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Abstract: 

This article introduces a new geometric vector modeling method of serial kinematic 

robot consistent with the identification process. This method is based on the definition of 

position and orientation of the robot joint invariants. For example, the invariant of the rotational 

joint is a straight-line (rotational joint axis). Thus, only independent geometrical parameters are 

introduced to model the joint axis position and orientation in space. Note that, the orientation 

is not constrained as in the Denavit-Hartenberg (DH) formalism. This article presents the 

methodology to define these geometrical parameters and the geometrical model. In this context, 

the identification method relies on "Circle Point Analysis". The points are measured with a laser 

tracker. Indeed, with a relevant processing of the measured points, we directly identify the 

invariants of joints. This method is applied to a SCARA robot geometric modeling. After an 

identification process, this methodology allows improving inverse kinematic error compared to 

the classical DH geometrical model with first and second-order defects. Moreover, the obtained 

residual error mean value is close to the accuracy of the measurement process. 

Keywords: geometrical modeling, geometrical identification, SCARA robot, Circle 

Point Analysis, joint invariant 

1 Introduction 

Improving the accuracy and productivity of a task frequently requires the 

implementation of a more or less autonomous process. It is in this context that manipulating 

robots were introduced. In this work, we focus on robots intended for “Pick and Place” 

operations. For this type of task, according to ISO9283 (ISO 9283,1993), the required 

performance criteria are: pose accuracy and repeatability, orientation accuracy, stabilization 

time, and static stiffness. 

With the increase of robotic application requirements, a manual learning method is not 

possible and programming must be realized offline in a simulation environment [1]. Therefore, 

the control of pose accuracy of the robot is essential. It involves proposing a geometric model 

with its associated identification process [2]. The final accuracy of the robot depends on the 

model choice and identification process [3][4]. In this article, we propose a new method to 

model the geometric behavior of serial robots with the aim of improving their final accuracy 

after a classical identification process.  

The geometric model is the mathematical description of the geometric behavior of the 

robot. This model expresses the pose (position of a particular point and orientation) of the end-

effector in the fixed base coordinates system of the robot regarding the value of the active joints 

𝑞𝑖. Its expression is linked to robot geometric parameters, which have a significant influence 

on the end-effector pose, and on situation parameters (degrees of freedom of the robot joints). 
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A compromise must be found between the number of parameters considered, the complexity of 

the obtained model and the robustness of the identification process [1][5]. 

There are two main approaches to formalize the geometric model of a robot [6]. The 

first approach is composed of methods that directly identify the geometric parameters like the 

leg lengths or the angles between joint axes. This approach includes, for example, the Denavit-

Hartenberg (DH) formalism (Figure 1) [7] or the Traveling Coordinate Systems (TCS) 

formalism [8]. The main advantage of these methods lies in their simplicity of implementation. 

In the case of the DH convention, the positioning and orientation of two adjacent joints require 

the introduction of four parameters [9]. The main drawback is the nature of these introduced 

geometric parameters. The application of this method is difficult in the case of two adjacent 

joints with collinear or intersecting axes [6][9]. In this case, the choice of 𝑥⃗𝑖−1 is not unique 

while it influences the definition of 𝑧𝑖 orientation [2]. This drawback may lead to severe 

numerical difficulties for consecutive axes which are nominally parallel during the 

identification process. Indeed, small variations in axis alignment easily produce large changes 

in the geometric parameters [10]. Moreover, DH formalism does not ensure to consider and 

then identify joint axis orientation defect on (𝑥⃗𝑖−1, 𝑧𝑖−1)  plane (Figure 1). To solve this 

problem, additional parameters are added to position and orient coordinates systems fixed to 

adjacent robot elements. Thus, Veitschegger adds a second-order error term to take into account 

the orientation defect between two consecutive parallel joints [11]. However, this solution can 

introduce redundant parameters, which affect the robustness of the identification [12][13]. 

 

Figure 1: The DH geometric parameters in the case of a simple open structure [7] 

The second approach concerns the methods used to identify the geometric parameters 

from the description of the kinematic movements of each joint. The geometric parameters are 

introduced during the definition of the reference model or "zero configuration" 𝐠𝐬𝐭(0) where 

all the active joint positions are null [1][14]: 

 𝐠𝐬𝐭(0) = [
𝐑 𝐩
0 1

] (1) 

Where 𝐑 is a 3x3 rotation matrix and 𝐩 a 1x3 translation vector. 



From this reference model, the kinematic model 𝐠𝐝 is defined, for example, using 

"product-of-exponentials" (POE) [1][15][16] (Figure 2): 

  𝐠𝐝 = 𝑒𝐬𝟏̂𝑞1 …𝑒𝐬𝐧̂𝑞𝑛𝐠𝐬𝐭(0) (2) 

Where 𝐬𝐢̇̂  is the twist matrix associated with joint 𝑖 and 𝑞𝑖 is the joint position. The methodology 

to compute 𝑒𝒔𝐢̂̇𝑞𝑖 , 𝑖 ∈ {1, . . , 𝑛}  is explained in [1].  

 

Figure 2: Link frame for a revolut joint for POE method [1] 

The POE describes the configuration of a chain of bodies connected by lower pair joints. 

The kinematics is given in terms of joint screws [17].  

In these methods, the definition of the reference model is not constrained by the 

coordinate system associated with each part. This leaves open the question of setting up 

redundant geometric parameters. By focusing on kinematic joint invariants, Yang developed a 

minimal kinematic model from a POE formulation [1]. Indeed, the number 𝐶 of independent 

geometric parameters necessary to describe the reference geometry of a serial robot is known 

according to [10]: 

 𝐶 = 4𝑅 + 2𝑃 + 6 (2) 

where R is the number of rotational joints and P is the number of prismatic joints. 

Indeed, according to Everett, 6 parameters are required to specify the position of the robot frame 

in the fixed coordinate system, 4 parameters are required to position and orient a rotation axis, 

and 2 parameters to orient a prismatic joint axis [10]. 

This formula is also satisfied when the geometric invariants of joints are considered as 

in the mechanical tolerancing process [18]. Thus, Clément defines Minimum Geometric 

Reference Set (MGRS) according to a joint degree of freedom [18]. For a single-axis rotation, 

the MGRS is a straight-line (i.e. the axis of rotation). 4 parameters are introduced for describing 

this geometric feature, i.e. 2 parameters to define the straight-line orientation and 2 parameters 

to define a point of this straight-line. For a unidirectional translation, the MGRS is a straight-

line parallel to the direction of the translation, i.e. 2 parameters to define the orientation of this 

line. 

The problematic consists then to define a formalism which introduces a minimal number 

of parameters with regard the joint type, i.e. which introduces 4 parameters allowing to position 

and orient a rotational joint in space and 2 parameters for a prismatic joint.   



The objective of this article is, thus, to introduce a new geometric modeling approach 

of a serial robot (just with rotational joints in our case study). The introduced approach is based 

on the geometric joint invariants which are described by vectors. This approach is consistent 

with a classical identification process, the "Circle Point Analysis" (CPA). Indeed, this method 

directly identifies the invariants of rotational joints [10][6] (Figure 3). The consistency of the 

proposed geometric modeling method with the identification process naturally improves the 

final geometric accuracy of the studied robot. 

 

Figure 3: Schematic diagram of the endpoint measurement of a robot manipulator for circular 

point analysis (CPA) when joint i rotates [6]. 

The method presented in this article is illustrated on a SCARA (Selective Compliance 

Articulated Robot Arm) robot. Indeed, the choice of this simple robot ensures to describe clearly 

the introduced geometric modeling method and illustrates the accuracy benefit compare to the 

DH formalism, even if the system is simple and composed of two joints.  

The article is organized as follows: First, the nominal model of the SCARA robot is 

introduced. Then, the method for modeling geometric invariant of a rotational joint is defined. 

Next, this modeling method and the identification process are applied to a SCARA robot. 

Finally, end-effector pose errors obtained after identification with our model and DH model are 

compared. 

2 Nominal modeling of a SCARA robot 

The aim of nominal modeling consists in defining a coordinate system fixed to each 

rigid part of the studied robot. The DH formalism is used to define the robot nominal model. 

This convention is commonly implemented and has shown is relevancy to define the nominal 

robot model [9].  

In this paragraph, the DH convention is first introduced before presenting the studied 

SCARA robot and the application of the DH convention. 

2.1 Denavit-Hartenberg convention  
The DH convention parameters ensures to define the position, and the orientation of the 

coordinate systems fixed to each rigid part of a mechanism. Here, the aim is to define its 

geometric model [19].  



Each rigid body Ci of a mechanism is associated with a coordinate system 

𝑅𝑖(𝑂𝑖, 𝑥⃗𝑖, 𝑦⃗𝑖 , 𝑧𝑖), 𝑖 = 0,1, . . , 𝑛. The position and the orientation of coordinate systems 𝑅1 to 

𝑅𝑛−1 is defined according to specific rules which require 4 parameters (𝑑𝑖 , 𝜃𝑖 , 𝑎𝑖 , 𝛼𝑖) (Figure 1). 

Frame 𝑅𝑖  is attached to each link 𝑖, such that [7] (Figure 1): 

- the 𝑧𝑖 axis is along the axis of joint 𝐿𝑖, 

- the 𝑥⃗𝑖 axis is aligned with the common normal between 𝑧𝑖 and 𝑧𝑖+1, 

- the intersection of 𝑥⃗𝑖 and 𝑧𝑖 defines the origin 𝑂𝑖, 

- the 𝑦⃗𝑖 axis is formed by the right-hand rule to complete the coordinate system 

- 𝑑𝑖 is the distance between 𝑥⃗𝑖−1 and 𝑥⃗𝑖 along 𝑧𝑖, 

- 𝜃𝑖 is the angle between 𝑥⃗𝑖−1 and 𝑥⃗𝑖, 

- 𝑎𝑖 is the distance between 𝑧𝑖 and 𝑧𝑖+1 along 𝑥⃗𝑖, 

- 𝛼𝑖 is the angle between 𝑧𝑖  and 𝑧𝑖+1. 

The positions and orientations of references R0 and Rn are chosen to minimize the 

number of introduced geometric parameters.  

The transfromation from coordinate system Ri to Ri+1  is then expressed from: 

  

𝐓𝐢 𝐢+𝟏 = (

1 0 0 0
0 1 0 0
0 0 1 𝑑𝑖

0 0 0 1

) (

cos (𝜃𝑖) −sin (𝜃𝑖) 0 0
sin (𝜃𝑖) cos (𝜃𝑖) 0 0

0 0 1 0
0 0 0 1

) (

1 0 0 𝑎𝑖

0 1 0 0
0 0 1 0
0 0 0 1

) (

1 0 0 0
0 cos (𝛼𝑖) −sin (𝛼𝑖) 0

0 sin (𝛼𝑖) cos (𝛼𝑖) 0
0 0 0 1

) (3) 

𝑑𝑖 , 𝜃𝑖 , 𝑎𝑖  and 𝛼𝑖 are defined in Figure 1. 

Thus, the nominal position of body Cn in coordinate system R0 is extracted from: 

 𝐓𝐧 =𝟎 𝐓𝟎
𝟏 𝐓𝟏

𝟐 … 𝐓𝐧−𝟏
𝐧 (4) 

2.2 Application to the SCARA robot 
The first step of the DH convention application consists of setting up a coordinate 

system fixed to each robot rigid part (Figure 4). The position and orientation of the different 

coordinate systems allow defining the geometrical parameters necessary for the complete 

definition of the nominal model. These parameters are defined in Table 1 for the first two joints 

of a SCARA robot when considering 𝑧0 = 𝑧1 and 𝑂0 = 𝑂1. 

 



 

Figure 4: Coordinate systems associated with each robot rigid part. 

 𝑑𝑖 𝜃𝑖 𝑎𝑖 𝛼𝑖  

𝑅0 → 𝑅1 - - 0 0 

𝑅1 → 𝑅2 𝑑1 𝑞1 𝑎1 0 

𝑅2 → 𝑅𝑒 0 𝑞2 𝑎2 0 
Table 1: DH geometric parameters of the studied SCARA robot. 

The geometric parameters taken into account by the nominal geometric model of the 
first two joints of the SCARA robot are the lengths of the arms 1 and 2 (𝑎1 and 𝑎2), the offset 
d1 of the end-effector controlled point along the axis 𝑧2 as well as the joint coordinate value 
applied to the motors (𝑞1, 𝑞2). 

2.3 Definition of the SCARA robot nominal model  
The definition of the Direct Kinematic Model (DKM) is realized according to 

transformation matrices such as: 

  

𝐓𝐍𝟑
𝟎 = 𝐓𝐍𝟏

𝟎 𝐓𝐍𝟐
𝟏 𝐓𝐍𝟑

𝟐 =

[

cos (𝑞1 + 𝑞2) − sin(𝑞1 + 𝑞2) 0 𝑎2 cos(𝑞1 + 𝑞2) + 𝑎1cos (𝑞1)

sin(𝑞1 + 𝑞2) cos (𝑞1 + 𝑞2) 0 𝑎2 sin(𝑞1 + 𝑞2) + 𝑎1sin (𝑞1)
0 0 1 𝑑1

0 0 0 1

] (5) 

where 𝐓𝐍𝒊

𝒋
 is the nominal transformation matrix of coordinate system Ri to coordinate 

system Rj. 

The last column of this transformation matrix directly provides the coordinates of the 

nominal position of the point O3 in frame R0: 

 𝑂1𝑂𝑁3
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗ =

[
 
 
 𝐓𝐍𝟑

𝟎 (1,4)

𝐓𝐍𝟑
𝟎 (2,4)

𝐓𝐍𝟑
𝟎 (3,4)]

 
 
 

𝑅0

= [

𝑎2 cos(𝑞1 + 𝑞2) + 𝑎1cos (𝑞1)

𝑎2 sin(𝑞1 + 𝑞2) + 𝑎1sin (𝑞1)
𝑑1

]

𝑅0

 (6) 

This last expression gives the definition of the nominal DKM of the SCARA robot. 

However, this formalism does not allow integrating orientation defects of the axis 𝑧 ⃗⃗⃗𝑖 in 

a plane different from the plane (𝑦⃗𝑖−1, 𝑧𝑖−1). The introduction of a complete description of the 



orientation of a coordinate system regarding another requires the use of a more complete 

formalism. The following section introduces such formalism. 

3 Geometric defects introduction with a vector method 

The geometric behavior of a robot relies on the position and orientation of its joints. For 

the SCARA robot, introduced defects are linked to the orientation and position of robot 

rotational joints. The invariant of the rotational joint is a straight-line (rotational joint axis) [18]. 

Therefore, 4 parameters are introduced for describing this feature, i.e. 2 parameters to define 

the straight-line orientation and 2 parameters to define a point of this straight-line. In this way, 

the definition of the direct kinematic model of the SCARA robot requires the identification of 

4 parameters, for each rotational joint, which describe the position and orientation of each 

rotational joint axis in the coordinate system associated with the previous joint axis (Figure 5). 

Note that, for a prismatic joint just the 2 parameters which define the straight-line orientation 

are necessary. 

The following paragraph introduces the methodology proposed to define these 4 

parameters. 

(𝑂𝑖−1, 𝑧𝑖−1) is the axis of rotational joint i − 1 and (𝑂𝑖, 𝑧𝑖) the axis of rotational joint i. 
𝑂𝑖 is the intersection point between plan (𝑂𝑖−1, 𝑥⃗𝑖−1, 𝑦⃗𝑖−1) and the axis of rotational joint i. 

𝑥⃗𝑖−1′ is the direction vector of the straight line (𝑂𝑖−1𝑂𝑖), thus 𝑂𝑖̇−1𝑂𝑖̇
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ = 𝑎𝑖−1𝑥⃗𝑖−1′. Note the 

scalar product 𝑥⃗𝑖−1 ∙ 𝑥⃗𝑖−1′ = cos (𝜃𝑖−1 ). The coordinate system 𝑅𝑖−1 ′ is then defined from the 

cross product 𝑦⃗𝑖−1′ =  𝑧𝑖−1 × 𝑥⃗𝑖−1′. 𝑥⃗𝑖 is along the projection of 𝑥⃗𝑖−1′ in the plan normal to 𝑧𝑖 

which contains 𝑂𝑖. Then the coordinate system 𝑅𝑖 is defined as 𝑥⃗𝑖−1′ ∙ 𝑦⃗𝑖 = 0, 𝑥⃗𝑖 ∙ 𝑧𝑖 = 0 and 

𝑦⃗𝑖 = 𝑧𝑖 × 𝑥⃗𝑖 

 

Figure 5: Invariant definition of two rotational joints of a robot arm.  

Thus, the rotation matrix allowing defining the orientation of coordinate system 𝑅𝑖−1 ′ 
in coordinate system 𝑅𝑖−1  can be written as: 

 𝐑𝐢−𝟏
𝐢−𝟏′ = (

cos (𝜃𝑖−1) − sin(𝜃𝑖−1) 0
sin (𝜃𝑖−1) cos (𝜃𝑖−1) 0

0 0 1

) (7) 

with 𝜃𝑖−1 the angle between 𝑥⃗𝑖−1 and 𝑥⃗𝑖−1′. 



The rotation matrix allowing the expression of coordinate system 𝑅𝑖 relatively to 

coordinate system 𝑅𝑖−1′ is: 

 𝐑𝐢−𝟏′
𝐢 =

(

 
 
 
 

√𝐽𝑖
2 + 𝐾𝑖

2 0 𝐼𝑖

−𝐼𝑖𝐽𝑖

√𝐽𝑖
2+𝐾𝑖

2

𝐾𝑖

√𝐽𝑖
2+𝐾𝑖

2
𝐽𝑖

−𝐼𝑖𝐾𝑖

√𝐽𝑖
2+𝐾𝑖

2

−𝐽𝑖

√𝐽𝑖
2+𝐾𝑖

2
𝐾𝑖

)

 
 
 
 

 (8) 

with 𝑧𝑖 = 𝐼𝑖𝑥⃗𝑖−1′ + 𝐽𝑖𝑦⃗𝑖−1′ + 𝐾𝑖𝑧𝑖−1′, i.e. (𝐼𝑖 , 𝐽𝑖 , 𝐾𝑖) are the coordinates of 𝑧𝑖  in frame 𝑅𝑖−1′, 
with 𝑥⃗𝑖−1′ ∙ 𝑦⃗𝑖 = 0, 𝑥⃗𝑖 ∙ 𝑧𝑖 = 0 and 𝑦⃗𝑖 = 𝑧𝑖 × 𝑥⃗𝑖. 

Thus, the identification of the position and the orientation of each rotational joint axis 

(a straight-line orientation and a point) in the coordinate system associated with the previous 

axis is performed thanks to 4 independent parameters 𝜃𝑖 , 𝑎𝑖, 𝐼𝑖 , 𝐽𝑖   and a dependent parameter 

𝐾𝑖 = √1 − (𝐼𝑖
2 + 𝐽𝑖

2). As 𝐾𝑖  is always positive, its imposes the direction of the unit vector of 

the joint axis. Note that, for a prismatic joint, this formalism is used by canceling 𝜃𝑖 and  𝑎𝑖 . 

The introduced parameters are different from those defined with the DH convention. 

Indeed, with our methodology, 𝑧𝑖 axis is not constrained to be in the plane 
(𝑦⃗𝑖−1, 𝑧𝑖−1). Moreover, 𝑅𝑖 position and orientation are not constrained by the definition of 

coordinate system 𝑅𝑖−1. 

4 Application to the geometric behavior modeling of the SCARA robot 

Applying the strategy previously presented to the first two axes of a SCARA robot, the 

model presented in Figure 6 is obtained.  

First, 𝑧1 and 𝑧2 are chosen along the rotation axis of the first two rotational joints of a 

SCARA robot. Point 𝑂1 is arbitrary chosen on the first rotational joint axis. For our study, we 

consider that 𝑅1 is the robot coordinate system. Coordinate system 𝑅2(𝑂2′, 𝑥⃗2, 𝑦⃗2, 𝑧2) is defined 

according to the methodology presented in section 3. Since the studied system features only 2 

degrees of freedom, a coordinate system 𝑅3 is not introduced, but only a point 𝑂3 which 

corresponds to the end-effector control point. The position of this point 𝑂3 is defined 

accordingly to the one of point 𝑂𝑖 in section 3 and the introduction of a new point 𝑂2. The 

introduction of this new point 𝑂2 let open the possibility of an offset between chosen point 𝑂1 

and end-effector control point 𝑂3. 𝑂1corresponds to a virtual point and, end-effector control 

point 𝑂3 can be physically defined and can change accordingly to the used end-effector. Finally, 

7 parameters are introduced: 𝜃1, 𝜃2, 𝑎1, 𝑎2, 𝑑2, 𝐼2, 𝐽2 . 



 

Figure 6: Vector model of a SCARA robot. 

The DKM is expressed as: 

 𝑂1𝑂3
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗ = 𝑂1𝑂2

′⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ + 𝑂2
′𝑂2

⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ + 𝑂2 𝑂3
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ = 𝑎1𝑥⃗1′ + 𝑑2𝑧2 + 𝑎2𝑥⃗2′ (9) 

With 𝑥⃗1′ = (
cos (𝑞1 + 𝑑𝜃1) − sin(𝑞1 + 𝑑𝜃1) 0
sin (𝑞1 + 𝑑𝜃1) cos (𝑞1 + 𝑑𝜃1) 0

0 0 1

)(
1
0
0
) = 𝐑𝟎

𝟏 (
1
0
0
), 𝑥⃗2′ =

cos(𝑞2 + 𝑑𝜃2) 𝑥⃗2 + sin(𝑞2 + 𝑑𝜃2) 𝑦⃗2, 𝑞1 and 𝑞2 are actuated motor values, and 𝑑𝜃1 and 𝑑𝜃2 

are actuated motor offsets such as 𝜃1 = 𝑞1 + 𝑑𝜃1 and 𝜃2 = 𝑞2 + 𝑑𝜃2. 

Let (𝐼2, 𝐽2, 𝐾2) be coordinates of 𝑧2 in the coordinate system 𝑅1′: 

 𝐑𝟏′
𝟐 =

(

 
 
 

√𝐽2
2 + 𝐾2

2 0 𝐼2
−𝐼2𝐽2

√𝐽2
2+𝐾2

2

𝐾2

√𝐽2
2+𝐾2

2
𝐽2

−𝐼2𝐾2

√𝐽2
2+𝐾2

2

−𝐽2

√𝐽2
2+𝐾2

2
𝐾2

)

 
 
 

 (10) 

This matrix 𝐑𝟏′
𝟐  defines the orientation of coordinate system 𝑅2 in coordinate system 

𝑅1′. 

Note: 

 𝐑𝟐
𝟐′ = (

cos (𝑞2 + 𝑑𝜃2) − sin(𝑞2 + 𝑑𝜃2) 0
sin (𝑞2 + 𝑑𝜃2) cos (𝑞2 + 𝑑𝜃2) 0

0 0 1

) (11) 

Then, SCARA DKM is expressed by: 

 𝑂1𝑂3
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗ = 𝑎1 𝐑𝟏

𝟏′ (
1
0
0
) + 𝑑2 𝐑𝟏

𝟏′ 𝐑𝟏′
𝟐 (

0
0
1
) + 𝑎2 𝐑𝟏

𝟏′ 𝐑𝟏′
𝟐 𝐑𝟐

𝟐′ (
1
0
0
) (12) 

The parameters to be identified are 𝑎1, 𝑑2, 𝑎2, 𝑑𝜃1, 𝑑𝜃2 and the 𝐼2 and 𝐽2 coordinates of 

𝑧2 in 𝑅1′. 6 parameters should be added to position and orient coordinate system 



𝑅1(𝑂1, 𝑥⃗1, 𝑦⃗1, 𝑧1) which is coincident with the robot base coordinate system in the measurement 

coordinate system. 

5 Geometric parameters identification 

The identification process is realized with a laser tracker (Leica AT-901) with an 

uncertainty of 10 μm + 5 μm/m (Figure 7). The target is localized at the extremity of the end-

effector. The studied robot joints are moved with harmonic drives. These drives have low 

backlash [20]. Thus, the influence of backlash in identification process is neglected. 

 

Figure 7: Target measurement with a laser tracker on a SCARA robot. 

To directly identify the invariants of robot joints from the laser tracker measurements, 

the CPA method is used [21][6]. This method ensures to identify each robot rotational joint axis 

and is described in [21]. This method consists in measuring the tool path followed by the end-

effector during a single actuated joint movement (Figure 8). The theoretical tool path is a circle. 

The normal vector of the plane in which the circle movement lies is the axis vector of the 

actuated joint, and the circle center is a point of this joint axis. For a robot with N degrees of 

freedom, N circles should be measured. To minimize the regression errors, the joint positions 

should be uniformly spaced [21]. The identification accuracy depends on the ability to trace the 

target on a portion of the total joint travel as large as possible according to the measurement 

mean visibility [21]. For each value of the joint position, the coordinate of the target is measured 

in the laser tracker coordinate system. To avoid dynamic phenomena, the robot is stopped 

during each measurement.  

 

 

Figure 8: Measured points in the laser tracker coordinate system during a movement of joint 1 

and joint 2. 

As shown on Figure 8, points 𝐌𝟏 and 𝐌𝟐 are the different positions reached by the 

target during a rotational movement, respectively, of axis 1 or axis 2. The coordinates of the 



points measured in laser tracker coordinate system 𝑅𝐿𝑇(𝑂𝐿𝑇, 𝑥⃗𝐿𝑇, 𝑦⃗𝐿𝑇 , 𝑧𝐿𝑇) are given in appendix 

A. 

In appendix A, we can see that seven positions are measured twice. Between the two 

measurements, there is a repositioning of the laser tracker target. From these measurements, a 

maximum target repositioning defect of 0.032 mm is obtained. This error will affecte the 

identification process. 

In this paper, the coordinates of a vector 𝑥⃗ on a given coordinate system 𝑅𝑖 is noted 𝑥⃗
𝑅𝑖. 

The geometric parameters of the SCARA robot are identified from two geometric 

construction steps: 

- From measured points 𝐌𝟏 obtained during a movement of joint 1, the least-

squares plan 𝒫1 is computed. The normal of this plan ensures to identify the 

coordinate of 𝑧1
𝑅𝐿𝑇  in the laser tracker coordinate system (Figure 4). The set of 

points 𝐌𝟏 are projected in plane 𝒫1. The least-square circle 𝒞1 is then computed 

from these projected points 𝐌𝟏𝐩. The center of circle 𝒞1 allows identifying the 

coordinates of point 𝑂1
𝑅𝐿𝑇  in the laser tracker coordinate system (Figure 4). 

- From measured points 𝐌𝟐 obtained during a movement of joint 2, the least-

squares plan 𝒫2 is computed. The normal of this plan ensure to identify the 

coordinate of 𝑧2
𝑅𝐿𝑇  in laser tracker coordinate system (Figure 4). The set of points 

𝐌𝟐 are projected in plane 𝒫2. The least-square circle 𝒞2 is then computed from 

these projected points 𝐌𝟐𝐩. The center of circle 𝒞2 allows identifying the 

coordinates of point 𝑂2
𝑅𝐿𝑇  in the laser tracker coordinate system (Figure 4). 

From these geometric constructions, the geometric parameters introduced in section 4 

are identified. In this identification process, we consider that the base coordinate system of the 

robot is coincident with 𝑅1, i.e. 𝑅1 is the fixed coordinate system. The orientation of 𝑥⃗1 is 

aligned with 𝑥⃗1′ when 𝑞1 = 0, i.e. 𝑑𝜃1 = 0. The value of 𝑑𝜃2 is the angle between 𝑥⃗2 and 𝑥⃗2′ 

when 𝑞2 = 0. 𝑑𝜃2 is obtained from the angle between 𝑥⃗2 and 𝑂2𝑀2𝑝
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  when 𝑞1 = 0. 

𝑎2 is the radius of circle 𝒞2. 𝑂2
′  is the intersection point between the straight-line (𝑂2, 𝑧2) 

and plane 𝒫1. 𝑑2 is such that 𝑂2
′𝑂2

⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ = 𝑂1𝑂2
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗ − 𝑂1𝑂2

′⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ = 𝑑2𝑧2. However, 𝑂1𝑂2
′⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ∙ 𝑧1 = 0. Thus, 𝑑2 

is computed from: 

 𝑑2 =
𝑂1𝑂2⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ∙𝑧1

𝑧1∙𝑧2
 (13) 

𝑎1 is the distance between point 𝑂1 and point 𝑂2
′  with 𝑎1 = ‖𝑂1𝑂2

′⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ‖. Moreover, 𝑂1𝑂2
′⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ =

𝑂1𝑂2
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗ − 𝑑2𝑧2. The determination of 𝑥⃗1′ comes from: 

 𝑥⃗1′ =
𝑂1𝑂2

′⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗

𝑎1
 (14) 

Thus, 𝑦⃗1′ = 𝑧1 × 𝑥⃗1′. We can then deduce 𝐼2 = 𝑧2 ∙ 𝑥⃗1′, 𝐽2 = 𝑧2 ∙ 𝑦⃗1′ and 𝐾2 = 𝑧2 ∙ 𝑧1. 

Finally, 𝑥⃗1 = 𝑥⃗1′ when 𝑞1 = 0 and 𝑦⃗1 = 𝑧1 × 𝑥⃗1. Note that coordinate system 𝑅1 can 

be identified completely only at the end of the numerical process. 

The transformation matrix which expresses coordinate system 𝑅1 in laser tracker 

coordinate system is finally defined such as: 



 𝐓𝐑𝟏
𝐋𝐓 = [𝑥⃗1

𝑅𝐿𝑇 𝑦⃗1
𝑅𝐿𝑇 𝑧1

𝑅𝐿𝑇 𝑂1
𝑅𝐿𝑇

0 0 0 1
] 

The identified values are given in Table 2. 

Geometric 

parameters 

Identified values 

𝐓𝐑𝟏

𝐑𝐋𝐓  

[

−0.383553 0.923472 0.009258 −295.393 mm
−0.923519 −0.383539 −0.003396 2044.593 mm
0.000415 −0.009853 0.999951 −413.640 mm

0 0 0 1

] 

𝑧2
𝑅1′

 𝐼2 = 0.000105 

𝐽2 = 0.000114 

𝐾2 = 0.999999 

𝑎1 325.034 mm 

𝑎2 274.199 mm 

𝑑2 0.056 mm 

𝑑𝜃1 0 rad 

𝑑𝜃2 0.000279 rad 

Table 2: Identified geometric parameters 

The residual errors after identification for points 𝐌𝟏 and 𝐌𝟐 are given in Figure 9. The 

maximum residual error value is obtained for a movement of joint 1 and is near 0.069 mm. The 

mean residual error for a joint 1 movement is 0.030 mm and 0.015 mm for a joint 2 movement. 

All these values are close to the maximum observed target repositioning defect which is 0.032 

mm. 

 



 

Figure 9: Residual errors on points used for the identification process  

From the identification process, the flatness and roundness of each joint are estimated. 

These features are technical behavior which characterize the geometric joint behavior (Figure 

10). The flatness is estimated by computing the distance between each measured point and the 

associated least-square plane. The roundness correspond to the distance between each measured 

point projection and the associated least-square circle. For joint 1, the flatness defect is 0.03 

mm and the roundness defect is 0.031 mm. For joint 2, the flatness defect is 0.013 mm and the 

roundness defect is 0.018 mm. 



 

Figure 10: Geometrical defect of joint 1 and joint 2. 

Nine supplementary points 𝐌𝐯 are measured with the laser tracker for validating 

realized identification. The coordinates of these points are given in Appendix B. The errors 

between measured point positions and simulated with identified DKM are less than 0.046 mm 

(Figure 11). This maximum error is less than the maximum residual error of the identification 

process which is 0.069 mm in our case study. The inaccuracy of the measurement with the laser 

tracker, the repeatability of the measurement process, the repeatability of the robot, and the 

uncompensated defect like joint flatness and roundness explain this error. 



 

Figure 11: Error between the measured position points and the simulated with identified 

DKM. 

To illustrate the benefit of the new vector modeling method introduced in this paper on 

the final accuracy of geometric model, a comparison between these results and those obtained 

after an identification of a DH SCARA identified DKM is realized in the following section.  

6 Identification of the DH SCARA geometric model 

The identification of the DH SCARA geometric model is realized with two viewpoints. 

The first one brings to realize an identification of just the first order defect (dimensional defect), 

i.e. 𝑎1, 𝑑2, and 𝑎2. The second one introduces second-order defects which are considered as 

small displacement. The DH geometric parameters become as in Table 3 if the base coordinate 

system of the robot is coincident with 𝑅1, and 𝑅2′ and 𝑅𝑒 have the same unit vectors. Thus, two 

second-order defects are introduced: 𝑑𝛼2 and 𝑑𝜃2. 

 

 𝑑𝑖 𝜃𝑖 𝑎𝑖 𝛼𝑖  

𝑅1→𝑅1′ 0 q1 0 0 

𝑅1′→𝑅2 0 0 𝑎1 𝑑𝛼2 

𝑅2′→𝑅2 𝑑2 𝑞2 + 𝑑𝜃2 𝑎2 0 
Table 3: first and second order of DH geometric parameters. 

In the following sections, the identification of DH SCARA geometric parameters with 

only first-order defects is firstly presented. Afterwards, we introduce the identification of DH 

SCARA geometric parameters with first-order and second-order defects. 

6.1 Identification of the DH SCARA geometric parameters reduced to first-order 
defects 

The identification process is realized from points 𝐌𝟏 and 𝐌𝟐 measurement. Thus, the 

position and orientation of coordinate system 𝑅1 regarding laser tracker coordinate system is 

the same as in Table 2. All points 𝐌𝟏 are projected in plane 𝒫1. The position of point 𝑂2 is 

computed from a translation of plane 𝒫1 with a least square minimization regarding points 𝐌𝟐. 

The identified values are given in Table 4. 



 

Geometric parameters Identified values 

𝐓𝐑𝟏

𝐑𝐋𝐓  

[

−0.383553 0.923472 0.009258 −295.393 mm
−0.923519 −0.383539 −0.003396 2044.593 mm
0.000415 −0.009853 0.999951 −413.640 mm

0 0 0 1

] 

𝑎1 325.034 mm 

𝑎2 274.199 mm 

𝑑2 0.022 mm 

Table 4: Geometric parameter identified values for DH SCARA first-order geometric model. 

The residual errors after identification for points 𝐌𝟏 and 𝐌𝟐 are given in Figure 12. The 

maximum residual error value is obtained for a movement of joint 1 and is near 0.142 mm. The 

mean residual error for a joint 1 movement is 0.103 mm and 0.070 mm for a joint 2 movement.  

 

Figure 12: Residual errors for DH SCARA first-order geometric model. 

The same nine validation points are used to estimate the accuracy benefit brings by the 

vector geometric model (Figure 13). The errors between measured points position and 

simulated with identified DKM are less than 0.122 mm. The defect is multiplied by two 

compared to the proposed vector method. 



 

Figure 13: Error between measured position points and simulated with identified DH first-

order DKM. 

However, in this DH model only the first-order defects are considered. In the following 

section, second-order defects are introduced to improve the final accuracy of the robot. 

6.2 Identification of the DH SCARA geometric parameters with first and second-order 
defects 

For the case of the DH geometric model with first and second-order defects, the 

identification process based on CPA cannot be simply implemented. Indeed, with these DH 

geometric parameters, the only orientation defect between axis 𝑧1 and 𝑧2 is a rotation 𝑑𝛼2 

around 𝑥⃗1′. This constraint cannot be easily written in the measurement coordinate system. 

In this case, the identification process should be realized by a minimization of a cost 

function expressed directly from the DKM.  

Only matrix 𝐑𝟏′
𝟐  is modified: 

 𝐑𝟏′
𝟐 = (

1 0 0

0 √1 − 𝑑𝛼2
2 𝑑𝛼2

0 −𝑑𝛼2 √1 − 𝑑𝛼2
2

) (15) 

The SCARA DKM is expressed from equation (12).  

The geometric parameters of the SCARA robot are identified in two steps: 

- The first step is like the one of section 5. From measured points 𝐌𝟏 obtained 

during a movement of joint 1, the least-squares plan 𝒫1 and the least-square 

circle 𝒞1 are computed. The coordinate of 𝑧1
𝑅𝐿𝑇  and of point 𝑂1

𝑅𝐿𝑇 in the laser 

tracker coordinate system are identified (Figure 4).  

- The second step consists of the minimization of a cost function which expresses 

the difference between the measured coordinate of points 𝐌𝟐 in the laser 

coordinate system with the computed vector 𝐎𝟏𝐎𝟑
𝐑𝐋𝐓 = [𝑂1𝑂3

⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗
𝑅𝐿𝑇

(𝑞2𝑖
)]: 

 𝑓𝑐𝑜𝑠𝑡 = √∑ (𝑂1𝑀2𝑖̇
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗ − 𝑂1𝑂3

⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗
𝑅𝐿𝑇

(𝑞2𝑖
))30

𝑖=1  (15) 

The optimized parameters are the coordinate of 𝑥⃗1
𝑅𝐿𝑇 , 𝑎1, 𝑎2, 𝑑2, 𝑑𝜃2 and 𝑑𝛼2. 



The optimization numerical process is realized with the function “lsqnonlin” of 

Matlab®. The optimization stops due to the selected value of the step size tolerance which is 

10−10. 

The identified values are given in Table 5. 

Geometric parameters Identified values 

𝐓𝐑𝟏

𝐑𝐋𝐓  

[

−0.383541 0.923478 0.009258 −295.393 mm
−0.923524 −0.383525 −0.003396 2044.593 mm
0.000279 −0.009853 0.999951 −413.640 mm

0 0 0 1

] 

𝑎1 325.033 mm 

𝑎2 274.204 mm 

𝑑2 0.046 mm 

𝑑𝜃2 0.000214 rad 

𝑑𝛼2 0.000231 rad 

Table 5: Geometric parameter identified values for DH SCARA first and second-order 

geometric model. 

The residual errors after identification for points 𝐌𝟏 and 𝐌𝟐 are given in Figure 14. The 

maximum residual error value is obtained for a movement of joint 1 and is near 0.087 mm. The 

mean residual error for a joint 1 movement is 0.041 mm and 0.010 mm for a joint 2 movement. 

 

Figure 14: Residual errors for DH SCARA first and second-order geometric model. 



The same nine validation points are used to estimate the accuracy benefit brings by the 

vector geometric model (Figure 15). The errors between measured points position and 

simulated with identified DKM are less than 0.055 mm. The defect is 0.009 mm higher 

compared to the proposed vector method. 

 

Figure 15: Error between measured position points and simulated with identified DH first and 

second-order DKM. 

Indeed, in this case, a first step, before numerical optimization, should be realized to 

identify the position and orientation of the coordinate system 𝑅1 regarding the laser tracker 

coordinate system. Thus, identification errors should be greater than those obtained with a CPA 

method due to this first step [22]. 

To finalize this study, and to illustrate the influence of this DKM parameters, we choose 

to neglect the term 𝐼2 in our vector model. Indeed, in the DH first and second-order DKM, this 

parameter is not introduced. To see the influence of this term, we compare the measured 

position of the nine validation points with the simulated points with the vector geometric model 

with 𝐼2 = 0 (Figure 16). 

 

 



 

Figure 16: Error between measured position points and simulated with vector DKM with 𝐼2 =
0. 

The errors between the position of the measured points and the studied DKM are less 

than 0.063 mm. The defect is multiplied by two-thirds compared to the defect obtained with our 

vector method with 𝐼2 ≠ 0 and is 0.008 mm higher compared to the DH first and second-order 

DKM. This last result validates the interest of the proposed vector model and shows the impact 

of taking into account all the orientation defect of joint axis. 

6.3 Summary 
To conclude on this section, the proposed vector modeling method improves the 

accuracy between the real geometric behavior and the simulated geometric behavior even if 

second-order defects are implemented in the DH geometric model. 

Table 6 summarizes the obtained errors between each SCARA robot DKM simulation 

and the nine measured validation points. Note that the mean error of 0.027 mm obtained with 

our vector model is close to the measurement process accuracy. 

SCARA geometrical model Max error (mm) Mean error (mm) 

Vector model 0.046 0.027 

DH first-order model 0.122 0.098 

DH first and second-order model 0.055 0.033 

Table 6: Errors between the position of the measured points and the different test DKM 

The other benefit of the proposed vector modeling is the consistency between the vector 

definition of each joint axis and the CPA identification process. This particularity decreases the 

influence of the identification numerical process on the inverse kinematic residual error. 

7 Conclusion 

In this article, a new geometric vector modeling method of a serial kinematic robot 

consistent with the CPA identification process is presented. This method is based on the 

definition of position and orientation of the robot joints invariants. The invariant of the 

rotational joint is a straight-line (rotational joint axis orientation and a point). Thus, four 

parameters are introduced to position a point and orient a vector which are linked to robot joints. 

The methodology to define these parameters is introduced. These parameters are identified from 

a CPA method. This identification ensures to directly identify a vector orientation and a point 

position with a geometrical point of view. 



The application of this method improves the final accuracy of the DKM regarding the 

DH convention. This method allows controlling the number of introduced geometric parameters 

even for adjacent parallel joints and also increase the accuracy obtained after the identification 

process. 

These first results are promising regarding the impact of the implementation of this new 

geometric vector model on the obtained geometric accuracy of serial kinematic robot. Further 

works should now be conducted to apply this vector geometry modeling method to a closed-

loop robot. 
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Appendix A: measured points in laser tracker coordinate system for SCARA robot 

geometric identification 

𝑴𝟏𝒊 X Y Z 𝒒𝟏 𝒒𝟐 𝑴𝟐𝒊 X Y Z 𝒒𝟏 𝒒𝟐 

1 -746.893 1682.145 -410.693 -15° -30°  -407.143 1673.864 -413.804 50° -100° 

2 -713.586 1644.155 -411.121 -10° -30°  -398.993 1651.404 -413.958 50° -°95 

3 -713.584 1644.154 -411.124 -10° -30°  -388.905 1629.712 -414.130 50° -9°0 

4 -677.066 1609.223 -411.584 -5° -30°  -376.952 1608.986 -414.313 50° -85° 

5 -637.671 1577.610 -412.056 0° -30°  -363.247 1589.378 -414.507 50° -80° 

6 -637.667 1577.614 -412.050 0° -30°  -347.870 1571.041 -414.720 50° -75° 

7 -595.708 1549.577 -412.534 5° -30°  -347.872 1571.043 -414.717 50° -75° 

8 -551.417 1525.281 -413.035 10° -30°  -330.978 1554.116 -414.936 50° -70° 

9 -505.156 1504.940 -413.533 15° -30°  -312.666 1538.733 -415.162 50° -65° 

10 -457.302 1488.706 -414.047 20° -30°  -293.079 1524.993 -415.391 50° -60° 

11 -457.322 1488.708 -414.027 20° -30°  -272.367 1513.017 -415.628 50° -55° 

12 -408.285 1476.713 -414.520 25° -30°  -250.696 1502.898 -415.870 50° -50° 

13 -358.383 1469.036 -415.013 30° -30°  -250.709 1502.900 -415.861 50° -50° 

14 -307.954 1465.736 -415.491 35° -30°  -228.221 1494.696 -416.103 50° -45° 

15 -257.432 1466.844 -415.971 40° -30°  -205.132 1488.490 -416.343 50° -40° 

16 -207.235 1472.356 -416.404 45° -30°  -181.579 1484.319 -416.578 50° -35° 

17 -157.735 1482.214 -416.817 50° -30°  -133.817 1482.200 -417.037 50° -25° 



18 -109.238 1496.356 -417.214 55° -30°  -109.959 1484.267 -417.263 50° -20° 

19 -62.150 1514.673 -417.590 60° -30°  -109.989 1484.269 -417.251 50° -20° 

20 -16.843 1537.025 -417.93 65° -30°  -86.444 1488.406 -417.459 50° -15° 

21 -16.850 1537.026 -417.937 65° -30°  -63.332 1494.581 -417.655 50° -10° 

22 26.304 1563.223 -418.245 70° -30°  -40.848 1502.747 -417.838 50° -5° 

23 67.023 1593.085 -418.523 75° -30°  -19.165 1512.836 -418.008 50° 0° 

24 105.006 1626.403 -418.767 80° -30°  1.575 1524.788 -418.162 50° 5° 

25 139.966 1662.905 -418.981 85° -30°  1.563 1524.790 -418.164 50° 5° 

26 171.539 1702.305 -419.133 90° -30°  21.153 1538.489 -418.302 50° 10° 

27       39.488 1553.856 -418.421 50° 15° 

28       56.416 1570.765 -418.523 50° 20° 

29       71.808 1589.067 -418.606 50° 25° 

30       85.547 1608.663 -418.667 50° 30° 

 

Annex B: Measured points for validation of the identification process 

𝑴𝒗𝒊 X Y Z 𝒒𝟏 𝒒𝟐 

1 -465.303 1493.982 -413.932 20° -32° 

2 -571.505 1545.766 -412.775 10° -36° 

3 -513.505 1496.169 -413.491 10° -20° 

4 -567.966 1523.226 -412.897 5° -22° 

5 -520.183 1491.571 -413.451 5° -10° 

6 -394.761 1453.646 -414.745 13° 0° 

7 -12.934 1526.406 -418.046 42° 20° 

8 135.229 1638.539 -419.056 61° 18° 

9 131.630 1624.232 -419.053 68° 0° 

 

 


