , By = 2dca?
Bl = 401 y Cl = OQ \Y 022:}/ s 02 = <2L) V (L"?) V (860’2) .

Define for any z € R, T, (z) =T, (z) — T,(0). Note that for any v € (0,7], 2co?y < 1
by definition of ¢ (42) and 7. Let z € R? and « € (0,7;]. Then, we obtain using that
Jr 0t =222, — (271(1 — 2b) 1) #/20°/(1=2) for any a € R and b€ [0,1/2),

R,V ey () = (2m)~ 2 /Rd exp(c]| Ty (@) + (6%7) 22| — ||]I” /2)d=

— (1 - 2e0%7) 2 exp{e(l - 2¢0%7) [T, (@)%}

We now distinguish the case ||z|| > M and ||z| < M.
In the first case, we get by (41), (1 —2co?y)~! < 8co?y and (1 —my)? < 1 —my since
2co?y <1/2 and v < 1/m, by definition of ¢ and 7, (42)-(44),

RV (@) < (1= 2090%) 2 exp [e(1 = my)(1 + 8co®y) [l2]?]
(45) < exp [ca —my/4) ||z||* + 2dea?y — mey ||z /4} <NVeq(2),
where we used for the penultimate inequality that —log(1 —¢) < 2t for ¢ € [0,1/2].
For the case ||z|| < M, by (41), (1 —2co?y)~t < 8co?y and (1 —my)? < 1 —my since
2co?y < 1/2 and v < 1/m, by (42)-(44), and using — log(1 —t) < 2t for t € [0,1/2] again,
RyVen(2) < (1= 2070%) ™ exp [e(1+ 17)2(1 + 8coy) 2]
<exp [e(1+7By) |2 +7Bs) -
Using that e — 1 < te? for ¢ > 0, we obtain that
RV e () = NV ey (@) + NV e (@) {exp [y Br [[a]|* + B2 — ylog(V)] - 1}
SNV 0) + ANV e (@) (B o]+ Ba —og (W)} exp [7(Br el + Bz — log(\)]

which combined with (45) completes the proof of (43).
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5.1.2. Proof of Proposition 3. First note that under H1 and H?2, for all z € R?,
since

[T @) = 0| < vew + 1T, (2) = T, (0)]
and from (41),

(16) sup 1T (e) = T O — ol +7e}] 1.
z€RY, ||z|| >R

Define for any = € R?
(47) Ve () = explcla — T, (0)[2), for ¢ =m/(165%) .

Note that limy,)_tee Veny(2) = 400 and limyy)1oo{Veq/Ve}(z) = 1. In addition, by
H1 and H2, }?7 is strongly aperiodic, Leb-irreducible and all compact sets are 1-small.
It is therefore sufficient to show by [25, Theorem 16.0.1] that there exists ¢ > 0, such
that for any v € (0,71] (recall 43 =4 A {1/m}), there exists A, € [0,1) and A, > 0, such
that

(48) Ve Ve+ Ay

R,
Define for any = € RY, T, (v) = T, (x) — T,/(0). Note that for any v € (0,%], 2co®y < 1
by definition of ¢ (47) and 4. Let € R and v € (0,71]. Then, we obtain using that
I eaatba?=22/2q, (2m(1 — 2b)_1)d/2e“2/(2(1_2b)) for any a € R and b € [0,1/2),

RyVey () = (2m)~ 2 /Rd exp(el| T, (x) + (0%9) 22> — ||| /2)d=

= (1 - 200%y) ™ expfe(l - 2c0%7) " [T, ()]}

If ||z|| > M, we get by (46), (1 — 2co?y)™! < 8co?y and (1 —my)? < 1 — my since
2co%y < 1/2 and v < 1/m, by (47) and definition of 71,

RV () € (1= 2630) 4 2exp 1+ 8e0%3) (1 —m0) o] + e )]
< (1= 2ey02) %2 exp {c{(l —my/2) ||| + (1 + 8002’}’)600}2} :

Therefore, we get iminf|, ) oo[Ry Ve (2)/Vey(2)] = 0 which completes the proof of
(48).

5.1.3. Proof of Proposition 6. The proof is based on this technical lemma.

LEMMA 24. For any g € R, ue[0,1] and v € (0,7], a,b € [0,+00), a <D,
(49) H(a,9,u) < A (b, g,u)

PROOF. Let u € [0,1], g € R and a,b € [0,+0), a < b. We first prove that for any
c € R, such that ¢ — 2(0?7y)"?g <0,
(50) I (c,g,u) =0,

which implies that for any c € Ry, S (c,g,u) > 0. We need to consider the following
two cases.

(a) If ¢ — (029)"?g < 0. Then, using —(027)"?g < ¢ — (o7)"?g, 4,0027((027)1/29) =
<p027(—(027)1/zg), and t + 2. (t) is decreasing on [0, +00), we get p,(c,g) = 1.
Therefore (50) holds.
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(b) If0 < c— (0%7) g < (6%y) /g, we obtain similarly to the first case that py(c,g)=1
and therefore (50) holds.

We now show (49). It is straightforward by (50) if 0 > a — 2(02y)"2g. If 0 < a —
2(02y)"2g. By using t $P,2,(t) is decreasing on [0, +0c), we obtain

(51) }7027(0‘79) 2?0‘27(8)79) .
Then, (49) follows from (9) and (51).
OJ

PROOF OF PROPOSITION 6. Let £ € N. By H1, H2 and the triangle inequality, for
any x,% € R%,

(52) [E(z, D) < 7 (lz — Z])) + oo -
By using (6), and (9) we have,
1 Xks1 = Xl = Byl = B(Xe, Xi) + 2(0%7) Pe(Xi, Xi)e(Xi, Xi) " Zisa |
= Bipal = [E(X, Xi)lle( X, Xi) +2(0%7) *Grire(Xp, Xi)|
= Bir || E(Xe X[ —2(0°) G

= (|| BE(Xk, Xi) ||, Grsr, Ug1) -

This gives (11) when combined with (52). Finally, the last statement follows from
Lemma 24 and H1 ensuring that 7., is non-decreasing on [0, 400). O

5.1.4. Proof of Proposition 8. The proof is an easy consequence of this technical
lemma.

LEMMA 25. Assume H1 and H2 hold. Then, for any w € [0,+00) and v € (0,7],
we have that

Qy Vi (w) = 7y (W) + 7Coo -
PrROOF. For any w € R, we have,

Q5 (w) = [ (1= Py 0,9)) (7, (0) + 762 = 2(0™)"'g) (0)dg

= /R(T'y(w) + Yoo — 29) (80(027)1/2 (9) = P(o2y)1/2 (9) A P(o2y) /2 (7y(w) +Yeos — 9)) dg

(19 (w)+7es0)/2
= /_ (75 (w) + oo — 29) (cp(azw)l/z (9) = P22 (Ty (W) +VC0 — g)) dg .

By using change of variable ¢ — a — g we have,

(79 (w)+vcs0) /2
/ (75 (w) +ves0 — 29) (cp(gzv)lxz (9) = P g2y (Ty (W) + Vo0 — g)) dg

1
D) /]R(T'y(w) + Yt — 29) (90(02,7)1/2 (9) — P02 12 (7y(w) + Yoo — g)) dg

=7y (W) + Yeoo -
O
PROOF OF PROPOSITION 8. By Lemma 25 and H1, for any w € [0, +00),
Qy Vi (w) = 7o(w) + oo < (1 = m) W (w) LRy o0) (w) + (1 + L) W1 (w) Lo,y (W) + Yoo -
This completes the proof. O
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5.1.5. Proof of Proposition 9. We first establish that ), admits a unique invariant
probability measure /1, and is geometrically ergodic. To that end, we show that @ is (a)
irreducible and aperiodic, (c¢) any compact set of [0,400) is small and (d) there exists
A>0and b > 0 such that Q7 (w) < AV(w)+0b for any w € [0, +00) with V(w) =w+1.
The proof then follows from [11, Corollary 14.1.6, Theorem 15.2.4].

(a) Let K be a compact set. Then for any w € K we have

(53) QA0 > [ P72 (0) #3050, 9009y > 0

where using H1

54 = inf Py (7 (W) 4 Yoo, / d
(B4 M= el Porr (T (@) +76,9) [_1,”50(9) g

2 inf 70 a, / d ;
(a,g)G[O,M}X[fl,l]p 27( g) [71 1] ‘,0(9) I

and M = (1 +~L)sup(K) + vcs. Note that since (a,g) — P,2,(a,g) is a continuous
positive function, and [0, M] x [—1, 1] is compact, g > 0. Therefore {0} is an acces-
sible (1, 8¢)-small set and ), is irreducible. In addition, ¢(0,{0}) > 0 which implies
that ) is strongly aperiodic.

(b) Let now C be a compact set, we show that C is small. By (53), for A € B(]0,+0))
and w € [0, +00),

Q) > [ 10)(@)Q5 (@ AQ, (. di) > 1cQ, (0. A).

Therefore C is a (2,(Q~(0,-))-small set.
(¢) In addition by H1 and (13) we have, for any w € [0, +00),

ST | (= Dozs (75(w) + Y00, 2)) (7 (w) + e +2(0%9)"2(9) ) p(9)dg

< (1= ym)¥(w) + YRy (m + L) + vewo + 2(0%y) /2 /V/2m.

The proof of the first part of the proposition is complete.
We now establish the second part. Let A € B(R) such that (8¢ + Leb)(A) = 0. Then
0 ¢ A and Leb(A) =0 therefore for any w € R,

Qy(w, \/%/JIA 7(w) + oo — 207'/%g) dg =0.

It follows that 11y (A) = 11,Q~(A) =0 and g, < (80 + Leb).

Since for any w € [0, +00), Q~(w,{0}) >0, 8¢y is an irreducibility measure, and by
[11, Theorem 9.2.15], 11 is a maximal irreducibility measure for @, 8o < 1, implying
that p,({0}) > 0.

In the case coo # 0, by (13) and (10), for any A € B(()[0,+00)), Leb(A) > 0
Q~(w,A) >0 for any w € [0,400) and therefore Leb is an irreducibility measure. Ap-
plying [11, Theorem 9.2.15] again, we get that 8y + Leb < . This completes the proof
since we have already shown that j, < (89 + Leb).
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5.1.6. Proof of Theorem 11.

LEMMA 26. Assume H1 and H2 hold. For any w € R,

B Ty (w) + e
0 w0~ 2 (- )

where Q- is defined by (13) and ® is the cumulative distribution of the one-dimensional
Gaussian distribution with mean 0 and variance 1.

PRrROOF. Let w € R. By (12) and the change of variable g — o, /7g, we get

_ Po2y (Tv(w) +YCoo — Uﬁg)
Q.01 = [ (1 E ET VIO ) o

= [ @0 (9) APy (7 0) 700 = 9)dg = [ 0, (9) Apiny (9= 7 () + 760 dg
R R

(T (w)+veos) /2 +o0
- / 90027 (g - T’Y(w) + ,YCOO) dg + / Soaz'y (g) dg
—oo (T (w)+7co0)/2
—(7y (w)+7e00) /2 +oo Ty (W) + e
= o2y (9) d9+/ o2y (g)dg =2® (—” ,
Lx ! (ry(w)+res)/2 20y
and the lemma follows. O

LEMMA 27. Let 02,7 > 0. For any t,a >0, we have

/ l1_2¢ <_75227/g>‘| pa2'y(tvg)so(g)dg:07
R a

where Py2., is defined by (10), ¢ and ® are the density and the cumulative distribution
function of the one-dimensional Gaussian distribution with mean 0 and variance 1
respectively.

PROOF. Using the changes of variable g — 07'/2¢g, g+ g —t and g — —g, we obtain

95172
/ l1 pY (-W)] Doz, (1, 9)(g)dg
R a

A ﬂ{W%;zf“@%z”}wwdg

e >}¢ - /Hﬂ
=/:/2 {1-2@( ﬂcpgz dg+ {1—2@( - 29)]%%(9)@
= t:o 1—2‘I’< t+2g>}%z Jdg+ | 1—2<I>< - 29)]%%(!;)(19

Using that s e R, 1 —2® (s) = —[1 — 2® (—s)] Completes the proof. O
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LEMMA 28. Let 02,7 >0. For anyt,s >0 and a > 0,
t+s—20./79
63 [ [1-20 (-2 5 (g)eto)dg
R a
= 9P (0\/7G >1/2,—s — t < 200G — 20 /AG <5 —1) |
where G, G are two independent one-dimensional standard Gaussian random variables,

Doz 15 defined by (10), ¢ and ® are the density and the cumulative distribution function
of the one-dimensional Gaussian distribution with mean 0 and variance 1 respectively.

PROOF. Using the changes of variable g — o7'/2g, g — g — t, we get

[ |- (-5 [ petans

—t/2 —t+s—2
| P

+oo t+s—2g
1—2p (%9 .. (g)d
+ o { ( 5 )]%7(9) g

(56) = 2[P(07'/2G > t/2) — A— B]

t/2 —t+5—2g o0 t+s—2g
A= .. (g)dg, B= b (-2 (9)dg.
/ ( o )cpm(g) g, o ( o )cpm(g) g

In addition, we have since (—G, —G) has the same distribution than (G, G),

t —t -2 G t o~ -1 2 G
A:P(aﬁag—,c;g— ts 207 >:P<aﬁG>,G> st 20y )
2 2a 2 2a
- t -2 G
B:p<gﬁg> t’Gg"i'SU\ﬁ)
2 2a
Therefore, we obtain
A+ B
t -2 G ~ —t 2 G
:P(gﬁG>t/2)_P(owG>t/27_w<G< —I—s—;— o\ >
a a
:P(UﬁG>t/2)—P(UﬁG>t/2,—s—t 204G — 20\/~G s—t)
Plugging this expression in (56) concludes the proof. O

LEMMA 29. For any a € R, be[0,1], it holds
®(a+b)—®(a—0b)>1—2®(—b) — a’bexp(—b*/2)/V2m,

where ® are the density and the cumulative distribution function of the one-dimensional
Gaussian distribution with mean 0 and variance 1.

PROOF. Define ¢ : R x [0,1] = R for any a € R, b€ [0,1] by
V(a,b) =® (a+b) — ®(a—b) — 1 +2® (—b) + a’bexp(—b*/2)/V2m.
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We show that ¢ (a,b) >0 for any a € R and b € [0,1]. Using that 1 — ®(—t) = ®(¢t)
for any t € R, we get that ¢ (a,b) = 1(—a,b) and therefore we only need to consider
the case a <0 and b € [0,1]. In addition, for any b € [0,1], (0,b) =0 and thus, it is
sufficient to establish that for any b € [0, 1], a — 1 (a,b) is non-increasing on R_.

For any a <0 and b € (0,1), we have using that sinh(t) = [; cosh(s)ds < tcosh(t)
and e /2 cosh(t) < 1 for any ¢ € [0, +00),

V 27Texp(62/2)g¢(a, b) = 2exp(—a?/2) sinh(—ab) + 2ab
a
< —2ab[exp(—a®b?/2) cosh(ab) — 1] 0.
By continuity, it also holds for a <0 and b € [0, 1] which concludes the proof. O
LEMMA 30. Assume H1 and H2 hold. For any w € [0,+00) and «, 5 € [0, +00),
such that a/(25) <1,
60
[0,400)

(W) +a

-2 < 25)] Q. (w, did)

<1_2@ (_T«,(w) + Yoo —i—a/(l—i-yL)) nya

2027+ B/ + L) Ei

where ® is the density and the cumulative distribution function of the one-dimensional
Gaussian distribution with mean 0 and variance 1,

(58) ¢ = (149L)%02(2v/20) " [supyso (2@ ()} +1/5]

PROOF. Let a, > 0 such that a/(26) < 1. By (13), we have

/[0,+oo) {1 -2 <_H(u~2))ﬁ+a>} Q(w,dw)

:/ 1- 9% (_TV(T"/(w)+fycoo—2Uﬁg)+a>
R

% (1 = Po2q (74 (w) + veo0, 9))p(9)dg

T {1 —2& (_Tv((;)ﬂﬂ%ﬂ /Rﬁgzv(u(w) +7¢o0; 9)p(9)dg

1 9% (_TV(TA,(w) + Yoo — 20\/7g) + a)
26

-,

(59)

(1 = Po2q (T4 (w) +vco0,9))p(9)dg

+ {1 _2® (—T“'(O) +O‘)} 20 (—”(g’i%%) .

By H1, t — 1 —2®(—t) is increasing, we have setting . (w) = 7, (w) +ycs +a/(14+9L),

7, (7 (W) + Yoo — 20,/79) + b, (1) = 20,/7g
N A R I e )

Using [15, Lemma 20], Lemma 27 and Lemma 28, we get

/ [1 9% ( 7 (T (W) + Ve — 20\/79) + a)

% (1 = Py2q (T4 (w) + vee0, 9))p(9)dg
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</,
R

Py (w) —20,/79 _
1-2® (— 25/ (T L) )](1—pg27(¢v(w)»g))¢(g)dg

by (w) =209\ | _
_/R[l—th <— 25/ L) )‘|pgzv(T,y(w)-i-’}/Cooag))Qo(g)dg

(60)

. Il)'y(w)
=1-2® (—2\/027 =70 +7L)2> — 2P ({20/7G = 7y (w) +vco } NA)

where

A= {—Tw(w) — Yoo —

Q@ 208G Q@
< — 207G < — — e ,
1+4L ~ 14+1L VI Ty (W) = yeoo + 1+7L}

and G, G are two independent one-dimensional standard Gaussian random variables.
Define 6., : [0, +00) x R — R for any w € [0,+00) and g € R by 0., (w,g) = (28) "1 (1+
L) [=7y(w) — Ycso + 04/7g]. Then, using that

A={0,(w,6) —a/(2) <G <0,(w,G) +/(20)

we have
P({20\/G = 7y (w) +vcc } NA)

- /R Lo 4o0) <g _ W’O) [cp (67(w,g) + ;‘;) -® (%(w,g) - ;ﬁ)] ¢(g9)dg .

Since /(28) < 1 by Lemma 29 we have, for any a € R,

P <a + ;’;) .y <a - ;6) >1-2® <_;;3> _ 2322%56—&/(8@) ,

which implies

(61) P({20yAG > 7 () 4 1ea} NA) > @ (_W) ”Coo) (1-22(-2))

20,/ 273
T (W) + Yeoo | O2(g W) _ o) qg
— [ 11 _ v a®/(86%) da .
/R 0,4 )(g 20’ﬂ ) 9 /27_[5 € ‘10(9) g

Therefore, we obtain using that E[Lj ) (G)G? =1/2,

(1 -2 (_a)) P (—W> —P({207G > 7y(w) + vcsc } NA)

20 20,/7
T (w) + Voo ez(gaw)a —a? 2
< 1ot - ol a?/(85%) d
/R 0.+ )(g 205 > NI ¢(g)dg
2
o ay (1 +VL)2026_Q2/(8ﬁ2) Ty (w) + yeoo & - (W) + 70
SB 2yon 20,/ 207

I 7y (w) 4+ v Ty (W) + Yoo ?
(s )

Combining this inequality and (60) in (59) concludes the proof. O
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Under H1 and H2, define (og)r>1, (Bk)k>1 for any k> 1 by

k—1 k—1
(62) U =70 3 (L+7L)7",  Bi=70> (1+1)"%.
i=0 i=0

LEMMA 31. Assume H1 and H2 hold. For any v >0, k> 1, we have

Iy ™ o ShYCoo, (k)P0 < B < (B) 20
[(k;y)l/Qcoo/a]e’k'yL < Oék/ﬁk < [(k,,y)l/QCOO/O_]ek'yL
(63) [000’71/2/(03/{31/2)]87’671' < ’Yak/ﬁg < [000’71/2/(03161/2)]63’671'
(64) Y o/ B} < (2000 (k)2 0Pk |

where (ag)k>1, (Bk)k>1 are defined in (62).

PROOF. Let k> 1. Using for any i € N, e < (1 ++L)~? < 1, we have

k-1

(65) kvcsoe M < e Z(l + L) < kyes
=0

In the same way, using for any i € N, e 2" < (1 +~L)~% < 1, we obtain

k—1
(66) kyoZe 2t L 42 Z(l + L)% < kyo?.

i=0
Combining (65) and (66) completes the proof of the first four inequalities. Then, (64)
is a simple consequence of (63) and a comparison test. [l

LEMMA 32. Assume H 1 and H 2 hold. Let § € (0, {Lfl/\(aefl_/coo)Q}], with
the convention 1/0 = 4o00. For any v € (0,7], n € {0,...,ny}, ny = |§/7], and w €
[0, +00), it holds

3 5 + Qg1 " oy,
67 / 1o ooy (@)Q"H (w, dd) < 1 — 2@ <—T’Y(“’)+> 19k
(67) 0-400) (0,400) (W) Q5T ( ) s Ck:1 g

where (ag)k>1, (Bk)k>1 and ¢ are defined in (62) and (58) respectively and ® is the
cumulative distribution of the one-dimensional Gaussian distribution with mean 0 and
variance 1.

PRrROOF. Let v € (0,7], w € [0,400). Note that for any n € {0,...,n,}, by (62) and
Lemma 31,

(68) an/(26,) <1.

Then, by Lemma 26, (67) holds for n = 0. Assume it holds for n € {0,...,n, —1}. Then,
we get

/ L(0,4+00) (w)Q:H(wa dw) < /
[0,400)

(0,400

-2 (-l o)) W,ngg_

The proof is then concluded by a straightforward induction using Lemma 30 and (68).
O



28

THEOREM 33. Assume H1 and H?2 hold. Let R > 0. For any v € (0,7] and § €
(0AL™ A (06 feo)?}], (0, R)) < e, where

_ 3(0+7)L (6+7)L ~ 5+~
_ _1y2 | Ce e (L) R+ (0 +7)e
(69)  nr=[0+7] [ i TM] / ® ( ST T, :

~ PROOF. Let d € (0,{L7" A (ge™!/cs)?}] and 7y € (0,7]. Set n, = [§/7]. Note that
d <7y(ny+1) <d+7. By Lemma 32, Proposition 9, integrating (67) with respect to
i and using that 7,(0) =0, ®(—t) < 1/2 for any ¢t > 0, gives

(70) (0, +o0)) < [ {1—2@ (—”(w”o"”“)}dm RS gL

257174—1 k=1 Bk

O +1 N Y,

<1—20 (- ) 4 ¢y Lk
( Qﬁn.ﬂrl) k=1 /82

Q. +1 w) + oy 41
42 & —tmtl ) _g :
(0,+oo){ ( 2/67%+1> ( 2Bn.+1 )}
Qn 41 Yo Ty(w) + a1
<128 [ —2mFL ) (0, 400)) + ¢ ——2/ & | D\ Tt ) g ().
( 2@%“) l(0,400) + ¢35 2 [ ( e ) e

Rearranging the terms yields

Ty (W) + Q41 Olny+1 70%
71 2 &L T ) (w) <1 —2® | ——= +
(7 (0,R1) ( 20n,+1 ) ta ) ( 26nw+1> Ck < By

In addition by H1 using Lemma 31 and ¢ +— ®(—t) is decreasing on R, we have

Ty(w) + o, (1+9L)Ry + ap,
/(OR )(I) <_725+1+1> i) = ® <_ 25 1+1 +1> po 0. 10)

(14+9L)R1 + (6 +7)cso
> — - )
) >® ( 201/2ge—(O+7)L iy (0, 1))
Using that ¢ — 1 —2®(—t) is \/2/m-Lipschitz and combining (71), (72) and Lemma 31
we get that
(73)

ol (1 +AL)Ry + (6 4+ 7)coo
201/2ge—(6+3)L

> 4((0,Ry)) < @nw+1/(2\ﬁ5n7+1 +C72{ak/ﬁk}

e G
< Coo0 4+ 712 +
Coold +7] o3 2/ 210
which implies that 1, ((0, R1)) < cee and completes the proof. O

PROOF OF THEOREM 11. Let § € (0,{L™' A (0e™!/cs)?}] and 7y € (0,7]. By Propo-
sition 8 and using p., is invariant for @), we obtain

Jwdm@ <@-mm [ wdp)+ Q1) [ wdu () + e
R [R1,+00) (0,Ry)
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Then, rearranging the terms in this inequality yields

L () < Rapi (0, R+
1,+00

[ wdns() < Ry (0, Ra))(1+ Lm) + oo/,
[0,4-00)

which, combined with Theorem 33 applied to R <+ Ry, concludeb the proof of the first
inequality in (17). Finally, by (70), using that ¢ — 1 — 2®(—t) is \/2/7m-Lipschitz, we
have

(70)
po(0,400)) < (VIR o)™ [ {14 ALY+ )y () + G S /B2
k=1

[0,4-00)
< (Coot (14 L) + 1)/ (V2B 1) +Cy S Lo/ B3}
k=1

This finishes the proof using n., = [§/7], § < y(n, +1) <J +7 and Lemma 31. O

5.1.7. Proof of Theorem 12. For any a > 0, define ¥ : R — [0, +00) for any w € R
by

(75) V(1) = 10,400 (10) explany)

PROPOSITION 34.  Assume H1 and H2 hold. Let a > 0. Then, for any w € [0,400)
and 7y € (0,7],
(76) QY (w)/ V) (w) < AL R, 400) (w) 4 exp{~ya(Lw + 20%a + coo)}]l[oﬂa)(w) ,
where

(77) R, =1V Ry V [(4a0® 4 2cs0 ) /m] A = exp(—anR,/2) .

PROOF. Set for any w € R, 75° = 7,(w) + Y¢s. By definition (13) and using the
change of variable g — 0v"/?¢ twice, we have

Q" (w) = [ expla{r(w) = 207V *g){1 = By (7). 9) Y l)dg
730 (w)/
= [ o0l )~ 203) s (6) — Py (7 10) — )

(o ¢]

YA o7 P75 (w)/2 00 1/2 2
<em [ exp(a{r(w) — 20729} — g2/2)dg

e T 1
= exp(ary°(w) + 2a%0%)(2m)” /2/ exp(—{g + 2a0+7*}2/2)dg

<exp(ary®(w) + 2a%0%y)®(0y /27'00( )/2 4 2a0y"?) < 277 (W)H2a% %y

This concludes the proof of (76) for w € [0, R,) using H1. In the case w € [R,, +00),
we only need to use that by H1 and definition of R, (77), ar3°(w) + 2a*0y < a(1 —
my)w + acoo + 20202y < aw — aymR, /2. O
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PROOF OF THEOREM 12. Let § € (0,{L™' A (0e™!/coo)?}] and v € (0,7]. We show
that (17) holds with
c3 = (Ba/ M) a(LR, + 20%a + coo )0, exp(aRy)/ log(Aa)|
where B, = exp{a(LR, + 20%a + cso)}, Aa, Ra are defined in (77) and ng in (69).
By Proposition 34 and since 7*(0) =0 and ., is invariant for @), we have
| v @) <X [ i) )+ B [ i) w),
(0,400) [Ra,+00) (0,Ra)
setting B, = exp{a(LR, + 20%a + ¢ ) }. Rearranging terms yields

[ v ) < (BTN =R [ ) )
(0,+00)

=X {Bg}\a’y - 1}/{}\(1’7 - 1}eXp(aRa)Coo77Ra )
where we have used Theorem 33 applied to R < R, in the last inequality. The proof is
then completed upon using that for any ¢t >0, t <ef — 1 < tel. OJ

5.1.8. Proof of Theorem 135.

LEMMA 35. Assume H1 and H2 hold. For any w € [0,4+00) and «,f3 € [0,+00),
B >0,

Jo 122 (7 2] @ wan <128 (‘”;@;ﬁﬁjgﬁlﬁ)}”),

where ® are the density and the cumulative distribution function of the one-dimensional
Gaussian distribution with mean 0 and variance 1.

PROOF. Let o, >0, 5> 0. By (13), we have
3 (W) +
/(o,+oo) Loz ( 28 ﬂ Qy(w, dw)

_/ (T3 (W) + 7o — 20,/7g) +
26
By H1, t — 1 —2®(—t) is increasing, we have setting . (w) = 7, (w) +vcoo +/(1+7L),

(1 = P2y (7 (w) + vo0, 9))p(g)dg -

1_ 9% 777(77(w)+7000_20\ﬁ9)+0‘ <1_92P 711’7(71])_20”9 '
2 26/(1+1)
Using [15, Lemma 20], Lemma 27 and Lemma 28, we get

/ ll s (_ Ty (Ty (W) + Voo — 20,/79) + a)
R

26
<J.

1-2@( 1) = Qa\fg)] (1= Byeny (05 (), 9))p(9)dg

(1 - pa2'y(7—7(w) + 70%7g))90(g)dg

28/(1+1L)
+(w) = 204/7g
/R [1 —2& ( 28/ L) )] D2 V(Tv(w) +7¢,9))p(g)dg

g 1—-92® | — .Ll)’Y ('UJ) ’
2o T AL TP
which completes the proof. O
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We consider in what follows that (Wj)xen is the canonical process on ([0, +00)N, B([0, +00))®N)
and for any w € [0,400), P, and E,, correspond to the probability and expectation
respectively, associated with (), and the initial condition §,, on this space.

LEMMA 36. Assume H1 and H2 hold. For any k € N and w € (0,+00),

Pw( min Wi>0) <1-20 {_Tv(w)*ak“}
1€{0,....k+1} 2/8k+1

where a1, Br+1 are given in (62).
PrROOF. The proof is by induction on k € N. The proof for k =0 follows from

Lemma 26. Assume that the result holds for £ —1 € N and for any w € (0,400). Then,
by the Markov property and the assumption hypothesis, for any w € (0, +00),

(78) Py, ( min }I% >O> =E,
1€

0,...,

1(0,—‘,—00)(W1)PW1 (ie{omlnl} W; > 0)]

<E, |::[]-(0,+OO)(W1> {1 —2® <_W) }] '

The proof is then completed upon using Lemma 35. O

LEMMA 37. Assume H1 and H2 hold. Then, for any k € N, w,w € [0, 400),

T~ (w VW) + ag
||6MQ§+1 Qk+1||TV 1_2‘1)[ ’Y( ) +1} ,

2041
where a1, Br+1 are given in (62).

ProOF. We consider again (Gg)r>1 and (Ug)g>1 two independent sequences of
ii.d. standard Gaussian and [0, 1]-uniform random variables respectively. Define the
Markov chains (Wy)ren and (Wy)ren starting from w € [0, +00) and W € [0, +00) re-
spectively, for any k € N, Wy = 9. (Wk, Gr1, Uk+1) and Wiy = 9. (Wk, Gi1, Uk+1)
Note that the case w = is trivial so we only consider the converse and assume that
w <, w > 0. Then, we obtain by Proposition 6 that almost surely Wj, < W), for any
k € N, which implies that

H%Q’;ﬂ _ 5@Q§+1HTV <P (Wk+1 # Wk+1) <P <i€{0§}.ﬂé+1} W, > 0) :

Indeed, if manG{O k1) W; = 0, then there exists i € {O k413, W; = 0 which im-
plies since W; = W; >0 that W; = W; and therefore Wk+1 W1 by definition of the
two processes. The proof is then completed by Lemma 36. OJ

ProprosiTION 38. Assume H 1 and H 2 hold. Let t > 0. Then, for any w,w €
[0, 400),
w Vw4 tpCeo
20{1 — e—2L(to+'7)}1/2

HéwQLto/’ﬂ _ 5113@[;50/“/1 oy <1—2® 12

PROOF. Note that by (62) for any k € N, api1 < kycoo and Si,, = (0?(1 +
AL)/L){1 — (1 + L)%} > (0?(1 + L) /L){1 — e~ 2} using that (1 +¢) < e’ for any
t € R. The proof is then completed using Lemma 37, H1 and the previous bounds for
k<« [to/~]. O
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LEMMA 39.  Assume H1 and H2 hold. Let a > 0. Then, for any w € [0,+00) and
v€(0,9],
(79) Q' (w) < (1 = ym) ¥ (w) +{L +m} Ry + yeeo
(80) Qy ¥ (w) KAV, (w) + Yoo, (w) ,

where Q is defined by (13), for any w € R, V' (w) = |w|, ¥ by (75), A, Rq are defined
by (77) and

(81) &, = aexp{aR, +ya(LRy + 20%a + coo) LR, + 20%a + co) -

NN

PROOF. (79) is a simple consequence of Proposition 8. Note that for w € R, w > Ry,
(80) holds by Proposition 34. In the case w < R, using Proposition 34 and e’ — 1 < te'
for any ¢ > 0, we obtain Q,%*(w) < A1 V*(w) + V*(w)[A; 7 exp{va(Lw + 20%a + coo) } —
1] < A V*(w) + a¥*(w) exp{ya(Lw + 20%a + o) HLw + 20%a + coo], which completes
the proof. O

Define 71,7, : R — [0, 4+00) for any w € R by
(82) V(w) =1+ A1 |w]|, Va(w) =14 Ag1 (g 400) (W) exp(aw) .

PROPOSITION 40. Assume H1 and H2 hold. Let a >0 and tg > 0. Then, for any
w € [0,+00) and v € (0,7],

QU W (w) MV (w)+Br, QLM (w) <A (w) + B
where QQ~ is defined by (13), Y, ¥, by (82), Aq by (77), &, by (81) and
Ai=e", Br=(to+7){L+m}R1 +coc] +1, Ba=(to+7)ota+1.

PrROOF OF THEOREM 13. By Lemma 39 and an easy induction, and using that
1 —t<e ! for any t >0, we have for any k € N,

QY (w) A (w) + By [{L+mbRico] . Q4 (w) SN (w) + ket
Using that Qf;l =1 for any k£ € N completes the proof. O

PrROOF OF THEOREM 13. Let ty > 0. We only show the result for ¥ = 14. The
result for ¥ =%/, a > 0 is similar upon replacing A; and 3; by A, and [, given in
Proposition 40 respectively.

Define &; =431/(1 —A1) — 1 and M; =sup{w € [0,+00) : ¥ (w) < 81} which is well
defined since limy,_, o Y (w) = +00. Define in addition,

My + toc
o IR R 1 0Coc0
a1=22 [ L 20{1 — e 2L(to+) }1/2 <l.

Then, {71 <81} is a (1,e)-Doeblin set for @, and Ay +2p1/(1 + 81) < 1. Therefore,
[11, Theorem 19.4.1] implies that for any k£ € N,

8wl - MHV <CPM{Wi(w) + 1y (Th)}
where a bound on p(94) is provided by Theorem 11 and
log(p) =log(1 — e1) log(A1) /{log(1 — e1) +log(As — log(B1)}
A=A +2B1/(1+81), Bi=APB1+8
C={M+1}[1+B:/{(1—en)(1 = A1)}
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5.2. Postponed proofs of Section 3.

5.2.1. Proof of Proposition 15. The proof is an easy consequence of Lemma 43 below

and the definition of (W,En))t>0. Before stating and proving Lemma 43, we need the
following technical results.

LEMMA 41. Assume A 1. Then, for any q € [1,400), we have for any «y € (0,7],
E[[W1 — 7,(Wo) = yeaol’] < (40%7) %/ {my + 25up, 50 [u(~u)] | ,

where Wy is defined by (12), my is the q-th moment of the standard Gaussian distri-
bution and P is its cumulative distribution function.

PROOF. Let wg € [0,400) and v € (0,7]. By definition (13) and (10), we have setting

5% (wo) = {7y (wo) +yesc}/ (2V/0%7),

'F,?Q(wo)
[ = 7 w0) = e Qs o, dun) = ()2 [ g plg)dg
+ —0o0
9 /2 +o00 B
— (o) [l pladg + [ |7 () + el "p(275 (wo) — 9) A pl9)dg

< (40%9)12my + 27 PP R0 (wo) 1@ {75 (wo) }

which completes the proof. O

LEMMA 42. Assume A 1. Then, there exists C' > 0 such that for any k € N and
v €(0,7], EWE] < e {E[WS] + 1}, where (Wi )ren is defined by (12).

PrOOF. By A1, (12) and (13) we have that for any wy € [0,+00) and v € (0,7],
setting Wy = wg and Koo (wo) = K(wp) + Coos

/]R wiQ~ (wo, dwy) = E[W}] < E[(wo + ko (wo) — 21/0%7G1)*]

= {wo + koo (o) }* + 602y {wp + Yhoo (W) }2 + 30492 .
By A1, for any ¢ € {2,4}, we have that for any wg € [0,+00), v € (0,7],
{wo + Yhoo (w0) } < wg + 27 (1 + L) Ju|* + o] -

Therefore, we obtain that there exists some constant C7,Cs > 0, such that for any
wo € [0,—|—OO), Y € (O,’ﬂ,

/ Wi Q- (wo, dw;) < wy + C1y{1 +wj +wg} < (1+~C2)wy +7Ca .

Ry
By an easy induction, we get then that for any wg € [0,+00), v € (0,7] and k € N,

k—1

/]R wi Q¥ (wo, dwy) < (14 Co)fwi + Coy Y (14 Coy)' < g + Cy
+ =0

which completes the proof by the Markov property. O
LEMMA 43. Assume A 1. Then, there exists C > 0 such that for any k € N and v €

(0,7], E[maxeqo,... 13 [We — Wol?] < C(ky)2eC* {E[W{] + 1}, where (Wi )ren is defined
by (12).
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PRrROOF. Assume that E [ng] < 400, otherwise the results holds. Denote by (Fy)ken
the filtration associated with (W )ren. We consider the following decomposition for any
leN,

-1 -1
We—Wo=Ar+ By, Ag=) AM;, By=) H;,
i=0 =0
where using that E[W;1|F;] = 75°(W;) by Lemma 25 and the Markov property,
(83) AM; =Wip1 = EWin|F] = Wiy — 2 (Ws),  Hi=77(W) —W;.

Then, using Young’s inequality, we get for any v € (0,7] and k € N,
(84) maxge(o,...k} [We — Wol* < 22{maxyco,. k) A7 + maxgeqo,. 1y Bi}

We now bound the two last terms in the right hand side of this equation. First, by A1l
and Young’s inequality, we get for any v € (0,7] and k € N,
(85)

Elmaxeqo. xy Bf] < k33520 HE < 23(ky)*(1+ L) {max;eqo, p—1y EIWA] + ¢4}

In addition, by definition (83), (AM;);en are (F;)ien-martingale increments. It follows
by Burkholder inequality [5, Theorem 3.2] and Young’s inequality that there exists
Cy > 0 satisfying for any k£ € N and v € (0,7],

E [maxieqo,..s AL] < CHEI{SES) AM?)?] < Cik o) B[AMY)
Therefore by Lemma 41, we get that

-----

where my is the fourth moment of the standard Gaussian distribution. Combining this
result with (85) and using Lemma 42 in (84) concludes the proof. O

5.2.2. Proof of Proposition 16. To show this result, we use the Komolgorov criteria
[21, Corollary 14.9]: for any T > 0, there exist Cr > 0 such that for any n € N and
s,t €[0,400), s <t,

4
E Uwg”) — W } < Cp(t—s)?.
Note that denoting k%n) =[s/7| and kén) = |t/vn], we have by (19)
4
E Uwg”) - W) ]

. {(t = )% AWy = Wy I if k" < kY

33[{Wk§n)+1 — Wkin) }4 + {Wké’n) — VVKYL)}4 + {WkY‘) — Wk§")—1}4] otherwise .

Lemma 43, Lemma 42 and the Markov property complete the proof.

5.2.3. Proof of Proposition 18. We preface the proof by the following technical
lemma.

LEMMA 44. Assume A 1. Then, for any q € [1,4+00), we have
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(a) for any v € (0,7] and wy € [0, +00),
(86) = 24072 [0 191" e(9)dg
< Jr, w1 =7 (wo) = yeoo|? Qy (wo, dwr) — (40°7)*m, < 0,

where 75°(wo) = {7, (wo) + v}/ (2v/0%7), Q is defined by (13), my is the q-th
moment of the standard Gaussian dzstmbutzon and @ is its probability density func-
tron;

(b) for any ~ € (0.7,

[, T = 7escl” Q4 (0, duwn) | < 3(e0 )

PROOF. (a) Let wy € [0,+00) and v € (0,7]. By definition (13) and (10), we have
setting 75°(wo) = {7, (wo) +ves0 }/(2V/0%7),

7"7°°(w0)
L e =7 a0) = el Qs wosduwn) = (4rt) 2 [ gl elg)dg
+ —00
(&)
“+oo
) [ ol ey + [ 17 ) + el (25 0) — ) A (9)dg
T$° wo

Therefore, we obtain that
Ji, lw1 =7 (wo) = Yoo Q4 (wo, dwr) — (40°7)?*m
= —2(40%7) "2 [0, 191" @ (9)dg + 2(40%7) V2 [{7, (w0) }1 @ (=7, (wo))] -
Using that 7'°°(wo 191" ¢(g)dg = {75°(wo) } 7@ (—75°(wo)) completes the proof.
(b) By (87) and since 7,(0) = 0 and 72°(0) = vcoo/(21/027),

YCoo

i To1 = 7(0) = sl 1 Q4 (0, duwn)| < 2(4029)72 [V [g]p(g)dg + (vs)?

Using that (40%)%/? fo”c“’/@ Vo) |9l p(9)dg < (7¢a0)? completes the proof.
0

PROOF OF PROPOSITION 18. Proof of (24). Let ¢ € C*(RY) satisfying (23), N €
N, (t1,...,tn,s,t) €0, +oo)N+2, 0<t <+ <ty <s<t,¥:RY - R, continuous and
bounded. Note that we only need to show that

]|
(n)

setting for any n € N, u € [0,+00), Gu ' = ‘FFZ}%W’ where (]:,gn))keN is the filtration
corresponding to (Wé"))keN

t
lim E [E | o(WI) — (W)~ [ Ap(Wi)du

n—-+o0o

Define k& = = [t/vn] and k:( )= = [s/7,] and consider the following decomposition

(89) B[ oW) — (W) — [ Ap(Wi)du

00| B[40+ 48" + 40"

g |

A = o(Wi") = o (W0)) = {p(W{) — (W0}
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(") -1
A — / AW du 30 3 Ap(W ™)
k=k$"
k™ -1
Aé”):w(W,f?Z)>)—sD(W,§Z)> ~Tn Z Ap(WM) .
! k= k(”)

We deal with these three terms separately.

First since ¢ satisfies (23), by the fundamental theorem of calculus, there exists
C > 0 such that for any wg,w; € R, |p(w1) — ¢(wp)| < Cmax(|wo|, |wi]) |we — w1 |. By
(19), we get that there exists C' > 0 such that for any n € N, almost surely,

‘Agn)’ < C’yn{maxie{kYL)7k§n)+17kén),kén)+1} ‘Wi(n)fz + 1} .
This implies by Lemma 41 and the Lebesgue convergence theorem that

(89) lim ]EHA H

n—-4o00
Regarding Agn), we consider the decomposition,

AP = A + AT,

(n)

) kén)vn ky
Agfl :/ Aw(W&"))du+/
s t

Yn

A@(W&”) )du

(k+1).
Ag) - Z / HAGWL) — Ap(W())du.

Since ¢ satisfies (23), by Lemma 41 and the Lebesgue dominated convergence the-
orem, we get that lim, , . E HA |] = 0. In addition, we have by definition of A (22)

that for any ne N, k € {k(n) ...,k{”) — 1}, u € (kyn, (K + 1ym),
[ Ap(W) = Ap(W™)| < Bug + 210 sup [
BY) = (W) + o)l (W) — o' (W)
+ ! (WED(WEY) = s(W)] + 218,02 (W) — " (WD)

where A = {W,gn) = O,W,{Ei)l #0} U {W,gi)l = O,W,gn) # 0}. Note that using that ¢’
and ¢” are Lipchitz and supgep o0y [#'|(w)/(1 + |w]) < +o0 by (23), A1 and (19),

we get that there exists C' > 0 such that for any n e N, k € {k(n) . (n) -1} ue
(Fym, (k + 1)),

B < Ond WP+ (WA P+ 13
which implies by Lemma 41 that

. k-1 (k+1)7n -
Jim S [ E(|sg
k=k$"

}du—O.

Tn
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To conclude that lim,, 4o E[|A§") |] =0, it remains to show that
(90) lim 4, > E[Ia|=0.

Note that using that by definition, (Wén))keN is a Markov chain with Markov kernel
Q)+, (13), the Markov property implies that for any n € N and k € {k(”) .. k(n) — 1},

(91) E [1ac] <P (WY =0, #0) +B (W3 0, W) =0)

= 1-28[—cooy/Ta/(20)] + 2E [Ty (W) @[—=752 (W) /{2(0%30) Y]

where 72°
Yn

u € [0,4+00), we get that there exists C' > 0 such that for any n € N, ~, >
2®[—coor/Tn/(20)] < C((t—s) + 'yn)'y}l/Q and therefore

k™ -1

(92) lim -, Z {1 =2®[—coo/Tn/(20)]} =

n—+o00
k= k(”)

(w) = 7y, (W) + Yoo, for any w € [0,+00). Since 1 — 2®(—u) < u for any
k-1
k=k{" 1

Regarding the second term in (91), consider the sequence of measurable functions de-
fined for any n e N, we Q, k€ N by

Il k) =L gy 06) g (W) @(=7° (W) [{2(0%00) )]

on the measure space (2 x N, F@2Y P®v,), where 2V is the power set of N and 1 is the
counting measure on N. Note that P ® v, almost everywhere, lim,,_, 1 o fn(w, k) =0 and
in addition, Y jcx fo fn(w, k)dP(w) < (t — ) +7,. Therefore by the Lebesgue dominated
convergence theorem, we obtain that lim, o > ren Jq fn(w, k)dP(w) = 0 which implies
by definition,

-----

kM -1
im 2, 30 E[1ey (W[ (W) /{2(0%) Y]] =0,
k=k{"
This result combined with (92) and (91) in (90) shows that
(n)
o i 2] o

Finally we deal with A(") from the decomposition

k™ -1
AP = W) — W) = (W)
k=kS"
Set for any k € {kz(") . n) —1}, AW,E") = ngi)l - W,gn). Using that ¢ is three times

continuously dlfferentlable we get by Taylor’s theorem with Lagrange reminder, that
forany neN, k € {k‘(n) ey k{") — 1}, there exists ug € [0, 1] satisfying

PV = o W) = (W) = (W) AW
/LAWY 4+ 676D (W) + (1w W) {AW.
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It follows from the definition (12), Al and Young's inequality, setting 750 (w) = 7, (w) +
Coo and k¥ (w) = k(w) + ¢ that for any n € N, k € {k:(n) e k(n) — 1},

AW < a7+ Wi = e ()P}
It follows then using the definition of A (22), (23), Lemma 43 and Lemma 41 that

’YVL (

(94) nngE[|A§”) —AM=0,  where A/ = A1) + A

k™ -1
A = 3T [ WENAW, = 0 (W) EE (W)
k=K
k™ -1
ALY = 30 1@ W) LAWY = 27002 (W) I (W)
k=k{"

Note that by Lemma 25 and the Markov property, we have that for any n € N and
ke {kY, kY =1}, o WIE[AWSD | F ] = 4 (W) e (W) = 0, which
implies that

(95) E[A{Y ]G] = [A“”rf )]
k(n)—l n n n n
=3, Bl VBIAWE, [ FL] = ! (W) (W) | By ] =0

We now show that lim,, 4 E[|E[Afln2) | gﬁ”)]u = 0 using the decomposition

(96) AT =A%+ AT,
k™M1
AT =37 T (W) (" (W) 2) {AWSD )2 — 402,
=k
k-1
A= 30 1 (W) (" (0)/2){W )2
=k

Then, by Lemma 44-(a) , we have using the Markov property that

k™ 1

< 80 sup{["[} Z falw, k)

where fu(w, k) = 3T ooy (k) Trg (W <w>>T<a°°<Wk"> @),

T(w) = [, |l @(o)dg. 752 (W (@) = 75 (Wi (@) /{2(0*1) ). (falners is a se-
quence of measurable fgnctlons defined (Q >< N, F@2N, P®1,). Note that P® v, almost
everywhere, lim, 1 fn(w, k) =0 and in addition,

Z/ Jo(w, k)dP(w [(t—8)+7n]/R\g|"<P(g)dg

keN

(1)  [E[ATZ1190)| = [E[A{3, | F,G)]
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Therefore, we obtain that lim, s oo Y pen fo fn(w, k)dP(w) = 0 by the Lebesgue domi-
nated convergence theorem, which implies by (97) that

: (n) (M) —
(98) lim E[E[A$), 6] =0.
We now consider Ag92. By Lemma 44-(b) and the Markov property, it follows that

E[A{2 16 = EIAL 7)< (e (0)/2)[(t = 5) + e
showing that limy, o E[[E[AYY,[G{"][] = 0. Combining this result, (98)-(96)-(95)-

(94), we get that limn_>+ooEHIE[A§n) ygé”)m = 0. Plugging this result and (93)-(89) in
(88) completes the proof.
Proof of (25). The proof follows exactly the same lines as (24) but we use that the

only different and non negligeable term is AXZ) which becomes

k™ 1

AP = ST (W) 2) (AW Y — 4,07
k=K

Using (86) in Lemma 44, the assumption that ¢”(w) > 0 for any w € R, and the Markov
property, we get that for any n € N, E[Aflnz) | Gs] <0, which concludes the proof. O

5.2.4. Proof of Theorem 17.

PROPOSITION 45.  Assume A 1. Let p be a limit point of (@, )nen. Then, p.-
almost everywhere, inf;cg o) Wy 2 0.

PRrROOF. Without loss of generality, we assume that (g, )nen converges to p.,. Since
w = infyeo 4oy wy is continuous, F = {w € W : infycp yoywy > 0} is closed. There-
fore, by the Portmanteau theorem [22, Theorem 13.16], we obtain that p(F) >
limsup,,_, 4 p,(F) =1. O

PROOF OF THEOREM 17. Recall that we denote by (p,,)nen the sequence of dis-

tribution on W associated with {(Wﬁn))@o :n €N} Let p, be a limit point of this
sequence for the convergence in distribution. Without loss of generality, we assume that
(p,,)nen converges in distribution to p. Note that by Proposition 15, for any contin-
uous function F': W — R such that |F|(w) < Cr{1 + sup,ep 1 |wi|*} for 6, € [0,4),
T,Cp >0, then F is uniformly integrable for (p,,)nen and therefore (see e.g. [1, Lemma
5.1.7.])

(99) lim /qun:/ Fdp, .
W w

n—-+o0o

We divide then the proof into two parts. First part: we first show that under p,
(M¢)¢>0 is & (Wr)i>o-martingale. Considering

Fw— (gpl(wt) — p1(ws) — /: Agol(wu)du> (Whyy ey Wiy ) s

and applying Proposition 18-(24) to ¢1(w) = w for any w € R, since A is continuous
under A 1, for any N € N, (t1,...,tn,s,t) € [O,+oo)N+2, 0t <~ <ty <s<H,
¢ : RY — R, continuous and bounded,

[EH [(Mt - Ms)¢(Wt17 te 7WtN)] =0,
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where Ete [-] is the expectation under p . on (W, W). We obtain by the monotone
class theorem and [27, Theorem 2.3, Chapter 0] that the first part of the result holds,
i.e. (Mp)i>o defined by (21) is a (W})i>o-martingale on (W, NV, (Wy)i>0, oo )-

Second part: It remains to show that under g, (N¢)i>0 is a (W)i>o-martingale.
We first establish setting ¢o(w) = w? for w € R, that

Ni=ea(Wo) — a(Wo) = [ Aga(Wa)du,

is a (W,)i>o-submartingale, which easily implies that (N;);>0 is a (W;)i>0-submartingale.
Let N €N, (t1,...,tx,5,t) € [0,+00) "2 0<t; <---<tny <s<t, ¢:RY 5 R, con-
tinuous, nonnegative and bounded. Then, consider Fy" = F2Jr 1+ F2+ 5 on W with :

Ffiwe {wg(wt) — pa(ws) — Z/Stwu(/i(wu) + coo)du} (Wi sy Wiy )

Fy. by W —40? {/t]lRi(wu)du}z/J(wt“...,th)

Note that it is easy to check that F2 1 is continuous and F22 is bounded lower semi-
continuous on W, i.e. for any (w"),en converging to w™> in W endowed with the uniform
convergence on compact set, liminf, o 55 (w™) = Fyy(w™). Therefore, we obtain by
the Portmanteau theorem [22, Theorem 13.16] and (99) that

/F dp = hm/FQldun, and / F22dp hmlnf/ F;&dun.

n—-+o0o

Therefore,Proposition 18-(24) applied with ¢ - @9 implies that

—hmsup/ Fydp, < / Fydp.
n—+00

Using the same arguments as before, we obtain that under g, (Nt)@o is a Wy)i>o-
submartingale. Then, it is easy to verify that (N;);>0 is a (W;)i>o-submartingale. We
complete then the proof by showing that (N;);>¢ is also a (W});>o-supermartingale
under ... To do so, we need the following lemma.

LEMMA 46. Assume A 1. Then, for any limit point p. of (Hy)neN, Hoo-almost
everywhere, t — (M), — 40t is nonincreasing, where ((M),)i>0 is the quadratic variation

of (M¢)e>0-

PROOF. Let N € N, (t1,...,tn,5,t) € [0,400) 2, 0<ty < <ty <s<t, ¢
]Rﬂ\rf — R, continuous, nonnegative and bounded. Consider now the continuous map

Fy iw— {gog(wt) — pa(wp) — /Ot ./Zlcpg(wu)du} V(W -y Wey ) -

Then, by (99) and Proposition 18-(25), we get lim,, o [y F5 dp,, < 0. Using that un-
der poo (My)iso is a (W;)iso-martingale, we get that (M7 — 402t);50 is a (W;)i>0
supermartingale. By the Doob-Meyer decomposition [21, Theorem 22.5], under p_,
there exists a unique nondecreasing, locally integrable and predictable process (Ct)¢>o,
such that (M? — 402t + Cy)i>0 is a (W,)i>o-martingale. In addition, under p.,, by
[27, Theorem 1.8, Chapter IV], the quadratic variation ({(M),)i>0 of (M¢)i>o is a
finite variation process satisfying (MZ — (M),);>0 is a (W;)i>o-martingale therefore
(M7 —40%t— (M), —402t))1>0 is a W})i>o-martingale. Therefore, ((M), —40%t — Cy)t0
is a (W});>o-martingale and a finite variation process. By [27, Proposition 1.2, Chapter
IV], poo-almost everywhere, for any ¢ € [0, +00), (M), — 40%t + C; = 0, which completes
the proof. O
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By Lemma 46, denoting by ((M),):>0, the quadratic variation of (M), see [27,
Theorem 1.8, Chapter IV], p..-almost everywhere, ¢ — (M), — 40%t is nondecreasing
and therefore we get that for any s,t € [0,4+00), s <t, p-almost everywhere,

(100) / t Tg: (W,)d (M), < 40 / t Tg: (W,)du.

In addition, by the occupation times formula [27, Corollary 1.6, Chapter VI| applied
twice and Proposition 45, p. -almost everywhere,

(M>t:/0td(1\/[>u:/0t 11]R+(vvu)ol<vv>u:/IR+ L‘t’da:/R* Lt“da:/ot T (W,)d (M),

Using this result and (100), we get that (M), — (M), < 402 [! I+ (Wy)du, for any
s,t € [0,400), s < t. Therefore since (M7 — (M), );>0 is a (W;)i=o-martingale under g,
we conclude that (N¢)i>o is a (Wy)¢>o-supermartingale which completes the proof. [

5.3. Postponed proofs of Section /.

PROOF OF PROPOSITION 20. From AO3 we know that zy(t) € K for all ¢ € [0,T].
In particular, using that for all 0 < s <t < T, 29(t) — zo(s) = [! Fy(2p(u),u)du, we get
that

(101) 1z6(1) = 20(s)|| < Cr(t —s).
Let k € N be such that #(kh) € K (this is for instance the case of k= 0). Then, for
t € [kh, (k + 1)h], using by (32) that
¢
2o(t) — 20 (1) = zg(kh) — 2 (kh) + / (Po(z0(s),5) — Fo(Z (kh), kh)) ds
kh

and setting f(¢) = ||20(t) — 2} ()||, we get by (101) and AO3 for any h >0 and ¢ €
[kh, (k +1)h],
h2
f() < (A4 Lph) f(kh) +LE(1+Cr) 5
Assuming that h < h where h is sufficiently small so that
1 = /
§LIF(1 + CF)hTGLFT <4,

we get by a direct induction that, for all k € {0,...,|T/h]}, Z}(kh) € K and for all
t € (kh,(k+1)h], t €[0,T],

1 /
f(t) < §LIF(1 + CF)hz(kI + 1)6LFh(k+1)
Conclusion follows with

1 ,
C = 5L’F(1+CF)./\fTeLFT.

O

PROOF OF PROPOSITION 22. We have by AO2 and (37), T,(0) =6 —yVVU(§)
with

N
(102) VU(0) = VU0(9)+ZSi (20(t:))
i1
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where zg solves (30) and s; are defined in (37). For all §,8 € R and t € [0, 7],

0lt) =50 = [ (Folao(s),5) — Fy Gals), ) ds

and thus, using (33), Gronwall’s inequality implies that

l20(t) = 25()]| < Lrll6 it vt 0.

In particular, by (102) and (37),

N
IVU(#) —VU®B)| < (LU +LLp ZtieL/Fti> 10—

i=1

Moreover, similarly, we get if ||§ — || > Ry,

(0-0,VU(0) = VU@)) > my|lo—0]* — Nc||o - 0]

Combining the last two estimates yields H1. Finally, H2 follows using AO4, (35) and

(37) from
N
IVU(0) = b(0)[ SLs D llz0(ti) — W) < CoLsh®.
=1
O
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