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Riesz transforms, Hodge-Dirac operators and
functional calculus for multipliers I

Cédric Arhancet - Christoph Kriegler

Abstract

In this work, we solve the problem explicitly stated at the end of a paper of Junge, Mei
and Parcet [JEMS2018, Problem C.5] for a large class of groups including all amenable
groups and free groups. More precisely, we prove that the Hodge-Dirac operator of the
canonical “hidden” noncommutative geometry associated with a Markov semigroup (7%):>0
of Fourier multipliers is bisectorial and admits a bounded H* functional calculus on a
bisector which implies a positive answer to the quoted problem. Our result can be seen as
a strengthening of the dimension free estimates of Riesz transforms of the above authors
and also allows us to provide Hodge decompositions. A part of our proof relies on a
new transference argument between multipliers which is of independent interest. Our
results are even new for the Poisson semigroup on T". We also provide a similar result for
Markov semigroups of Schur multipliers and dimension free estimates for noncommutative
Riesz transforms associated with these semigroups. Along the way, we also obtain new
Khintchine type equivalences for g-Gaussians in LP-spaces associated to crossed products.
Our results allow us to introduce new spectral triples (i.e. noncommutative manifolds)
and new quantum (locally) compact metric spaces, in connection with the carré du champ,
which summarize the underlying geometry of our setting. Finally, our examples lead us to
introduce a Banach space variant of the notion of spectral triple suitable for our context.
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1 Introduction

The continuity of the Hilbert transform on LP(R) by Riesz [Ril] is known as one of the greatest
discoveries in analysis of the twentieth century. This transformation is at the heart of many
areas : complex analysis, harmonic analysis, Banach space geometry, martingale theory and
signal processing. We refer to the thick books [ I, 1 L | and | ] and
references therein for more information. Directional Riesz transforms R; are higher-dimensional
generalizations of the Hilbert transform defined by the formula

(1.1) R, ¥ 00(-A)2, j=1,...n
where A is the laplacian on R™. Generalizing Riesz’s result, Calderén and Zygmund proved
in | | that these operators are bounded on LP(R™) if 1 < p < oco. It is known that the
LP-norms do not depend on the dimension n by [ ] and | ]. In [Ste3] (see also [ ]
and [ ), Stein showed that the vectorial Riesz transform 8(—A)~2 satisfies

—1
(1.2) ||6(_A) 2fHLp(R1L7£2) Sp HfHLP(]R”)

with free dimensional bound where 9f def (01f,...,0,f) is the gradient of a function f be-

longing to some suitable subspace of LP(R™). Furthermore, by duality we have by e.g. | ,
Proposition 2.1] an equivalence of the form

(13) ||(7A)%f||Lp(]R’n) ~p ||6f||Lp(]R",Z$L) :

Note that this equivalence can be seen as a variant of the famous Kato square root problem
solved in | ] and in | ], see also | ] and | ]

The study of these operators and variants in many contexts has a long history and was
the source of many fundamental developments such as the Calder6n-Zygmund theory | ]

or the classical work of Stein [Stel] on Littlewood-Paley Theory. Nowadays, Riesz transforms
associated to various geometric structures is a recurrent theme in analysis and geometry, see
for example the papers [ | | (riemannian manifolds), [Stel] (compact Lie groups),
[ N ] (Gaussian spaces), | | (fermions algebras), | ] (deformed Gaussians alge-
bras), [ I, 1 ] (abelian groups), | ] (generalized Heisenberg groups), | ] (graphs),
[ ] (Schrédinger operators), | | (elliptic operators), and | 1, 1 | and [Tol] (frac-

tal sets and measures). Indeed, Riesz transforms have become a cornerstone of analysis and the
literature is quite huge and it would be impossible to give complete references here.

An important generalization was given by Meyer | ]. Tt consists in replacing the Lapla-
cian A by the LP-realization A, of the negative infinitesimal generator A of a Markov semigroup
(T})i>0 of operators acting on the LP-spaces of a measure space 2 and to replace the gradient
0 by the “carré du champ” T introduced by Roth | ] (see also [Hir1]) defined! by

def 1

(149) P(f.9) S [A(g + FA(9) - Ag)].

In the case of the Heat semigroup (e’m)go with generator A, we recover the gradient form
(0f,0g)ez . Meyer was interested by the equivalence

(1.5) 143 (5l gy 0 I D2y

1. Here, the domain of A must contain a suitable involutive algebra.




on some suitable subspace (ideally dom Aé ) of LP(§2). Meyer proved such equivalence for the
Ornstein-Uhlenbeck semigroup. Nevertheless, with sharp contrast, if 1 < p < 2 these estimates
are surprisingly false for the Poisson semigroup on L?(R™) which is a Markov semigroup of
Fourier multipliers, see | , Appendix D]. Actually, other examples of semigroups illustrating
this phenomenon are already present in the papers of Lust-Piquard | , Proposition 2.9] and
[ , D- 283] relying on an observation of Lamberton.

Of course, when something goes wrong with a mathematical problem it is rather natural to
change slightly the formulation of the problem in order to obtain a natural positive statement.
By introducing some gradients with values in a noncommutative space, Junge, Mei and Parcet
obtained in | ] dimension free estimates for Riesz transforms associated with arbitrary
Markov semigroups (T} );>0 of Fourier multipliers acting on classical LP-spaces L?(G) where G
is for example an abelian discrete group with (compact) dual group G (and more generally on
the noncommutative LP-spaces L?(VN(G)) associated with a nonabelian group G). We denote
by ¢: G — C the symbol of the (negative) infinitesimal generator A of the semigroup. In the
spirit of (1.3), the above authors proved estimates of the form

(1.6) HAE (f)HLp(C:) ~p Hawvlap(f)||LP(LOC(Q)><1QG)

where 0y 1, is some kind of gradient defined on a dense subspace of the classical LP-space
L?(G). Tt takes values in a closed subpace Qy 1, of a noncommutative LP-space LP (L () %4 G)
associated with some crossed product L (Q) x, G where  is a probability space and where
a: G — Aut(L°(Q)) is an action of G on L*°(£2) determined by the semigroup. Let us explain
the simplest case, i.e. the case where « is trivial. In this non-crossed and very particular
situation, we have an identification of L?(L>(Q) %, G) with the classical LP-space L?(Q® @) and
the map Oy 1,, is defined on the span of characters (s, ) 4 in L?(G) with values in LP(Q® Q).

It is defined by

(1.7) D1 ((5:)6.6) = Wib(s) ® (5,7) g

where W: H — L9(Q) is an H-isonormal Gaussian process” for some real Hilbert space H and
where by, : G — H is a specific function satisfying

(1.8) ¥(s) = llby(s)ll . s €G.

We refer to Subsection 2.6 for the (crossed) general situation where the action « is obtained
by second quantization from an orthogonal representation 7: G — B(H) associated to the
semigroup, see (2.69).

The approach by Junge, Mei and Parcet highlights an intrinsic noncommutativity since
Qy1,p is in general a highly noncommutative object although the group G' may be abelian. It
is fair to say that this need of noncommutativity was first noticed and explicitly written by
Lust-Piquard in | | and | ] in some particular cases under a somewhat different but
essentially equivalent form of (1.6). Moreover, it is remarkable that the estimates of | ]
were exploited in a decisive way by Naor | ] to understand subtle geometric phenomena.
Finally, note that the existence of gradients suitable for arbitrary Markov semigroups of linear
operators appears already in the work of Sauvageot and Cipriani, see | I, 1 | and the
survey | ]. Finally, we refer to | I, 1 I, [ ] and [PiX] and references therein for
more information on noncommutative LP-spaces.

2. In particular, for any h € H the random variable W(h) is a centred real Gaussian.



In the context of Riesz transforms, the authors of the classical and remarkable paper | ]
were the first to introduce suitable Hodge-Dirac operators. The LP-boundedness of the H* cal-
culus of this unbounded operator allows everyone to obtain immediately the LP-boundedness of
Riesz transforms. The authors of | ] introduced a similar operator in the context of Markov
semigroups (7;)¢>o of Fourier multipliers acting on classical LP-spaces and more generally on
noncommutative LP-spaces LP(VN(G)) associated with group von Neumann algebras VN(G)
where 1 < p < oo and where G is a discrete group. We refer to the papers | I ,
Definition 10.4], | L [ I, [ I, [ ] and [ | for Hodge-Dirac operators in
related contexts.

Recall that if G is a discrete group then the von Neumann algebra VN(G), whose elements
are bounded operators acting on the Hilbert space ¢%, is generated by the left translation
unitaries As: €2 — (2, 6, — J5, where r,s € G. If G is abelian, then VN(G) is *-isomorphic
to the algebra L“(é) of essentially bounded functions on the dual group G of G. Recall that
we can see the functions of L°(G) as multiplication operators on L2(G). As basic models of
quantum groups, these von Neumann algebras play a fundamental role in operator algebras.
Moreover, we can equip VN(G) with a normalized trace (=noncommutative integral) and if
1 < p < oo we have a canonical identification

PN

LP(VN(G)) = LP(G).

A Markov semigroup (7});>¢ of Fourier multipliers on VN(G) is characterized by a conditionally
negative length 1): G — C such that the symbol of each operator T} of the semigroup is e~ *¥.
Moreover, the symbol of the (negative) infinitesimal generator A, on the noncommutative LP-
space LP(VN(G)) of the semigroup is .

Introducing the Banach space L? (VN(G)) &,y 1,p, the authors of | ] define the Hodge-
Dirac operator

def 0 (81/)71@)*
(1.9) Dy1p = [6&171@ 0
which is an unbounded operator defined on a dense subspace. In | , Problem C.5], the

authors ask for dimension free estimates for the operator sgn Dy 1 p wf Dy1p|Dyapl ™t We
affirmatively answer this question for a large class of groups including all amenable discrete
groups and free groups by showing the following result in the spirit of | ] (see also | D.

Theorem 1.1 (see Theorems 4.15, 4.23 and 4.30 and Remark 4.25) Suppose 1 < p <
o0o. Let G be a weakly amenable discrete group such that the crossed product L°(2) x, G is
QWEP. The Hodge-Dirac operator Dy, 1, is bisectorial on LP(VN(G)) &, Qy1,p and admits a
bounded H® (X)) functional calculus on a bisector £E. Moreover, the norm of the functional
calculus is bounded by a constant K,, which depends neither on G nor on the semigroup®.

We refer to | ] for more information on bisectorial operators. Our result can be seen
as a strengthening of the dimension free estimates (1.6) of Riesz transforms of the above authors
since it is almost immediate that the boundedness of the H* functional calculus implies the
equivalence (1.6), see Remark 4.16. Note that the H* functional calculus of bisectorial Hodge-
Dirac operators plays an important role in the geometry of Riemannian manifolds, notably for
the regularity properties of geometric flows, the Riesz continuity of the Atiyah-Singer Dirac
operator or even for boundary value problems of elliptic operators. We refer to the recent

3. In particular, it is independent of the dimension of the Hilbert space H associated to the l-cocycle by
Proposition 2.7.



survey | ] for more information. We expect that our H* functional calculus result from
Theorem 4.23 and its dimension free estimate from Remark 4.25 will have similar geometric
consequences for the noncommutative manifolds (i.e. spectral triples) investigated in Section 5.

Our argument relies in part on a new transference argument between Fourier multipliers on
crossed products and classical Fourier multipliers (see Proposition 2.20) which is of independent
interest and which needs that a crossed product has QWEP, which is an approximation property,

see [Oza]. So we need a QWEP assumption on the von Neumann algebra L>*(Q) x4 G of
Theorem 1.1. Note that this assumption is satisfied for amenable groups by | , Proposition
4.1] and for free groups F,, by the same reasoning used in the proof of | , Proposition 4.8].

Moreover, we assume that the discrete group G is weakly amenable. Indeed, we need in
the proof some form of LP-summability of noncommutative Fourier series in order to work with
elements whose Fourier series has finite support. The weak amenability assumption and our
transference result allow us to have uniformly bounded approximations of arbitrary elements
of noncommutative LP-spaces associated to crossed products, see the discussion at the end of
Section 2.4.

We also show a g-gaussian version of Theorem 1.1, see Theorem 4.15. This kind of gen-
eralization will be useful in Section 5. We will explain its interest in the discussion following
Theorem 1.4.

With the help of an extension of this result (Theorem 4.23), we obtain a Hodge decom-
position (see Theorem 4.24). In particular, we are able to deduce functional calculus for an
extension of Dy 1, on the whole space LP(VN(G)) &, LP(L*(Q2) x4 G).

Below, we describe concrete semigroups in which Theorem 1.1 applies.

Semigroups on abelian groups Recall that a particular case of | , Corollary 18.20]
says that a function v: G — R on a discrete abelian group G is a conditionally negative length
if and only if there exists a quadratic form* ¢: G — Rt and a symmetric positive measure s
on G — {0} such that [5_ o (1 —Rex(s)) du(x) < oo for any s € G satisfying

(1.10) (s) = qls) + /

G-{0}

(1—Rex(s)) du(x), seGqG.

In this case, p is the so called Lévy measure of ¢ and ¢ is determined by the formula ¢(s) =

lim,, s 4 oo wgés). This is the Lévy-Khinchin representation of 1) as a continuous sum of elemen-

tary conditionally negative lengths®.

(a) If G =Z", we recover the Markov semigroups on the LP-spaces LP(VN(Z")) = LP(T™) of
the torus T". For example, taking u = 0 and 9(ky, ..., kn) = q(k1,... ky) = k34 -+ k2,
we obtain the function defining the heat semigroup (etA)t>0. By choosing ¢ = 0 and the
right measure u, we can obtain the Poisson semigroup (e’t(*A)E)@O or more generally
the semigroups associated to the fractional laplacians (—A)* with 0 < a < 2 | I,
[ ]. Note that in the particular case of the Poisson semigroup on the LP-space LP(T)
associated with the torus T, the Lévy measure is given by

du(e™) = Re [(1__22)2] dpr(e'®),

where pur denotes the normalized Haar measure on the torus.

4. That means that 2q(s) + 2q(t) = q(s +t) + ¢(s — t) for any s,t € G.
5. Recall that a quadratic form ¢: G — R™T and a function G — R, s = 1 — Re x(s) are conditionally negative
lengths by [ , Proposition 7.19], | , Proposition 7.4 (ii)] and | , Corollary 7.7].



(b) Fix some integer n > 1. We consider the group G of Walsh functions defined by w4 (e) =

[1;c 4 € where Ais asubset of {1,...,n} and wheree = (e1,...,&,) belongs to the discrete

abelian group G = {—1,1}". For any 1 < j < n, we let o, def (L,...,1,—-1,1,...,1). If we

consider the atomic measure = Y%, §,, on G —{(1,...,1)} and ¢ = 0, we obtain®
P(wa) = card A. So we recover the discrete Heat semigroup of | , p. 19]. It is
also related to | [ I ] and | ].

Semigroups on finitely generated groups Let G be a finitely generated group and S be
a generating set for G such that S~' = S and e € S. Any element s admits a decomposition

(1.11) S = 51528

where s1,...,s, are elements of S. The word length |s| of s with respect to the generating
set S is defined to be the minimal integer n of such a decomposition and is a basic notion in
geometric group theory. As a special case, the neutral element e has length zero.

(a) Coxeter groups Here, we refer to [ | and references therein for more informa-
tion. Recall that a group G = W is called a Coxeter group if W admits the following
presentation:

W = <S| (slsg)m(sl’SQ) =1:81,80 € S,m(s1,82) # oo>

where m: S x S — {1,2,3,...,00} is a function such that m(s1, s2) = m(sz,s1) for any
s1,82 € S and m(sy,s9) = 1 if and only if 81 = s3. The pair (W, 5) is called a Coxeter
system. In particular, every generator s € S has order two. By | , Theorem 7.3.3],

the word length |s| is a conditionally negative length and our results can be used with
the semigroup generated by this function. Recall that dihedral groups D,, = (r,s | v =
52 = (sr)? = 1), Zy x -+ X Zgy, symmetric groups S,, with S = {(n,n + 1) : n € N} and
the group S of all finite permutations of the set N, called the infinite symmetric group,
with S = {(n,n+ 1) : n € N} are examples of Coxeter groups. In the case of symmetric
groups, the length |o| of o is the number of crossings in the diagram which represents the
permutation o.

Consider a Coxeter group W. If s € W, note that the sequence s1, ..., s, in (1.11) chosen
in such a way that n is minimal is not unique in general. However, the set of involved
generators is unique, i.e. if s = s182- -8, = 8]s5 - s/, are minimal words of s € W then
{s1,82,...,8n} = {s),85,...,s,}. This subset {s1,52,...,8,} of S is denoted S, and is
called the colour of s, following | , D- 585]. We define the colour-length of s putting
IIs]| 4 card S,. We always have ||w|| < |w|. By | , Theorem 4.3 and Corollary 5.4],
if 0 < o < 1 the functions |- |* and ||-|| are conditionally negative lengths on S... Finally,
see also | , D. 1971] for other examples for S,, for n < co.

(b) Free groups Our results can be used with the noncommutative Poisson semigroup
[ L[ , Definition 10.1] on free groups F, (1 < n < oo) whose generator is

6. For any 1 < j < n, note that wa(o;) = HieA(Uj)i isequal to 1if j € A and to —1 if j € A. So we have

m

PY(wa) (1.10) %Z (1 - wA(crj)) = %(m - ZwA(cfj)> = card A.
j=1

Jj=1



the length | - |. Moreover, we can use the characterization | , Theorem 1.2] of ra-
dial functions ¥: F,, — C with ¥(e) = 0 which are conditionally negative definite. If
©,: F, — C denotes the spherical function” of parameter z € C, these functions can be
written i(s) = f_ll ¥,(s)dv(z), for s € F), and for some finite positive Borel measure v on

[—1,1] where v, (s) def %ZZ(S), z € C\{1} and 9, (x) def lim,_yq 1—%22((9). Finally, | ]
contains (but without proof) examples of weighted forms of the word length which are

conditionally negative.

We can write F,, = «_|G; with G; = Z. Every element s of F,, — {e} has a unique
representation s = s;, 8, ---si,,, where s;, € G, are distinct from the corresponding
neutral elements and i1 # 99 # - - - # i,. The number m is called the block length of s and
denoted ||s]|. By [ , Example 6.14], this function is a conditionally negative length.

(¢) Cyclic groups The word length on Z,, is given by |k| = min{n,n — k}. It is known that
this length is negative definite, see for example | , Appendix B], | , Example
5.9], [ , Section 5.3] and | , D. 553] for more information. By | , D. 925,
the function v, defined on Z, by ¥,(k) = %(1 — cos(2%£)) is another example of
conditionally negative length on Z,,.

Semigroups on the discrete Heisenberg group Let H = Z?"*! be the discrete Heisenberg
group with group operations

(1.12)  (a,b,t) - (d',V,t') = (a+d b+t +t +ab) and (a,b,t)"* = (—a,—b,—t + ab)

where a,b,a’,V/ € Z™ and t,t' € Z. By | , Proposition 5.13] and [ , D- 261], the map
: H— R, (a,b,t) — |a| + |b] is a conditionally negative length.

We also prove in this paper an analogue of the equivalences (1.6) for markovian semigroups

(T})¢>0 of Schur multipliers acting on Schatten spaces S% o SP(£2) for 1 < p < oo where I is
an index set. In this case, by | , Proposition 5.4], the Schur multiplier symbol [a;;] of the
negative generator A of (1;);>¢ is given by a;; = ||a; — ajH?{ for some family o = (a;);er of
vectors of a real Hilbert space H. We define a gradient operator 0,1, as the closure of the
unbounded linear operator My g, — LP(Q, S7), e;; — W(a; — ) @ e;; where W: H — LO((Q2)
is a H-isonormal Gaussian process, 2 is the associated probability space and where My g, is
the subspace of S¥ of matrices with a finite number of non null entries. Then the result reads
as follows.

Theorem 1.2 (see Theorem 3.27 and (3.81)) Let I be an index set and A be the generator
of a markovian semigroup (T;)i>o0 of Schur multipliers on B(¢2). Suppose 1 < p < co. For any
x € M1 an, we have

1
(1.13) HAZ% (as)HS}D ~p ”aa,l,p(x)HLp(Qsﬁ’) .

We also obtain an analogue of Theorem 1.1. With this result, we are equally able to obtain a
Hodge decomposition, see Theorem 4.55.

Theorem 1.3 (see Theorems 4.54 and 4.60) Suppose 1 < p < oo. The unbounded opera-

tor Da1,p &t 9 01 (aa’t)’p*) on the Banach space S§ @ LP(, ST) is bisectorial and has a
o, 1,p

7. In the case n = oo, we have ¢, (z) = 2/l



bounded H®(EE) functional calculus on a bisector ¥5. Moreover, the norm of the functional
calculus is bounded by a constant K, which depends neither on I nor on the semigroup. In
particular it is independent of the dimension of H.

Moreover, we also relate the equivalences (1.6) and (1.13) with the ones of Meyer’s formu-
lation (1.5). To achieve this, we define and study in the spirit of (1.4) a carré du champ T (see
(2.64) and (2.77)) and its closed extension in the sense of Definition 2.17 and we connect this
notion to some approximation properties of groups. It leads us to obtain alternative formula-
tions of (1.6) and (1.13). Note that some carré du champ were studied in the papers [ ,
Section 9], | ], [IM1], [ ] and | ] mainly in the o-finite case and for L?-spaces (see
[ ] for related things) but unfortunately their approach does not suffice for our work on
LP-spaces. By the way, it is rather surprising that even in the commutative setting, no one has
examined the carré du champ on LP-spaces with p # 2. The following is an example of result
that we have achieved, and which can be compared with (1.5).

Theorem 1.4 (see Theorem 3.46) Suppose 2 < p < co. Let A be the generator of a marko-

1
vian semigroup of Schur multipliers on B(¢%). For any x € dom AZ, we have

1 1
(1.14) |4z (;[;)HS? ~p max{”l"(x,xﬁ”s?a

I‘(gc*,m*)%Hs?}.

The maximum is natural in noncommutative analysis due to the use of noncommutative Khint-
chine inequalities.
It is remarkable that the point of view of Hodge-Dirac operators fits perfectly in the setting

of noncommutative geometry if p = 2. If G is a discrete group, the Hilbert space H def

L?(VN(G)) @2 Qy 1.2, the *-algebra A def span{)s : s € G} of trigonometric polynomials and
the Hodge-Dirac operator Dy 12 on L*(VN(G)) @2 Q1,2 define a triple (A, H, Dy 1 2) in the
spirit of noncommutative geometry | L I, 1 ]. Recall that the notion of spectral
triple (A, H, D) (= noncommutative manifold) & la Connes covers a huge variety of different
geometries such as Riemmannian manifolds, fractals, quantum groups or even non-Hausdorff
spaces. We refer to | ] for an extensive list of examples and to | L L I,
[ ] and [Sit1] for some surveys. From here, it is apparent that we can see Markov semigroups
of Fourier multipliers as geometric objects. The same observation is true for Markov semigroups
of Schur multipliers. Nevertheless, the Hilbert space setting of the noncommutative geometry is
too narrow to encompass our setting on LP-spaces. So, we develop in Subsection 5.7 a natural
Banach space variant (A, X, D) of a spectral triple where the selfadjoint operator D acting on
the Hilbert space H is replaced by a bisectorial operator D acting on a (reflexive) Banach space
X, allowing us to use (noncommutative) LP-spaces (1 < p < 00).

It is well-known that Gaussian variables are not bounded, i.e. do not belong to L>(2).
From the perspective of noncommutative geometry, it is problematic under technical aspects
as the boundedness of the commutators [D,w(a)] of a spectral triple (A, H, D). Indeed, the
noncommutative gradients (1.7) appear naturally in the commutators of our spectral triples and
these gradients are defined with Gaussian variables. Fortunately, the noncommutative setting
is very flexible and allows us to introduce a continuum of gradients 0y 4, and On,q,p indexed
by a new parameter —1 < ¢ < 1 replacing Gaussian variables by bounded noncommutative
g-deformed Gaussian variables and L>°(£2) by the von Neumann algebra I',(H) of [BoS] and
[BKS]. Note that I'_1(H) is the fermion algebra and that L>°(£2) can be identified with the
boson algebra I'y (H). Our main theorems on Hodge-Dirac operators admit extensions in these
cases, see Theorem 4.15 and Theorem 4.30. We expect some differences of behaviour when ¢
varies.



In Section 5, we give a first elementary study of the triples associated to Markov semigroups
of multipliers. In particular, we give sufficient conditions for the verification of axioms of
noncommutative geometry and more generally the axioms of our Banach spectral triples. One
of our main results in this part reads as follows and can be used with arbitrary amenable groups
or free groups. Here C(G) denotes the reduced C*-algebra of the group G.

Theorem 1.5 (see Theorem 5.49) Suppose 1 < p < oo and —1 < g < 1. Let G be a discrete
group. Let (Ti)i>0 be a markovian semigroup of Fourier multipliers on the group von Neumann
algebra VN(G). Consider the associated function by: G — H from (2.20). Assume that the
Hilbert space H is finite-dimensional, that by is injective and that

def . )
Gap,, & £ lbos) — bt .
apy =, o 10e(s) = bu @l >

Finally assume that the von Neumann crossed product I'y(H) %o G has QWEP. Let

m: CL(G) = BLP(VN(G)) @, L7 (T4 (H) %0 G))
be the Banach algebra homomorphism such that 7(a)(z,y) def (az, (1xa)y) where x € LP(VN(G))
and y € LP(Ty(H) xq G). Let Dy qp be the Hodge-Dirac operator on the Banach space
LP(VN(G)) &, LP(Ty(H) %o G) defined in (5.43). Then (C:(GQ),LP(VN(Q)) @, LP(Ty(H) X4
G), Dy q.p) is a Banach spectral triple in the sense of Definition 5.41.

We are equally interested by the metric aspect [ | of noncommutative geometry, see
Subsection 5.1 for background on quantum (locally) compact metric spaces. We introduce new
quantum (locally) compact metric spaces in the sense of | 1 ], [Rie3] associated with
these spectral triples. It relies on LP-variants of the seminorms of | , Section 1.2]. Here,
we check carefully the axioms taking into account all problems of domains required by this
theory. Note that it is not clear how to do the same analysis at the level p = oo considered in
[ , Section 1.2] since we cannot hope the boundedness of Riesz transform on L which is
an important tool in this part. So, on this point, L”-seminorms seem more natural.

We observe significant differences between the case of Fourier multipliers (Theorem 5.16)
and the one of Schur multipliers (Theorem 5.30). For example, we need to use C*-algebras for
semigroups of Fourier multipliers and which produces quantum compact metric spaces contrarily
to the case of semigroups of Schur multipliers which requires order-unit spaces and that leads to
quantum locally compact metric spaces if I is infinite. Furthermore, our analysis with quantum
compact metric spaces relying on noncommutative LP-spaces makes appear a new phenomenon
when the value of the parameter p changes, see Remark 5.18.

Finally, note that the combination of our spectral triples and our quantum (locally) compact

metric spaces is in the spirit of the papers [ ] and [ | (see also [ ]) but it is more
subtle here since the link between the norms of the commutators and the seminorms of our
quantum metric spaces is not as direct as the ones of [Lat8] and | ]

Finally, we are interested in other Dirac operators related to Riesz transforms. We study
the associated noncommutative geometries in Subsection 5.9 and Subsection 5.11 and their
properties of functional calculus in Subsection 5.12.

The paper is organized as follows.

Section 2 gives background and preliminary results. In Subsection 2.1, we collect some
elementary information on operator theory, functional calculus and semigroup theory. In Sub-
section 2.2, we recall some important information on isonormal Gaussian processes and more
generally ¢g-Gaussian functors. These notions are fundamental for the construction of the non-
commutative gradients. In Subsection 2.3, we develop a short theory of vector-valued unbounded
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bilinear forms on Banach spaces that we need for our carré du champ with values in a noncom-
mutative LP-space. In Subsection 2.4, we introduce a new transference result (Proposition 2.20)
between Fourier multipliers on crossed products and classical Fourier multipliers. In Subsection
2.5, we discuss Hilbertian valued noncommutative LP-spaces which are fundamental for us. We
complete and clarify some technical points of the literature. In Subsection 2.6, we introduce the
carré du champ I' and the gradients with value in a noncommutative LP-space for semigroups
of Fourier multipliers. In Subsection 2.7, we discuss the carré du champ I" and the gradients
associated to Markov semigroups of Schur multipliers.

In Section 3, we investigate dimension free Riesz estimates for semigroups of Schur multipli-
ers and we complement the results of | | for Riesz transforms associated to semigroups of
Markov Fourier multipliers. In Subsection 3.1, we obtain Khintchine inequalities for ¢-Gaussians
in crossed products generalising some result of | ]. In Subsection 3.2, we extend the equiv-
alences (1.6) of | ] to g-deformed Gaussians variables on a larger (maximal) domain, see
(3.30). We also examine the constants. In Subsection 3.3, we are interested by Meyer’s equiva-
lences (1.5) in the context of semigroups of Fourier multipliers in the case p > 2, see Theorem
3.20. In Subsection 3.4, we show dimension free estimates for Riesz transforms associated to
semigroups of Markov Schur multipliers, see Theorem 3.27 and (3.81). Moreover, we examine
carefully the obtained constants in this equivalence. In Subsection 3.5, we turn again to the
formulation of these equivalences in the spirit of Meyer’s equivalence (1.5) in connection with
the carré du champ. We also obtain concrete equivalences similar to the ones of Lust-Piquard
[ I, 1 ] and related to (1.2). Note that for the case 1 < p < 2, the statement becomes
more involved, see Theorem 3.42.

In the next Section 4, we show our main results on functional calculus of Hodge-Dirac
operators. In Subsection 4.1, we start with the case of the Hodge-Dirac operator for semigroups
of Fourier multipliers. We show the boundedness of the functional calculus on L?(VN(G)) &,
Ran dy q.p, see Theorems 4.13 and 4.15. In Section 4.2, we extend this boundedness to the
larger space LP(VN(G)) @ LP(T'y(H) %o G). In Subsection 4.3, we obtain the boundedness
on LP?(VN(G)) & Q4,4 In Subsection 4.4, we examine the bimodule properties of Qy 4 ,. In
Subsection 4.5, we change the setting and we consider the Hodge-Dirac operator associated
to semigroups of Schur multipliers and we show the boundedness of the functional calculus
on S? @, Rand,.q4,p, see Theorem 4.46. In a second step, we extend in Subsection 4.6 this
boundedness on S¥ & LP(T,(H)®B(¢%)) in Corollary 4.53 and Theorem 4.54. In Subsection 4.7,
we show that the constants are independent from H and .

In Section 5, we examine the noncommutative geometries induced by the Hodge-Dirac op-
erators in both settings and another two Hodge-Dirac operators. In Subsection 5.1, we give
background on quantum (locally) compact metric spaces. In Subsection 5.2, we introduce
LP-versions of the quantum compact metric spaces of | ]. In Subsection 5.3, we establish
fundamental estimates for the sequel and we introduce the constant Gap, which plays an im-
portant role. In Subsection 5.4, we introduce the seminorm which allows us to define the new
quantum (locally) compact metric spaces in the next Subsection 5.5. In Subsection 5.6, we com-
pute the gaps of some explicit semigroups and we compare the notions in both of our settings
(Fourier multipliers and Schur multipliers), see Proposition 5.34. In Subsection 5.7, we define
a Banach space generalization of the notion of spectral triple. In Subsection 5.8, we give suffi-
cient conditions in order that the triple induced by the Hodge-Dirac operator for a semigroup
of Fourier multipliers give rise to Banach spectral triple satisfying axioms of noncommutative
geometry and more generally the axioms of Subsection 5.7. In Subsection 5.9, we introduce a
second Hodge-Dirac operator for Fourier multipliers and we study the noncommutative geom-
etry induced by this operator. In Subsection 5.10, we give sufficient conditions in order that
the triple induced by the Hodge-Dirac operator for a semigroup of Schur multipliers give rise
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to a spectral triple. In Subsection 5.11, we introduce a second related Hodge-Dirac operator
and we study the noncommutative geometry induced by this operator. In Subsection 5.12, in
the bosonic case ¢ = 1 we establish the bisectoriality and the boundedness of the functional
calculus of Dirac operators introduced in Subsection 5.9 and Subsection 5.11.

Finally, in the short Section 6, we discuss how the Lévy measure of a continuous conditionally
of negative type function 1 on a locally compact abelian group G induces a 1-cocycle.

2 Preliminaries

2.1 Operators, functional calculus and semigroups

In this short subsection, we collect various objects that play a role in this article at different
places.

Closed and weak* closed operators An operator T: dom7 C X — Y is closed if

(2.1) for any sequence (x,) of domT with x,, —» x and T'(z,,) > y withz € X andy €Y
implies that x € domT and T'(z) = y.

A linear subspace C of dom T is a core of T if C' is dense in dom T for the graph norm, that is
(2.2)
for any « € dom T there is a sequence (x,) of C's. t. &, — z in X and T(x,) — T(z) in Y.

If T is closed, a subspace C of domT is a core for T if and only if T is the closure of its
restriction T|C. Recall that if T: domT C X — Y is a densely defined unbounded operator
then dom T is equal to
(2.3)

{y* € Y : there exists * € X* such that (T'(z),y")y,y+ = (z,2")x,x~ for all z € domT'}.

If y* € dom T™, the above z* € X* is determined uniquely by y* and we let T*(y*) = a*. For
any x € dom7T and any y* € dom T, we have

(2.4) (T(@), v )vy= = (2, T"(y")) x.x~

Recall that the unbounded operator T: domT C X — Y is closable | , p. 165] if and only
if

(2.5) z, € domT, x, — 0 and T(z,) — y imply y = 0.

If the unbounded operator T: domT C X — Y is closable then
(2.6) x € domT iff there exists (x,,) C dom T such that x,, — = and T'(x,) — y for some y.

In this case T(z) = y. Finally, if T is a densely defined closable operator then T* = T by

[ , Problem 5.24]. If T is densely defined, by | , Problem 5.27 p. 168], we have

(2.7) KerT = (RanT)*.

If T is a densely defined unbounded operator and if T C R, by | , Problem 5.25 p. 168] we
have

(2.8) R* C T
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If TR and T are densely defined by | , Problem 5.26 p. 168] we have
(2.9) R*T* C (TR)".

In Section 5, we need the following lemma. To this end, an operator T: domT C X — Y
between dual spaces X and Y is called weak* closed if (2.1) holds, when the convergences are
to understand in the weak™ sense.

Lemma 2.1 Let X,Y be Banach spaces and T: domT C X* — Y* be a weak” closed opeator
with a weak*-core® D C domT. Then any a € domT admits a bounded net (a;) of elements
of D such that the net (T'(a;)) is also bounded, a; — a and T'(a;) — T(a) both for the weak*
topology.

Proof : We consider the Banach space X* @ Y* which is canonically the dual space of X &Y

and thus carries a weak* topology. Let N = {(a,T(a)): a € D} C X*@®Y* and Ny = NN B
where Bj is the closed unit ball of X* @ Y'*.

We claim that (Cﬁlw = N" . The inclusion “C” is clear. For the inclusion “O” it suffices

to show that CN; ' contains N and is weak* closed. That it contains N is easy to see.
For the weak*-closedness, we will employ again the Krein-Smulian Theorem [ , Theorem

2.7.11]. So it suffices to show that CN; N B, is weak* closed for any r > 0. Let (z;) be a
net in CN; N B, converging to some z € X* @ Y*. Since B, is weak* closed (by Alaoglu
Theorem), we have © € B,. Moreover, for any j we can write x; = \;y; with y; € N, and

Aj € C. We have a freedom in choice of both factors and can take [|y;|ly.gy . = 1. Thus,
|Aj| < r. By Alaoglu Theorem, (y;) admits a weak™ convergent subnet (y;, ) with a limit thus

in Ni . Moreover, we can suppose that the net (Aj,) is convergent. Thus, z,;, = A ¥j,
converges for the weak* topology with limit a fortiori equal to x. Thus z € (Cﬁlw*. We infer
that x € (Cﬁlw* N B,., so (me* N B, is weak*-closed and hence (me* is weak*-closed. So we
have shown (Cﬁlw* = WW*.

Since D is a weak*-core of T, the closure Nw* equals the graph of T. Now if a € dom T,

the elements (a,T'(a)) belongs to N = Cﬁlw*, so that we can choose a net (a;) of graph
norm less than 1 and A € C such that a; € D, A\a; — a and T'(A\a;) — T'(a) both for the weak™
topology. [ |

Sectorial operators, semigroups and functional calculus If (T});>¢ is a strongly con-
tinuous semigroup on a Banach space X with (negative) infinitesimal generator A, we have

1

(2.10) ;(Tt(:ﬂ) — ) o —A(z), z € dom A.
by | , Definition 1.2 p. 49]. Moreover, by | , Corollary 5.5 p. 223], for any ¢ > 0, we
have

t —n
(2.11) (Id—i—A) r—— Ty (z), zeX.

n n—-+4oo
Moreover, by | , (1.5) p. 50] if z € dom A and ¢ > 0 then Tj(x) belongs to dom A and

8. For any a € domT there exists a net (a;) in D such that a; — a and T'(a;) — T'(a) both for the weak*
topology.
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We refer to | | for the background on (bi-)sectorial operators and their H* functional

calculus, as well as R-boundedness. In particular, for ¢ € (0,7), we let ¥ = 3, det {z €
C\{0} : |argz| < o}. A sectorial operator A: domA C X — X on a Banach space X is a
closed densely defined operator such that C\Y, belongs to its resolvent set for some o € (0, 7)
and such that sup{||zR(z, A)|| : 2 € ¥,} < C for some ¢’ > 0. One writes

(2.13) w(A) = inf o,

where ¢’ is as above. A sectorial operator A is called R-sectorial if for some w(A) < o < 7 the
family

(2.14) {zR(z,A): 2 ¢ 5,}

is R-bounded. For any x € X, we have by e.g. | , (3.2)]

(2.15) (z—A)te = f/ e*' Ty () dt.
0

In a similar manner, for o € (0,%), we let X oy, u (—X,) and call an operator A (R-

)bisectorial, if {zR(z, A) : z & E?} is (R-)bounded for some o € (0, F). By | , D- 447],
a linear operator is bisectorial if and only if

(2.16) iR — {0} C p(A) and sup ||tR(it, A)| < oo.

teRT—{0}
The following is a particular case of [ , Proposition 2.3], see also | , Theorem
10.6.7).

Proposition 2.2 Suppose that A is an R-bisectorial operator on a Banach space X of finite
cotype. Then A? is R-sectorial and for each w € (0, %) the following assertions are equivalent.

1. The operator A admits a bounded H®(X2) functional calculus.

2. The operator A% admits a bounded H*(Xa,,) functional calculus.

If A is bisectorial, by [ , Proposition 10.6.2 (2)] we have
(2.17) Ran A2 =RanA and Ker A% = Ker A.
The following is | , Proposition G.2.4].

Lemma 2.3 Let (T3):>0 be a strongly continuous semigroup of bounded operators on a Banach
space X with (negative) generator A. If Y is subspace of dom A which is dense in X and
invariant under each operator Ty, then'Y is a core of A.

Compact operators and complex interpolation Recall the following result | , The-
orem 9] (see also [ , Theorem 5.5]) which allows to obtain compactness via complex inter-
polation.

Theorem 2.4 Suppose that (Xo, X1) and (Yy,Y1) are Banach couples and that Xo is a UMD-
space. Let T: Xog + X1 — Yy + Y7 such that is Ty compact and Ty is bounded. Then for any
0<0<1themap T: (Xo,X1)o — (Yo,Y1)s is compact.
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Markovian semigroups of Fourier multipliers In this paragraph, we recall the basic
theory of markovian semigroups of Fourier multipliers. The following definition and properties
of a markovian semigroup are fundamental for us. Thus the assumptions and notations which
follow these lines are standing for all the paper. A companion definition of equal importance is
Definition 2.6 together with Proposition 2.7 which follow. Thn otion of selfadjoint operator is
defined in [ , p. 43].

Definition 2.5 Let M be a von Neumann algebra equipped with a normal semifinite faithful
trace. We say that a weak™® continuous semigroup (T})i>0 of operators on M is a markovian
semigroup if each Ty is a weak® continuous selfadjoint completely positive unital contraction.

For any 1 < p < oo, such semigroup induces a strongly continuous semigroup of operators
on each LP(M) satisfying

1. each T; is a contraction on LP(M),

2. each T is selfadjoint on L?(M),

3. each T; is completely positive on LP(M).
4. Ty (1) =1

Let GG be a discrete group and consider its regular representation A over the Hilbert space K%
given by left translations As: d, — d5. where 7, s € G. Then the group von Neumann algebra
VN(G) is the von Neumann subalgebra of B(¢%) generated by these left translations. We also
recall that C¥(G) stands for the reduced group C*-algebra sitting inside VN(G) and generated
by these \s. Let us write

(2.18) Pe span{\s : s € G}

for the space of “trigonometric polynomials”. The von Neumann algebra VN(G) is equipped
with the tracial faithful normal state 7(\s) def ds—e = (Asde,dc). Now, we introduce the main

class of multipliers which interest us.

Definition 2.6 Let G be a discrete group. A Fourier multiplier on VN(G) is a weak™® con-
tinuous linear map T: VN(G) — VN(G) such that there exists a (unique) complexr function
¢: G — C such that for any s € G we have T(As) = ¢sAs. In this case, we let My =T and we
say that ¢ is the symbol of T.

We have the following folklore characterization of markovian semigroups of Fourier multipli-
ers. Proposition 2.7 is central for the remainder of the article and the mappings 7 and by = b
will be used throughout tacitly.

Recall that a function ¢: G — C is conditionally negative definite if ¢(s) = ¥ (s~!) for any
s € G, P(e) > 0 and if the condition Y7 | ¢; = 0 implies Y7, Gejip(sy 'si) < 0. If H is a
real Hilbert space, O(H) stands for the orthogonal group.

Proposition 2.7 Let G be a discrete group and (T})i>0 be a family of operators on VN(G).
Then the following are equivalent.

1. (T})i>0 s a markovian semigroup of Fourier multipliers.

2. There exists a (unique) real-valued conditionally negative definite function ¥: G — R
satisfying ¥(e) = 0 such that Ty(\s) = exp(—tw(s))As for any t > 0 and any s € G.
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3. There exists a real Hilbert space H together with a mapping b: G — C and a homomor-
phism m: G — O(H) such that the 1-cocycle law holds

(2.19) Ws(b¢(t)) = bw(st) — bw(s), i.e. bd,(St) = b¢(8) + 7T8(b¢(t))
for any s,t € G and such that

(2.20) U(s) = llby(s)|%, seq.

Under these conditions, we say that 1 is a conditionally negative length. Note also the equality
[ , Exercise 2.14.1]

(2.21) b(s™!) = —m -1b(s).

We refer to Section 6 for a link between Lévy measure and 1-cohomology strongly related to
this result.

Truncations of matrices

Definition 2.8 We denote by My an the space of matrices indexed by I x I with a finite number
of non null entries. Given a set I, the set Pyr(I) of all finite subsets of I is directed with respect
to set inclusion. For J € P¢(I) and A € My a matriz indexed by I x I, we write T;(A) for the
matriz obtained from A by setting each entry to zero if its row and column index are not both

in J. We call (7}<A)).]e7vf(1) the net of finite submatrices of A. See [ , . 488].

If J is a finite subset of I, recall the truncation 7;: S§ — SV is a complete contraction. It
is well-known that 7;(z) — x in ST as J — I where 1 < p < cc.

Markovian semigroups of Schur multipliers Let I be any non-empty index set. Let
A = laj]i jer be a matrix of M;. By definition, the Schur multiplier on B(¢%) associated with
this matrix is the unbounded linear operator M, whose domain dom M4 is the space of all
B = [b;j]i jer of B(£%) such that [a;;b;;]; jer belongs to B(£%), and whose action on B = [b;;]i jer

is given by M4 (B) def [a;jbijlijer- Often, we write A for M4 and A x x for the Schur product

[@i;bijlijer. Note the following property.
The following description | , Proposition 5.4] of a markovian semigroups consisting of
Schur multipliers is central for our paper. See also | | for a generalization.

Proposition 2.9 Let I be some non-empty index set and (Ty)i>0 be a family of operators on
B(¢%). Then the following are equivalent.

1. (T})t>0 is a markovian semigroup of Schur multipliers.

2. There exists a real Hilbert space H and a family

(222) a = (ai)iel
of elements of H such that each Ty: B(¢2) — B(¢3) is the Schur multiplier associated with
the matriz
(2.23) [eftuaﬁajnz} ,
igel
In this case, the weak* (negative) infinitesimal generator A acts by A(e;;) = ||oy — aj||?{ €ij-
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2.2 ¢-Gaussian functors, isonormal processes and probability

The definitions (2.70) and (2.81) of the noncommutative gradients associated with our marko-
vian semigroups of Schur and Fourier multipliers need ¢-deformed Gaussian variables from
[ ].  We recall here several facts about the associated von Neumann algebras. We de-
note by S, the symmetric group. If o is a permutation of S,, we denote by |o| the number
card {(i,5) | 1 <i,j < n,o(i) > o(j)} of inversions of . Let H be a real Hilbert space with
complexification Hg. If —1 < ¢ < 1 the ¢-Fock space over H is

F(H) € coe P HE

n=1

where (2 is a unit vector, called the vacuum and where the scalar product on Hg’" is given by

<h1®®hn7k1® Z q hl, 0(1 '<hn7ko(n)>HC
oeS,
If ¢ = —1, we must first divide out by the null space, and we obtain the usual antisymmetric

Fock space. The creation operator £(e) for e € H is given by

t(e): Fq(H) — Fy(H)
M@ @hy — eQ@h @@ hy.

They satisfy the g-relation

() t(e) — ql(e)l(f)* = (f, e)uldr, m)-

We denote by sq(e): Fq(H) = F4(H) the selfadjoint operator ¢(e) +¢(e)*. The g-von Neumann
algebra I';(H) is the von Neumann algebra over F,(H) generated by the operators s,(e) where
e € H. It is a finite von Neumann algebra with the trace 7 defined by 7(z) = (Q,2.Q) 7, ()
where € I'y(H).

Let H and K be real Hilbert spaces and T: H — K be a contraction with complexification
Tc: He — K. We define the following linear map

Fo(T): Fq(H) — Fq(K)
hh®---Qh, — Tc(hl)@)@T(c(hn)

Then there exists a unique map I'j(T): I'y(H) — I';(K) such that for every « € T',(H) we
have

(2.24) (Tg(T)(x))Q = Fo(T) ().

This map is normal, unital, completely positive and trace preserving. If T: H — K is an
isometry, I';(T) is an injective *-homomorphism. If 1 < p < oo, it extends to a contraction
D2(T): L (T, (H)) — LP(Ty(K)).

Moreover, we need the following Wick formula, (see [Boz, p. 2] and [EfP, Corollary 2.1]). In
order to state this, we denote, if & > 1 is an integer, by P2(2k) the set of 2-partitions of the set
{1,2,...,2k}. f V € P2(2k) we let ¢(V) the number of crossings of V, which is given, by the
number of pairs of blocks of V which cross (see [E(P, p. 8630] for a precise definition). Then, if
f1y--+, for € H we have

(2.25) T(Sq(fl)sq(fQ)"'Sq(fzk)): Z qc(v) H <fufg>H

VeP,(2k) (i,5)€V
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and for an odd number of factors of g-Gaussians, the trace vanishes,

(2.26) 7(sq(f1)sq(f2) -+~ 8q(f2k-1)) = 0.
In particular, for any e, f € H, we have
(2:27) 7(sq(e)sq(f)) = e, fim-

Recall that if e € H has norm 1, then the operator s_;(e) satisfies
(228) 871(6)2 = Id]:_l(H)

If ¢ = 1, the ¢-Gaussian functor identifies to an H-isonormal process on a probability space
(Qp) [ , Definition 1.1.1], | , Definition 6.5], that is a linear mapping W: H — L%(Q)
with the following properties:

(2.29) for any h € H the random variable W(h) is a centred real Gaussian,

(2.30) for any hi,he € H we have E(W(hl)W(hg)) = (h1,ha)p.

(2.31) The linear span of the products W(h1)W (hg)--- W(h,,), with m > 0 and hy,..., hy
in H, is dense in the real Hilbert space L ().

Here L°(Q) denote the space of measurable functions on € and we make the convention that
the empty product, corresponding to m = 0 in (2.31), is the constant function 1. Recall that
the span of elements ¢'V(" is dense in LP() by | , Theorem 2.12] if 1 < p < oo and weak™
dense if p = cc.

If 1 <p<ooandifu: H— H is a contraction, we denote by I',(u): LP(Q) — LP(£2) the
(symmetric) second quantization of u acting on the complez Banach space LP(2). Recall that the
map [ (u): Lo°(2) — L>(Q) preserves the integral”. If u: Hy — Hy is an isometry between
Hilbert spaces then 'y (u): L= (Qg,) — L*(Qpg,) is a trace preserving injective normal unital
x-homomorphism which is surjective if u is surjective. Moreover, we have if 1 < p < oo

(2.32) Iy(w)W(h) = W(u(h)), heH,
and
(2.33) Lo (u)e™WV ) = W) e g

Finally, note that if u: H — H is a surjective isometry then 'y (u): L>(Q) — L>®°(Q) is a
s-automorphism of the von Neumann algebra L°(2).

Rosenthal’s inequalities Recall the following notion of conditional independence, which
was introduced in [ , Definition 6.1] and which is similar to the one of | , (I) p. 233].
Let M be a semifinite von Neumann algebra equipped with a normal semifinite faithful trace 7.
Suppose that (Ng) is a family of von Neumann subalgebras of M and that N is a common von
Neumann subalgebra of the N, such that 7|N is semifinite. Let Ex: M — N be the canonical
trace preserving faithful normal conditional expectation with respect to N. We say that the
family (Ng) is independent'? with respect to N if for every k we have

En(zy) = En(2)En(y), =€ Ni,y € W((N;);zk)

9. That means that for any f € L°°(Q) we have fg Foo(u)fdp = fg fdu.
10. The authors of [ | say fully independent.
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where W*((N;);x) denotes the von Neumann subalgebra generated by the N; with j # k. A
sequence (zy) of elements of LP(M) is said to be faithfully independent with respect to a von
Neumann subalgebra N if there exists a family (Ny) with z;, € LP(Ny) for any k such that (Ng)
is independent with respect to V.

Let (Ng)k>1 be an independent sequence of von Neumann subalgebras of M with respect to
N.In| , Theorem 0.4 and (3.1)], it is shown in the case where M is finite that if 2 < p < o0
and if (z) is a sequence such that z, € L?(Ny) and Ex(z) = 0 for all k, then

(gmxm)é (éwx,’;?))%
p(g ||xk||£p(M));}.

We refer to [ , Theorem 6.3] for a variant of this result. Using reduction [ ], it is easy
to extend this inequality to the non-finite case.

n

>

k=1

(2.34) N

Le (M)

)

Lr (M)

< max{\/ﬁ

L? (M)

2.3 Vector-valued unbounded bilinear forms on Banach spaces

We need some notions on vector-valued unbounded bilinear forms on Banach spaces. The reason
is that these notions give an appropriate framework for the carré du champ operators defined
in (2.64) and (2.77) and their domains associated with the markovian semigroups of Schur
multipliers or Fourier multipliers. In the case of scalar valued unbounded forms on Hilbert
spaces, we refer to [ I ] and | ].

Definition 2.10 Let X be a Banach space and Z be an ordered-+-quasi-Banach space so car-
Tying a positive cone and an involution. Assume that D C X is a subspace and a: D x D — Z
is an R-bilinear map. We say that

1. a is densely defined if D is dense in X.
2. a is symmetric if for any x,y € D we have a(x,y)* = a(y, x).
3. a is positive if for any x € D we have a(z,x) = 0.

4. a satisfies the Cauchy-Schwarz inequality if for any x,y € D
1 1
(2.35) la(z,y)llz < llalz, 2)[1Z llaly, )l -

5. A net (x;) of elements of D is called a-convergent to x € X if x; — x in X and if
a(z; — xj,x; —x5) — 0 fori,j — co. We denote this by x; = x.

Remark 2.11 If o satisfies the Cauchy-Schwarz inequality and if Z is p-normed'!, then for
any x,y € D we have

(2.36)

[N

la(z+ v,z + )1 = (la@ + v,z + 9)I%)? = (llalz,z) + a(@,y) + aly, z) + aly, y)| )
< (lla(z, )17 + la(z, »)lI7 + laly, 2)lI7 + llaly, 9117 )*

11. That means that ||y + z||%, < [lyll + |||} for any y,z € Z.
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(2-35) 2 2 1 2 2
< (la(z, o)) + 2llaly, )12 laly, »IZ + laly, Iy ) ? = lla(z, )12 + llaly, )] Z -

Hence, if z; = x and Yj % y and if a, B € R then az; + By; L az + By.
In the sequel, we suppose that Z is an ordered x-Banach space.

Definition 2.12 Leta: D x D — Z be a densely defined R-bilinear map satisfying the Cauchy-
Schwarz inequality. We say that a is closed if D is complete for the norm

def
(2.37) l=ll, = \/lla(x,x)\ler [E1FS

Proposition 2.13 Let a: D x D — Z be a densely defined R-bilinear map satisfying the
Cauchy-Schwarz inequality. The following are equivalent.

1. a is closed
2. For any net (z;), x; — x implies v € D and a(x; — x,2; —x) — 0

3. For any sequence (), T, — x implies x € D and a(x, — x, 2, —x) — 0.

Proof : 1 = 2: Suppose that z; — x. This implies that a(z; — x;,7; — z;) — 0 and
|lzs — x5 — 0fori,j — oo soby (2.37) that ||z; — ;|| , — 0asi,j — co. By the completeness
of D thereis a xy € D such that [|z; — ||, — 0. Hence by (2.37) we have a(x; —xo, x; — o) — 0
and [|z; — zol|y — 0. Hence we must have z = 2o € D and a(z; — z,x; — ) — 0.

2 = 3: It is obvious.

3 = 1: Let (x,) be a Cauchy sequence in D, that is ||z, — x|, — 0 for n,m — co. By
(2.37), the sequence (x,) is also Cauchy in X, so that there is a # € X such that x,, — x.
Since a(Tyn — T, Tn —Tm) — 0 by (2.37), the sequence (x,,) is a-convergent and the assumption
implies that = € D and a(z, — 2,2, —2) — 0. By (2.37), we have ||z, — x|/, — 0, which shows
that D is complete. [ ]

Proposition 2.14 Let a: D x D — Z be a densely defined R-bilinear form satisfying the
Cauchy-Schwarz inequality.

1. Let (x;) and (y;) be nets in D. If x; < 2 and y; = y such that the nets (a(x;,z;)) and
(a(y:, y:)) are bounded, then lim; a(x;,y;) exists. If a is closed, then lim; a(x;,y;) = a(z,y).

2. Let () be a sequence in D. If x,, < x then the sequence (a(xy,x,)) is bounded.

Proof : 1. In order to see that lim; a(x;,y;) exists, we write:

la(zs, yi) — a(xjayj)Hz = |la(z; — xj>yi) + a(xjayi - yj)”z

< lla(zi —zj,v)ll 5, + lalzg v —yi)l 4

e : ; 3 ;
< lla@i — zj, 20 — 25)||Z Nla(yi, vi)ll 7 + lla(zg, )12 la(yi — vi, v — yi)l|Z -

It follows from the previous inequality that (a(z;,y;)) is a Cauchy net, hence a convergent net.
If a is in addition closed note by Proposition 2.13 that =,y € D, a(x; — z,2; — ) — 0 and
aly; —y,y; —y) — 0. We conclude with

la(zi, yi) — a(z,y)ll z = lla(zi = 2, y:) + alz, i = Y)l 2
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<lla(@s —z,9:)ll 2 + llalz, yi — )l
(2.35) % % %
< lales — 2, = 2)17 lalys, y)ll 2 + llalz, )13 llaly: — vy — )l Z -

1
2
z
2. We have a(z, — Tm,Zn — Tm) — 0 and ||z, — zn||x — 0 for n,m — oo so by (
7

2.37) that
|zn — Zm|, = 0 as n,m — oo. So (z,) is a Cauchy sequence for the norm (2.37), hence a
bounded sequence. Hence the sequence (a(x,,z,)) is bounded by (2.37). [ |

Definition 2.15 A densely defined R-bilinear map a satisfying the Cauchy-Schwarz inequality
is called closable if there exists a closed map b: D' x D' — Z such that D C D' C X with
a(z,y) = b(z,y) for any x,y € D.

If a is closable, we let

(2.38) doma &f {x € X such that there exists a sequence (z,,) of D satisfying z,, — z}.

Proposition 2.16 Let a: D x D — Z be a densely defined (symmetric positive) R-bilinear

form satisfying the Cauchy-Schwarz inequality. Then a is closable if and only if x,, — 0 implies
a(Xp,xn) = 0. In this case, if x, Lz and if y, 2y where x,y € doma then the limit

(2.39) a(z,y) o li_>m a(zy, yn)

exists and @ is a well-defined, densely defined (symmetric positive) closed form and satisfies the
Cauchy-Schwarz inequality. In addition, every closed extension of a is also an extension of a.

Proof : =: Assume that a is closable and let b: D’ x D' — Z be a closed extension. Suppose
Zn — 0. Then z, 2. 0. Hence a(Tp, Tpn) = by, xn) = bz, — 0,2, —0) — 0 since b is closed.

<: By Proposition 2.14, the limit (2.39) exists. We will prove that lim, .~ a(x,,y,) is
independent of the chosen sequences (z,,) and (y,,). Indeed, if in addition 2/, % x and 3/, % v,
then

||Cl(l‘n7 yn) - a(x;z’y;)HZ = ||a(xn - x{myn) + a(x;w Yn — y:z)HZ

< la(zn — 25, y0)ll 7 + llalzn, yn — yn)l 2

(2.35) / / % % ! / % / / %
< llalen = zn = 2)1Z layn, yo)l1Z + la(zh, )12 latyn = Y, yn — ya)lIZ -

Note that z,, —z!, % 0 and y,—y/, — 0. So by the assumption a(z,—z,,, z,—z),) — 0 and a(y,—

Yn» Yn —Yr,) — 0. With the point 2 of Proposition 2.14, we obtain ||a(zy, yn) — a(z;,, y,)||;, = 0
as n — 0o.

For the closedeness of @, consider a Cauchy sequence (z,) of elements of D for the norm
|z||-. It converges to some = € X. From the definition (2.38) of dom @, we infer that x belongs
to doma. We infer that

(2.39)

a(ry, —z,xn —x) = nll)n;o mlgno<J a(Xy — Ty Tyy — T) =0

which means that the sequence (x,,) is convergent for the norm |[|z||;. Finally, note that D is
dense in dom@. So by a classical argument doma is also complete.

Now we will show that @ is the smallest closed extension of a. Let b be a closed extension
of a. Let € doma. By (2.38), there exists a sequence (x,,) of D such that z,, % 2. Then
2n % . So z is an element of domb. We conclude that doma C dom b and a(z,y) = bz, y) if
x,y € D by (2.39) and Proposition 2.14. ]

Definition 2.17 If the form a is closable, then @ defined by (2.39) with domain D(a) is called
the closure of the bilinear map a.
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2.4 Transference of Fourier multipliers on crossed product von Neu-
mann algebras

In the statement of our results on Riesz transforms associated with markovian semigroups of
Fourier multipliers of Section 3 and later, we will need to use crossed products which is a basic
method of constructing a new von Neumann algebra M X, G from a von Neumann algebra M
acted on by a discrete group G. In our work, M will be a ¢g-Gaussian von Neumann algebra
I';(H) of Subsection 2.2 and the action will be constructed in (2.69) by the second quantization
from the orthogonal representation of Proposition 2.7. We refer to | L ], [Str], [Sun]
and | ] for more information on crossed products.

Let M be a von Neumann algebra acting on a Hilbert space H. Let G be a locally compact
group equipped with some left Haar measure pug. Let a: G — Aut(M) be a trace preserving
representation of G on M which is weak* continuous, i.e. for any x € M and any y € M,,
the map G — M, s — (as(x),y)m,m, is continuous. For any x € M, we define the operators
n(x): L3(G, H) — L*(G, H) [Str, (2) p. 263] by

def

(2.40) (m(2)€)(s) = a7 (2)els), €€ L*(G H),s€G.
These operators satisfy the following commutation relation [Str, (2) p. 292]:
(2.41) A @Idg)m(x)(A\s @ Idg)* = w(as(z)), € M,seq.

Recall that the crossed product of M and G with respect to « is the von Neumann algebra
M x, G = (m(M)U{ s @ Idg : s € G})” on the Hilbert space L%(G, H) generated by the
operators 7(z) and A\; ® Idy where © € M and s € G. By [Str, p. 263] or | , Proposition
2.5], 7 is a normal injective *-homomorphism from M into M x,G (hence o-strong* continuous).

In the sequel, we suppose that G is discrete. For any s € G and any ¢ € M, we let

zx\ m(x)(As ® Idg). We recall the rules of product and adjoint:

(2.42) (T X As)® = ag-1(x™) X Ay
and
(2.43) (x ¥ As)(y X Ap) =zas(y) X Age,  s,t€G, €€ H.

These relations will be used frequently, as well as the following definition. Namely, for 1 < p < oo
and M a semifinite von Neumann algebra, we let

(2.44) Ppx.c =span{z x As: z € LP(M), s € G} CLP(M %, G),

and write in short Py ¢ = Poo,x,q, Which will be the most used of these spaces. Finally, if M
is equipped with a normal finite faithful trace 7p;, then M x, G is equipped with the normal
finite faithful trace defined by Tarx, G ( X As) = Tar(€)ds—c if Tas is G-invariant.

Lemma 2.18 Assume M to be a finite von Neumann algebra. Let 1 < p < co. Then Py ¢ and
Pp,x.c are dense subspaces of LP(M %o G). In particular, Pg is dense in LP(VN(G)).

Proof : Since M is finite, we have M C LP(M), and thus, Px,¢ € Pp,x,¢- It thus suffices to
prove that Py ¢ is dense. Let y € LP (M x, G) such that (z,y) = 0 for all z € Py . By the
Hahn-Banach theorem, it suffices to show that y = 0. But y € LY(M x, G) = (M x4 G).. By
the rule (2.43), Py ¢ contains span (m(M)U{\; ® Idy : s € G}), and therefore by construction,
Px.c is weak™ dense in M x, G. So (z,y) =0 for all z € M x, G. Thus, y = 0. ]
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Given a discrete group G, we can consider the “fundamental unitary” Wy : €2G ®9 H ®2 E% —
€2G Q9o H ®9 EQG defined by

(2.45) WhEi®E®er) =1 RER ey
(see also | , D 8]).
Lemma 2.19 Then, for any s € G and any x € M, we have
We((z xAs) ® Id@é)W;} = (z X Ag) ® As.
Proof : On the one hand, for any s,t,7 € G, we have
Wi ((z % Xs) @1de ) (e; @ € @) = Wi (z(A\s @ Idy) @ 1dgz ) (6 © £ @ &)

= Wi (z@1dg ) (e ®E@¢,) = Wi(ew @ oz ()€ © )

= 4 ® 0 ()€ ® gty
On the other hand, we have

(3 A) @) Wr(er @E@er) = ((#(Xs @ Idg)) @ Xs) (61 ® E @ £4r)
= (201de ) (et ®ED eatr) = €t @ s (2)€ @ gty

We conclude by linearity and density. [ |

As a composition of an amplification and a spatial isomorphism, the map M x, VN(G) —
VN(G)B(M x4 G), 2+ Wi (2@ Idng)WI’fI is a unital normal injective *-homomorphism. This
map is a well-defined kind of “crossed coproduct” defined by

A: M x,VN(G) — VN(G)R(M x4 Q)

(2.46) T X g — As ® (T X Ag)

This homormorphism is trace preserving since

(2.46)
TVN(G)B(M x40 G) (A(x o /\s)) = TYNG)B(Mx.G) (As ® (2 X A5))

= T (2)ds=eTvn(e) (As) = Tar (%) 0s=e = Tarx vN(G) (T X Ag).
By [ , Lemma 4.1], it admits a completely isometric LP-extension A, : L?(M x, VN(G)) —

LP(VN(G)®(M x4 Q)) for any 1 < p < oo.
Ifxre M and s € G and if ¢: G — C, we let

(2.47) (Tdar x My)(x % As) 2 g(s)a x A,

The main result of this subsection is the following transference result. The assumptions are
satisfied in the case where M has QWEP and where the action a: G — Aut(M) is amenable,
see [Oza, Proposition 4.1 (vi)]. See also | , Proposition 4.8].

Proposition 2.20 Suppose 1 < p < oo. Let ¢: G — C a function which induces a completely
bounded Fourier multiplier My: LP(VN(G)) — LP(VN(G)). If 1 < p < oo, assume in ad-
dition that M x, G has QWEP. Then (2.47) induces a completely bounded map Idppapy ¥
My: LP(M x4 G) — LP(M x4 G) and

(2.48) HIde(M) X M¢H < || Myl

cb,LP (M %0, G)—LP (M X o G) b, L? (VN(Q))—L2 (VN(Q)) *
Moreover, we have

(2.49) Ap(IdM X M¢) = (M¢ ® Ide(ang))Ap.

23



Proof : On the one hand, for any « € LP(M) and any s € G, we have

(2.47) (2.46)

Ap(Idpe(ary ¥ My)(z % X) d(8)Ap(x X As) B(s)(As @ (z 3 Ay)).

On the other hand, we have

(My ® Tdpa(arc) Dp(@ 3 As) “27 (M @ Tdps(ar. ) (s @ (@ 30 A0)) = 6(5) (A ® (2 % ).

We conclude that (2.49) is true on Pp ».q. Since M X, G has QWEP, the von Neumann algebra
VN(G) is also QWEP. So, by [Jun, (iii) p. 984], the map My ®@Idis(arx, ) LP(VN(G)®(M X4
G)) — LP(VN(G)®(M x4 G)) is completely bounded (in the case p = oo, note that this
assumption is useless) with

(2.50)

||M¢ ® Idrr (mxac) ||cb,LP(VN(G)@(]\/I><1QG))HLP(VN(G)g(anG)) < 1Mo

b, LP (VN(G))—LP (VN(G)) *

Note that Ids» ® Ap: LP(B(2)@(M x, G)) — LP(B(£2)Q@VN(G)®(M %, G)) is a complete
isometry. If z € S? ® Pp x,¢, we have

|(Tdse @ (Idieqar) @ My)) (2)]| = [[(Tdsr @ (A (TdLe(ar) 2 My))) (2)]|

CAY | (1dsy @ (My @ Tdimarn,cn) Ap) (]| < Mo ® Wi arsn o 1851 121
2.5

(2.50)
< IMgllen Lo vniay—Levna 211

So (2.49) is proved. ]

Recall that a discrete group has AP, if there exists a net (¢;) of finitely supported functions
on G such that M, @ Idgy) — Idc;(G)®B(H) in the point-norm topology for any Hilbert space
H by [HI, Theorem 1.9]. A discrete group G is weakly amenable if there exists a net (¢,) of
finitely supported functions on G such that ¢; — 1 pointwise and sup; ||Mg,j ||cb,VN(G)HVN(G) <

0o. Recall that a weakly amenable discrete group has AP by [, p. 677]. Finally note
that amenable groups, free groups, SL(2,Z) and hyperbolic groups are weakly amenable. The
first three parts of the following are | , Lemma 2.1]. The part 4 is a straightforward
consequence of Proposition 2.20 and the proof of [HI{, Theorem 1.12].

Proposition 2.21 Let G be a discrete group with AP and a: G — Aut(M) be a weak* contin-
uous representation of G on a von Neumann algebra M. Then there exist a net (¢;) of finitely
supported functions on G with the following properties:

1. For each s € G, we have lim; ¢;(s) = 1.
2. Each My, induces a normal completely bounded map Id x My, : M xo G — M x4 G.
8. The net (Id x M) converges to Idarx«, g for the point weak™ topology.

4. If G is in addition weakly amenable then sup; ||Id X M, ch My G M. < OO

An operator space E has CBAP [ER, p. 205] (see also [ , p- 365] for the particular case
of C*-algebras) when there exists a net (7)) of finite-rank linear maps T;: E — E satisfying
the properties:

1. for any z € E, we have lim; ||T;(z) — z||z = 0,
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2. sup; |75 < 00.

cb,E—E

Then F has moreover CCAP if the supremum in 2. above can be chosen to be 1. By | ,
Proposition 4.3], if M is a finite von Neumann algebra then LP(M) has CCAP if and only if
LP(M) has CBAP. In the case where E is a noncommutative LP-space associated to a group
von Neumann algebra of a discrete group G, we can use an average construction of Haagerup
[ , proof of Lemma 2.5] to replace the net (Tj) by a net of Fourier multipliers. Indeed, we
have the following observation which is contained in the proof of [JR1, Theorem 4.4].

Lemma 2.22 Let G be a discrete group such that VN(G) is QWEP. Suppose 1 < p < 0.
Then the operator space LP (VN(G)) has CCAP if and only if there exists a net (p;) of functions
@j: G — C with finite support which converge pointwise to 1 such that the net (M) converges
to Idyr(vN(q)) in the point-norm topology with

Sl;p HM% ||cb,LP(VN(G))—>LP(VN(G)) <L
Recall that by [JR 1, Proposition 3.5] if G is a weakly amenable discrete group then L?(VN(G))
has CBAP for any 1 < p < oco. A careful reading of the proofs of [JR1, Proposition 3.2] and

[J1X1, Proposition 3.5] shows that the existence of an approximating net (M) as in Lemma
2.22 which converges to Idp»(vn(g)) for all 1 < p < 0o and in C;(G) in the point-norm topolo-
gies with in addition sup ||M¢j ||cb,C;‘,(G)HC;‘,(G) < 00. If M %, G has QWEP, then using | ,
Proposition C.18], Proposition 2.20 and the density of Py ¢ in LP(M x4 G), it is easy to check
that the net (Id x M) of completely bounded maps converges to Idps(arx,q) for the point
norm topology of LP(M %, G).

Consider finally a discrete group G with AP such that VN(G) has QWEP. By | , Theorem
1.2],if 1 < p < oo then LP(VN(G)) has CCAP. But in this case, it is unclear if the previous
paragraph is true for this class of groups and it is an interesting open question.

We will use the following result which is stated in | , Proposition 3.13 and its proof], see
also | , Theorem 4.1] for complements. Then the rather easy proof of Lemma 2.23 follows
the same lines.

Lemma 2.23 Let T: M — M be a completely bounded normal map. Let G be a discrete group
and a: G — Aut(M) be a weak* continuous action. If Ta(s) = a(s)T for any s € G, then
there is a linear normal mapping T x 1dyn(g)y: M X G — M x4 G of completely bounded norm
that of T' such that

(T x Idyn(a)) (@ 3 Ag) = T(x) » As.

If T is in addition a (faithful) normal conditional expectation then T' x Idyn(q) is a (faithful)
normal conditional expectation.

2.5 Hilbertian valued noncommutative LP-spaces

We shall use various Hilbert-valued noncommutative LP-spaces. These are some kind of noncom-
mutative Bochner spaces which will be invaluable when we will use noncommutative Khintchine
inequalities and some variants. We refer to | , Chapter 2] for more information on these
spaces. However, note that our notations are slightly different since we want that our notations
remain compatible with vector-valued noncommutative LP-spaces in the hyperfinite case in the
spirit of the notations of | ]
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Let M be a semifinite von Neumann algebra. If a complex vector space X which is a right
M-module is equipped with an LZ (M)-valued inner product (-,-)x > where 0 < p < oo, recall
that for any =,y € X, we have by | , (2.2)]

(2.51) ) xll 2 gy < ol vl
where

def i
(2.52) ||33HX = ||<$737>XHE§(M)~

Note that the inner product is antilinear in the first and linear in the second variable. We
keep the same convention for the duality bracket between (subspaces of) our noncommutative
LP spaces. The following is | , Proposition 2.2]. We include a short proof for the sake of
completeness.

Lemma 2.24 Suppose 0 < p < oo. Let X be a complex vector space which is a right M -module
equipped with an L% (M)-valued inner product (-,-Yx on X. Then (2.52) defines a norm on X
if 2 <p<ooandaf-norm if 0 < p < 2.

Proof : For any z,y € X, we have

2.51

2.52

(2. 1
e xlg gy < el ol 27 e aixllEy ool

Hence the inequality (2.35) is valid with Z = L% (M) and with a(z,y) = (z,7)x. By Remark
2.11, the proof is finished. [ |

Suppose 1 < p < 0o. Let H be a Hilbert space. For any elements Y ;| xx ®ay, > " y; @b,
of LP(M) ® H, we define the L% (M)-valued inner product

n,m

- - def *
(2.53) <Zxk®ak,2yj®bj> = Z (ax, bj) o TLY;-
k=1 j=1

LP(M,H.,p) k,j=1

For any element Y, _, x) ® ai of LP(M) ® H, we set | , (2.9)]

=

(2.54)

n
E Tr X ag
k=1

n n

def

— < E xk®ak,2mj®aj>
k=1 7j=1

L(M,H,,,) L» (M, Hep)
Lr (M)

-z <ak,aj>Hx;:xj)§

k=1

Le(M

12. By an L5 -valued inner product on X we mean a sesquilinear mapping (-,-): X x X — L5 (M), conjugate
linear in the first variable, satisfying for any z,y € X and any z € M

L (z,y2) = (2,9)2

2. {z,y) = (y, )"
3. (z,z) 20
4. (z,2) =0 < z=0.
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The space LP(M, H. ) is the completion of LP?(M)® H for this norm [ , p- 10]. Tt is folklore
that LP(M, H, ;) equipped with (2.53) is a right L?-M-module [ , Definition 3.3], see also
[ , Section 1.3].

If (e1,...,e,) is an orthonormal family of H and if z1,...,z, belong to LP(M), it follows
from (2.54) (see | , (2.10)]) that

n
Zekl X Tk

k=1

Lr(M,H. p) Lr(M) Sp(Lp(M))

We define similarly L?(M, H,. ,) and we let L? (M, Hyaq p) Lfyp (M, H,,)NLP(M,H.p) ifp >
def

and L?(M, Hyaa ) < L?(M, H,,) + LP(M, H.,) if 1 < p < 2. Recall that [J\[X, (2.25)]
(2.55) LP(M, Haq )" = LP" (M, Hyaa p0).
IfT: LP(M) — LP(M) is completely bounded then by | , P- 22] the map T®Idy induces

a bounded operator on L”(M, H. ), on LP(M, H, ) and on LP(M, Hyaq,p) and we have

(2.56) 1T @ 1du o ar, a1, ) —tr i) S 1T eb ey —Le () -

(and similarly for the others, and also similarly for T': L? (M) — LP(N) completely bounded be-
tween distinct spaces). If T': H — K between Hilbert spaces is bounded then the map Idy s ®
T induces a bounded operator from L?(M, Hyaq ) into LP (M, Kyaq,,) (and on LP(M, H,,,) and
LP(M, H,,)) [ , p. 14] and we have

(2.57) derar) © Tl ar g ) o1 (01 ) = 1T 106

(and similarly for the others).

We need some semifinite variant of spaces introduced in | ] in the o-finite case. Let
E: N — M be a trace preserving normal faithful conditional expectation between semifinite
von Neumann algebras equipped with normal semifinite faithful traces. If 2 < p < oo, for any
f,g € LP(N), using the boundedness'® of the conditional expectation E: L% (N) — L2 (M) we

let (f, g)re(m) def E(f*g). Tt is clear that this defines an L%(M)—valued inner product and the
associated right LP-M-module'* is denoted by L?(E). This means that LE(E) is the completion
of LP(N) with respect to the norm

def

(258) I7hece < IEG D

We denote always by (f, 9>L§(1E) the extension of the bracket on this space. Similarly, we define
1

||f||Lp ®) def HE(ff*) ’E%(M)' The proof of [ , Remark 2.7], gives the following result. For

the sake of completeness, we give the short computation.

Lemma 2.25 Suppose 2 < p < co. We have a contractive injective inclusion of LP(N') into
L2(E) and into LE(E).

13. In the case 0 < p < 2, note that the conditional expectation E: L% WN) — L (M) is not bounded in general.
14. In the case p = oo, we obtain a right W*-module.
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Proof : For any f € LP(N), we have

(2.58) . 1 .ok B
||fHL5(]E) = ||(E(f f))“;g(M) < |If f”]i%(/\f) = Hf”Lp(N)'
We conclude by density. The row result is similar. [ |

In the case 0 < p < 2, the definition of these spaces is unclear in the semifinite case'®.
However, if N = M®N is a product with N finite, we can use the conditional expectation
E=1Idy ® 7: M®N — M at the level p = co. Indeed, for any f,g € (M NLP(M)) ® N, we
can consider the element (f, g)rr ) def E(f*g) of M NL%(M). It is clear that this defines an

L% (M)-valued inner product and we can consider the associated right LP-M-module LE(E).

Lemma 2.26 Suppose 0 < p < co. Assume that the von Neumann algebra N is finite and that
M is semifinite. Consider the canonical trace preserving normal faithful conditional expectation

E: M®N — M. If f and g are elements of (M NLP(M)) ® N then we have

(2.59) E(f*9) = (£, 9rraLz(v)..,)-
and
(2.60) IfllLe @y = IfllLe (a2, -

So, we have a canonical isometric isomorphism L2(E) = LP(M,L?(N).p).

Proof : We can suppose that f =37} ) x; ® aj, and g = 37" | y; ® b;. Note that N C LP(N)
for any 0 < p < co. If 7 is the normalized trace of N, we have

E(f*g) = (dy ® r>< S (af @)y @ b») = 3 r(ajby)aiy;

k,j=1 k,j=1
<= . (2.53)
= Z (ak, bj)re(nyzey; = ([ e r2(v).,)-
k=1
Moreover, we have
(2.58) . 1 (2.59) 1 (2.54)
1 llee = | (B f))”ig(M) = ||(<faf>Lp(M,L2(N)C,p))HEg(M) = "N llear2 vy, -

Finally, if 0 < p < 2 note that (M NLP(M)) ® N is dense in L2(E) by definition. If 2 < p < oo,
note that (M NLP(M)) ® N is dense in L?(M®N), hence in L2(E) by Lemma 2.25. Moreover,
(MNLP(M))® N is dense in LP(M,L?(N)..,) since ||-||LD(M,L2(N)C’T)) is a cross norm by (2.54).
|
Let E: NV — M be a trace preserving normal faithful conditional expectation between finite
von Neumann algebras equipped with normal finite faithful traces. For any f,g € N, we
can consider the element (f, g)pr &) e E(f*g) of M C L%(M). It is clear that this defines an
L% (M)-valued inner product and we can consider the associated right LP-M-module LE(E). If N
is a crossed product, we have the following result. See Subsection 2.4 for background on crossed
products. We denote here in accordance with (2.44) below Py ¢ =span{zxA; : x € N, s € G}.
Note that in (2.62), we interpret f to be equal to Y ;_, z; x A, on the left hand side, and
reinterpret this as f = ZZ=1 Tk ® Ag, on the right hand side.

15. In the finite case, we can use the conditional expectation at the level p = co and define ||~HL;7(JE) on the
vector space N. See below.
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Lemma 2.27 Suppose 0 < p < co. Let G be a discrete group. Assume that the von Neumann
algebra N is finite. Let a: G — N be an action of G on N by trace preserving x-automorphisms.
Consider the canonical trace preserving normal faithful conditional expectation E: N o G —
VN(G). If f=3Th ok X s, and g = 3770 y; ¥ As; are elements of Py, then we have

n m
(2.61) E(f*g) = <Z/\sk ® Tk, > As, ®yj> 7
k=1 j=1 LP(VN(G),L*(N)e,p)
and
(2.62) ||f||L{,’(IE) = ”f“LP(VN(G),L?(N)C,p) .
So, we have a canonical isometric isomorphism LE(E) = LP(VN(G),L2(N). ).

Proof : Note that N C LP(N) for any 0 < p < oo. If 7 is the normalized trace of N, we have

(2.42
ZE (@ % Xa )" (5 %0 As,)) 2 ZE ) % AZ) (W5 % As,))
k,j=1 k,j=1
(243) 1 = N 1
Z E(( ot (2} _1(yj) X ASA)) = Z T(Oéslzl(fEkyj)) XA s,
k,j=1 k,j=1
il 295
= S i), <zxsk®xk7zx% ®yj> |
E,j=1 L2 (VN(G),L*(N)e,p)

Moreover, we have

(2.58)

e 2 €)1

(2.61) 3
= H(<f7 f>LP(VN(G)aL2(N)c,p))||E%(VN(G))

L% (VN(G))
(2. )4)
”fHLP(VN(G) L2(N)e,p)

Finally, if 0 < p < 2 note that Py ¢ is dense in L?(E) by definition. If 2 < p < oo, note that Py ¢
is dense in LP(N %, G), hence in LE(E). Moreover, VN(G)® N is dense in L?(VN(G), L%(N)..p)
since |||y (vn(a),L2(n).,) 1S @ cross norm by (2.54). [ |

Remark 2.28 It is easy to see that (2.60) holds in the row case || fllpz ) = IIfllLs(arr2 vy, )
too. Note however that it in general the row analogue of (2.62) does not hold true. Indeed, an
elementary calculation reveals that

W=

s X Tk ZT(xkas;csfl(x?)))‘s;cs,’l ,
LY (E) kil L2 (E)
whereas according to the row version of (2.54)
%
Z)‘Sk ® T = ZT(ka;))‘s;csfl
g LP(VN(G).L#(N)r0) e L?(VN(Q))
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For the rest of the subsection, we shall show that in the situations of Lemma 2.26 and
Lemma 2.27, the Banach spaces LE(E) and LE(E) define an interpolation couple and that LE(E)
and L2(E) admit L2 (E) and L?" (E) as dual spaces.

First we consider the easy situation of Lemma 2.26. According to Lemma 2.26 (resp. Remark
2.28), the spaces L?(E) and L?(M,L*(N).,) (vesp. LP(E) and L?(M,L*(N),,)) are isometric.
According to | , p- 13], the spaces L2(E) and L2(E) embedd into a common Banach space Z
(one can take the injective tensor product of LP(M) and L?(N)). In the sequel, we will always
consider these embeddings.

Lemma 2.29 Suppose 1 < p < oo. Let N be a finite von Neumann algebra and M be a
semifinite von Neumann algebra. Consider the conditional expectation E: MQN — M from
Lemma 2.26.

1. The embeddings respect (M NLP(M)) @ L2(N), which is dense in LP(E), in LE(E) and in
LE(E) NLE(E).

2. The dual space of L2(E) (resp. LE(E)) is L (E) (resp. LE (R)) with duality bracket
(f.9) = Tayan (F79) for f € (MNLP(M)) @ L*(N) and g € (M NLP" (M)) ® L*(N).

Proof : 1. The above mentioned embedding into the injective tensor product respects the
subspace (M NLP(M)) ® L?(N) which is dense in both LZ(E) and LE(E). We prove the third
density. Let (p;) be an increasing net of orthogonal projections over L(N) with finite dimen-
sional range, converging strongly to the identity. Then by (2.57), (2.60) and Remark 2.28, the
net (Idpr(ar) @ pi) is uniformly bounded as operators from LZ(E) into LZ(E) and from L2(E)
into L2(E). Moreover, by density of (M NLP(M)) ® L2(N) separately in both L?(E) and LE(E),
the net (Idps ® p;) converges strongly to the identity of both L2(E) and LE(E). Moreover, both
mappings are compatible as restrictions of a common mapping Idy»(a) @ pi: Z — Z. But if
f e L2(E)NLE(E), then (Idar @ pi)(f) = > fr ® ek, where the sum is finite, f, € LP(M), and
er € L2(N) span the range of p;. Taking g € M N LP(M) with ||gx — filluoary < € we see
that (M NLP(M)) ® L2(N) is dense in the intersection LE(E) N L2(E).

2. For the duality result, see | , (2.14)] (note that the duality bracket is bilinear there,
so we have to reinterpret it). ]

Now we consider the situation of Lemma 2.27. Concerning the compatibility, we have the
following result.

Proposition 2.30 Suppose 1 < p < co. Let N be a finite von Neumann algebra. Consider the
conditional expectation E: Nx,G — VN(G) from Lemma 2.27. There exist continuous injective
embeddings w.: LP(E) — (X (L*(N)) and w,: LP(E) — (2 (L2(N)) such that we(z) = w,(z)
forall z € Py .

Proof : For x = ) _x, X s belonging to Py ¢, we consider the map w(x) def (zs)seq- Let
us show that w extends to continuous mappings w.: LE(E) — ¢ (L?(N)) and w,: LE(E) —
£ (L2(N)).

Fix some ¢t € G. Since the trace 7 is unital, we have a completely'® contractive mapping
¢ LP(VN(GQ)) = C, 2 +— x4 &f T(xA4-1). Thus according to (2.56), ¢; ® Idp2(y) extends to a
contraction LP(VN(G),L?(N).,) — LP(C,L?(N).,) = L?(N) where the last equality is | ,

. . (2.62)
Remark 2.13].  We deduce the inequality |[2¢|i2y) < lllovnie)2vy.,) = N2l

16. Recall that a contractive linear form is completely contractive by [ER, Corollary 2.2.3] and that LP (M) C
LY (M).
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Taking the supremum over all ¢ € G on the left hand side, since Py ¢ is dense in L2(E), this
shows that w extends to a contraction w.: LE(E) — ¢ (L%(N)).

Next we show that w extends to a continuous mapping w,: L2(E) — ¢ (L?(N)). According
to Remark 2.28, we have [|z[lyr &) = [1¥llLo(vn(e) L2 (v),.,) With ¥ =225 As ® ag-1 (@) For any
t € G, note that since ¢y ® Idi2(y) equally extends to a contraction LP(VN(G),L?(N),p) —
LP(C,L?(N),,) = L2(N) and ay-1: L*(N) — L%(N) is an isometry, we also have lzellre vy =
=1 (@) 2 vy < NYllneovnie), L2(N),p) = = [|#[[;p(g). Taking the supremum over all ¢ € G on
the left hand side, since Py ¢ is dense in L2(E), this shows that w extends to a contraction
wy: L2(E) — K%O(L2(N)).

Next we show that wC is injective. Assume that w.(z) = 0 for some z € LP(E). If
U: L2(E) — LP(VN( ), L2(N).,p) is the isometry from (2.62), the above proof of continu-
ity shows that we(z) = ((¢s @ Idr2(n)) 0 ¥(z ))SeG. We infer that (¢s ® Idp2(ny)) o ¥(x) = 0 for
all s € G. Thua”, U(x) = 0, hence z = 0.

Finally we show that w, is injective. Assume that w,(z) = 0 for some z € LE(E). If
®: LE(E) — LP(VN(G),L*(N),,) is the isometry from Remark 2.28, we have w,(z) = (o o
(¢S®Isz(N))O<I>(:r))sec. We infer that aso(¢s®@Idp2(ny)o®(x) = 0 for all s € G. Consequently,
we have (¢s ® Idp2(n)) o ®(x) = 0 for all s € G. Hence ®(z) =0, so z = 0. [ |

We keep the notations from Proposition 2.30 above. As we have observed in the proof of
Lemma 2.27, Py ¢ is dense in L2(E), and thus also in L2(E), since Py ¢ is stable by taking
adjoints. We shall also need that Py ¢ is dense in the intersection L2(E) N LE(E). This is
implicitly used in a similar situation in [ , p- 541]'% and | , p- 543 in the case of a
crossed product M®L>(Q, X, ) X G where M is a finite von Neumann algebra. We provide
a proof with some assumptions in Lemma 2.32 which is needed in the proof of Theorem 3.3
below. Note that the approach to define compatibility via non-constructive Hilbert module
theory seems ineffective to obtain this kind of results. We first record, also for later use, the
following lemma.

Lemma 2.31 Let 1 < p < oo and G be a discrete group acting on N by normal trace preserv-
ing *-automorphisms, where N is some finite von Neumann algebra. Let M, be a completely
bounded Fourier multiplier on LP(VN(G)). Then

(2~63) H(IdN X Mso)(f)HLg(E) Sp ||f||L§(]E) and H(IdN X M@)(f)HLg(E) Sp ”fHLE(]E)'

Proof : By the isometry in Lemma 2.27 and the fact that M, is completely bounded, the
column part of (2.63) follows immediately from (2.56). For the row part of (2.63), we need a

little bit of work, due to Remark 2.28. Let f = >, 2 x A;, be an element of Py ¢ which is

a dense subspace of LZ(E). Using the notation ¢(s) e p(s™1) and | , Lemma 6.4] in the

last equality, we have

H(IdN X M<P)(f)HL£(E) = ”((IdN X Mga)(f))*

E) — H (zk:@(sk)fk X )‘sk)*

17. If (¢s ® Idp2(n))(y) = 0 for some y € LP(VN(G),L?(N),p) and all s € G, then to conclude that y = 0,
by duality, it suffices to check that (y,y*) = 0 for y* belonging to some total subset of LP* (VN(G), L2(N)¢,p)-
We can choose the total subset Pg ® L2( ) and conclude by (y, As @ h) = {(¢s ® Idy2(n))(¥), h) = O (the first
equality is true on dense subset, hence correct).

18. In line -3 of | , - 541}, it is stated that f is a finite sum Z W(B(R) ® fg,n) x A(g)-

19. In the calculations line 3 and 4 of | , p. 543], it is used that the duality brackets between LY. (Erixg)
and Li.(Eamxg), and between LP(A) and LI(A) are compatible, which a priori only makes sense on common

L (E)

subspaces. It is also used that the Gaussian projection is bounded @: Li(Emxc) = Gq(M) x G which is a
priori only clear on the subspace of f as in footnote 18.
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(2.42)

Yo wlsi)a 1 (zf) @ A

IdNNM <ZO¢1 l‘k >4>\1>

k LZ(E) LZ(E)
* 2. ()3 .
= ||(IdN A MV)( )”LP ”M ”cb .LP(VN(G))—LP (VN(G)) ||f ||L§(IE)
HM ”cb ,LP(VN(G))—LP(VN(Q)) Hf”LP HM ”cb Lr(VN(G))—LrP(VN(Q)) Hf”LE(IE) .
|

With this lemma at hand, we get the following.

Lemma 2.32 Let 1 < p < oo and keep the assumptions of Proposition 2.30. Assume in
addition that LP(VN(G)) has CCAP and that VN(G) has QWEP. Consider LE(E) and L2(E)
injected into (X (L*(N)) as in Proposition 2.50. Then Py ¢ is dense in LE(E) NLE(E).

Proof : Consider the approximating net (M,;) of completely bounded Fourier multipliers
provided by the CCAP assumption by Lemma 2.22 with HM% ch,LP(VN(G))HLP(VN(G)) < 1. By
[ , Lemma 6.5, Lemma 6.6], note that (¢;) is a bounded net of £X.

A direct estimate shows that the M, @ Idpz2(n): £F (L*(N)) — (¥ (L*(N)), (#s)seq —
(pj(s)xs)sec’s define a bounded net of operators. Note that according to Lemma 2.31, the
extensions Idy x M, are uniformly bounded as operators LZ(E) — LZ(EE) and LE(E) — LZ(E).

Thus, by density of Py ¢ in LE(E) and in L2(E), the net (Idy x M) converges strongly
to Idyzg) resp. Idprg). By compatibility of this mapping on both spaces as a restriction of
My, @ Idpz(ny: £F (L*(N)) — €5 (L*(N)), the net (Idy x M,,,) converges also to the identity
on L2(E) NLEZ(E). It thus suffices to show density of Py ¢ in Ran(Idy x M, : LE(E)NLE(E) —
L?(E) N L2(E)) for some fixed j.

For f € LZ(E) N LE(E), we have (Idy x M, )(f) = Zsesuppw ©;(s)fs @ As for some fs €
L2(N). Since the above sum is finite, we are left to show that f x A, can be approximated by
elements of Py ¢ in L2(E) N L2(E). But this is immediate since both column and row norms
are cross norms and N is dense in L2(NV). [ |

By Lemma 2.29 (resp. Proposition 2.30), (L2(E),L?(E)) is an interpolation couple. There-

fore, it is meaningful to let L2 (E) Lfyp P(E)Y+LE(E)if1 <p<2and LE.(E) e LP(E)NLE(E) if

2 < p < co. In the situation of Lemma 2.29, we get immediately with [ , 2.7.1 Theorem)] that
for 1 < p < oo, LE.(E) and LE, (E) are dual spaces with duality bracket (f,g) = Tusn (f9)-

In the situation of Proposition 2.30, we have the following duality result, see | , Corollary
2.12] and [Bel,, 2.7.1 Theorem|. Note that there is a separability assumption in | , Corollary
2.12]. So our discrete groups considered in this paper are implicitly countable when we use this
result. Nevertheless, this assumption seems removable with the transparent argument of | ,
Remark 6.11] (see also the discussion before [JuR, Lemma 3.4]).

Lemma 2.33 For 1 < p < oo, LE(E) and L2 (E) (resp. LE(E) and L2 (E), resp. LE.(E) and
L (R)) are dual spaces with respect to each other. Here, the duality pairing is (f,g) = T« (f*g)
forall fge N x4, G.

2.6 Carré du champ I' and first order differential calculus for Fourier
multipliers

Let G be a discrete group. Given a markovian semigroup (7}):>¢ of Fourier multipliers on the
von Neumann algebra VN(G) as given in Proposition 2.7, we shall introduce the noncommu-
tative gradient Jy 4 and the carré du champ I', and interrelate them together with the square
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root Az of the negative generator A. For any 1 < p < oo, note that the space Pg from (2.18)
is a subspace of LP(VN(G)).
For z,y € Pg, we define the element

(264 Pla,y) L [AG)y + 2 Ay) - AGy)]

of span {\; : s € G}. For any s,t € G, note that

(2.65) DO A) = 5 [9(57) +9(0) — (s~ )] A

The form T' is usually called carré du champ, associated with the markovian semigroup (7%):>0.
The first part of the following result shows how to construct the carré du champ directly from
the semigroup (73):>o0.

Lemma 2.34 Let G be a discrete group.

1. Suppose 1 < p < oo. For any z,y € Pg, we have

(266) Da,y) = lim o (Tia*y) ~ (@) Ti(y)

in LP(VN(G)).

2. For any x € Pg, we have I'(z,z) > 0.

3. For any x,y € Pg, the matrix EE;;; EECU, y;] 18 positive.
4. For any z,y € Pg, we have
1 1
(2.67) Hr(xvy)HLp(VN(G)) < HF(SU,$)||EP(VN(G)) ||F(y,y)||fp(VN(G))-

This inequality even holds for 0 < p < oo.

Proof : 1. For z,y € span{)s : s € G}, using the joint continuity of multiplication on bounded
sets for the strong operator topology on LP(VN(G)) | , Proposition C.19] (if p = oo we
use that x,y € span{\;: s € G}, so all operators below belong to some finite dimensional
space C L?(VN(G)) N VN(G) on which convergence in VN(G) norm follows from convergence
in LP(VN(G)) norm), we have

L (1e*9) ~ ) Tw) = = (Ta*s) — "y + 0y — (@) )
= %(Tt(sﬂ*y) — o'y + 'y — (T(x)y + (To(@)*y — (Ti(2)) Tu(y))
= %(Tt(w*y) — "y + (¢ = Ty(2")y + (Ti(2))"(y — Tu(y)))

% %( — Aty + Ay + 27 AW) "2 D, y).

2. Each operator T;: VN(G) — VN(G) is completely positive and unital. Hence by the
Schwarz inequality [Pau, Proposition 3.3] (or | , Proposition 9.9.4]), we have T;(z)*T(x) <
T;(z*z). Recall that the positive cone of VN(G) is weak™ closed (see e.g. | , (2.3)]). Using
the point 1, we conclude that I'(z,z) > 0.
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3. For xz,y € span{)\s : s € G}, using the point 1 in the first equality and the point 2 in the
last inequality, we obtain

[F(fw) F(x,y)} @66) 1 {Tt v*z) — (Ty(2)) Ti(x) Tt(w*y)—(Tt(ar))*Tt(y)]
L(y,x) I(y.y) A5t | Llye) — (M) T@) Tily'y) - (L) Tiy)
= im L <[Tt(w z) Ti(a” } {Tt(ﬂf)):Tt(w) (Tt(w)):Tt(y)D
=0t 2t \ | Te(y™z) Ti(y'y)| [(Te(w)Te(z) (Ti(y)) Te(y)
- (oo (7 55]) =[G ) [5 ")
- (5 5 1)
(e (5 ) (memf 1)
4. By [2 O , Lemma 2.11],
10 )l e < 21% (T 0) vy + 1T ) v )

Since we have T'(Az, +y) = I'(z,y) for A > 0, we deduce

Sl

1
IT(z, ?J)”Lp(VN(G)) mf <)‘F($ x)HLp(VN(G)) +5 ||F(y YT VN(G)))

Ruling out beforehand the easy cases I'(x,2) = 0 or I'(y,y) = 0, we choose

A= (HF(y,y)Hip(VN(G)) / HF(:L’,:C)||€,,(VN(G)))
and obtain
1

P P
(2.68) I Doy < 55 (216D e TG0 wian)

S

i~

= HF(’I,.T)”EP(VN(G)) ||F(y7y)||EP(VN(G)) .

Suppose that (T})¢>0 is associated to the length ¢: G — R4 with associated cocycle
b = by: G — H and the orthogonal representation 7: G — B(H), s — w5 of G on H from
Proposition 2.7. Suppose —1 < ¢ < 1. For any s € G, we will use the second quantization from
(2.24) by letting

(2.69) ay LT (my): Ty(H) = Ty(H)
which is trace preserving. We obtain an action a: G — Aut(I';(H)). So we can consider
the crossed product I';(H) X4 G as studied in Subsection 2.4, which comes equipped with its
canonical normal finite faithful trace 7.

Suppose —1 < ¢ < 1 and 1 < p < co. We introduce the map 0y 4: Po — LP(T'y(H) o G)
defined by

(2.70) Dp.a(As) = 54(by(s)) % As.
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which is a slight generalization of the map of | , D. 535].
Note that L?(I'y(H) x4 G) is a VN(G)-bimodule with left and right actions induced by

(2.71) As(z 3 M) o as(z) X Age and (2 X M) As X At z €T (H),s,teq.

The following is stated in the particular case ¢ = 1 without proof in | , p- 544]. For the
sake of completness, we give a short proof.

Lemma 2.35 Suppose —1 < ¢ < 1. Let G be a discrete group. For any x,y € Pg, we have

(2.72) Opq(xy) = 20y,q(y) + Oy q(2)y.

Proof : For any s,t € G, we have
(2.70)
Ny O0e) + Dg )M 27 A (500 (6)) 3 M) + (34 (b)) 3 M)

CID 0y (59 (b (£))) % Ast + 5q(bi(5)) % Ast = 5 (b (1)) % Ast + 5q(bys(5)) X Ast

(2.70) (2.19)
= (Sq(ﬂ'S(bw(t)) + Sq(bw(s))) XAt = (Sq(bw(St))) X Ast = 8w,q()‘8t> = all),q()‘s)‘t)-
|
The following is a slight generalization of | , Remark 1.3]. The proof is not difficult.?"
Here E: LP(I'y(H) x4 G) = LP(VN(G)) denotes the canonical conditional expectation.
Proposition 2.36 Suppose —1 < ¢ < 1. For any x,y € Pg, we have
(2.73) L(z,y) = E[(8y,4(2)) 0y.q(%)]-
Suppose 1 < p < co. The following equalities are in | , pp- 930-931] for ¢ = 1. For any
x,y € Pg, we have
(274) F(xa y) = <8¢,,q(x), 8w7q(y)>LP(VN(G),L2(FQ(H))CEP)’
20. On the one hand, for any s,t € G, we have
2.65) 1 2.20) 1
T(he, Ar) 2 5[ + 00 — v D] A (2:20) 5 [||bw(s*1)H2 + s @] - ||b¢(s’1t)H2} Aoty
(2.19) 1

. [}|bw<s—1>||2 +[Be @) = ||| — 2(bu (s -1 bu (), — }|bw(t>||2}xs-1t

= —(by(s ™), mem1 (by (1)) A1
On the other hand, we have

(2.70)

B (90.400)) 000 ()] L7 B (5000 (9) % As) " (s0(bu () 2 M) |
(2.42) E[(%_l (5q(by())) % Ag=1) (sq(bys (1)) % )\t)] = E[(sq(ﬂs_l(bw(s))) 1 Ag1) (8q(by (1)) x )\t)}
(2.19) E[(sq(bw(e) — by (571) % Ag—1) (sq(by (1)) » /\t)} = fE[(sq(bw(S—l)) 2 Ag=1) (5q(by (£)) x ,\t)]

(2.43) (2.19)

~5[ (sa(buls™ a1 (sa(bu®))) 5 A-se| = B[ (sa(buls™ sy (a1 (b00)) ) % A

(2.27) —<bw(s*1)7 Te—1 (bw(t)> >H)‘s*1t'
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and

(2.75) Hr(x’x)%HLP(VN(G)) = Hadaq(x)||Lp(VN(G),L2(rq(H))C,p)'

We shall also need the following Riesz transform norm equivalence for markovian semigroup
of Fourier multipliers from | , Theorem A2, Remark 1.3].

Proposition 2.37 Let G be a discrete group and (T;)i>0 @ markovian semigroup of Fourier
multipliers with symbol 1 of the negative generator A. Then for 2 < p < oo, we have the norm
equivalence

(2.76) HA%('I)HLP(VN(G)) =p maX{Hr(x’x)%HLP(VN(G))’ Hr(x*’x*)%HLP(VN(G))}’ € Pa-

2.7 Carré du champ I' and first order differential calculus for Schur
multipliers

This subsection on markovian semigroups of Schur multipliers is the analogue of Subsection 2.6

on Fourier multipliers. We suppose here that we are given a markovian semigroup of Schur

multipliers as in Proposition 2.9, and fix the associated family («;);e; from (2.22).
For any z,y € My gn, we define the element

(2.77) T(z,y) % % [A(z*)y + 2" A(y) — A("y)].

of My fn. As in (2.64) in the case of a markovian semigroup of Fourier multipliers, I' is called
the carré du champ, associated with the semigroup (7});>0. For any i, 7, k,l € I, note that

1
[Aleji)en + ejiA(er) — Alejier)] = 50i=k [aji + aw — aji]eji.

N |

(278) I‘(eij,ekl) =

We refer to the books | ] and | ] for the general case of semigroups acting on classical
LP-spaces and to | ]. For the semigroups acting on noncommutative LP-spaces, the carré
du champ and its applications were studied in the papers [ , Section 9], [ ], [JM1],
[ ] and [ ] mainly in the o-finite case and for L?-spaces (see | ] for related things).
Unfortunately, these papers do not suffice for our setting. So, in the following, we describe an
elementary, independent and more concrete approach. However, some results of this section
could be known, at least in the case p = 2 and I finite.

The first part of the following result shows how to construct the carré du champ directly
from the semigroup (7%)¢>0. The proof is similar to the one of Lemma 2.34 to which we refer.

Lemma 2.38 1. Suppose 1 < p < oo. For any x,y € My gn, we have
(279) P(e,y) = Jim o (Ti(a"y) — (L) Til)
in S7.

2. For any x € My gn, we have I'(z,z) > 0.

| L(@,z) T(x y)} S
3. For any x,y € My an, the matrix ’ ’ 18 positive.
JnyE L [my,x) Py.y)] 7
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4. For any x,y € My an, we have

(2.80) IT(z, 9)llsr < IT(,2)ll 50 IT(y 9)1 50 -
This inequality even holds for 0 < p < co.

We shall link, more profoundly in Section 3, the (square root of the) negative generator A,
the carré du champ I' and some noncommutative gradient from (2.81). Suppose 1 < p < o0

and —1 < ¢ < 1. Note that the Bochner space L?(T';(H)®B(¢%)) is equipped with a canonical

structure of S¢°-bimodule whose operations are defined by (f ® z)y e f®zyand y(f ® x) et

f®@yx where x € ST, y € S° and f € LP(I'y(H)). If ' is the ¢-Gaussian functor of Subsection
2.2 associated with the real Hilbert space H stemming from Definition 2.9, we can consider the
linear map 9a,q: My fin — Iy(H) ® My in (resp. 0.1t My an — LY(Q2) @ My gy if ¢ = 1) defined
by

(281) 804,4(6”) d:ef Sq(OLi — Oéj) (24 eij, Z,] € I.

We have the following Leibniz rule.

Lemma 2.39 Suppose —1 < ¢ < 1. For any =,y € My sn, we have

(282) aa,q(xy) = xaoc,q(y) + aa,q(x)y-

Proof : On the one hand, for any i, j, k,l € I, we have

2.81
Oa,q(€ijert) = 0j=k0a,q(€i1) (20 Sj—isq(a; — ap) @ €.

On the other hand, for any ¢, j, k,l € I, we have
€ij0a,q(ext) + Daqleij)er = eij(sq(an — ) @ exr) + (sq(@i — aj) @ e5)en
= sq(on — ) @ e;5ep + sq(0 — ) ® ejjep
= sqlar —ay) ® §j=rei + sq(q; — ) ® 0j=rei
= 0j=k (sq(ak — Oél) =+ Sq(Oéi — aj)) X ey = 5j:k8q(057; — Oél) X e;-
The result follows by linearity. [ |

Now, we describe a connection between the carré du champ and the map 0, which is
analogous to the equality of | , Section 1.4] (see also | ). For that, we introduce the
canonical trace preserving normal faithful conditional expectation E: T'y(H)®B(¢?) — B(£3).

Proposition 2.40 Suppose —1 < g<1land1<p<oo.

1. For any x,y € My gn, we have

*

(283) F(.Z‘,y) = ]E((awq(x)) aa,q(y)) = <6a7q(x)7aa,q(y)>s§(L2(pq(H))

ep)’
2. For any x € My g,, we have

(2.84) Hr(x’x)%HSf = 1900 52120y 119y,

37



Proof : 1. On the one hand, for any ¢, 7, k,l € I, we have
Dewjsern) 2 S + o — ales = 50 (Jlay — aully + llon = aully = llas — eully ) e
— %&':k (2 ||Cvk||2 — 2(a;, ag) — 2(oy, ar) + 2{w, aj>) ej1 = (g — Qi O — Q) HESI.
On the other hand, we have
E[(@ayq(eij))*ﬁohq(ekl)} (281) E {(sq(ai —a;)® e,-j)* (sq(ak —q)® ekl)]
= E[sq(ai —aj)sq(o —ap) ® ejiekl} = 0i—pT(8q(a; — aj)sq(on — ay))ej
= Oj=k{Q; — 0, — Q) FEj
The second equality is a consequence of (2.59).
2. If x € My gn, we have

(2.54) (2.83)
G oy s W H@“’q(x)’a“’q(x»;?(Lz(Fq(H))c,p) -

Sy

Ine )2 gy

3 Riesz transforms associated to semigroups of Markov
multipliers

3.1 Khintchine inequalities for g-Gaussians in crossed products

In this subsection, we consider a markovian semigroup of Fourier multipliers on VN(G), where
G is a discrete group satisfying Proposition 2.7 with cocycle (by, 7, H). Moreover, we have
seen in (2.69) that by second quantization we have an action a: G — Aut(I'y(H)). The aim of
the subsection is to prove Theorem 3.3 below which generalizes | , Theorem 1.1]. In the
following, the conditional expectation is E: T'y(H) %o G — Tg(H) X0 G, © X As = Tr, (1) () A
We let

def

(3.1) Gaussg,p, « (LP(VN(G))) = span {sq(h) x x : h € H,x € LP(VN(G)) }

where the closure is taken in LP(T'y (H) X G) (for the weak* topology if p = oo and —1 < ¢ < 1).

Lemma 3.1 Let 1 < p < oo. Let G be a discrete group. If (ex)rex 1S an orthonormal
basis of the Hilbert space H, then Gaussy p (LP(VN(G))) equals the closure of the span of the
sq(ex) X Xs’s with k € K and s € G.

Proof : We write temporarily G’ C Gaussy,,(LP(VN(G))) for the closure of the span of the
sq(ex) x As. First note that it is trivial that G’ C Gauss,,(LP(VN(G))). For the reverse
inclusion, by linearity and density and (3.1), it suffices to show that s,(h) x As belongs to G’
for any h € H and any s € G. Let € > 0 be fixed. Then there exists some finite subset F' of K
and oy € C for k € I such that Hh =D ker O‘kekHH <e. We have ), parsqer) ¥ As € G
and?!

sq(h) X As — Z agSq(er) X g =

keF

84 (h - Z akek> X Ag

keF

Lr(Tq(H)%aG) Lr(Tq(H)¥aG)

21. Recall that o preserves the trace. If s € G and k € H, we have

£ (242)

sa(h) % sl p r a1y oy = T ((sa(R) 5 A) " (5q(h) % As)) *) 7o (041 (5q(R)) % As)(sq(h) x As)) %)
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>~

<E€.

Sq (h - Z akek>

keF

54 (h — Z ozkek>

keF

Lp (I (H)) L2(Tq(H))

We conclude Gauss, ,, «x (LP(VN(G))) C G’ by closedness of G'. [ |
If 2 < p < o0, recall that we have a contractive injective inclusion

Lemma 2.25

(3.2) Gauss, p < (LP(VN(G))) CLP(T4(H) xa G) C LE (E)

and that if 1 < p < 2 we have an inclusion
(3.3)
span{s,(h) ¥« : h € H, = € LP(VN(G))} C LP(VN(G), L3(Ty(H).,) “=” L?(E) C L” (E).

Here, the last but one equality follows from (2.62). In Theorem 3.3 below, we shall need several
operations on L2(E), L2(E) and L?(I'y(H) x4 G). To this end, we have the following result.

Lemma 3.2 Let —1 < ¢ < 1 and 1 < p < oo. Consider P: L2(Ty(H)) — L%(T'y(H)) the
orthogonal projection onto Gauss,2(C) = span{s,(e) : e € H}. Let G be a discrete group.
Consider Q) = P x Idyr(vn(a)) initially defined on Py g. Then Q, induces well-defined con-
tractions

(3.4) Qp: L2(E) - L2(E) and Qp:LE(E) — LE(E).
Consequently, according to Proposition 2.30, Q, equally extends to a contraction on LE (E).

Proof : By (2.56) and (2.62), the column part of (3.4) follows immediately. We turn to row
part of (3.4). Note that the immediate analogue of (2.56) to the row case holds true, but not
for (2.62), according to Remark 2.28. So we need to argue differently.

We start by showing that for any h € L2(I'y(H)) and any s € G we have

(3.5) ae((P(R)*) = P(os(h")).

Indeed, by anti-linearity and L?(T';(H)) continuity of both sides, it suffices to show (3.5) for
h=w(e, ® - ® en,) the Wick word of e, ® -+ ® e,,,,, where (ey) is an orthonormal basis
of H. But then we have®”

s (P(h)") = as(On—15q(en,)") = Sncrs(sq(em,)) P2 dncrsq(melen)) = Plas(h*)).

We deduce that

(P> Idws (vi(ay) (Z h /\sk>
k

= H(Z];P(hk) >4)\Sk>*

(2.43)

= H <(P X IdLP(VN(G))) (th X )\Sk)>
LE(E) 2

(2.42)

L (E)

ZaS?(P(hk)*) A
k

LZ(E) LZ(E)

) = (o ((sa)))

7 (a1 (50 (1)) % Ae)B) = 7 ( (g1 (0 (0)D)) 2
= T(Sq(h)p) = ”Sq(h)”ip(l"q(H)) .

22. In the last equality, we use that w(en; @ -+ @ eny) = wleny @ - Qeny)* [ , p. 21].
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(3.5)

Y Plaga(hi)) x A

(PXIIdeVNg)) <ZO&1 (h%) N)\l)

k LZ(E) LZ (&)
(2.42) * (3 4)
= (P X IdLP(VN(G))) th X >\5k th X >\5k
k LE(E) LE(E)
D hex Ay,
k L7 (E)
We have proved the row part of (3.4). [ |
Now the noncommutative Khintchine inequalities can be rewritten under the following form.
Theorem 3.3 Consider — <land1l<p<oo. Let G be a discrete group.
1. Suppose 1 < p < 2. For any element f = Z&h fs,nsq(R)xAs of span {sq(h) ch € H}xPg,
we have
(3.6)

#\) 3
’H(E(hh ) Lp(VN(G))}'

Here the infimum runs over all g € LP(E) and h € L2(E) such that f = g+ h. Further
one can restrict the infimum to all g € Ran Qplrr(my, h € Ran Qplpe(my, where Q, is the
mapping from Lemma 3.2.

Finally, in case that LP(VN(G )) has CCAP and VN(G) has QWEP, the infimum can be
taken over all g, h € span {sq e):e€ H} xPg.

”fHGaussq_’pyn(LT’(VN(G))) ~ inf { H(}E(g*g))E

P p=g+n LP(VN(G))

2. Suppose 2 < p < oo. For any element f =3 } fsnsq(h) X As of Gaussgp «(LP(VN(G)))
with fsp € C, we have

(3.7) maX{ H(]E(f*f))% LP(VN(Q)) || (£ ))% LP (VN(G)) } S W oy e vnicn
N ﬁmax{ H(E(f*f))E Lr(VN(G)) ' H (117)) L?(VN(G)) } .
”fHLQT(]E)

Proof : 2. Suppose 2 < p < oo. We begin by proving the upper estimate of (3.7). Fix m > 1.
We have?® an isometric embedding J,,,: H — ¢2,(H) defined by

(3.9) Ton(h) \/% S oo
=1

Hence we can consider the associated operator I'?(J,,,): L?(Ly(H)) — LP(Ty(¢2,(H))) of second
quantization (2.24) which is an isometric completely positive map. We define the maps 77*: G —

23. If h € H, we have

1Pl = 11l g -

3
— e;®h
ml:l

m
=
= — e
m ‘ !
=1

02

m

£, (H)
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B(2,(H)), s — (e, @ h — e, @ ms(h)) and o™ = Ty(n™): Ty(¢2,(H)) — T'y(¢2,(H)). For any
h € H, any s € G, note that

"o Jn(h) 22 W?(\/IEZQ ®h) = %Zﬂf‘(el ®h) = ﬁZel ® 7s(h)
=1

=1

(39 7

3

(3.10) O g oms(h).

We deduce that

ay' o Ly(Jm) = Ty(mg") o Ly(Jm) = Ty(7g" 0 Jpn) 39

S

Ly(Jmoms) =Ty(Jm) 0 as.

By Lemma 2.23, we obtain a trace preserving unital normal injective s-homomorphism I, (J,,) %

Idyn(g): Dg(H) %G — Tq(£2,(H)) Xom G. This map induces an isometric map p et 2 (Jm) X
Idps(vn(ey) : LP(Tg(H) %o G) — LP(Ly(¢2,(H)) X om G). For any finite sum f = > s fs,nsq(h) >
As of Pr,(m),¢ with fs 5 € C, we obtam

(3.11) 1 Wl e, aryncy = || O Fensalh) 2 A
s,h

L2 (Tq(H) X0 G)

= p(%;fs,hsq(h) x As)

L (D (2, (H)) % 0m G)

— 2 Fon D) (50 (B) 300 A,
s,h

Lr(Cq(£2,(H))xam G)

(2.24)
= Zfs,hsq,m(Jm(h)) X As
s,h

Lp (T4 (63, (H)) X am G)

(3:8) Z fs,hSq,m< Zel ® h)
s,h =1

Lr(Tq (63, (H))xam G)
(312) Z fs,hsq,m(el ® h) A )‘S

s,h,l

-
S Vm

Lp (T4 (63, (H)) X am G)

For any 1 < I < m, consider the element f; de ZS p fs.nsqm(er ® h) x Ay and the conditional
expectation E: LP(T,(¢2,(H)) xqm G) — Lp(VN(G)) For any 1 <1 < m, note that

(fl (Zfs hSq, m(el®h) XA ) :ZfS’hE(Sq’m(el(X)h) X As)
s,h s,h

= Z FsnT(Sqm(er @ h))As G20,

s,h

We deduce that the random variables f; are mean-zero. Now, we prove in addition that the f;
are independent over VN(G), so that we will be able to apply the noncommutative Rosenthal
inequality (2.34) to them.
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Lemma 3.4 The f; defined here above are independent over VN(G). More precisely, the von
Neumann algebras generated by f; are independent with respect to VN(QG).

Proof : Due to normality of E, it suffices to prove
(3.13) E(zy) = E(2)E(y)

for o (resp. y) belonging to a weak* dense subset of W*(f;) (resp. of W*((fx)x=1)). Moreover,
by bilinearity in z, y of both sides of (3.13) and selfadjointness of s, ,,(e; ® h), it suffices to take
T = Sqm(e; @ h)" x A for some n € N and y = Hthl Sqm(ex, ® h)™ x X, for some T € N,

k: # 1 and n, € N. Since o = I'y(7}") is trace preserving, we have

T
E(2)E(y) = 7(sqm(e1 @ b)) As T ( H Sq.m (€, @ h)”f> Au

t=1

T

= 7(sq.m(er ®h)")T ( tl;[l Sq,m €k, ® W“) Asu

= 7(sqm(er @ h)")7 <042” ( t_ﬁl Squm(€r, ® h)"t) > Asu
T

= 7(sq.m(e1 @ h)™)T ( [1sam(er @ ws(h))"t) Asu

and

E(zy) = E((sqm(el ®h)" % As) (ﬁ Sqm(€r, @ D)™ X /\u>)

1

o~
Il

(2.43)

=

E((sq,m(el ® h)"aé”(

T
=7 (sq’m(el ® h)"al’ ( H Sqm(€r, ® h)"t>> Asu

t=1

Sq,m(ekt ® h)nt) X Asu))

T
-7 <sq,m(el @ h)" [ [ sq.m(ex, @ ws(h))”t) Asu-
t=1

We shall now apply the Wick formulae (2.25) and (2.26) to the trace term above.

Note that if n+3",_, n; is odd, then according to the Wick formula (2.26) we have E(zy) = 0.
On the other hand, then either n or Zf:l ng is odd, so according to the Wick formula (2.26),
either E(x) = 0 or E(y) = 0. Thus, (3.13) follows in this case.

Now suppose that n + ZtT:l Ny ©f 9k is even. Consider a 2-partition V € Pa(2k). If both n
and Zthl n are odd, then we must have some (4, j) € V such that one term (f;, f;)¢2 () in the
Wick formula (2.25) equals (e; ® h, e, @ ws(h)) = 0, since k; # . Thus, E(zy) = 0, and since n
is odd, also E(z) = 0, and therefore, (3.13) follows. If both n and Zthl n; are even, then in the

Wick formula (2.25), we only need to consider those 2-partitions V without a mixed term as the
(fi, f;) = 0 above. SuchaV is clearly the disjoint union ¥V = V; UV, of 2-partitions corresponding
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to n and to Zthl ng. Moreover, we have for the number of crossings, c¢(V) = c¢(Vy) + c(V2).
With (f1, fo,..., foqr) = (1@ h,e; @ h,...,e; @ h,er, @7s(h),. .., ex. @7s(h)), we obtain

n

T
n - (225) c
T (sq,m(ez @ h)" [ sqm(ex, @ ma(h)) ) =0 W T e

t=1 VEP,(2k) (i.j)eV
= Z eV te(v) H (firs fin)e2 () H (fizs fi2)e2, ()
V1,Va (il,jl)le (752J2)€Vz
= <ch(V1) H <f117f_]1 02, H)> <ch(V2 <f7,27f]2>€m(H)>
Vi (i1,51)€V1 (i2,52)€V2

(2:25) (Sq m el & h n (H Sq,m ekt @ s h)) ) ’

Thus, also in this case (3.13) follows. [ |
Now we are able to apply the noncommutative Rosenthal inequality (2.34) which yields

3.12) 1
(3.14) [flleo @, nymaey = 7=
Lp(Tq(£3,(H)) X am G)
(2.34) i”: » »
(3.15) S —= p( ||fl||Lp(r (€2, (H))~ mG))
\/m = a\*m

1
m 3

<ZE(fz*fz))
=1
For any integer 1 < I < m, note that
fl fl ((Zfshsqm 6l®h)><]/\> (th7k5q7m(61®k)><1)\t>>
s,h t,k

(2.42) z fTﬁft,kE<(04T—1(5q,m(6l ® h))) % A1) (5q.m(e1 @ k) x At))

s,h,t,k

1

2

+ VP

<§;E(fzfz*))

L?(VN(G)) L?(VN(G)) ]

2.43 -
LD S T B (ol (squmer © W)l (sq.m (e © 1)) 5 Aore)
s,h,t,k

= > Fanfram(@T 1 (sq.m(er @ ) (sqm(er @ k) A1,
s,h,t.k
27)

_ 2. _
= Z fs,hft,kT(Sq,m(el ® h)sq,m(el ® k)))\s_lt ( = Z fs,hft,k<ha k>H)‘s_1t'

s,h,t,k ,9,h,s

= E((;fs,hsq(h) x AS)*<§ft,ksq(k) X )\t>>

2 S Forue (s (sal) A (5o l8) 5 1)

s,h,t,k

and
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) 5 Tk ((e s (sa W+ () ¢ Ay )

s,h,t,k

Y Fonferr(as(sg(h)sg(k) Ae-e

s,h,t.k

= 3 Tonferm(sa@)sq())Aere 270 ST Fonfrnlho k) ihe e

s,h,t,k i,3,h,s

and similarly for the row terms. We conclude that

(3.16) E(fi fi) =E(f"f) and E(fifi') = E(ff7).

Moreover, for 1 < [ < m, using the isometric map ;: H — (2, (H), h — e;®h, we can introduce
the second quantization operator I'y(v;): Ty(H) — T(¢2,(H)). For any h € H, any s € G,
note that

(3.17) wit o (h) =m0 (ep @ h) = e @ ms(h) = ¢y o ms(h).

We deduce that

™ o Tg(t1) = Tg(m™) 0 Tg(th) = Ty(x™ 0 4hy) "2 Ty(thy 0 ma) = Ty(4) 0 .

By Lemma 2.23, we obtain a trace preserving unital normal injective *-homomorphism I';(1;)
Idyn(gy: Tg(H) o G = Ty(£2,(H)) Xom G. This map induces an isometric map I'?(¢) Xq
Ide(vn(ey) : WP (Tg(H) %o G) = LP(Dg(02,(H)) Xqm G). We have

(3.18)

fello ez, a1y s 6y = || D Fornsam(er @ ) 30 As

sk LP(Dg (£2,(H)) X om G)

m

(2.24)

Zfs,hrq(wl)(sq,m(h)) X As = Zfs,hsq(h> X As
s,h

oh L2 (D (2, (H)) % o G) : L (Dy(H)%G)
= ||f||LP(I‘q(H)>4QG) :

We infer that

=

(3.14)(3.18)(3.16)

Hf”LP(l"q(H)xaG) S \/mlp(znf”ip(l“q(ff)mcr'))
=1

p

" (ZE(f*f))2 - (ZE(ff*)>2 ]
=1 LP(VN(G)) =1 LP(VN(Q))
1 1
= Tm [pmp 1 llLe e, (nyxac)
+vpm H <E(f*f))§ LP(VN(G)) +vm H (E(ff*))i LP(VN(G))‘|

=0m% | Flae, )00y + VP H (1) TP H (E(717)*

L2 (VN(G)) LP(VN(G)) |
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Since p > 2, passing to the limit when m — oo and noting that Rosenthal’s inequality comes
with an absolute constant not depending on the von Neumann algebras under consideration
[ , D. 4303], we finally obtain

HfHLp H)xaG) s \f|:H (f* f + H(E(ff*))%

L?(VN(G)) Lr(VN(G)) } '

Using the equivalence £3 ~ (5°, we obtain the upper estimate of (3.7).
The lower estimate of (3.7) holds with constant 1 from the contractivity of the conditional
expectation E on L5 (T, (H) x4 G):

max{ H (E(f*f)) i LP(VN(G)) (E(ff*)P L?(VN(G)) }
= {2 DI e I i |
max{ ||f f”]iz(r (H)x ||ff HEQ(F (H)%G) } = ||fHLP(Fq(H)><1aG).

1. Now, let us consider the case 1 < p < 2. We will proceed by duality as follows. Consider
the Gaussian projection @, from Lemma 3.2 which is a contraction on LZ (E). Note that
7w (f*9) = 7 (Qp(f)*g) = T (f*Qp-(g)) for any g € LP" (Uy(H) x4 G) and the fixed f from the
statement of the theorem. Indeed, this can be seen from selfadjointness of P and (3.5). Note
also that L2 (E) and L2, (E) are dual spaces with respect to each other according to Lemma
2.33, with duality bracket (f,g) = 7« (f*g), i.e. the same as the duality bracket between
LP(T,(H) %o G) and LP" (T, (H) x4 G).

Using this in the first two equalities, the contractivity Qp«: LZ.(E) — L2 (E) from Lemma
3.2 in the third equality, and the upper estimate of (3.7) together with the density result of
Lemma 2.32 in the last inequality, we obtain for any f € Gauss,2(C) x Pg

e gy = suwp  |ma(f*9)| = sup 1!m(f*Qp*(g))!

loll g s, < ol p s, <

= s |ru(f9)

Tl p* ST
P o
LY. ()

g€Ran Q
(3.7)
||fHLp(F (H)xoG) - sup . ||g||LP*(Fq(H)>qQG) Sp ||fHLp(Fq(H)>an)~
LE (5)
gERan Q=+

Note that in the definition of the L2 (E)-norm, the infimum runs over all g € LE(E) and
h € L2(E) such that f = g + h. However, we can write f = Q,(f) = Qp(g) + Qp(h) and

(3.4) (3.4)
12 @le < Nollize and @Ml < Il Thus, in the definition of the
L?.(E)-norm of f, we can restrict to g, h € Ran Q,.

Our next goal is to restrict in the lower estimate of (3.6) to g, h € span{sq4(e) : e € H} xPg
with f = g + h, in the case where f € span{sq(e): e € H} X Pg, under the supplementary
assumptions that LP?(VN(G)) has CCAP and that VN(G) has QWEP. We consider the ap-
proximating net (M) of Fourier multipliers. Moreover, let f = g+ h be a decomposition with
g € LE(E) and h € LE(E) such that ||lgl[;») + [[2ll1p@m) < 2[|fllLe, g)- According to the above,
we can already assume that g, h belong to Ran @),. Then we newly decompose for each j

f=dr,my x My, )(f) + (f = Idr, ) @ My, (f))
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= (Idr, gy @ My,)(g) + (f — (Idp, ) X My,)(f)) + (Idp, () 3 My, ) (h).

€LE(E) €L(E)

Note that (Idp, gy < My, )(g) and (Idr, gy @ My, )(h) belong to span {s,(e) : e € H} xPg since
j is of finite support. Moreover, also f —1Idp, gy % My, (f) belongs to that space. Now, we will
control the norms in this new decomposition. Recall that f =Y fscsq(€) X As with finite
sums. Since ¢, (s) converges pointwise to 1, there is j such that ’

||f - Id1.“q(H) X Mgaj (f)HLE(]E) < Z |fs,e| qu(e) X Ag — ‘Pj(s)sq(e) A )‘SHLE(]E)
<) | fael 1= ;(5)] |sq(e) x Asllipemy <€ < WFfllee.@ S Nl (m)yxac) -

We turn to the other two parts. With (2.63), we obtain

H(Idl"q(H) ® M<P_7‘)(9)||L€(]E) + H(Iqu(H) ® M<P_7‘)(h’)||L£(]E) Sp ||9||L{?(1E) + A L2 (E)

SN, @y Se 1 llue @,y 0ac) -

Together we have shown that also the infimum in (3.6) restricted to elements of the vector space
span {sq(e) : e € H} x Pg is also controlled by || fl|gauss, , . (Lr(vN(G)))-
Now, we will prove the remaining estimate, that is, || f ||Gaussq.p L (LP(VN(G))) 18 controlled by

the second expression in (3.6). Since 1 < p < 2, the function RT — R*, ¢ — t% is operator
concave by | , p- 112]. Using | , Corollary 2.2] applied with the trace preserving positive
map E, we can write

1 1
I lle (v, () wac) = |||f|2HE%(Fq(H)><JaG) < ||E(|f|2)HE%(F (

) %G I llLe &)

and similarly for the row term. Thus, passing to the infimum over all decompositions f = g+ h,
we obtain || fllLsr, (m)w.c) < [IfllLe, &), which can be majorised in turn by the infimum of
9llt2 gy + [17llLp (), Where f =g+ h and g, h € span{sq(h) : h € H} x Pg. Hence, we have
the last equivalence in the part 1 of the theorem.

The case p = 2 is obvious since we have isometrically LZ (E) = L?(VN(G), L?(T'y(H))rad,2) =
L?(T,(H)) ®2 L?(VN(G)) by Lemma 2.27 and | , Remark 2.3 (1)]. [

The remainder of the subsection is devoted to extend Theorem 3.3 to the case of f being a
generic element of Gauss, p « (LP(VN(G))). First we have the following lemma.

Lemma 3.5 Let —1 < q < 1 and 1 < p < oo. Consider again Qp, = P x Idps(vn(q)) the
extension of the Gaussian projection from Lemma 3.2. Then Q, extends to a bounded operator

(3.19) Qp: LP(Ty(H) xo G) = LP(T'y(H) x4 G).

Proof : First note that the case G = {e} is contained in | , Theorem 3.5], putting there
d = 1. Note that the closed space spanned by {s,(h) : h € H} coincides in this case with Qzlhq
there. To see that the projection considered in this source is @,, we refer to [ , Proof of
Theorem 3.1].

We turn to the case of general discrete group G. Since P is selfadjoint, (Qp)* = Qp+. We
obtain for f =) _p fs X As with F' C G finite and f, € LP(I'y(H))

Theorem 3.3

”Qp(f)”Gaussq,pm(LP(VN(G))) S ||Qp(f)||Lgr(]E) = sup {|<Qp(f)7g>| : ||9||Lg: (E) < 1}
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o)

= sup { (1, @ (D)1, )17 0|+ 9} = 590 {2 Qo (D)o ()00 20
<P ooty 00 1R Dl oy 11y * 9

Theorem 3.3
< ||f||Lp<pq<HM)sup{nczp<>||Lp ¢ 9l ) <1}

Sl (s »

where in the last step we used that Q,~ is bounded on L2 (E) according to Lemma 3.2. ]
Now we obtain the following extension of Theorem 3.3.

Proposition 3.6 Let -1 < ¢ <1 and 1 < p < oco. Assume that LP(VN(G)) has CCAP and
that Ty(H) x4 G has QWEP. Let f be an element of Ran Q, = Gauss, , » (LP(VN(G)))*!

1. Suppose 1 < p < 2. Then we have
(3.20)

1
2

f=g+h (E(hA7)) L? (VN(G)) }

Here the infimum runs over all g € LP(E) and h € L2(E) such that f = g+ h. Further
one can restrict the infimum to all g,h € Ran@,.

1l Gauss, .« (Lo (viveeyy) * I {H(E(g*g)) L¥(VN(G)) |

2. Suppose 2 < p < co. Then we have
(3.21)

[T

< vpmax{ ()

(B(f£)?

Lr (VN(G)) } S M llGaussy Lo cvnien)

(B(FF))?

Le(VN(G)) LP (VN(G)) }

Proof : We let (M,,); be the approximating net of finitely supported Fourier multipliers
guaranteed by CCAP assumption. Observe that Idr gy X M,, approximates the identity
on Py . Moreover, according to Proposition 2.20, (Idpq(H) X M, ); is a bounded net in
B(LP(T'y(H) x4 G)). We conclude by density of Py ¢ in LP(I'y(H) x4 G) that (Idp, gy 3 My, );
converges in the point norm topology of L?(T'y(H) %o G) to the identity. Moreover, replacing in
this argument Proposition 2.20 by Lemma 2.31, the same argument yields that (Idr, gy < My, );
converges to the identity in the point norm topology of L?(E) and of L2(E). Then again by
the same argument, we infer that [ fll;» ]E) = limj H Idr, (s » M‘/’j)(f)HLTC’T(]E)' Note that for
fixed j, (Idp,(my @ My, )(f) = (Idr, )y @ My,)(Qpf) = Qp(Idr, )y x My, )(f) belongs to
span{sq(e) : e € H} X Pg. Thus, Theorem 3.3 apphes to f replaced by Idr, gy x My, (f), and
therefore,

HfHGaussq’p,N(LP(VN(G))) = h;n H(Idrq(H) e MS"J)(f)HGaussqypyn(LP(VN(G)))

Theorem 3.3 .
= h?lH(Iqu(H) X M@J)(f)HL:ZT ||f||LpT(]E

2

Finally, the fact that one can restrict the infimum to all g,h € Ran(@, can be proved in the
same way as that in Theorem 3.3. [ |

24. This equality follows from the fact that Py g is dense in LP(I'y(H) xo G) according to Lemma 2.18, so
Qp(Px,c) € Gaussg,p,x (LP(VN(G))) is dense in Ran @p. The other inclusion Gaussg,p,x (L?(VN(G))) € Ran Qy
follows from the fact that the span of the sq(h) X z with z € LP(VN(Q)) is dense in Gaussg,p,x (L? (VN(G)))
and obviously lies in Ran Qp which in turn is closed.
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3.2 Kato’s square root problem for semigroups of Fourier multipliers

Throughout this subsection, we consider a discrete group G, and fix a markovian semigroup of
Fourier multipliers (7});>0 acting on VN(G) with negative generator A and representing objects
by:G—H, m: G— O(H), a: G — Aut(T'y(H)), see Proposition 2.7 and (2.69). We also have
the noncommutative gradient 0y 4: Pe C LP(VN(G)) — LP(I'y(H) %o G) from (2.70). The
aim of this subsection is to compare A% (x) and dy 4(z) in the LP-norm. We shall also extend
Oy .q to a closed operator and identify the domain of its closure. To this end, we need some
facts from the general theory of Cy-semigroups. The following is a straightforward extension of
[ , Lemma 4.2].

Proposition 3.7 Let (T;);>0 be a strongly continuous bounded semigroup acting on a Banach
space X with (negative) generator A. We have

3 1
(3.22) |(Idx + A4)2 (J;)HX ~ ||lzfl + |42 (x)HX, r e X.
Proof : It is well-known | , Lemma 2.3] that the function fi: ¢ — (14 )2 (1 +t2)"!

is the Laplace transform L£(p;) of some bounded measure p;. By | , Proposition 3.3.2)

(note that fi € H®(X,_.) for any € € (0, %) and f; has finite limits lim.ex, . .0 f1(2) and
lim,ex, | |2|»00 f1(2)) (see also | , Lemma 2.12]), we have

& 1 1\ 1
/ Ty dpy (t) = L(u1)(A) = f1(A) = (Idx + A)? (IdX + AE) .
0
Hence for any = € dom(Idy + A%) = dom Az, we have
(3.23) (Idx + A) 2z = / Ty (z + A%x) dpa (2).
0

By [ , Remark 3.3.3], we know that fooo T; dpy(t) is a bounded operator on X of norm
< ||p1]]- Using the triangular inequality in the last inequality, we conclude that

|(1dx + A3z, “2V

[ nesataan| <l at,
0 X
1
< ol (ol + 432l )-
It is easy to see | , Lemma 2.3] that the functions fo: ¢ — (1+¢2)(1+1¢)"2 and f3: t —

(14 t)~= are the Laplace transforms £(u5) and £(us) of some bounded measures o and 3.
So we have

/ Ttdm(t)z(IdX+A%)(1d+A)—% and / T, dus(t) = (Idy + A)~ 3.
0 0

Following the same argument as above, we obtain

(321) o+ Atally <llpall||(dx + A)Fal|y and o]y < sl [[(dx + A) ¥zl
Note that
(3.25) 422y = || - 2+ 2+ Azz||y <fz]ly +[lz + A22] .
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We conclude that

N (3.25) N (3.24) 1
2]l x + HA”CHX < 2aflx + Hx"_AszX S H(IdX +A)2"THX'

We start to observe that the estimates in (3.26) below come with a constant independent
of the group G and the cocycle (o, H). This is essentially the second proof of the appendix
[ , Pp. 574-575]. Note that we are unfortunately unable® to check the original proof given

in | , p- 544]. Here, L>°(Q2) = T'1(H) is the Gaussian space from Subsection 2.2.
Lemma 3.8 Suppose 1 < p < co. For any x € dom Pg, we have

(3. 26)

Krnax 7 H HLP(VN(G)) 18.1.0( )HLP(Lw(Q)Mc) K max(p, p ||A )HLP(VN(G))

with an absolute constant K not depending on G nor the cocycle (o, H).

We define the densely defined unbounded operator 0; ,: Px,c C LP(I'y(H) %o G) —
L?(Lq(H)) by

(3.27) 0y.q(f @ As) = (sq(by(s) f>Lp (g (F), Lo (T (H)))\ se G, felP(T,(H)).
The following lemma is left to the reader.

Lemma 3.9 The operators Oy 4 and 3:2’(1 are formal adjoints.
The next proposition extends (3.26) to the case of g-Gaussians.

Proposition 3.10 Suppose 1 < p < 0o and —1 < g < 1. For any z € dom Pg, we have
(3.28)

< K max(p,p HA

3 HA HLP (VN(@)) H&Mm HLP(F (H)xaG) )HLP(VN(G))

K max(p,p*)?
with an absolute constant K not depending on G nor the cocycle (o, by, H).

Proof : Start with the case 2 < p < oco. The case ¢ = 1 is covered by Lemma 3.8. Consider now
the case —1 < ¢ < 1. Pick some element = )" .\ of Pg. We recall from Subsection 3.1
that we have a conditional expectation E: T'y(H) xo G — Ty(H) X G, & 3 As = 71, (1) (T)As-
In the following calculations, we consider be an orthonormal basis (ex) of H. Therefore, using

25. More precisely, with the notations of [ | we are unable to check that “H x Idg extends to a bounded
operator on L,”. A part of the very concise explanation given in | , p. 544] is “H is G-equivariant”. But it

seems to be strange. Indeed we have an action a: G — Aut(Loo(RY ), f [z — ag(f)(z) = f(my (x))] for
some map mg: RP  —~— RP x R™ v X 7). Now,
note that

dt dt dt
(H(agf))(@,y) = ~V‘/Bza f—)(@y) = /Bt(fo7r) (z,y) =p.v. /f7r (x+t ))*
g Yy (p ; g t) Yy ( g ) Yy p. g Y

(s (D)@ 9) = b / 585 ) @) = p.v. / Flma(@) + 1)
R R

which could be different if 7 is not trivial.

where g € G and an induced action a from G on Lo (R}

bohr bohr

and
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the orthonormal systems (W(ey)) and (sq4(ex)) in L%(Q) and L?(T'y(H)) in the third equality,
we obtain

> 2 W(by(s)) x A,

= I3 waler, by(s)) Wler) % A,
s,k

L (E)

LE(E)

2.62
CLDIST 2y (e by (s)As @ Wiey)
s,k

LP(VN(G),L2(Q)¢,p)

2.62
= I3 zafer, by () @ sqlen) G
s,k

D wssq(by(s) @ A

L?(VN(G),L2(Tg(H))e,p) L2 (E)

We claim that this equality holds also for the row space in place of column space. Note that

according to Remark 2.28, we have to argue differently. We have with z j def zs{ex, by(s))m,

2

Y wssg(by(s)) 3 As

= Z st’kﬁ,lﬂi((sq(ek) 3 As)(sq(er) @ A)*)

LE(E) s,k,t,l tl Y
2
2.42
(2.42) S o kTiaE ((sqlen) % As) (-1 (sqer)) % A1)
s,k,t,l P
2.43
(2.43) 3" o TiE (sq(er) g1 (5q(er) % Agp—1)
s,k,t,l

P

_ (2.27) _
=113 wanTiamy (sqler)sg(mar (@)X || = || D wanTua(en ma-1(er)) yAse
s,k,t,l

P s,k,t,l
2

SIS

The point is that this last quantity does not depend on q. We infer that

(3.29)

Le-(E) ‘

D 2 W(by(s)) % A

> wasq(bi(s)) % As

LE.(E)
Then we have

1 (3.26)
|45 () HLP(VN(G)) < Kpl|oyp(@) ||LP(L°°(Q)><1QG)

D 2 W(by(s)) x A,

= Kp st<ek,bw(s)>W(ek) X Ag
P s,k »
(3.7) , 1
< K'p-pz sz<ek,b¢(s)>W(ek) X g
s,k

LZ-(E)
CEV K3 |3 (e bu(s))sglen) 3 A

sk L2, (E)
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(37)
'p? Z (en,by(s))sq(er) A

sik L? (g (H) % o G)

_ plad
= K'p? Haw,q,p(x)HLp(rq(H)xaG)'
We pass to the converse inequality. We have

(3.28) 1
||LP(VN(G’)) 2 KipgHawalvp(‘r)||LP(L°°(Q)><1QG)

> 2 W(by(s) @ A

|42 (2)

% - % Zl's ekabw ( ) >\s
s,k

p p

(37) 1

/ % sz ek:abw ( ) )\s

Le-(E)

(339)

ng ek, by (8))sq(er) X Ag
= LZ.(E)

(3.7)
>

| =

Kph b > wslen, by(s))sglen) @ As
s,k
LP(Tq(H)XoG)

= Kp? Haquyp(x)HLp(rq(H)NuG) :

Altogether we have shown (3.28) in the case 2 < p < o0.

We turn to the case 1 < p < 2. Note that (3.29) still holds in this case. Indeed, for elements
[ € Gaussgp,« (LP(VN(G))), the norm || fllyz &y = mf{llgllpr )+ |Alle @) © f = g+ h} remains
unchanged if g, h are choosen in Ran Q|r»ry and Ran Qy|r»(r), see Theorem 3.3. But for those
elements g, h, the L?(E) and L2(E) norms remain unchanged upon replacing classical Gaussian
variables W(ey) by g-Gaussian variables s4(ex), see the beginning of the proof. Then the proof
in the case 1 < p < 2 can be executed as in the case 2 < p < oo, noting that the additional

factor p*% will appear at another step of the estimate, in accordance with Theorem 3.3 parts
1. and 2. [ ]

Proposition 3.11 Let G be a discrete group. Suppose 1 < p < oo and —1 < g < 1.

1. The operator Oy q4: Pg C LP(VN(G)) — LP(Ty(H) % G) is closable as a densely defined
operator on LP(VN(QG)) into LP(I'y(H) xo G). We denote by Oy 4.p its closure. So Pg is
a core of Oy q.p-

2. (Idpevniay) + Ap)%(Pg) is a dense subspace of LP(VN(G)).
3. Pg is a core of Aé.

4. We have dom Oy 4. p = domA2 Moreover, for any x € domA , we have

(3.30) |47 (x)HLP(VN(G)) ~p Hall’#lvp(‘r)||LP(Fq(H)><(,G)'
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1
Finally, for any x € dom A?, there exists a sequence (x,,) of elements of Pg such that

Ty, — T, Aé (xn) — Aé () and Oy q.p(Tn) = Oy q.p(2).

5. If x € dom Oy 4,p, we have z* € dom dy 4, and
(3.31) (Op.q.0(2))" = =0 q.p(2").

6. Let My: LP(VN(G)) — LP(VN(G)) be a finitely supported bounded Fourier multiplier
such that the map Id x My : LP(Ty(H) Xo G) = LP(Ty(H) X0 G) is a well-defined bounded
operator. For any x € dom 0y 4 p, the element My (x) belongs to dom 0y 4, and we have

(3.32) Oy g pMy(x) = (Id X My)0y q.p().

Proof : 1. This is a consequence of | , Theorem 5.28 p. 168] together with Lemma 3.9
above.

2. We consider the semigroup (R;);>o associated to the negative generator (Idpsvn(a)) +
A,)z. Let z € LY (VN(G)) orthogonal to (Idrrvnay) + A,)%(Pg). For an element y € Pg,
using [ , Lemma 1.3 (iv) p. 50] in the second equality, we have

(Ri(2),y) = (z, Re(y)) = <I, (Idee (vn(ay) + Ap)%/o Ry(y)ds +Z/>

= <$, (Idee (vn(ay) + Ap)%/o Rs(y) d3> +(z,y) = (2,9).

By density, we deduce that = Ri(x). We know that (R;(z)) converges to 0 when ¢ goes to
+00. Indeed, using | , 2.2 p. 60] in the second equality, a standard computation gives

[ st was
0

(3.78)
HRt(x)HLp(VN(G)) =

/ " (e Tu(w) ds

LP(VN(G)) B ‘ LP(VN(Q))

g/o ft(s)e*SHTs(m)||LP(VN(G)) ds < (/0 e " fi(s) ds) 1/l (vavay)

(3.77) _ N
= e t||$||Lp(VN(G)) t—too 0

We infer that = 0. We conclude that 0 is the only element orthogonal to (Idr»vn(a)) +
Ap)%(Pg) as a subset of LP(VN(G)). It follows that the subspace (Idp»vn(g)) + Ap)%(Pg) is
dense in L?(VN(G)).

3. Let « € dom AE. By | , Proposition 3.8.2], we have dom Aé = dom(Idp»(vn(a)) +
Ap)%. Hence z € dom(Idp»vn(g)) + Ap)%. From the point 2, there exists a sequence (x,) of
P such that (Idpsvn(e)) + A iz, — (Idre (vn(a)) + Ap)zz in LP(VN(G)). We obtain that

(3.76)

1
lon =l a3 = lon = lisnien + 145 (@0 = @)l o vneyy
(3.22) .
Sp |(Mdervniay) + Ap)2 (@0 — x)HLP(VN(G)) ot 0.

1
Consequently the sequence (z,,) converges to x in dom Aj.
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1 1
4. Let x € dom Az . By the point 3, Pg is dense in dom A equipped with the graph norm.

1 1
Hence we can find a sequence (z,) of Pg such that x, — = and A} (x,) — A} (x). For any
integers n, m, we obtain

|7 — xm”Lp(VN(G)) + 110p.9.0(n) — aw,qﬁp(xm)HLp(rq(H)xag)
(3.28) 1 1
Spollen — xm”Lp(VN(G)) + HA; () — Ap (mm)HLp(VN(G))'

which shows that (z,,) is a Cauchy sequence in dom 9y, 4. By the closedness of 0y 4, we infer
that this sequence converges to some =’ € domdy 4, equipped with the graph norm. Since
dom Oy 4 is continuously embedded into LP?(VN(G)), we have z,, — 2’ in LP(VN(G)), and
therefore © = a’ since x,, — x. It follows that x € domdyq,. This proves the inclusion

1
dom A7 C dom 0y,q,p. Moreover, for any integer n, we have

28)
Haw,q,p(xn)||Lp(rq(H)xaG) Sp HAg(x")HLP(VN(G))'

1
Since x, — x in domdy 4, and in dom A7 both equipped with the graph norm, we conclude
that X
S |48

106.a.0() | o 0, 11y ) @)l (vxiay:

The proof of the reverse inclusion and of the reverse estimate are similar. Indeed, by part 1,
Pc is a dense subspace of dom 0y 4, equipped with the graph norm.
5. Recall that by(e) = 0. For any s € G, we have
« (2.70) « (2.42) (2.19) _
(Opaps))” =7 (54(by(5)) @A) 7= a1 (5q(by () % A=t "= sq(by(€) = by (7)) 3 Ag-1
_ (2.70) .
= —sq(by(s D) XA = —0p,q,p(As=1) = —0yq,p(A7)-
Let x € dom 0y 4 p. By the point 1, Pg is core of 9y 4. Hence there exists a sequence (z,,) of
Pg such that z, = x and Oy q.p(Tn) — Oy q,p(x). We have z}, — 2* and by the first part of the
proof Oy q.p(x}) = —(0p,q.p(@n))" = —(0y,q.p(z))*. By (2.6), we conclude that z* € dom Jy 4,
and that 0y 4 (%) = —(y,q.p(x))*.
6. If s € G, we have
(2.70)
(Id % My) Oy qp(As) =" (Id 3 My )(sq(by () X As) = thssq(by(s)) X A
(2.70)
=" Y50y,q,p(As) = O qp My (Xs).
By linearity, (3.32) is true for elements of Pg. Let © € dom 0y 4 . There exists a sequence (zy,)
of Pg such &, = x and Oy, q.p(n) = Oy q,p(x). We have My (z,,) = My(z) and

Op,qpMy(zn) = (Id 3 My)0y, q.p(2) m (Id % My) Oy q,p(2).
By (2.1), we deduce (3.32). [ |
For the property AP in the next proposition, we refer to the preliminary Subsection 2.4.

Proposition 3.12 Assume —1 < q < 1. Let G be a discrete group with AP. The operator
Oy.q: Pa CVN(G) = Ty(H) x4 G is weak* closable’®. We denote by Oy, q.00 its weak™* closure.

26. That is, if () is a sequence in Pg such that z, — 0 and dy 4(xn) — y for some y € I'y(H) xo G both for
the weak* topology, then y = 0.
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Proof : Suppose that (z;) is a net of Pg which converges to 0 for the weak™ topology with
Ti = Y e TisAs such that the net (Oyq(z;)) converges for the weak™ topology to some y
belonging to I'y(H) x4 G. Let (My,) be the net of Fourier multipliers approximating the
identity from Proposition 2.21. For any j, we have

Oy,g(My, i) = Oy q (ij <in,s>‘3>> = aﬁu}( Z xi,s)‘S) = Z i,50p,q(As)

seG sEsSupp ¢, SESUPP @

= (Id x M, 8¢q<§;x” ) (Id 5 Mo, )9y g (1) — (Id 1 My, )(y).
se

On the other hand, for all s € supp ¢; we have x;  — 0 as 1 — oco. Hence

(2.70)
Dypg(My, ;) = Oy g S gils)miA | = > 03 ()21,554(b (5)) % As = 0.

s€supp(p;) s€supp(p;)

This implies by uniqueness of the limit that (Id x M, )(y) = 0 for any j. By the point 3 of
Proposition 2.21, we deduce that y = w*-lim;(Idr () % M, )(y) = 0. ]

Remark 3.13 We do not know if the assumption “AP” in Proposition 3.12 is really necessary.

The following generalizes an observation of | ] (in the case ¢ = 1).

1
Lemma 3.14 Let —1 < ¢ < 1. Suppose 1 < p < oco. For any x € domAp and any y €

dom AE*, we have
(3.33) 1 115006 (00.00@) O (1)) = 76 (43 @) (A2 () ).

1
Proof : By the fact that Pg is a core for Oy q.p, Oy q,p*; Ap and Ap- and the norm equivalence
(3.30), we can assume x,y € Pg. Consider some elements x = ) o z:As and y = > o yrAr
of Ps where both sums are finite. On the one hand, we have

70y (110G (00,0 (@) (Dp.a®))) = D @G, (1106 (00,0 (As) (0,0 (A))7)

S
3 (s 9) 5 A el 0) A0
LS (a0 A ) % )
= ZZG 2T 1100 (5B ())00r1 (34 By (1)) 3 A1)

= GZG;sysmm (3q(bis ()34 (b () =" ;stmnbw(sm;.

On the other hand, we have

o (Ab@) (A w)") = 3 wge (AT (4F()7)

s,reG

= > 2T b ()l [0l 7 (AAE) =Y @B 1bu ()7 -
s,reG seG

54



3.3 Extension of the carré du champ I' for Fourier multipliers

In this subsection, we consider again a markovian semigroup (73);>o of Fourier multipliers acting
on the von Neumann algebra VN(G) where G is a discrete group. We shall extend the carré
du champ T associated with (7});>0 to a closed form and identify its domain. It will be easier
to consider simultaneously « — I'(z,z) and z — I'(z*,2*) and the case 2 < p < co throughout
the subsection. We will also link the carré du champ with Aé and the gradient Oy qp. In
most of the results of this subsection, we need approximation properties of LP(VN(G)) and
LP(T'y(H) x4 G). Note that by [JR1, Theorem 1.2], if G is a discrete group with AP such that
VN(G) has QWEP, then LP(VN(G)) has the completely contractive approximation property
CCAP for any 1 < p < co. With the following lemma, one can extend the definition of I'(x, y)
to a larger domain.

Lemma 3.15 Suppose 2 < p < oo. Let G be a discrete group. The forms a: Pg X Pg —

L5 (VN(G)) ®oo L2 (VN(Q)), (z,y) = T(z,y) ® T(z*,y*) and T: Pg x Pg — L*(VN(G)),

(z,y) — D(x,y) are symmetric, positive and satisfy the Cauchy-Schwarz inequality. The first is
1

in addition closable and the domain of the closure @ is dom A2 .

Proof : According to the point 3 of Lemma 2.34, we have I'(z, y)* = I'(y, z), so a is symmetric.
Moreover, again according to Lemma 2.34, a is positive. For any z,y € Pg, we have

ot D5 wxienenrt vney = IF@W ELE Y LE oot vy
= max { [T(z, )]z, [IT (=", y")ll5 }
1
Ar@ @) vyl |

(2.67) 1
< max { DG, 2)]1§ 10, )
1 1 1
< max { [T(, @)1}, [T, 2" }max { [0, 9)]13 0" y")]
1 1
= lla(z, )|, la(. )%,

L% (VN(G) @ L Z (VN(G)) L% (VN(G)@oL? (VN(@))

NSNS
NS

}

IS o=

So a satisfies the Cauchy-Schwarz inequality. The assertions concerning I' are similar. Suppose

T, — 0 that is z,, € Pg, £, — 0 and a(Tn — T, T, — Tyy) — 0. For any integer n, m, we have
1

|45 (2 —

(2.76) 1
<p maX{HF(l‘n = T, T =N — Ty HLP’

xm)HLP(VN(G))

F((l‘n - xm)*, (xn - xm)*)% HLP}

= ||a(xpn — Ty, Ty — T || — 0.

L (VN(G))®xL 2 (VN(G))

1
We infer that (A,% (Jcn)) is a Cauchy sequence, hence a convergent sequence. Since z,, — 0, by
1

1 1
the closedness of A2, we deduce that A? (x,) — 0. Now, we have

= max{||r(xn,xn

1 sl
||a($n, an)”Lg(VN(G))@OOLg(VN(G)) )2 HLIJ(VN(G))? ||F('rn7 xn)) 2 HLP(VN(G))}

(2.76)
S 145 (m")HLP(VN(G)) — 0.

By Proposition 2.16, we obtain the closability of the form a.
Let z € LP(VN(G)). By (2.38), we have € doma if and only if there exists a sequence
(z,) of Pg satisfying z,, < z, that is satisfying =, — 2 and T'(z, — Zpm, T — Tpm) — 0,
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T((xn, —m)*, (n —Tm)*) — 0 as n,m — oo. By (2.76), this is equivalent to the existence of a
1
sequence x, € Pg, such that x, — z, AZ (¢, — z;,) — 0 as n,m — co. Now recalling that Pg

1 1
is a core of the operator A7, we conclude that this is equivalent to x € dom AgZ. [ |
Remark 3.16 The closability and biggest reasonable domain of the form I' are unclear.

If 2 <p< oo, and z,y € domA then we let I'(z,y) be the first component of a(z,y),
where a: Pg x Pg — L% (VN(G’)) Boo L%(VN(G))7 (u,v) — I'(u,v) ®T'(u*,v*) is the form in
Lemma 3.15.

Lemma 3.17 Suppose 2 < p < co. Let G be a discrete group and assume that LP(VN(Q))

has CCAP and that VN(G) has QWEP. Let (v;) be a net of functions ¢;: G — C with

finite support such that the net (M) converges to Idps(vn(q)) in the point-norm topology with
1

sup; HM%, | 1. If x € dom A2 then for any j

cb,LP(VN(G) —LP (VN(G) S

[T (M, (2), My, () ||L% (VN(@)) < ||0y.qp(2) HLP(VN(G)7L2(FQ(H))C,,))'

Proof : Let z € dom Al dom dy 4. Since Pg is a core of 0y 4, by Proposition 3.11,
there exists a sequence (xn) of elements of Pg such that z, — x and Oy qp(n) — Oy q.p().
Note that M, : L? (VN( )) = LP(VN(G)) is a complete contraction. The linear map M,, ®
Idrzr, (my) 2 LP(VN(G), L*(Dg(H))e,p) = LP(VN(G),L*(Ty(H))c,p) is also a contraction accord-
ing to (2.56). We deduce that

Op,qp My, (Tn) = Z TnsOyp,q,p(As) = ( ; @ Idr2(r, (m) (Z TrsOp,q,p (A )

SESUPP @; seG
= (M, @ 1drar, 1)) (Dpqp7n) == (Mo, @ Tdiz(r, (1)) (9p.a.0%)-
Since 9y,q,p My, is bounded by | , Problem 5.22], we deduce that 9y 4, M, () = (M,, @

Idr2(0)) (Dp,q,p). Now, we have

1 1 (2.75)
||F(M¢_j$,M¢_j$)}|Eg = ||F(M89jx’M</’jx)%HLp = 0v.00 Mo, (x)||Lp(VN(G),L2(rq(H))C,p)
= H(M%- ® IdL?(Fq(H)))(awaqvpx)HLp(VN(G),L?(Fq(H))C,p) < ||8quvp(x)HLP(VN(G),LZ(Fq(H))C,p)'

Now, we give a very concrete way to approximate the carré du champ for a large class of
groups.

Lemma 3.18 Let 2 < p < oo. Assume that LP(VN(G)) has CCAP and that VN(G) has
QWEP. Let (p;) be a net of functions p;: G — C with finite support such that the net (M, )
converges to Idps(vn(g)) in the point-norm topology with sup, HM% H <1

1 v
For any z,y € dom A2, we have in Lz (VN(G))

¢b,LP (VN(G)—LP (VN(G)

(3.34) D(z,y) = li]mI‘(M% (w), M, (y))
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Proof : If x € dom A,%, we have for any j, k

1
HF(M%“ — Mgy, x, My, x — M‘Pkm)HEg(VN - ||F — My, My, — Mq’kx)% HL"(VN(G))
(27 D) N N
Sp HA 3T kam)HLP(VN(G)) = HijAﬁm - kaAz%’xHLp(VN(G))'

The same inequality holds with T'((My,x — My, z)*, (My,x — My, x)*) on the left hand side.
1

Note that since A%( ) belongs to Lp(VN(G)), (M, Aj (x)), is a Cauchy net of LP(VN(G)).

Since M, (z) — x, we infer that M, (z) < x, where a is the first form from Lemma 3.15.
Then (3. 34) is a consequence of Lemma 3.17 and Proposition 2.14. ]

Lemma 3.19 Suppose 2 < p< oo and —1 < g < 1.

1. For any x,y € dom Ag =domdy 4., we have

(3.35) T(x,y) = <3w7q,p($)75w,q7p(y)>Lp(VN(G) L2(Cy(H))ew) ((allmm( ))*aw,q,p(y))-

2. For any x € domA 5, we have

(3.36) HF(x,x)% HLP(VN(G)) = Ha'/)’qap(x)HLP(VN(G),LQ(Fq(H))C,p)'

Proof : 1. Consider some elements z,y € dom Aé = dom Oy 4. According to the point 3. of
Proposition 3.11, P¢ is a core of dom dy, 4 ». So by (2.2) there exist sequences (z,,) and (y,) of
Pg such that z, = @, Yn = Y, Oy q.p(Tn) = Oy q.p(x) and Oy q.p(Yn) = Op.q.p(y). By Lemma
2.25, we have, since p > 2, a contractive inclusion

LP(Ty(H) %0 G) = LA(E) "2 TP (VN(G), L2 (T (H))e.p).

We deduce that Oy g p(2n) = Op.q.p(x) and Oy q.p(Yn) = Oy.q.p(y) in LP(VN(G), L2(Ty(H))ep)-
‘We obtain

IT(Zn = Tm, Tn — ) ||

(2.75)

L3 (VN(G))

(Os.0p(@n = 2m), D0 (@0 = 2m)) sy 0200, (10 L% (V@)

< _ _
S 0.0 p(@n = 2m)llower, (. ) 19000 @n = 2m) e, )., S5 0

and similarly for z}, v, and y;;. We deduce that

(2.39) . (2.74)
D(z,y) =" lim (xp,y,) = lim <6¢qp Zn)s 8‘1’qP(yn)>LP(VN(G),L2(FQ(H))C,,,)

n—-+o0o n—+o0o

= (00.00(2): 00,0 (1) o (V)12 (00 (1))

1
2. If v € dom A3, we have

(2.52) 1
Hc‘)w,q,p(x)HLP(VN(G)’LQ(MH))W) H O.0:0(0): 00.00(%)) o (w6 120 (1)) ) Lo (VN(G))

3.35
= HF x, 1‘ HLP(VN(G)).

Now, we can extend Proposition 2.37.
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Theorem 3.20 Suppose that LP(VN(G)) has CCAP and that VN(G) has QWEP. Let2 < p <

0o. For any x € dom A2, we have

(3.37) 14z

L(z*, z*

~p maX{HF(Z‘J )%HLP(VN(G))}'

() HLP(VN(G)) )2 HLP(VN(G))’

1
Proof : Pick any —1 < ¢ < 1. For any = € dom A}, first note that

(3.38) E (040,02 D0p(@)))) "2 B (00,02 (00 p(27))))

We conclude that

.2 D(z*,z").

1 (3.30)
|45 () ||Lp(VN(G)) ~ ||0.0p(@) HLp(rq(H) Ne))

Proposition 3.6

SR | [CCIREIRNE)

(3.35)(3.38) max{”l“(:z:,a:)%!

1
2

(B (D (@) (D p(2))) ?

J

)

* %)L
|LP(VN(G))’||F(:C T )2HLP(VN(G))}'

3.4 Kato’s square root problem for semigroups of Schur multipliers

In this subsection, we shall consider the Kato square root problem for markovian semigroups

of Schur multipliers. Thus, we fix for the whole subsection such a markovian semigroup from

Proposition 2.9, with its generator A, on S¥ and also the gradient type operator dq 4 from (2.81).
1

Kato’s square root problem is then the question whether A (x) and 04 4(z) are comparable
in L? norm. The main results in this subsection, answering affirmatively to this question,
are then Theorem 3.27 (case of classical Gaussians) and Proposition 3.35 (case of g-deformed
Gaussians), together with Lemma 3.31 on a Khintchine type equivalence in some Gaussian
subspace of LP(I',(H)®B(¢7)). Finally, the problem of exact description of the domain of the
closure of the gradients is investigated in Proposition 3.39. Throughout this subsection, if H
is a Hilbert space, we denote by Hgisc the abelian group (H,+) equipped with the discrete
topology. We will use the trace preserving normal unital injective *-homomorphism map

(339) J: VN(Hdisc) — LOO(Q)@VN(HdiSC), A= 1® A,

and the unbounded Fourier multiplier (—A)_%: Pry.. © LP(VN(Hgise)) — LP(VN(Haise))
defined by

def 1

(3.40) (—A)"2 (M) = m)\h'

The following is inspired by [ 11 ]

Proposition 3.21 Let H be a Hilbert space. There exists a unique weak™ continuous group
(Ub)ter of x-automorphisms of L= (Q)QVN(Hais.) such that

(3.41) U(f@ ) =eV2VWrg N, teR, felL™(Q),heH.

Moreover, each U, is trace preserving.
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Proof : For any t € R, we consider the (continuous) function u;: Hgise — U(L>®(Q)), h —
e~ V2tW() For any t € R and any hi, he € Hgise, note that

u(hy + hy) = e—\/§itW(h1+h2) _ e—\/iitW(hl)e—ﬂitW(hg) = uy(hy)ug(hy).
By | , Proposition 2.4] applied with M = L*(Q), G = Hajs. and by considering the
trivial action «, for any ¢t € R, we have a unitary V;: L?(Hgisc, L2(R2)) — L2(Hagisc, L2(Q)),
& (h— u(—h)(&(h))) and a *-isomorphism U;: L= (Q)@VN(Hgisc) — L (Q)QVN(Hgise),

x — ViaV* satisfying (3.41). The uniqueness is clear by density.
For any t,t' € R any & € L?(Hgjse, L2(£2)), note that almost everywhere

(ViVer (©)(h) = (=) (e (<) (€(h))) = e~ VENV(Me=VEWE-Ig )
— e VAHOWERE(h) =y (=h) (E(R)) = (Vigw (€)) (R).

We conclude that V;Vi = Viyp. Moreover, for any &, € L2(Hgise, L2(Q)) = L2(Hgise x Q),

using dominated convergence theorem, we obtain

<‘/t(€)7/r]>L2(HdiscyL2(Q)) = A 0 ‘/t(f)(h)(w)n(h7w) d:quisc (h) dﬂ(w)

- / w (R EM) @)n(h, w) dpry. (h) dpa(w)
Hgise XQ

- / VAWM ER )y (h,w) g, (k) dp(w).
Hajse X2

— §(h7 w)n(ha w) d/“LHdisc (S) dU(w) = <£’ 77>L2(Hdisc;L2(Q))'
=0 JHexQ

So (Vi)ier is a weakly continuous group of unitaries hence a strongly continuous group by
[Str, Lemma 13.4] or | , p- 239]. By | , p- 238], we conclude that (Uy)ier is a weak™
continuous group of *-automorphisms.

Finally, for any ¢ > 0, any f € L°°(Q)) and any h € H, we have

(/Q ' ®TVN<HdiSC)) (U(f ® An)) = (/Q ' ®TVN<HdiSC)> (VW™ e, )
= (/ eﬂitw(h)fdM>TVN(Hd;SC)()\h) - (/ e\/ﬁitW(h)de)(sO’h
Q Q

= (/ fd#)TVN(Hdisa(/\h) = </ '®TVN<Hdisc>>(f®Ah)-
Q Q

|
We consider the unbounded operator
0: span{s: s € Hyisc} C LP(VN(Haise)) = LP(Q, LP(VN(Hgisc)))
defined by
(3.42) 5(n) L 2miW(h) @ A
Recall the classical transference principle | , Theorem 2.8]. Let G be a locally compact

abelian group and G — B(X), t — m; be a strongly continuous representation of G on a Banach
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space X such that ¢ = sup{||7rt|| t € G} < 0o. Let k € LY(G) and let Tx: X — X be the

operator defined by Ty (z) = [,k x) dug(t). Then
(3.43) Tkl xc < €Ik = 'HLP(G,X)—)LP(G,X) :
We will use the function ke g(t) = ;t E<M<R [ , D. 388].

Recall that we say that a functlon fekLl,
limit lim,_,o+ (f_; f@)dt+ fs (@) ) exists and we let

pv/f t)dt lim ( lsf(t)dt—k/sf(t)dt).

Proposition 3.22 Suppose 1 < p < co. For any Hilbert space H, the map

(R*, X) admits a Cauchy principal value if the

Haise:  LP(Q,LP(VN(Hgise))) — LP(Q,LP(VN(Hgisc)))

1 dt
(3.44) 5 s pv. = / Uy(2)—
™ JrR t

is well-defined and completely bounded.

Proof : For any ¢ > 0 large enough, using the fact that the space LP(Q, LP(VN(Hgisc)), ST) is
UMD and | , p. 485] | , Theorem 13.5] in the last inequality, we have by transference

1 dt

7/ (Ut@ldsﬁ)
™ E<|t‘<1 t LP(Q,LP (VN (Hy; D . P
s disc));S7)—LP(Q,LP(VN(Haisc)),S7)

I
/ ke 2 (O(U, © dgy) dt
]R 1=

(3.43)

< H(ksé * )

<, L

~.

L7 (Q,LP (VN(Haise)),S?)—LP (Q,LP (VN(Haise ), S?)

LP(RXQ,LP(VN(Hadisc)),SY)) = LP (RXQ,LP (VN(Haisc)),S%))

If 2 = f ® Ap, we have

[ o [Tne¥ = [foe -t

o [ v o = [ smawony oo

-

which admits a limit when e — 0. We have the existence of the principal value by linearity and
density. [ |

The following is a variation of Pisier formula. Here Qf =3, (fQ f’Yk) -y is the Gaussian
projection where (v;) is a family of independent standard Gaussian variables given by ~, =
W(eg), here ey, running through an orthonormal basis of H. (Note that if H were to be non-
separable, then for any fixed f € L%(f2), only countably many Jo fvi would be non-zero.) Then
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Q is independent of the particular choice of the ;7. Moreover, .J is given in (3.39) and (fA)’%

is given in (3.40) at the beginning of this subsection.

Proposition 3.23 Let 1 < p < oo. For any h € H, we have

(3.45) ;5(—A)*% (M) = (Q @ 1dps(vn(r40)) ) Hatise ] (An)-

Proof : For any h € H, we have

2 _1
N =TT

400 sin(at)

Recall that for any a € R we have fo == dt = sign(a) 7. Consequently, we have

(3.40) 1 (3.42)  V2i

5(An) mw(h) ® An-

(3.44) 1 ; dt
(Q @ Idpe(vN(Hawe)) ) Haise (An) - = (Q @ Idpe(vN(Hawe)) ) <p~ v / etV2EW(h) " ® )\h)
R

1 : dt 1 : dt
— Q(p.v. — / e“@w(h)) ® A\, = Q(p.v./elﬁtw(h)> ® \n
™ JRrR t ™ R t

2i +ee dt

= JQ </ sin (\/EtW(h)) t) ® A = iQ(sign o W(h)) ® Ap.
™ 0

The Gaussian projection @ is independent of the choice of the family (yx) of L?(Q) consisting

of independent standard Gaussian variables stemming from the process W(e), e € H. Choosing

def  w(n)  (2:30) w(n)

N = Whlhee Tl for any k > 2 the random variables v and W(h) are independent.
Thus v, and signo W (h) are also independent. So [, signoW(h)-v;, = [, signoW(h) [, v = 0.
Using | , p- 100] or | , (E.2)] in the last equality, we infer that

Q(sign o W(h)) = (/QsignoW(h) -%) M= (/Qsignow m) M= (/Q |71|) M= im

We conclude that

iv/2
Idp» . iscd (An) = ——=——W(h) @ Ap.
(Q ® IdLo (VN (41.0))) Haised (An) ﬁ||h||HW( ) ® An
|
Lemma 3.24 If1 < p < oo, the operator
(3.46) §(—A)"% @ Idgr: LP(VN(Haisc), S7) — LP (2, LP(VN(Haise), S7))

is well-defined and bounded.

27. If (ey) and (f;) are two such orthonormal bases of H, then f; = Zk ujie), where the sum is over at most
countably many k and the coefficients u;; form an orthogonal matrix, Zk U Uik = 05;. We have

Qi (1) = DOV AW = 3 (D wnWien ) D wsWee) = 30 D" wsnusuWiew), /) Ween)
i i k ! kLl

J
=D Su(Wler), HW(er) = > (Wler), HW(er) = Qeg (-
k,l

l
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Proof : Note that the map J: LP(VN(Hgisc)) — LP(Q,LP(VN(Hgisc)) is completely bounded.
By Proposition 3.22, the operator Haise ®Idgr : LP(Q, LP(VN(H), 7)) — LP(Q,LP(VN(H), 57))
is well-defined and bounded. Moreover, since the Banach space LP?(VN(Hgisc), SY) is K-convex,
the map Q ® Idps (VN (H40),57) induces a bounded operator on LP(Q,LP(VN(Haisc), S7)). Using
the equality (3.45), we obtain the result by composition. |

For the remainder of this subsecion, we consider and fix a markovian semigroup (7});>0 of
Schur multipliers on B(¢?) from Definition 2.9. Recall the real Hilbert space H and the family
(a;)ier in H from (2.22).

Note that v = diag(A,, : ¢ € I) is a unitary of the von Neumann algebra M;(VN(Hgisc)) =
VN(Hgisc)®B(¢2). Hence we have a trace preserving normal unital injective homomorphism
7: B(£2) — VN(Haisc)®B(¢2),  — u(1 ® z)u*. For any 4,j € I, note that

(347) W(@ij) = )‘a,-,—oej X e;5.
Moreover, if 1 < p < oo and if y € L?(£, S7), we have
(348) ||(IdLP(Q) ® ,/Tp)(y)HLP(Q,LP(VN(Hd;SC),S?)) = HyHLP(Q,Sf) :

The next two lemmas prepare our first main result in this subsection, which is Theorem

1
3.27. In the following lemma, we consider the operator Ay, ? on My s, C S¥, given as the Schur

_1 1
multiplier Ap *e;; = a,;;%e;;. Note that this makes sense when a;; # 0, so for e;; € Ran(4,),

and we interpret A, Srtobe0ifa e Ker(A,). Note that by theory of markovian semigroups, in
general we have a direct sum decomposition S¥ = Ran A, ® Ker(4,) | , p- 361]. Then
the statement of (3.49) below then includes that the right hand side vanishes for « € Ker(A4,),
and both sides are bounded operators on Ran(A4,), and thus on Ran(A4,).

Lemma 3.25 (intertwining formula) Suppose 1 < p < co. For any x € My gan, we have

1
(?"49) i(IdLP(Q) ® 7Tp)aozAp ? = (5(_A)_% ® IdSﬁ’)Wp'
Proof : For any ¢,5 € I, we have

i(Ide(Q) X ﬂp)aale;%(eij) = ! (Ide(Q) X wp)ﬁa(eij)

llevi — il
(2.81) ;(Ide(Q) ® ) (Wi — o) ® e5) = L W(ai - a;) @ mp(eij)
llow — ajll lo — ajll
(5:47) ;W(al _ aj) ® )\aifaj ® e;j
llei = ajll
and
_1 (3.47) _1 1
(0(=A)72 @ Idgr)mples) =" (3(—=A)72 @ Idgr) (Nas—a; @ €i3) = 6(=A) 72 (Aai—a,) ® €ij)
(3.40) 1 (3.42) i
= 0 Aai—a;) @€ = i (W(as — ) ® Aa;—a,) @ €.
3o — il 1 o al, (Ve )@y
We conclude by linearity. [ ]

For future use, we state the next lemma equally for the case of g-deformed algebras.
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Lemma 3.26 For —1 < ¢ <1 and any x,y € My an, we have
X 1 Bt
(3.50) (7r,(m1) © Trp(2)) ((Da,q (%)) 0o () = Trpez) ((A%(2))" A2 (y)).
Proof : For any i, 7, k,l € I, we have
Tr (A% (ei)))" A% (ex) = lloi — ;L v — aall Tr(efjen) = imiedjmt llovi — e

Moreover, we have

(7@ ) (D (i) Dmg(en)) "= (7 @ To)((sq(0 — ;) @ e45)" (54 — @) @ exr))

« 2.27),(2.30
= Y 7(sqlai — ay)sg(ar — ar)) Tr(efjen) (27230
2,5,k,l

SimiGj—t [|os — a3 -

We conclude by linearity. ]

1 1

Suppose 1 < p < co. We denote by A3 : dom A3 C S7 — SV the square root of the sectorial
operator A,: dom A, C S¥ — S7. It is again a Schur multiplier, associated with symbol
[lovi — a-

Theorem 3.27 Suppose 1 < p < oo. For any x € My gn, we have

1
(3.51) HAﬁ (x)||5§ ~p Haa,l(x)HLp(Q,sf) .

Proof : We write in short J,,1 = O, in this proof. Using Lemma 3.25, for any x € My 4n, we
obtain the inequality

1 1
100 (2)llLo (0,57 = [|0aAp * Ap (x)HLP(Q,Sf)

(3.48) 11
= H (IdLP(Q) ® Wp)aaAP *Ap (f)HLP(Q,LP(VN(deSC),S?))

(3.49) 1 1
= ||(5(—A) é®IdS}D)WPAZ%(I)HLP(Q,LP(VN(Hdisc%S?))

<[|(6(-2)"F @ Idgs)

(3.46) 4
S (43 @) g

1
’|LP(VN(Hd;SC),Sf)aLP(Q,LP(VN(HdiSC),Sﬁ’)) LAY (33)Hs§

The reverse estimate follows with essentially the same constant from a duality argument. Indeed,
if we fix x to be an element of S7, by Hahn-Banach theorem, there exists an element y of S?
with [Jy||g»= = 1 satisfying

I

(3.52) ||AE (:17)”5? =Tr (y*AE (:z:))
We can suppose that y € M;g,. Note that A% is well-defined on ei; only if |la; — oy|| #
0. We consider on the set I the equivalence relation ¢ = j PN a; = ;. Then we can

write I = |, cx Jx partitioned into pairwise disjoint subsets .Jj. according to this equivalence

*

relation. Consider the subalgebra M = @), ;c B(¢3, )W of B(£2) and the conditional expectation
Er: S — LP(M, Tr |M). We obtain an element yo = y — E;(y) with

loll sy = lly = Er@llgp < Myllgy + IEr(w)lgp <2
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Note that yoi; = 0 if oy; = o, hence A;%(yo) is well-defined. For any i € I, we have

|K|
3 *
() 45 @)] = S ) )ie o — sl s = 3 S Bal) )i low — o
" ker j=11€J;
| K| |K|
Z > dics i llon — il =Y > i yui- 0 a1 = 0.
J=11eJ; J=11eJ;

Hence, Tr ((El(y))*A,% (z)) = 0. Using the first part of the proof in the last estimate, we
conclude that

(3. 02)

Tr (y* A2 (z)) = Tr (y*AZ (2)) — Tr (E1(y))" A2 () = Tr (5 A2 (x))

(3.50)

:Tr(<AiA‘ﬁ<yo>>*A%<x>) 2 Ty one) ((Bady? (40)*Oala))
< oAy

||Ag(x)‘|sp

( )HLp Q,57) Np Ha ( )||LP(Q,S§’)'

Remark 3.28 Keeping track of the constants in the two-sided estimate of Theorem 3.27, we
obtain

1 1
(353) —[|0nn(2) < || Az ()| 5p < K max(p,p) 3|0 (2

K max(p, p*)2 )HL”(QvSf)’

HLP(Q,S?)

where K is an absolute constant. Indeed, for the upper estimate, looking into the proof of
Theorem 3.27, we have a control by

§(—A)"2 @ Idgr
H (=A)72 ©ldgy LP (VN(Haise),S?)—LP (2,LP (VN(Hasee ), SP)) Il

PropOSit:ion o \/3 HQ ® Ide(VN(Hdisc))HdiSCJHCb -1

S |Q @ Tuo (N (Hase), 57 || Haisellep [, -

Let us estimate the three factors. For the first, we recall that @ is the Gaussian projection

Q:LP(Q) = LP(Q), f— > . (f, W(ex))W(er). Its norm is controlled by Cy/max(p, p*) accord-
ing to Lemma 3.29 below. Furthermore, going into the proof of Proposition 3.22, we see that
the norm ||Hagisc|| o, is no more than the truncated Hilbert transform norm

:gpl Hks,i * 'HB(Lr(]R,Lp(Q,Lp(VN(HdiSC)),SP)))'

The last expression in turn is controlled by an absolute constant times the norm of the Hilbert
transform HH”B(LP(R,LP(Q,LP(VN(HdiSC)),SP))) according to | , P. 222-223]. This in turn is
controlled by £ max(p, p*) | , Proposition 5.4.2] and [ , Theorem 4.3]. Finally, .J is
a complete contraction. In all, we obtain

1Q & IdLe (vN(Harwo),57) || Haisellep 1]l e, < K /max(p, p*) - max(p, p*)

The lower estimate in (3.53) follows in the same way, since in the proof of Theorem 3.27, it was
obtained by duality.

64



Lemma 3.29 Let 1 < p < oo and X be a o-finite measure space. We have a control of the
Gaussian projection

(3.54) Cv/max(p, p*),

HQ @ Idre (x,s7) "LP(Q,LP(X,SP))—>LP(Q,LP(X,SP)) S
where C is some absolute constant.

Proof : First some remarks are in order. Note that the Gaussian projection was defined as

Q(f) def > wer (s k) Ve, where (Vi)rex is an orthonormal family of standard Gaussians. If K

is at most countable, then the main part of the proof below applies directly. If K happened

to be larger, then consider for a subset Ky of K the modified Gaussian projection Qg ,f =

> kex, (fr k)% Note that for fixed f € D o LP(Q,LP(X, S?))N(L*(Q) @ LP(X, SP)), the sum

over K has at most countably many non-zero entries. This also implies by density of D that

Q510 (0,10 (x,57))) = SUP M : feDjy=sup M : feD, Ky C K countable
1711, /11,

= sup {||QKD||LP(Q’L,7(X’S,)))HL,)(Q,LP(X’SP)) : KgCK countable}.

Then the proof below first gives an estimate for ||Qx, ||, which is uniform in Ky, and conse-
quently, by the above, gives an estimate for Qx = Q.

Now we proceed to the proof. We recall constants of noncommutative Khintchine inequal-
ities. Namely, for 2 < p < oo and a sequence of independent standard Gaussians (vx) over €2,
we have?®

(3.55) <COVp

Lr(Q,LP(X,S57))

)

Lp(Xvsvarad,p)

Z%@m Zl‘k@ek
k k

28.Indeed, according to [ , p- 193] | , p- 271], (3.55) holds for SP instead of LP(X,SP). Then (3.55)
follows with LP (X, SP) by the following Fubini argument. For any finite family () of LP(X, SP), we have

P P P
Z'yk(@xk :/ nyk(@xk(t) dth\/f)p/ Z.’L’k(t)®ek dt
k Lr,Lr(x,seyy Xk LP(Q,5P) Xk SP(Hyad.p)

1 1 p
2 2
= OVP / max (me) : <Z|zk(t>*|2> at
X k k
Sp Sp
1||P 1P
2 2
< Ovp? / (Z |xk<t>2> + (Z xk(t>*|2> t
X k k
SP Sp
1P 1P
2 2
k LP(X,SP) k LP(X,SP)
1 1
2 2
S (zuke) | (Zw)
k LP(X,SP) k LP(X,SP)

p
— 20 /p"

Za?k@ek

k

LP(X,SP(Hyad,p))
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with an absolute constant C, where the latter space was defined in Subsection 2.5 and (ey) is
any orthonormal sequence in H. Moreover, we claim that for 1 < p < 2 we have

Z%@ﬂck Zxk®€k
k k

(3.56) <C

LP(Q,LP(X,57))

Lp(Xasp(Hrad,P))

with some universal constant C. Indeed, this follows since (3.56) holds with constant Cy (resp.
Cs) for p =1 (resp. p = 2) according to noncommutative Khintchine inequalities. Moreover,
both LP(X,S?, Hyaq,p) and LP(Q,LP(X, SP)) form a complex interpolation scale, so that we
have C), < C{C3~% < C with the correct interpolation parameter 6 € [0, 1].

Now the end of the argument for (3.54) is as follows. Write (Q ® Id)(f) = >, v ® =% with
. (2.55)

Tp = fQ fk. Then for 1 < p < 2, by duality (LP(X,S?, Hiaap))* = L (X, S”*,Frad)p*),

Z’Yk@:z:k sz@)ek
k k

(3.56)
< C

l@e 1)), =

Lr(Q,Lr(X,SP))

Zyk®€k
k

LP(X,SP(Hyad,p))

(2.55

<1
LP* (X,SP" (Hyaa,p*))

> @k uk)

k

= Csup /Z(iﬂk,ykﬂﬁ
@k

)C'sup

<1
Lr* (X,Sp* (Hrad,p* ))

S (o) e

£(f)er] 1
Z(/ﬁ”k) ® ek

k
k

Zyk®6k
k

Csup{ /Q<(Q®Id)(f),(Q®Id)(y)>‘ ryelr,

<}
<}

The case 2 < p < oo follows by duality, since Q is selfadjoint on L2(£2). ]

ZCSUP{/Qf(Q@@Id)(y)‘:yELp*»

<C f”pSUP{”(Q ® Id)(y)HLP*(Qpr*(SP*)) LyeLr,

(3.55)
< Cl\/ﬁ”f”LP(Q,LP(X,S?’))‘

The g-Gaussian gradients equally satisfy the equivalence with AE . To this end, the following
Lemma 3.31 (which is probably folklore) will be useful. We denote here the canonical conditional
expectation E: LP(I'y(H)@B(£3)) — ST. We let

(3.57) Gauss, ,(S?) %< span {s,(h) @z : h € H,x € 57}

where the closure is taken in LP(I',(H)®B(¢2)) (for the weak* topology if p = 0o and —1 < g <
1). If (ex)rek is an orthonormal basis of the Hilbert space H, note that Gauss, ,(SY) is also
the closure of the span of the s,(ex) ® 2’s with z € S¥, closure which we denote temporarily
by G'. Indeed, it is trivial that G’ C Gauss,,(S7). For the reverse inclusion, it suffices by
linearity and density to show that s,(h) ® z belongs to G’ for any h € H and any = € S7. Let
& > 0 be fixed. Then there exists some finite subset F of K and «aj € C for k € F such that

66



[P = Cker aner|; < e We have 35, cp arsq(er) @ v € G and

sq(h— Z akek) Qx

sq(h) @ x — Z agsq(er) @ x

keF L? (T (H)EB(63) keF L? (D (H)EB(63)
= |5 (h— Zakek> [ET= sq(h— Zakek> lzllgr < ellzign -
kel L (Tg(H)) kel L2(y(H))

We conclude Gauss, ,(S7) C G’ by closedness of G'.
If 2 < p < oo, recall that we have a contractive injective inclusion

(3.58) Gauss,,,(S7) C LP(Ty(H)®B(f7)) C L%, (E)
and that if 1 < p < 2 we have an inclusion

(3.59) Gauss, »(C) @ §7 C L2(Ty(H)) @ 7 C SYLA(Ty(H))raayp) = LE, (E).

We introduce the orthogonal projection P: L*(T'y(H)) — L?(I',(H)) onto the closed span

Gaussg 2(C) of the sq(ex). We let Q) o Idg» ® P initially defined on My iy ® L2(I',(H)). We

recall some properties of Q.

Lemma 3.30 Let 1 <p < oo and —1 < ¢ < 1. Then Q, induces well-defined contractions
(3.60) Qpi LI(E) - L2(E) and Q: LA(E) — LI(E)

Thus, according to Lemma 2.29, Q, also extends to a contraction Qp: L? (E) — L2 (E).

Proof : Since P is a contraction, by (2.57) and (2.60), the column part of (3.60) follows. Then
by Remark 2.28, also the row part of (3.60) follows. [

Note that the noncommutative Khintchine inequalities can be rewritten under the following
form.

Lemma 3.31 Consider —1 < ¢ < 1.

1. Suppose 1 < p < 2. For any element f = ZM’,I fijnsq(h) ® e;j of Span{sq(h) S
H} ® My fin, we have
o)

(3.61)
(B(n"))*
where the infimum can equally be taken over all g,h € span {sq(e) ce € H} @ My fin.

1
1l Gass, sy Fp 1 lsz e, () ) X, 0 { H(E(g*g))2

p f=g+h S? )

2. Suppose 2 < p < 0. For any element f =37, ., fijnsq(h) ® ey of Gaussy,(S7) with
fign €C

(3.62) max{ |E |, || merrn?

; } Sy [ ———

S?}

)
p
SI

< vimax{ | ()

o |G

”fHL;c)v-(]E)
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Proof : 2. Suppose 2 < p < oo. We begin by proving the upper estimate of (3.62). Fix m > 1.
We have?” an isometric embedding J,,,: H — ¢2 (H) defined by

m

(3.63) Jm(h) % % < > el> ® h.

=1
Hence we can consider the associated operator I'y(J,): LP(T'y(H)) — LP(Ty(¢2,(H))) of sec-
ond quantization (2.24) which is an isometric completely positive map. By tensorizing with
the identity Idgs», we obtain an isometric map m; o Lp(Jm) @ Idgr: LP(T,(H)®B(¢%)) —
LP(T,(¢2,(H))®B(£2)). For any finite sum f = > i fignsq(h) ®ei; of LP(T,(H)®B(?)) with
fij,n € C, we obtain

(864)  Ifllorycmmniey = |2 fusnsa(h) @ ey
i,4,h L (T, (H)®B(£2))
= ||7y < Z fi,j,hsq(h) ® eij)
i.j.h Lr (g (2, (H))®B(£2)))

= Z fiinLp(Im)(sq(R)) @ ey

i,5,h Lr (T4 (£2,(H))®B(£2)))

(2.24)

D Fignsam(Im(h) @ ey

Bdsh Lp(Dy (€3, (H))®B(£2)))

3.63 1 i
(2% Z fignSqm (\/ﬁ (Z el> ® h) ® e

i5,h =1

Lr (T (€3, (H))®B(£3))

1

NG Z fijnSqm(er ®h) & ej;

i,9,h,1

L (T (€3, (H))®B(£))

For any 1 < I < m, consider the element f, < >iin fijhSqm(€r®h) ®e;; and the conditional

expectation E: LP(I'y(¢2 (H))®B(¢3)) — SY. For any 1 <1 < m, note that

E(f;) = E( Z fijnSqm(er @ h) @ €¢j> = Z fijnE(sqm(er @ h) @ e;)
i,75,h i,5,h
(2.26)

= fignm(sqmler @ h))ei; =" 0.
0,4,h
We deduce that the random variables f; are mean-zero. Now, we prove in addition that the

fi are independent over B(@), so that we will be able to apply the noncommutative Rosenthal
inequality (2.34) to them.

29. If h € H, we have

m

\/—%(Zez) @h

=1

Pl = N1l -

2
Z7n

_ 1
= Um

£, (H)

m
P
=1
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Lemma 3.32 The f; defined here above are independent over B(¢2). More precisely, the von
Neumann algebras generated by f; are independent with respect to B((2).

Proof : Due to normality of E, it suffices to prove
(3.65) E(zy) = E(2)E(y)

for o (resp. y) belonging to a weak* dense subset of W*(f;) (resp. of W*((fx)x=1)). Moreover,
by bilinearity in z, y of both sides of (3.65) and selfadjointness of s, ,,(e; ® h), it suffices to take

T = Sgmle; @ h)" @ e;; for some n € N and y = Hthl Sq,m(er, @ h)™ ® e,s for some T € N,
ke # 1 and n, € N. We have E(x)E(y) = 7(sq.m(e1 ® h)")T(H?Zl Sq.m (€, ® h)"‘) ® €ijers

and E(zy) = 7 (sq,m(el ® h)™ Hle Sq.m (e, ® h)”t) ® ejjers. We shall now apply the Wick
formulae (2.25) and (2.26) to the trace term above.

Note that if n+ZtT:1 ng is odd, then according to the Wick formula (2.26) we have E(zy) = 0.
On the other hand, then either n or Zthl n is odd, so according to the Wick formula (2.26),
either E(z) =0 or E(y) = 0. Thus, (3.65) follows in this case.

Now suppose that 2k L Zthl ny is even. Consider a 2-partition V € Pa(2k). If both
n and thl ng are odd, then we must have some (i,5) € V such that one term (fi, fj)e (m)
in the Wick formula (2.25) equals (¢; ® h,er, ® h) = 0, since ks # [. Thus, E(zy) = 0,
and since n is odd, also E(x) = 0, and therefore, (3.65) follows. If both n and Zthl ny are
even, then in the Wick formula (2.25), we only need to consider those 2-partitions V without
a mixed term as the (f;, f;) = 0 above. Such a V is clearly the disjoint union V = V; UV, of
2-partitions corresponding to n and to Zthl ng. Moreover, we have for the number of crossings,
C(V) = C(Vl) +C(V2). With (f1, fo, e, fnJrT) = ((:’l Rh,eg@h,...,eg®h, €k, QRh,..., €k ®h),

n

we obtain
- (2.25)
T (sq m(er@h)" [ sqm(en, ® h)"’) =N W T e
t=1 VP, (2k) (i,5)EV
= Z gV re02) H (firs Fiv)ez, () H (fizs fia)ez, (1)
V1,Vs (il,jl)evl (i2,j2)€V2
= (ch(m I i fidem ) (Zq SN | <fi2>fj2>£$n(H)>
Wi (i1,J1)€VL (i2,52)€V2
C2 L (symler ® h)" <H Sqm(€x, @ B)" )
t=1
Thus, also in this case (3.65) follows. [ |

Now we are able to apply the noncommutative Rosenthal inequality (2.34) which yields

Zfl

=1

(61 1
(3.66) If s o, cn@Be2)) =

Lr(Tq(€2, (H))®B(£7))

(2.3
(3.67) S T (Z”ﬁ”m e2<H>>®B<F>>>

1

P
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1

2
s? 1
m, note that

<
fl fl E( Z f%ﬂ hSq,m (61 ® h) ® elj) ( Z f’r‘,s,ksq,m(el & k) & ers))

.5,k .8,k

(éE(ﬁ‘ﬁ)) ’

(l_ilE(flm)

57

For any integer 1 <

Z fz,] hfr s k( (Sq,m(el & h)sq,m(el ® k)))ejiers

,3,h,r,8,k

Z fzyhfzsk<h k>H6j9

%,7,h,s,k

and

<( > fijnse(h) ® eij) * ( > frowse(k) ® em>>

i,5,h r,8,k
S (2.27) —
= > <fi,j,hfr,s,k7(3q(h)sq(k))>ejiers =0 Fignfisk(hkyues.

,3,h,r,8,k ,9,h,8,k

and similarly for the row terms. We conclude that

(3.68) E(ff f) =E(f*f) and E(fif]') = E(ff7).

Moreover, for 1 < [ < m, using the isometric map v;: H — (2, (H), h — e;®h, we can introduce
the second quantization operator I',(v;): LP (T (€2, (H))) — LP(Ty(¢2,(H))). We have

(3.69) 1fillee o, 2, @B (E2)) = D fiinsaml(er®h) ® e
Lok L? (T, (€2, (H))BB(£2))
(2.24)
=D gD (sqm(h) @ e
Lok Lp (T, (€2, (H))BB(£2))
= Z fi’j,hsq(h) ® eij
i,7,h

L (T, (H)®B(£2))
= Iflleo e, anymmes) -
We infer that

(3.66)(3.69)(3.68) 1

”fHLP(I‘q(H)@B(Z?)) 5 ﬁ lp<; ||f||€p(FQ(H)§B(€§)) )
(XEun) (Lewm) ]
=1 =1 Sf

57 T H (]E(ff*))% s?

Sy

1

T lpmp ”fHLP(F (H)®B(£2)) + FH (F f )
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VB[ B

S } '
Using the equivalence £3 ~ (5°, we obtain the upper estimate of (3.62).
The lower estimate of (3.62) holds with constant 1 from the contractivity of the conditional
expectation E on L5 (T, (H)@B(£2)):

1_1 % p\) 3
=pm?r 2 ||fHLp(rq(H)®B(z§))+\/§H(E(f )’ .

Since p > 2, passing to the limit when m — oo, we finally obtain

1

[ | [t

1

o | E0)?

1

max{H (), e

}—max{HEffH o[BG }

max{ £ fHI;(F (H)@B(e2)) e ||2 JEEBER)) } = Hf”Lp H)®B(£2))

1. Let us now consider the case 1 < p < 2. We will proceed by duality as follows. Recall the
Gaussian projection @, from Lemma 3.30.
Using in the second equality that @QF = Q) and that )« extends to a contraction on

Sf* (L2(Ty(H))raa,p+) according to Lemma 3.30, and using the upper estimate of (3.62) and the
density of span{s,(h) : h € H} @M/ g, in Sf* (L?(Ty(H))rad,p+) in the last inequality, we obtain
for any f = Q,(f) € Gauss,2(C) ® S7

(2.55)
||f||S§7(L2(Fq(H))rad,p) = sup ’<f79>‘ = sup |<fag>‘
\|9\|s§’*(L2(Fq<H>)rad,p*)<1 HgHS?*(L2<Fq<H))rad’p*)<l
gERan Q,,«
(3.62)
U flhoors oy sup _ 19llLes rycm@ezy) Sp I le, (m@see)) -
HQ\S?* (L2(Fq(H)rad,p*)\1
gERan Q,«

Note that in the definition of the norm of S¥(L?(I'(H))rad,p) above, the infimum runs over
g, h belonging to LP(E) and LE(E). Our next goal is to restrict to those g, h belonging to
span{sq(e): e € H} @ M 5,. To this end, consider a decomposition f = g + h with g € LE(E)
and h € LE(E) such that

l9llLe @) + 11PlLe @) < 20 lsp w2 g (a1 -
Then for some large enough J and with as before @), the Gaussian projection, we have
f=Qp(ldr, () @ T7)(f) = Qp(Idr, (1) ® T7)(9) + Qp(Idr, (1) @ T1)(h)

and Qp(Idr, (zy ® T7)(9), Qp(Idr, () @ Ti)(h) belong to Span{sq(e) e € H} @ Mra,. We
claim that we have

HQP(Iqu(H) ® TI HLP(JE) ||9||LP and HQP(Iqu(H) ® TJ)(h)HLI;(E) < ||h||L£(]E)
Indeed, first note that Q,: L2(E) — LZ(E) and Q,: L2(E) — L2(E)) are contractive according

o (3.60). Moreover, since T;: ST — SV is a complete contraction, according to (2.56), the
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linear map Ty @ Idiz2r, )y : ST (L2 (Tg(H))ep) = ST(L*(Tg(H))e,p) is also a contraction. So we
have

(2.60) |

| @p(Idr, () ®T])(9)HLP |Qp(Ty @ 1d12r, (1

(2 56) (2.60)
”g”S’p(L? Ty(H))e,p) Hg”Lp(]E

))(9) Hsz;(m(rq(H))c,p)

The row estimate is similar. Together we have shown that the third expression in (3.61) is
controlled by ||fHGauSSq,p(S§7).

Now, we will prove the remaining estimate, that is, || f ||Gwssq L (SP) is controlled by the second
“ , I

expression in (3.61). Since 1 < p < 2, the function RT — RT, ¢ — t% is operator concave by
[ , p- 112]. Using | , Corollary 2.2] applied with the trace preserving positive map E,
we can write

< [Eqs2)]2,

1 loe, cmmmieny = 1171217 — 1z

L2(F (H)®B(£2)) L2(F (H)®B(£2))

and similarly for the row term. Thus, passing to the infimum over all decompositions f = g+ h,
we obtain [ fll s, masz) < Ifllsewer, (m#))m,), Which can be majorised in turn by the
infimum of ||gllyp gy + Al ey, where f = g+ h and g,h € span{sy(e) : e € H} @ My fin.
Hence, we have the last equivalence in the part 1 of the theorem.

The case p = 2 is obvious since we have isometrically L2 (E) = S?(L*(T'y(H))rad,2)

L*(T,(H)) ®2 S? by Lemma 2.26 and | , Remark 2.3 (1)]. [
We can equally extend Lemma 3.31 to the case that f € LP(T, ( 4) belongs to
Ran @p, where we recall that @, = Idg» @ P: LP(T,(H)®B(£2)) — ( ( J®B(£2)) is the

Gaussian projection from Lemma 3.30.

Lemma 3.33 Let —1 < ¢ < 1. Suppose 1 < p < co. Then the map Q,: LP(L,(H)®B({3)) —
LP(T,(H)®B(¢?)) is completely bounded.

Proof : Since P is selfadjoint, we have Q5 = Q,-. We obtain for f € I';(H)®M; fin,

Lemma 3.31

1@ N lamssenisn 5 1@z =510 {1@p(F) 9} lgllpr ey <1}
= sup { (. Qo (D1, 8107 )|+ 9
= sup{’<f» Qp- (9)>LP(FQ(H)§B(Z§)),LP* : 9}
<o, ez 50 {1Qu @l vz © 9
Lemma 3.31

S Wi, mzsey s 1@ (9l ) ¢ 9l <1}

< ||fHLp(Fq(H)®B(z§)) ’

where in the last step we used that ),- is contractive on L2 (E) according to Lemma 3.30.
This shows that @), is bounded. Then the fact that @), is completely bounded follows from a
standard matrix amplification argument since we can replace I by I x {1,...,N}. ]

Lemma 3.34 Consider —1 < ¢ <1 and let f € RanQ, = Gauss,,(S7).
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1. Suppose 1 < p < 2. We have
(3.70)

1
||f\|c;aussq,p(s§) ~p Hf”S?(L?(Fq(H))md‘p) ~p figfrh{ H(E(g 9))

1
2

(E(hh"))

5?}

sr’
where the infimum can be taken over all g,h € Ran Q.

2. Suppose 2 < p < oco. We have

(371) wax{ || @091, | @)}

; } < F lGaussy o (57)

S?}'

Proof : Observe that Idp, gy ® T; approximates the identity on I'y(H)®My s,. Moreover, ac-
cording to Lemma 5.21, the net (Idp, ;) ®7T) is bounded in B(L?(T'(H)®B(¢7))). We conclude
by density of Iq(H)&M sn in LP(Ly(H)@B(¢7)) that the net (Idr gy ® T;) converges in the
point norm topology of LP(I',(H)®B(¢2%)) to the identity. Moreover, replacing in this argument
boundedness in B(L?(I',(H)®B(¢2))) by boundedness in B(L?(E)) (resp. B(LE(E)), B(L2,.(E)))
according to (2.56) and (2.60) (resp. Remark 2.28), we obtain that the net (Idp,(z) ® Tr)
converges in the point norm topology of LE(E) (resp. LE(E), L2 (E)) to the identity. Note
that for fixed J, (Idr, gy ® T7)(f) = (Idr,(z) @ T7)(Qpf) = Qp(Idr, () ® T7)(f) belongs to
span{s,(e) : e € H} ® Myg,. Thus, Lemma 3.31 applies to f replaced by (Idr ) ® T7)(f)
and therefore,

b
P
SI

1
2

|(B(1)

< vpmax{ (1)}

)
P
SI

”f”Gaussqyp(Sf) = 11}}I1 H(Idrq(H) ® T])(f)HGaussq,p(S?)

Lemma 3.31

>~ li§n H(Idpq(H) & TI)(f)HLg,,(JE) = ”fHL’C’T(]E) :

Finally, the fact that one can restrict the infimum to all g,h € Ran @, can be proved in the
same way as that in Lemma 3.31. [ ]

Now we can state the Kato square root problem for the case of the gradient taking values
in a g-deformed algebra.

Proposition 3.35 Suppose —1 < ¢<1and1l <p<oo. For any x € My an, we have

1
(3.72) |45 (x)Hs§ ~p Ha@,q(x)HLP(I‘q(H)gB(Z?))'

Proof : Note that if ¢ = 1, then this is a consequence of Theorem 3.27. We show the remaining

case —1 < ¢ < 1 by reducing it to the case ¢ = 1. Let z = Zijxijeij € Mj fin. Choose an

orthonormal basis (e) of span{«;}, where we consider only those indices i appearing in the

above double sum describing x. Thus, o; — aj = >, (o — @, ex) ey, where the sum is finite.
Then

1 (3.51)
HAP (x)HS;’ ~p ”304,1(55)HL1)(Q’31;) = ||8a,1(x)HGaus51,p(S§))
(2.81)
= zij Wl — a;) @ ei;

J Gaussy,p(S7)
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= E .’I?UW( E <6k,04i — aj>Hek> R €45
i k Gaussy,,(S7)

= 1D wis ) (en i — o) rWiew) ® ey
i

k Gaussy,,(S7)

- ;W(ek) ® (%:fviﬂ@kv i = O‘J’>H€ij>

Gaussi 5 (S7)

[ J(2.21),(2.22)p. 12]
~ Z (inj<ekaai_aj>Heij) @ ey,
k i3

ST (Hre)

Lemma 3.31
~ qu(ek)@’ inﬂ@k,ai — o) HEj
k b Gaussg,, (S7)
(2.81)
= injsq(ai — ) ® e = Haa,q(x)HGaussq’p(Sf) )
wd Gaussg,, (S7)

Remark 3.36 Assume —1 < ¢ < 1. In Proposition 3.35 above, we obtain again constants
depending on p as in (3.53) of a slightly different form, that is, for some absolute constant
K >0, we have for all x € My gy,

(3.73)

1
S ||A5($)Hs§ < Kp*|0a.q (2<p<o0)

1
Kp? 1a.q () HLp(rq(H)@B(ei () ||Lp(rq(H)®B(e‘;’))

and

(3.74)
1 1 N
WHaaﬂl(x)HLP(FQ(H)@B(@)) <[4z (x)||S§, S K(p )2||aa»q($)||Lp(rq(H)®B(z§)) (1<p<2)

Let us prove this and start with the case 2 < p < oco. Note that W(ey) and sq(ex) are
orthonormal systems in their spaces L%(Q) and L?(T',(H)) respectively. Thus, we have isomet-
rically, for z; € M7 fn,

(3.75)

Z T & W(ek)

k

Z xr @ sqler)
k

57 (L2 (Draa.p) SP(L2(Tq(H))rad,p)

Thus, for the upper estimate in (3.73), we have

(3.53

= ) :
HAI%(‘,'L‘)HSf < Kp%Haa,l(x)HGausSl,p(Sf)

%:W(ek) ® (%:xij(ek,ai - ij>H€z‘j> ‘

= Kp?

Gaussy,,(S7)
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Lemma 3.31 3
2

< K'p

N\H

Z (Z% er, 0 — aj>Heij> ®W(ek)‘
Xk: (;xw €k, O — aj)H%‘) ®3q(ek)‘
> sql (Z%(ek,ai —%‘>H€ij>‘

k i,j

57 (L2 (Q)raa,p)

(3‘75 3

SP(L2(Tq(H))rad,p)

Lemma 3. 31 ”

Gaussq,p(sg))
= K/p2||304,q (z ||Gaussq,p(5?)'

In the other direction, we have, again for 2 < p < oo,

(3.53)
||S§’ > Tﬁ Haa,l(x)HGausst(Sf)

ZW(@k) ® <Z$ij<€kv Qi — O‘j>He"j) ‘

|42 (x)

= "ol Gaussy,p(S7)
Lermie 531 % Z (Zx” en, 0 — C(j>H€7;j) ®W(€k)’ P2 (rad)
(3.75) KpQ Z (wa €k, Ol — Oéj>H€ij> ® Sq(ek)’ P (L2 (T (H))saa p)

= W Haﬂvl](m) ||Gaussq.p(5'f,)) '

We turn to the case 1 < p < 2. Note that (3.75) equally holds in this case. Then we argue in

the same way as in the case p > 2, noting that the additional factor p* 3 appears at another
step of the estimate, in accordance Wlth Lemma 3.31 parts 1. and 2.

Remark 3.37 In a forthcoming paper, we shall improve the dependence on p of the constants
in the above Remark 3.36 with a different method.

In the remainder of this subsection, we shall extend the gradient 0,4 to a closed (weak*
closed if p = o) operator S7 — LP(I',(H)®B(¢%)), and in particular identify its domain in
terms of the generator of the markovian semigroup. All this will be achieved in Proposition
3.39.

We refer to | ] for information on closable and closed operators acting on Banach spaces.
By | , p- 165], an operator T: domT C X — Y is closed if and only if its domain dom T is
a complete space with respect to the graph norm

def

(3.76) 12l gomr = ll2llx + [T @)y -
For t,s > 0, we let fi(s) &f J&Tei%' It is well-known | , Lemma 1.6.7] that
“+o0
(3.77) / e M fi(s)ds = e IV,
0
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Let B be the negative generator of a semigroup (e*%)

[ , Example 3.4.6], for any € X we have

+>0 acting on a Banach space X. By

1 +oo
(3.78) e By = / fe(s)e B (z) ds.
0
We define the densely defined unbounded operator
0 1 LP(Ty(H)) ® My sn € LP(Ty(H))@B(67)) — ST
by
(3.79) 9 o(f®eij) = (sq(ai—ay), fp e poeij = T(sq(ai =) fleiy, 1,5 €1, f € LP(Ty(H)).
Lemma 3.38 The operators 0q,q and 0}, , are formal adjoints (with respect to duality brackets
(z,y) = m(z"y))-
Proof : For any i,5,k,1 € I and any f € L?(I'y(H)), we have

(3:80) (Dag(ert)s f @ €is)pom v, B2y Lo(ry (11)EBER)
(2.81)

<3q(ak —a) Qe f® eij>Lp*(Fq(H)gB([‘I’)%LP(Fq(H)@B((fv))
= 0kt (304 = 3): Fue o, ) e, o)

= <€kl’ (84(ci — ), f>Lp*(rq(H)),Lp(rq(H))e' >sp o <€kl’6;q(f ® eij)>sp* gp°

MI I M1

Proposition 3.39 Suppose 1 <p < oo and —1 < g < 1.

1. The operator Oa,q: Myan C S7 — LP(Iy(H)@B(£2)) is closable as a densely defined
operator on SY into LP(I',(H)®B(¢%)). We denote by Oy qp its closure. So Mygy is a
core Of Ou,q.p-

2. (Idgr + Ap)%(My gn) is a dense subspace of ST
1
3. Myan 15 a core of dom Ag .

4. We have dom Oq,qp = domA2 Moreover, for any x € domA 5, we have

1
(381) HAE (J;>HS;J ~p Haavqxp(x)HGaussq,p(S?)'

1
Finally, for any x € dom A} there exists a sequence (xy,) of elements of My an such that
1 1
Ty = 2, A (xn) = AZ(2) and On q.p(Tn) = Oa.qp(T).
5. If v € dom 0y q,p, we have x* € dom 0y 4., and

(3.82) (Oa,gp())" = —0a,q,p(7").

6. Suppose that —1 < q < 1. Then the operator dn,q: My an C B({3) — T (H)RB({%) is
weak™® closable. We denote by On.q.00 its weak™ closure.
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7. Let Mp: SY — ST be a finitely supported bounded Schur multiplier such that the map
Id® Mp: LP(I‘ (H)®B(£2)) — LP(T,(H)®@B(£2)) is a well-defined bounded operator. For
any x € domdy qp, the element Mp(x) belongs to dom Dy 4, and we have

(3.83) Oa,gpMp(x) = (Id ® MB)0a,q.p(x).

Proof : The proofs of 1., 2., 3., 4. and 7. are identical to the proof of Proposition 3.11 replacing
Pa by My fin, LP(VN(G)) by S? and LP(I'y(H) x4 G) by LP(T,(H) @ B(¢3)).
5. For any ¢,j € I, we have
* (2.81) *
(Oagpleis) =" (sqlei — aj) ®eij) = sq(ai — ;) @ i = —sg(a; — ;) D eji

(2.81) .
= _8%1171)(6]‘1‘) = _606711710(61‘]‘)'

Let x € dom0q,4,p- By the point 1, My gy is core of 04,4, Hence there exists a sequence
() of My g, such that z, = x and Oy q,p(2n) = Oaqp(x). We have zf — z* and by the
first part of the proof 0n,q.p(2h) = —(0a,q.p(Tn))* = —(Oa,q.p(x))*. By (2.6), we conclude that
x* € dom Oy q,p and that Jq g p(2*) = —(Oa,qp(x))*.

6. Note that (Iqu(H)@B([‘}) ® 7}) converges for the point weak* topology to Iqu(H)@B(@).
Suppose that (z) is a net of My an with z, = Zi’jel Zj,i,j€i; which converges to 0 for the weak™
topology such that the net (94 4(xr)) converges for the weak™ topology to some y belonging to
I',(H)®B(¢?). For any finite subset .J of I, we have

8(1 qT] lL’k aq( Z xkzgez]) = Z xk,i,jaa,q(eij)

1,j€J i,j€J

= (Id ( )®B(£2 ®T] 7q( Z Ik”m]) IdF (H)®B(l2) ®T]) o q(l’k)
iyl

W (Idr, yzB(e2) ® T7) (V)

for the weak* topology. On the other hand, for any i, j € I we have xy;; — 0 as k — co. Hence
for any finite subset J of I

_ R o (o — s g
Oa,qT7(Tk) = Oaq Z Tk,i,jCij = Z T jSq(0y — o) ® e ? 0.
ijed ijeJd
This implies by uniqueness of the I',(H)®B(¢%)-limit that (Iqu(H@B(E?) ® T7)(y) = 0. We
deduce that y = w*-lim (Idrq(H)@B(ei) ® T7)(y) = 0. m

Remark 3.40 It would be more natural to replace the definition (2.81) by the formula

def .
c'?a’q(eij) = 27T1$q(04i - ij) X €ij-

With this new definition, the derivation is symmetric, i.e. Jqq(z*) = Oaq(z)*. We refer to
[ | for more information on weak* closed derivations on von Neumann algebras.

Finally, note the extension of Lemma 3.26 which can be proved with the point 4 of Propo-
sition 3.39.

1 1
Lemma 3.41 Suppose 1 <p < oo —1 < q < 1. For any x € dom A7 and any y € dom A,
we have

(3.84) (70, () © Trg(e2)) ((Pag,p (%)) Vg (1) = Trpezy ((Aé (2)) Az (y)).

B vl
%
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3.5 Meyer’s problem for semigroups of Schur multipliers

In this subsection, we again fix a markovian semigroup of Schur multipliers, and thus we have
some Hilbert space H and a family (o;);cr in H representing the semigroup in the sense of
Proposition 2.9. We investigate the so-called Meyer’s problem which consists in expressing the
L? norm of the gradient form (3.81) in terms of the carré du champ I'. Here our results split
into the cases 1 < p < 2 and 2 < p < oo, and are more satisfactory in the second one. The first
main result will be Theorem 3.46. In the second part of this subsection, we shall have a look
at Riesz transforms (3.93) associated with the semigroup, carrying a direction vector in the
Hilbert space H. Then these directional Riesz transforms have some sort of square functions
expressing the S7 norm, see Theorem 3.51.

In the case of finite sized matrices, we are already in the position to state the essence of
Meyer’s problem for semigroups of Schur multipliers. Namely, the following is an immediate
consequence of Lemma 3.31, Proposition 3.35 and (2.83). We recall that we have a canonical
conditional expectation E: L?(T'y(H)®B((?)) — S7.

Corollary 3.42 1. Suppose 1 <p < 2. Let =1 < q < 1. For any v € My s, we have

1 .
Az (x)Hgg M pl(fg:yﬂ yllLe ey + 121l m)

where the infimum is taken over all y € Gaussy 2(C) ® My gn and all z € Gauss, 2(C) ®
M7 fin-

2. Suppose 2 < p < oo. For any x € My 6n, we have

(3.85) 145 @) 5p p max {0, )3 | gp. D", %) ¥ | g5 }

Now, we will extend the definition of I'(x, y) to a larger domain.

p p
Lemma 3.43 Suppose 2 < p < oo. The forms a: My fn X My fn — S7 @ S7, (2,y)

I(z,y) @ T(z*,y*) and T': My 6y X M1 fn — Slg, (z,y) — D(x,y) are symmetric, positive and
satisfy the Cauchy-Schwarz inequality. The first is in addition closable and the domain of the
1

closure @ is dom AZ .

Proof : According to the point 3 of Lemma 2.38, we have I'(z, y)* = I'(y, z), so a is symmetric.
Moreover, again according to Lemma 2.38, a is positive. For any z,y € My g,, we have

late.0)l g, g5 =0 OG5 g, p =max {109l IG5 )
(2.80) 1 1 e evpk v vk
< max { [D(@,2)|IF Iy, )1, 7@ I ) |

1 1 1 1
< mac { TG, )£ 0213 b wax (TGl TG 971 )
1 1
— 2 2
- ||a(x,x)||51%®ooslg Ha(y’y)”sf . Ig

So a satisfies the Cauchy-Schwarz inequality. The assertions concerning I' are similar. Suppose
Zn — 0 that is z, € My fin, T, — 0 and a(x,, — Tm, Tn — Tm) — 0. For any integer n,m, we
have

=

N (3.85)
HAI% (xn — xm)”sf Sp max {HF(xn — Tons Ty — a:m)% Hsf’ ||F((mn — )", (2 — a:m)*)% Hsf}
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- ”a(‘rn — Tm, Tn — zm)”SIg@wS? — 0.

1
We infer that (Ap2 (xn)) is a Cauchy sequence, hence a convergent sequence. Since z,, — 0, by

1 1
the closedness of A7, we deduce that A} (z,) — 0. Now, we have

N . el (3.85) 1
g = max { [P, )| g [Dnan) g} <o (147 (@a)lgy = 0.

I

Jaanzll g,

By Proposition 2.16, we obtain the closability of the form a.

Let x € ST. By (2.38), we have x € doma if and only if there exists a sequence (z,,) of My gn
satisfying x,, — , that is satisfying x,, — z and D(zp—Zm, Tn—Tm) = 0, D((2 —2m)*, (Tn —
Tm)*) = 0 as n,m — oo. By the equivalence (3.85), this is equivalent to the existence of a

1
sequence T, € My gy, such that z, — x, Aj (z, — ) — 0 as n,m — co. Now recalling that

1 1
M7 fn is & core of the operator Aj, we conclude that this is equivalent to x € dom Aj. [ |
Remark 3.44 The closability of I and the biggest reasonable domain of the form I" are unclear.

1
If 2 <p< oo, and z,y € dom A7, then we let I'(z,y) be the first component of a(z,y),
where a: My gy X My fin — S7 @oo S7, (4, v) = I'(u,v) & T'(u*,v*) is the form in Lemma 3.43.

Lemma 3.45 Suppose —1 < g <1 and 2 < p < 00?0,

1
1. For any x,y € dom Ay = dom dy,,q,p, we have

(3-86) F(:&y) = <8a,q,p($)vaa,q,p<y)>5?(Lz(Q)cm) = E(<aa,q>p(x))*aa,q,p<y))~

1
2. For any v € dom A = dom 0y 4,p, we have

(3.87) T (, z)? Hsf = Haa,q,p(l")Hs;’(m(rq(H))c,p)'

1
Proof : Consider some elements z,y € dom A5 = domd,,q,p. According to Proposition 3.39,
My fin is a core of dom 9, 4. So by (2.2), there exist sequences (x,) and (y,) of My, such
that z, = @, Yn = U, Oaqp(Tn) = Oa.qp(®) and On,q.p(Yn) = Oa,q.p(y). Since p > 2, we have

a contractive inclusion LP(I'y(H)®B(¢2)) < LP(E) L0 SP(L2(Ty(H))ep). We deduce that
Oo,q.p(Tn) = Oaqp(x) and Oa.q,p(Yn) = Oa.q,p(y) in the space ST(L2(L'y(H)),p). Note that

(2.83)
T = s 20 = 2l = || et = 2m). Do on = 2 sy 2

(2.51)
S ||ao¢,q7p(xn - xm)||5§(L2(Fq(H))c,p) Haa,q,p(l'n - x"”)HSf(LZ(Fq(H))Cm) — 0

n,m—+4o00

and similarly for y,. Hence z,, L 7 and Yn 5 y. We deduce that

(2.39) . (2.83) .
I(z,y) =" lim T(zn,yn) =" lim <aaaq,p($n)v6avq,p(yn)>s§’(L2(Fq(H))c,p)

n—-+oo n—-+oo

30. In the proof, we recall that LP(I'g(H)®B(¢2)) C S?(L2(I'q(H))c,p)-
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= <8a,q,p(:17), aa’q’p(y)>5'?(L2(Fq(H))Cyp)'

1
2. If x € dom A, we have

(2,52) (3.86)

Hl“xx

1
Haaqup(x)Hs;’@?(rq(m)c,p) H<8 0.0(), 0 ﬂvp(”“"»;;’(m(rq(H))c,p) HS?'

The following is our first main theorem of this subsection.

Theorem 3.46 Suppose 2 < p < co. For any:vEdomAp, we have

1
r(@*a*)} g -
@2

1
Proof : Pick any —1 < ¢ < 1. For any = € dom A7, first note that

(358) 45 @)l gy ~p max {Ire 0 .

(3.86)

(3.89) E (o0 (1) (Oorgp (1)) = E((Oevgp (1)) Ourgp(®)) = Tar*, 7).
We conclude that

(3 81)
HSP ~p Haa,q,p ‘T)HGaussqp(S?)

(3.71) * 3
R':p max{ H aqp 8a,q,17(x)))2

(3.86)(3.89)
= m

[HE

b

SP (E(aa,q’p(w)(8a7q’p($)*)))%

ax{nm,m%usp||r<w*7x*>%||s;}.

S?}

|

In Lemma 3.43, we have shown that the carré du champ I is a closable form. In fact, one

can give a concrete way how to reach all of its domain by approximation with M; g, matrices.
This is the content of the next two lemmas. Recall the truncations 7; from Definition 2.8.

Lemma 3.47 Suppose —1 < ¢ < 1 and 2 < p < oo. Let J be a finite subset of I. If x €
1
dom Ag, then
||F(TJ(I)7TI(35))||SI% S ||5a,q,p(x)Hs;’(m(rq(m)e,p)'

Proof : Let x € dom Aé = dom 0y,q,p- Since My gy, is a core of Oq,q,p by Proposition 3.39, there
exists a sequence (x,) of My gy such that z,, = x and 0q,qp(Tn) — Oa,qp(x). Note that since
T+ 87 — S7 is a complete contraction, the linear map 7y ® Idpz2(r, (1)) SP(L2(Ty(H))ep) —
Sp(L2( (H))C,p) is also a contraction according to (2.56). We deduce that

Ooq,p Ty (Tn) Z TnijOa,qgp(€ij) = (IdLZ(F (H)) @ TJ ( Z xnijaa,qyp(eij))

i,j€J i,j5€I
= (W, ) © 77) Oagptn) 72 iz, ) © T1) Gag.pr)-

Since Oy, 77 is bounded by | , Problem 5.22], we deduce that 0y,4,7s(x) = (Isz(pq(H)) ®
77)(a,q,p%). Now, we have

(2.84)

I (Toe, Toz)|2

4
2
S

= HF(T}.’I;,T}.’I;)%

Hs? H a,q,pr(gc)HSf(L2(Fq(H))c,p)
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(2.56)
= [|(Mdrar, () @ Tl)(aafq’px)HS?(L2(FQ(H))C)I,) < Haavq’:ﬁ(x)HS?(L2(I‘Q(H))

cp)’

Now, we give a very concrete way to approximate the carré du champ.

1 2
Lemma 3.48 Let 2 < p < oo. For any x,y € dom A7, we have in S}

Proof : If x € dom Aé, we have for any finite subsets J, K of I

IT(Tre = Ticw, Tyx = Twea)l|*, = [[N(Toe — Ticw, Trw = Tew)*

P
2
I

n vl

(388) ) )
& 14d (T - Ty = 1754k — TeAb g
Note that since Aé (z) belongs to S, (T;Aé (z)), is a Cauchy net of S7. Since T;(z) — = in

ST, we infer that 7;(z) L, 2. Then (3.90) is a consequence of Lemma 3.47 and Proposition
2.14. |

In the second half of this subsection, we shall show that directional Riesz transforms asso-
ciated with markovian semigroups of Schur multipliers decompose the S7 norm. We recall that
since A generates a markovian semigroup, we have

(3.91) Ran A4, = {x esy: tiig)o Ty(x) = 0}~

Since Ty(e;;) = e_t”ai_aﬂ'”?feij for any 4,7 € I and any ¢t > 0, we have
(3.92) Ran A, = {z € S} : x;; =0 for all 4, j with o; = o }.

Note that (7}); is strongly continuous on S7° and that it is not difficult to show that (3.91) and
(3.92) also hold for Ran A, where Ao, denotes the generator of (1}), on S°. If h € H, we
define the h-directional Riesz transform R, ; defined on My s, by

i —aj,h) g

(3.93) Ron(eis) def < ei;j if 4, j satisfy a; # o
i = ajll 5

and Rq p(e;;) = 0 if it is not the case. If (ex)rex is an orthonormal basis of the Hilbert space
H, we let

(3.94) Rok & R,

Suppose 1 < p < oco. Consider the contractive linear map

U: LA(Dy(H)) — 3,9 = Z <8q(€k)79>L2<rq(H)>e’“‘
k

By (2.57), we have a bounded map u ldgr @ U S7(LX(Ty(H))ep) — ST .,) © S7(SK)-
For any g € L?(I',(H)) and any i,j € I we have

(3.95) u(eij ® g) = eij ® Z <Sl}(ek)7g>L2(Fq(H))ek1 = Z <S‘I(ek)’g>L2(Fq(H))eij ® €k
k k
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With the linear form (s,(eg),): L2(Iy(H)) — C and (2.57), we can introduce the map
def
up, = Idgr ® (sq(ex), )+ S7(L*(Tg(H))ep) — S7-
For any g € L*>(I'y(H)), any i,j € I and any k € K, we have
(396) uk(eij X g) = <Sq(6k)’g>L2(Fq(H))eij'

For any k € I and any f € L2(I'y(H)) ® S?, we have

(3.97) u(f) =Y u(f) @ epr.
k

In the following proposition, recall again that we have a canonical conditional expectation
E: LP(T,(H)®B(¢%)) — S7.
Proposition 3.49 Let —1 < ¢ < 1.

1. Suppose 2 < p < 0o. For any f,h € Gauss, ,(S7) we have
(3.98) E(f*h) = (u(f)) u(h)
where we identify (u(f))*u(h) as an element of Slg (with its unique non-zero entry).

2. Suppose 1 < p < 2. For any f,h € Gauss,2(C) @ S} we have
(3.99) (fihiee) = (u(f)) u(h)

where we identify (u(f))*u(h) as an element of SI% (with its unique non-zero entry).

3. Suppose 1 < p < co. If z € My 4, N Ran A, we have®!

(3.100) Uk OoqpAr

Nl

() = Ra k().
4. Suppose 1 < p < oo. If h € SY(LA(Ty(H))c,p), for any k € K we have
(3.101) (ur(h*))* = ug(h).

Proof : 1 and 2. For any ¢,7,7r,s € I and any g, w € Gaussg2(C) (this assumption is used in a
crucial way in the last equality), we have

(u(eis ® 9))"ulers ® w) 2 (Z (5q(ek)>0) acis ® k)(z (sa(eswyens @ e

k l

k,

31. Recall that if 2 < p < oo, we have LP(I'q(H)®B(€2)) C ST (L2(T'q(H))e,p)-
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=2 (8a(er) 9)ra(r, () (54 (€)s W) par, (g Chyers @ en = D (g, whra(r, (i) €ijers @ e
k k

On the other hand, we have

(2.53)

(eij ® g,€rs ® w)sf(LZ(Fq(H))c,p) = <97w>L2(Fq(H))efjers~
We conclude by bilinearity and density.
3. For any 4, j € I such that a; # o;, we have
“kaa-,q,pA;% (€ij) = ukOa,qp <1eij> = ;“kaa,q,p(eij)
llevi — il levi — il
(Qﬁl) MI% (%‘ ® sq(a; — Oéj)) ((gﬁb) ||ai—1aj||H<S’I(ek)’ sq(a — O‘j)>L2(Fq(H))eij

(2.27) (ex,q; — 3.93)(3.94
= <k._—.]>H€z‘j @22 )Ra,k(eij)'
loi = ajll
4. Since s,(ey) is selfadjoint, we have for any i, j € I any g € L*(I'(H))
S w1 * (3.96) % *
fun(ess © 9)7)]" = [inlesi 9] 27 ((saler)s 6 Dgaqe, iy )
= <8q(ek)7g*>L2(F (H))eij = <g*a3q(ek)>L2(Fq(H))eij = T(gsq(ek))eij

(3.96)
= T(sq(er)g)ei; = (sq( 9>L2 JmpCii = uk(e; ®9).

We conclude by linearity and density. [ |

Lemma 3.50 Suppose 1 < p < 2. The restriction of the map u: ST(L*(T'y(H))cp) — ST(S%)
on 87 (Gauss, 2(C).,p) induces an isometric map and the range of this restriction is S?(@(@p).

Proof : For any f € S7 ® Gaussg2(C), we have
(2.52) (3.99) |

||f||Lg(1E) = ||<f’f>L”(IE H;% =

I I

~—
—~
~
S~—"
N
*
S

e
~
S~—
|

s

|

S
—~
~
S~—"
0
S
0
-l

and u(e;; ® sq(er)) ¢.29) ei; ® e for any 4,5 € I and any k € K. Alternatively, note that the
linear map Gauss, 2(C) = 63, g — >, o <sq(ek),g>L2(F (1)) Gk 18 & surjective isometry. So the
associated map S¥(Gauss, 2(C).,p) — S’;(E%C,p) is also a surjective isometry. [ |

Theorem 3.51 Suppose 1 < p < co.
1. If1<p<2andifx € Mra, NRan A we have

()],

keK

(3.102) ||mHs§’ ~p

(e,

Ra i ( ak+bk

where the infimum is taken over all (ay), (by) € Sf(ﬁ%{’c).

2. If2<p< oo and if v € My, NRan A, we have

P p— {H( > |Ra,k<x>|2)

keK

J(g )

1
keK S?}

Sz
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Proof : Here we use some fixed —1 < ¢ < 1 and we drop the index in the notation J,(q,)p-
1. Suppose 1 < p < 2. For any = € Mj s, N Ran A, we have

PR (3.81)

Hx”Sﬁ’ = HAPAP (@Hsg’ ~p H@ vPA )HL"(Fq(H)@B(Z?))
(3.61) .
~p 11nf ||9HL€(JE) + Hh”Lf(E)

aa,pAzj? (z)=g+h

where the infimum is taken over all g, h € Gaussz(C) ® My s,. By Proposition 3.49, we infer
that

Nl

(99 ze "2 (u(g) ulg))* 2" <(Zuk ®ek1> (Zul ®ell>>
= (Z (ux(9)) wi(g) ®€1kell)§ - (Z (Uk(g))*uk(g));,

k

By Lemma 3.50, the restriction of the map u: ST (L2(L'y(H))cp) — ST(SY) on S¥(Gaussg 2(C)ep)
1

_1 1
is injective. So we have 0, pAp ? (x) = g+h if and only if uds ,Ap 2 (z) = u(g)+u(h). By (3.100)
and (3.97), this is equivalent to Ry k(x) = uk(g) + ug(h) for any k. Hence this computation
gives that ||x]| sv is comparable to the norm

(3.103)

+|( by (whmuz*))é

Therefore, using again Lemma 3.50, this infimum is finally equal to the infimum (3.102).
2. Now, suppose 2 < p < co. For any « € M7 5, N Ran A, we have

(> (wdg))*uk(g))é )

keK

inf
Rak(z)=ur(g)+ux(h) s7

(3.81) _1 (3.62)

lellsy = 1145 45 * @)l5p %o 100040 * @l uume, s~ 10upds @)

LY. (E)

(E(00ty ) (0047 F))))

Iz

= e { | (B((0n 7 (0) 00y ()

)

p

‘We obtain

E((Oupdy *2) Oupdy ) = (00045 * (2))] 000 p Ay * (2)

(3.100) < D Rop(z)® ekl) <Z Rou(@) @ e”)

keK leK
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= (Z (Rai(z)) ®61k) (ZRM ®eu)

keK leK
= 3" (Rak(®) Rap(@) = > | Rai(x)
kEK kek

Similarly, using (3.101) in addition, we obtain
-1 -1 %) (3.98) R -3 \x
E(upAy ™ () (Dap Ay )" ) "2 (@(Bap Ay *2))) (O Ay F0)")
(327) (Zuk((aa)p/l;éx)*) X 6k1> (Z uy ((aa,pA;%x)*) ® ell)
k l
(3-1:01) <Z (Uk (aa,pA;%x))* ® ekl) <Z (Ul(ao/ypA;%x))* ® 6[1)
1

k

_ (zk;uk (OapAp ?7) @ 61k> (Z (1 (PapAp ?2))" @ €l1>

l

(3.100) (%:Ra,k(x) ®61k> <Z(Ra,z( ®611) > [(Raklx

l keK

The proof is complete. n

4 Boundedness of H* functional calculus of Hodge-Dirac
operators

4.1 Boundedness of functional calculus of Hodge-Dirac operators for
Fourier multipliers

In this subsection, we consider a discrete group G and a semigroup (73):>o of Markov Fourier
multipliers satisfying Proposition 2.7. If 1 < p < oo, we denote by A, the (negative) infinitesimal
generator on LP(VN(G)). By | , (5.2)], we have (A))* = A, if l<p<oo. If -1<qg<1,
recall that by Proposition 3.11, we have a closed operator

Opqp: domdy 4, CLP(VN(G)) = LP(Ty(H) xa G),  As = 84(by(8)) X As

and a closed operator (Oy,qp+)*: dom(0y qp+)* C LP(Fy(H) x G) = LP(VN(G)). Now, we will
define a Hodge-Dirac operator Dy 4, in (4.16), from 0y 4, and its adjoint. Then the main
topic of this subsection will be to show that Dy, ,, is R-bisectorial (Theorem 4.13) and has a
bounded H* functional calculus on L?(VN(G)) @ Ran 0y 4., (Theorem 4.15). By Remark 4.16,
this extends the Kato square root equivalence from (3.30).

Note that we use Proposition 2.20, so we need some assumption on the group G. First, with
exception of Proposition 4.8, we assume that I';(H) x, G has QWEP (e.g. G is amenable or is
a free group and ¢ = +1 by an adaptation of | , Proposition 4.8]). Second, since we need
approximating compactly supported Fourier multipliers, from Lemma 4.7 on, we also assume
that G is weakly amenable.

We start with the following intuitive formula which show that 0y 4, can be seen as a
“gradient” for A, in the spirit of the link between the classical laplacian and the classical
gradient.
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Proposition 4.1 Suppose 1 < p < oo and —1 < g < 1. As unbounded operators, we have

(4-1) Ap = (aw7q7p*)*6w,q,p~

Proof : By Lemma 3.9 and [ , P- 167], Oy,q,p(Pc) is a subspace of dom(0y,q,+)*. For any
s € G, we have

(2.70) (3.27)

@) (50 00()) % A) "= 7(54 (b ()5 by (5)As
bs ()17 As = Ap(As)-

Hence for any =,y € Pg, by linearity we have

(A7 (2

(4~2) (% q, p*)*aw,q,p(As)

(2.27)

1
) Ap-(y )>LP(VN(G)),LP*(VN(G)) = (4Ap(@
4

2)

"Gm\»—A

) Y) Lo (vN(G)). L7 (VN(G))

( 2:4)<

<(8w,q,p )" 8w,q,p($)7y>Lp(VN(G))7Lp*(VN(G)) Dpq.p ()5 O q.p* (y)>Lp7Lp*'

Using the part 4 of Proposition 3.11, it is not difficult to see that this identity extends to
elements z € dom A,,. For any € dom A, and any y € Pg, we obtain

<Ap(x)’ y>Lp(VN(G)),Lp* (VN(Q)) - <aw7q7p(x)v aw,qw* (y)>Lp’Lp* .

Recall that Pg is a core of Oy 4+ by the part 1 of Proposition 3.11. So using (2.2), it is
easy to check that this identity remains true for elements y of domdy 4,+. By (2.3), this
implies that Oy 4,p(x) € dom(0y 4+ )* and that (0y,q.p+)* Oy q.p(x) = Ap(z). We conclude that

Ap € (Dy.q.p7) Oy.q,p-
To prove the other inclusion we consider some « € dom Jy 4, such that 9y qp,(z) belongs
to dom(dy q,p+)*. By [ , Theorem 5.29 p. 168], we have (9y qp+)** = Oy q,p=. We infer that

(2.9) . (2.8) ' .
(Op,q,p) Op qp+ < ((311174717*)*8111711,17) C Aj. Foranyy € Pg, using Oy q,p(x) € dom(Dy g.p+)
in the last equality, we deduce that

<A;(y>7I>LP (VN(G)),LP (VN(G)) = ((0p,q,0) Oy .0~ )’I>Lp*(VN(G)),L”(VN(G))

(2.4) (2.4) y
= <3w,q,p*(y),3w,q,p(l")>Lp*,Lp = <y7 (81/)7117:0*) 6¢7q7p(x)>Lp*(VN(G)),LP(VN(G))'

Since Pg is a core for Ay = Ay« by definition, this implies [ , Problem 5.24 p. 168] that
r € dom A3* = A, and that Ay (x) = (9y,q.p7)* Oy ,q.p(T)- [

Now, we show how the noncommutative gradient 9y 4, commutes with the semigroup and
the resolvents of its generator.

Lemma 4.2 Let G be a discrete group such that T'y(H) xo G has QWEP. Suppose 1 < p < oo
and -1 < g < 1. Ifx € domOy,q,p and t > 0, then Ty ,(x) belongs to dom Oy 4, and we have

(4.3) (IdLP(Fq(H)) A Ttvp)awq,p(f”) = 0y ,q,pTtp().

Proof : For any s € G, we have

(2.70)
(Tdee(r, (z)) X Trp) Opa.p(Xs) (

= e w5 (b,(s)) x A

Ideo (e, (my) % Tip) (8q(by(5)) % As)
(2.70) —tl1by (s)12 Opgp(Ns) = Dy, (—t|\b¢(s)|\2)\s)
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= a%q,pn,p()‘s)-

So by linearity the equality (4.3) is true for elements of Ps. Now consider some = € dom Oy ¢ p-
By | , . 166], since 9y 4, is the closure of Jy 4: Po € LP(VN(G)) — LP(T'y(H) X G),
there exists a sequence (x,) of elements of Py converging to z in LP(VN(G)) such that the
sequence (Oy.q.p(Ty)) converges to Oy, qp(x). The complete boundedness of T; ,,: LP(VN(G)) —
LP(VN(G)) implies by Proposition 2.20 that we have a (completely) bounded linear operator
Idpe(r, () X Tip: LP(Dy(H) ¥q G) — LP(T(H) xq G). We infer that in LP(VN(G)) and
LP(T'y(H) X G) we have

Ttp(acn) —) Tt p( ) and (Ide(pq(H)) NTt’p)aw’q}p(l‘n) —+> (Ide(pq(H)) >4Tt’p)8¢7q7p(x).

“+o00 n—-—+0o0

For any integer n, we have (Idpe(r,(my) X Ttp)Op.qp(@n) = Oy qpTip(n) by the first part
of the proof. Since the left-hand side converges, we obtain that the sequence (9y 4,pT%.p(Tr))
converges to (Idps(r, (m)) X Tt.p)0y.qp(x) in LP(Ty(H) %o G). Since each T; ,(z,) belongs to
dom Oy 4 p, the closedness of 9y 4, and (2.1) shows that T} ,(z) belongs to dom dy 4, and that
Op.apTip(@) = (Wdiree,m) X Tip) O.a(2). m

Proposition 4.3 Let G be a discrete group such that T'y(H) Xo G has QWEP. Suppose 1 <

p<ooand —1<q<1. Foranys >0 and any v € domdy g, we have (Id + sAp)_l(x) €
dom 0y ¢ and

(4.4) (Id % (Id + 84p) ")y gp(2) = Dy (1d + 54,) ™ (2).

Proof : Note that for any s > 0 and any z € LP(VN(G)) (resp. & € dom 0y 4,,) the continuous
functions RT — LP(VN(Q)), t — e~ T} ,(z) and RT — LP(T(H) 3o G), t — e~ t(Id x
T} p)Oy q,p(x) are Bochner integrable. If ¢ > 0 and if # € dom Jy 4, taking Laplace transforms
on both sides of (4.3) and using | , Theorem 1.2.4] and the closedness of 9y 4, in the

penultimate equality, we obtain that [ ¢~ 'T, (z) dt belongs to dom dy, 4, and that

(1d % (571 + Ap) " )8y g p(@) = —(— s 11d — (Id x Ap)) " 0y g ()

(2 ! / et tad A TS,p)all),qw(x) dt (4;5) e_{ltaw,q,th,p(@ dt
0 0

> 1 2.15
aw,,(/o e" tTt,p(x)dt>( " 0pgp (5711 + 4,) " ().

We deduce the desired identity by multiplying by s—!. [ ]

Now, we prove a result which gives some R-boundedness.

Proposition 4.4 Suppose 1 <p < 0o and —1 < q < 1. Let G be a discrete group. The family
(4.5) {t0p.0p(1a+124,)7" 1> 0}
of operators of B(LP(VN(QG)),LP(Ty(H) X4 G)) is R-bounded.

Proof : Note that the operator 9y 4 ,Ap 2 : Ran A4, — LP(I',(H) x4 G) is bounded by (3.30).
Suppose t > 0. A standard functional calculus argument gives

(46) 0,01+ 124,) 7 = 0404, ((24,) (10 4 £24,)77).
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By [ |, note that A, has a bounded H*>(Xy) functional calculus for some 0 < 6 < 7. More-

over, the Banach space L?(VN(G)) is UMD by [PiX, Corollary 7.7], hence has the triangular
contraction property (A) by | , Theorem 7.5.9]. We deduce by | , Theorem
10.3.4 (2)] that the operator A, is R-sectorial. By | , Example 10.3.5] applied with

o= % and B = 1, we infer that the set
{(24,)3(1d + 124,) 7 - ¢t > 0}

of operators of B(LP(VN(G))) is R-bounded. Recalling that a singleton is R-bounded by
[ , Example 8.1.7], we obtain by composition | , Proposition 8.1.19 (3)] that
the set

1

{0s.0as? (P4, a4 £24,)71) 1t >0}

of operators of B(LP(VN(G)),LP(I'y(H) X, G)) is R-bounded. Hence with (4.6) we conclude
that the subset (4.5) is R-bounded. [ |

Our Hodge-Dirac operator in (4.16) below will be constructed out of 9y 4, and the un-
bounded operator (9y 4 )*|Randy 4. Note that the latter is by definition an unbounded op-
erator on the Banach space Ran 0y, 4 , with values in L? (VN(G)) having domain dom(0y 4,p+)* N
Ran 3¢’q7p.

Lemma 4.5 Let G be a discrete group. Suppose 1 < p < oo and —1 < q¢ < 1. The operator
(Op,q.p*) IR Oy 4.p is densely defined and is closed. More precisely, the subspace Oy 4 ,(Pc) of
dom(0y q,p+)* ts dense in Ran Oy g p.

Proof : Let y € Randy 4. Let € > 0. There exists © € dom dy, 4, such that ||y — 0y ()] <
e. By Proposition 3.11, there exist x4, € Pg such that ||z — 2| (vn(g)) < € and

|04, () — 8w,q,p($ﬁn)HLP(FQ(HM@G) <&

We deduce that |y — 9y,qp(Tan) Lo, (), < 26- By Proposition 4.1, 9y 4,(Pg) is a sub-

space of dom(0y,q,p*)*. S0 Oy q.p(Tan) belongs to dom(dy, q.p+)*.
Since (Oy q.p+)* is closed, the assertion on the closedness is (really) obvious. [

According to Lemma 4.2, Id x T} leaves Ran 0y, 4, invariant for any ¢ > 0, so by continuity
of Id x T} also leaves Ran dy 4 invariant. By | , pp. 60-61], we can consider the generator

def S—fa
(4.7) By = (IdLP(Fq(H)) x Ap)|Ran Oy,q,p-
of the restriction of (Id x T})¢>0 on Ran 0y ¢ p.

Lemma 4.6 Let G be a discrete group such that Tq(H) x4 G has QWEP. Suppose 1 < p < 00
and —1 < g < 1. The operator By, is injective and sectorial on Randy 4 p.

Proof : The operator B, is sectorial of type § by e.g. | , D- 25].

For the injectivity, we note that once B, is known to be sectorial on a reflexive space, we
have the projection [ , (10.5) and p. 367] onto the kernel of B, essentially given by the
strong limit

P= lim A\(A+Idx A
g A+ I 4)

-1
|Ran8¢,yq,p’
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It is easy to check that P(y) = 0 for any y € 0y ,¢,p(Pc). Indeed, by linearity, we can assume

that y = 0y q(Xs) 19 $q(by(8)) X A for some s € G such that in addition by (s) # 0. We claim
that

4.8 AHId % Ay) (54 (by(5)) X Ag) = ——————554(by(8)) X As.

(4.8) ( p) |Ran8¢,q,p( q( w( ) ) At ||bw(5)||2 q( w( )

To see (4.8), it suffices to calculate

()\+Id><Ap)<

1
Ol

———————554(by (s As
R T BT )

(Asq(bi(5)) 2 As + 1By ()17 54 (b (5)) 0 As) = sq(by () 3 As.

Now P(y) = 0 follows from >\+Hbi(8)|\2 57 = 0 when A — 0 since [|by(s)]|> # 0. Since

Pg is a core for Oy q,p, it is not difficult to see that P(y) = 0 also for y € Randy 4. Finally by
continuity of P, we deduce P = 0. Thus, B, is injective. [ ]

0
%
164 (s

Recall that if G is a weakly amenable discrete group, then by the considerations at the end
of Subsection 2.4, there exists a net (Ide(pq(H)) X M) of finitely supported crossed product
Fourier multipliers converging strongly to the identity. We also recall from (2.44) that P, « ¢
is the span of the z x Ay’s, where x € LP(VN(G)) and s € G.

We will use the following result.

Lemma 4.7 Let G be a weakly amenable discrete group such that T'y(H) X4 G has QWEP. If
z2 € Ppw,c NRandy qp then z € Oy q.p(Pa).

Proof : Let (2,) be a sequence in dom 0y 4, such that 0y g ,(2,) = 2. Let M, be a compactly
supported completely bounded Fourier multiplier such that (Id x M,)(z) = z. Then

(3.32)
2 = OpqpMyp(zn)ll, = llz— (Id x My)0y q.p(20)ll 10
< lz = (Id 3 M) (2)|| L + [[(Id X M) (2 — Op,q,p(20)) |1
< Iz = (Ad x M) (2)|lpp + 112 = Oyq,p(20)lly —— 0.

n—-+oo

Therefore, the sequence (0y,qpMy(2,)) is convergent to z for n — oco. Write M,(z,) =
ZseF Zn,sAs With some 2, s € C and a finite subset F' of G. Since for any s € G, the Fourier mul-
tiplier M, associated with the symbol ¢ — d,(t) is completely bounded, (Idx M)y ¢ p M, (2n) =
Zn,s5q(by(8)) X A is convergent for n — oco. Thus, either by(s) = 0 or (z,,s) is a convergent
scalar sequence with limit, say, z® € C. We infer that

s (2.70) <
Mol = 3 tnesalbol9) 50 s 3 sy o(o) 00 2 0 (00 ).
scF seF seF
We conclude that z = 0y 4, (> ,cp 2°As) belongs to 9y ¢.,(Pa)- [ |
Proposition 4.8 Let G be a discrete group such that I'y(H) 1o G has QWEP. In the first

three points below, assume in addition that G is weakly amenable, so that the approximating
Fourier multipliers M, exist. Suppose 1 <p < oo and —1 < q < 1.
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1. Ppx,c is a core of (Oyqp-)". Furthermore, if y € dom(0y qp+)*, then (Id x M, )(y)
belongs to dom(0y,q,p+)* for any j and

(4.9) (Op.q.p-)"(1d X My )(y) = My, (0yp.q.p%)" (y)-

2. Oy,qp(Pc) is a core of (Oy q.p+)*|Ran 0y q.p-
3. Oy,qp(Pc) is equally a core of Oy q.p(0y ,q.p+) |RaN Oy g p.
4. Oyp.q.p(Pa) is equally a core of B,.

Proof : 1. Lety € dom(@w a.p*)" Then (Idpe(r, (7)) X M, )(y) belongs to P, « - It remains to
show that (Idp»(r,( My, )(y) converges to y in the graph norm. Recall that (Idps(r,(z)) @
M, )(y) converges to y in LP(I‘q( ) X G) according to the assumptions. For any s € G, we
have

(2.4)

<(3w7q7p*)*(1d A M<Fj)(y)v /\s> =" ((Id = Mcpj)(y)a aw,qm*()‘s» = <y, (Id > MW)(aquw* ()\9))>
(3.32)

= <yvaw,q,p*MsTj(>\s)> = <(8w,q,p*)*(y)7MgTj(>\s)> = <Mq>j (%,q,p*)*(y),/\s)-

By linearity and density, we deduce the relation (4.9), i.e

(Opq.p ) (Id 3 My )(y) = My, (Oyq.p7)" (y)

which converges to (Oy,q.p+)*(y) in LP(VN(G)).
2. Let y € dom(0y,qp+)*|Randy 4, and > 0. By the proof of the first point, we already

know that for some j large enough, there is , % (Id x M, )(y) belonging to P, x ¢ such that

ly =zl <& and  [[(9p,qp°)" (W) = (Op,0.0)" (2l <&

We claim that z belongs to Randy q,p. Indeed, for 6 > 0, since y € Ran8¢7q7p, there is
some a € dom&b,q,p such that |ly — Oy.qp(a)llL, <. But then ||z — (Id x My, )8y, qp(

a)| L
(3.32)
H (Id x My, )(y — aduq,p(a))HLp Sy = 0y ,qp(a)ll, < dand (IdxM, )0y q.p(a ) adutLp 0, (@)

belongs agaln to Ran 0y q,p. Letting 6 — 0, it follows that z belongs to Ran 8¢7q,p.

By Lemma 4.7, we conclude that z belongs to 9y 4.,(Pa)-

3. Take y € dom Oy ¢,p(0p,q.p* ) IRAN Oy 4 p, that is, y € dom(Dy ¢+ )* NRan dy 4, such that
(Oyq.p+)*(y) € dom Dy 4 p. We have (Id x M, )(y) — y and (Id x M, )(y) € Oy,q.0(Pg) by the
proof of part 2. Moreover, we have

* (4.9) %
Opq,p (O q.p) " (Id X M@j)( ) =" Opqp soj(aqu,p*) (v)

]—,> 6w,q,p(aw,q7p*)*(y)~

(3.32) ‘
= (Id » Msaj)awqm(aw,q,p*) (v)

4. Note that 9y 4,(Pg) is a dense subspace of Randy 4, which is clearly a subspace of
dom B,, and invariant under each operator (Id x T;)|Ran 0y 4, by Lemma 4.2. By Lemma 2.3,

we deduce that 9y 4.,(Pg) is a core of (Id X A,)|Randy 4., (LD B,. [ |

Proposition 4.9 Let G be a weakly amenable discrete group such that T'4(H) oG has QWEP.
Suppose 1 < p < oo and -1 < g < 1.
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1. For any s > 0, the operator (Id + sA,,)‘l(aw,q,,,*)* induces a bounded operator on
Ran@quvp.

2. For any s > 0 and any y € Ran 8y, 4, Ndom(dy.4p+)*, the element (Idx (Id+sA4,) 1) (y)
belongs to dom(Dy, 4.+ )* and

(4.10) (Id + sAp)fl(&byq,p*)*(y) = (Op,qp-) (Id x (Id + s4,)71) (y).

3. Foranyt >0 and any y € Ran 0y ¢, Ndom(0y 4+ )*, the element (Id x T3)(y) belongs to
dom(9y 4.p+)* and

Tt (Oyq,p+ )" (y) = (8w,q,p*)*(ld X Tt)(y)-

Proof : 1. Note that (Id + sA4,) ™ (0y 4.0+ )* (g) (8yq.p+ (Id + sA4,-)~1)". By Proposition 4.4,
the operator (81/,7“,* (Id + sAp*)_l)* is bounded. By Lemma 4.5, the subspace 0y 4,(Pg) of
dom(dy g p+)* is dense in Randy 4,. Now, the conclusion is immediate.

2. By Proposition 4.1, for any € domA, we have z € dom3y g, and Oy 4p(x) €

dom(0y q,p+)*. Moreover, for all t > 0 we have

. (4.1) (2.12) (4.1) .
T4 (0yp,q,p7) Opqp(®) =" TeAp(x) =" ApTi(x) =" (Oy,q.p*) Op,qpTt(x)
(4.3) «
=" (0y,q.p) (Id X T}) 0y g p()-

By taking Laplace transforms with (2.15) and using the closedness of (9y,q,+)*, we deduce that
the element (Id + sId x A,) ™10y 4.,(x) belongs to dom(dy, 4 )" for any s > 0 and that

(4.11) (Id + 5Ap) ™ (Op.g.p7) Opq.p (%) = (Dqp )" (Id 0 (Id + 545)) 71Dy g p ().

Let y € Randy 4, N dom(dy 4,p+)*. Then according to Lemma 4.5, there exists a sequence
(z,,) of Pg such that Oy q,(z,) — y. We have (Id x (Id + sA4,)) 1 0yp.qp(zn) — (Id x (Id +
sA,))"(y). Since each z,, belongs to dom A,, using the first point in the passage to the limit
we deduce that

. _ (4.11) _ .
(Op,q.p=) " (Id x (Id + sAp)) 181/1,q,p(xn) =" (Id+s4,) 1(81/)711711*) 9p,q.p(n)

— (Id+ SAp)_l(aw,q,p*)*(y)~

n——+oo

Since (Dy,q,p+)* is closed, we infer by (2.1) that (Id x (Id+sA,)) " (y) belongs to dom(dy,q,p+)*
and that

(4.12) (Op.g.pr)"(Id >0 (Id + 54,)) 7 (y) = (Id + 545) 7 (D gp) " (9)-

Thus (4.10) follows.
3. Let y € Randy 4. N dom(y 4,p+)*. If t > 0, note that

n—-+oo

(Id v (Id + ;AP>>n(y) C1 14 % T ().

Repeating the above commutation relation (4.12) together with the observation that (Id x (Id 4+
sAp)) ! maps 9y 4,(Pg) into itself hence by continuity Randy 4, into itself yields*? for any
integer n > 1 and any t > 0

Oear)* (100 (105 £4,)) )= (104 24)) @0

32. Note that we replace s by %

(2.11) N
Tt(aw,q,p*) (y>

n——+oo

91



Then by the closedness of (0y,q4.p+)", we deduce that (Id x T;)(y) belongs to dom(0y 4.p+)* and
that

(Oy,q.p )" (1d x Tt)(y) = T2(Oy,q,p=)" ()
Thus the third point follows. [ ]

Proposition 4.8 enables us to identify B, in terms of 0y 4, and its adjoint.

Proposition 4.10 Let G be a weakly amenable discrete group such thatT'o(H)x oG has QWEP.
Let1 <p < oo and —1 < g < 1. As unbounded operators, we have

(4.13) By = 0y,4,p(0yp,q,p7) [Ran 0y g p.

Proof : For any s € G, we have

(4.1)

0. Ap(Ns) = ([0 (9) 17 D q.p(As)
1 ()1, (b (5)) % Ae = (Id 38 Ay) (54(by()) 30 As) P2 (1d 30 4,) (9 g.p(Ns)).-

awﬁq p(aw q,p* )*aw’q’p()‘ )

(2.70)

We deduce that the operators Oy,qp(9y.q,p+)*|Ran 0y qp and (Idps(r,(m)) * Ap) coincide on
Oy.q.0(Pa). By Proposition 4.8, dy 4.,(Pc) is a core for each operator. We conclude that they
are equal. m

In the proof of Theorem 4.12; we shall use the following folklore lemma, see e.g. |
Proposition 2.13].

)

Lemma 4.11 Let (T3)i>0 be a bounded strongly continuous semigroup on a Banach space X.
Let —A be its infinitesimal generator. For any 5 < 6 < w the following are equivalent

1. A admits a bounded H*(3g) functional calculus.
2. There exists a constant C > 0 such that for any b € LY(RT) whose Laplace transform
Z(b) belongs to H®(Xp), we have

(4.14) ’

+oo
/ b(t)T, dtH S CIZ0) oo (s, -
0 X=X

Recall that the above integral is defined in the strong operator topology sense.

Theorem 4.12 Let G be a discrete group. Suppose 1 < p < oo and —1 < g < 1. Let G be
a weakly amenable discrete group such that I'y(H) xo G has QWEP. The opemtors Ap and
Id x A, have a bounded H*(Xy) functional calculus of angle 0 for any 0 > 7r\7 - =

Proof : For the QWEP property in case of G being a free group, we refer to | , Proposition
4.8]. According to Proposition 2.20, Id x T} extends to a (completely) contractive operator on
LP(Ty(H)xoG). Moreover, since Py ¢ is dense in LP(T'y (H) X4 G), the property of (T});>0 being
a strongly continuous semigroup carries over to (Id x Tt) >0- Accordmg to | , Theorem 4.1]
(see also | 1), A, has a (completely) bounded H*(3y) functional calculus on L?(VN(G))
for any 5 < 6 <. By Lemma 4.11, for any b € L}(R,) such that £ (b) belongs to H (2y) we

have
(4.15) / b(H)T, dt
0

S 1L 0o s, -
cb,LP(VN(G))—LP (VN(G))

92



Note that for any As; € Pg, we have

</OOO b(t) Ty dt> (As) = /OOO b(t)Ty () dt = /OO b(t)e B @I ) gt

_ (/OOO b(t)etIeI? dt) (As). 0

So the map fooo b(t)T; dt is also a Fourier multiplier. Thus, by Proposition 2.20

‘ / b(#)Id x T(x) dt — [1a x ( / b(t)Tt(:c)dt>
0 LP(Tq(H)xaG)—=LP(Tq(H)%aG) 0 Lp—Lp
(2.48) o0 (4.15)
< / b(t)Ty () dt B2 (]
0 ¢b,LP(VN(G))—LP (VN(G))

By Lemma 4.11, Id x A, admits a bounded H*(¥y) functional calculus for any § > 7. Now,
we reduce the angle and conclude with | , Proposition 5.8]. ]

Suppose 1 < p < co. We introduce the unbounded operator

def | 0 (Op.q.p°)*
4.16 D = 9P
( ) ¥,q,p {aw,q,p 0

on the Banach space L?(VN(G)) @, Ran 0y 4, defined by
(4.17)

def * * 5
Dy q.p(z,y) = ((awqm*) (y)aaw,q,p($>)v x € dom 0y q,p, y € dom(y g p-)" NRandy g p-

We call it the Hodge-Dirac operator of the semigroup. This operator is a closed operator and
can be seen as a differential square root of the generator of the semigroup (T3 ,):>0 since we
have Proposition 4.14.

Theorem 4.13 Let G be a weakly amenable discrete group such that Tq(H) Xo G has QWEP.
Suppose 1 < p < o0 and —1 < q < 1. The Hodge-Dirac operator Dy 4, is R-bisectorial on
LP(VN(G)) @p Ran 0y, 4,

Proof : We will start by showing that the set {it : t € R,¢ # 0} is contained in the resolvent
set of Dy q,p. We will do this by showing that Id — itD, 4, has a two-sided bounded inverse
(Id — itDy.4,) " given by

(4.18)

(Id +#24,) it(Id + 12 4) " Op.00)"| . [p o Remd— s 1P . Rom g
|:ita¢7q7p(1d + t2Ap)71 1d (Id + tQAp)71 : L 69;D Ran 811’41717 — L @P Ran 81!’;%?'
By Proposition 4.4 and since the operators A, and Idi» x A, satisfy the property (2.14) of
R-sectoriality (see Theorem 4.12), the four entries are bounded. It only remains to check that
this matrix defines a two-sided inverse of Id — itDy 4 ,. We have the following equalities of

operators acting on dom Dy, 4 .

(Id + t2A4,) 71 it(Idpe + t2A4,) " (Op.gp+)* .
[itaw,q,pad FRANTT T (d+2A)t | 1T Dug)
(4.16) (Id+¢*A,)~! it(Id +t2Ap) 1 Dy q,p+ )" Idps —1t(Dy,q.p*)"
T [ityqp(Id + 12 A4,) 7 Id x (Id +t24,) " —it0y.qp g,
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— (Id + tQAp)_l + 12 (Id + tQAp)_l(aib,qW* )" 0y.q.p
T |it0y g p(Id + t2A,) 7 —it(Id x (Id + t2A,) 1) 0y g
_it(Id + t2Ap)_1(aw>q,p* )* + it(Id + tQAp)_l(aw,q,p*)*
t20p.q.p(I1d + 12 Ap) 71Oy g p-)* +1d x (Id +t2A4,) 7!
(4.1)(4.4)(4.10) (Id + t24,) "t + t2(1d + t24,) 1A,
- 80y, q.p(1d + 124,) "1 — ity 4 (1 + 124,)
0
(tQGw’q’p(aw,q,p*)* +1d)(Id > (Id + tQAp)_l)}
:(441;(447) |:IdLP(VN(G)) 0 :|
0 dRanawwq,p

and similarly

. (Id + 2 A,) 1 it(Id + 2 A,) " Oy qp0)*
(1d = itDy.5) [it&p,q»p(ld +t24,)71 Id > (Id + 24,) 7

:[ Id —it(amp*)*H (1d + 124,) ! it<1d+t2Ap>—1<aw,q,p*>*]

—it@w%p Idm it6¢7q7p(ld + tzAp)71 Id (Id + tQAp)fl

_ [Ad 2 A,) 7 4 20y g7 ) Oy g p(Td + 12 A4,) 7
T | —itOy g p(Id + 12 A,) T 4 1ty p(Id + 2 A,) !
it(Id + tzAP)il(awaQ»P*)* - it(a¢»q7p*)* (Id A (Id + tzAP)il)
120y g p(Id + 124,) "1 (Dp,gp)* +1d x (Id + 12 4,) !
 [Tdes 0
10 Ide—s—1|"

Ran 8y q,p

It remains to show that the set {it(it — Dyq4,p) " : ¢t # 0} = {(Id — itDy )" : t # 0}
is R-bounded. For this, observe that the diagonal entries of (4.18) are R-bounded by the
R-sectoriality of A, and Idr» x A,. The R-boundedness of the other entries follows from the R-
gradient bounds of Proposition 4.4. Since a set of operator matrices is R-bounded precisely when
each entry is R-bounded, we conclude that (2.16) is satisfied, i.e. that Dy 4, is R-bisectorial.

|

Proposition 4.14 Let G be a weakly amenable discrete group such thatT'o(H)x oG has QWEP.
Suppose 1 < p < 0o and —1 < ¢ < 1. As densely defined closed operators on LP(VN(Q)) &,
Ran 0y 4., we have

A, 0 ]
0 (IdLP(Fq(H)) x Ap)[Ran Oy,q,p|

Proof : By Proposition 4.10, we have

o def |:Ap 0 ]
b 0 (Idpe(r,(my) 2 Ap)[Ran dy q.p

2
(4.19) Dy op= {

(4.1)(4.13) {(8%,1,,,*)*&1,,“, 0 } _ [ 0 (Op.q.0°)"|Ran Dy g p ’
0 Op,q,p(Op,q,p+ )" [RAD Dy g p O, q,p 0
(4.16) o
= ¥,q,p*
| ]

Now, we can state the following main result of this subsection.
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Theorem 4.15 Suppose 1 < p < oo and —1 < g < 1. Let G be a weakly amenable discrete
group such that T'q(H) x4 G has QWEP. The Hodge-Dirac operator Dy 4, is R-bisectorial on
LP(VN(G)) @, Randy 4, and admits a bounded H*(33) functional calculus on a bisector.

Proof : By Theorem 4.12, the operator Diyqyp L /(1)” B,

calculus of angle 2w < 7. Since Dy, 4, is R-bisectorial by Theorem 4.13, we deduce by Propo-
sition 2.2 that the operator Dy, has a bounded H*(XZ) functional calculus on a bisector.
|

has a bounded H*® functional

Remark 4.16 The boundedness of the H* functional calculus of the operator Dy 4, implies

the boundedness of the Riesz transforms and this result may be thought of as a strengthening

of the equivalence (3.30). Indeed, consider the function sgn € H*>(X,,) defined by sgn(z) def

1+ (2) — 1y-(2). By Theorem 4.15, the operator Dy 4, has a bounded H*> (%) functional

calculus on L?(VN(G)) &, Ran 0y 4 . Hence the operator sgn(Dy 4.,) is bounded. This implies
that

1
(4.20) (Di,,,M,) > =sgn(Dy,qp)Dygp and Dyg,p= Sgn(Dw7q7p)(D12lz,q,p) .

NJ=

1
For any x € dom Dy, 4, = dom (D?, )2, we deduce that

¥,q,p

(4.20)
=

2 1
[ Dyq,(2) HLP(VN(G))GBPLP(FQ(H) e) sg0(Dip,q.p)(Dih,q,p) % (%) ||LP(VN(G))@pLP(Fq(H) e)

S [[(DFq.0) : (z) HLP(VN(G))EB,,LP(F,Z(H) X0 G)
and

=

2 1
H (D3pq,0)2 (%) ||LP(VN(G))®pLP(Fq(H)><1aG) sgn(Dy,q,p) Dy q,p(2) HLP(VN(G))@pr(rq(H) XaG)

Sp HDw’q’p(x)HLP(VN(G))@DLP(FQ(H)NQG)'

Recall that on L?(VN(G)) @, Ran 0y 4., we have

(4.19) | A2 0

(4.21) (D2, )3 . .
or 0 Tdps(r,(my % A2 [Randy gy

1
By restricting to elements of the form (y,0) with y € dom A2, we obtain the desired result.

Remark 4.17 In a similar way to Remark 4.16, we also obtain for any element (x,y) of
dom 0y 4. p ® dom(9y ¢+ )*|Ran Oy 4., that

(
(D3 5)% (@, 9)]],
(4.16)

= ||Dw,q,p($ay)”p~

4.21) 1 1
= |43 @), + [ (dror, ) % A3) @I, = 100,00, + 1@p00)* @)1,

Similarly, we have

(4.22) | (e e,y % A2 )W), = 1 Opge)" W),y € dom(By,gp-)" NRan Dy g p.
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Proposition 4.18 Let G be a weakly amenable discrete group such thatT'o(H)x oG has QWEP.

Suppose 1 < p < 0o and —1 < g < 1. We have Ran A, = Ran(9y 4+ )*, Ran B, = Randy 4.,
Ker A, = Ker 0y 4.p, Ker B, = Ker(9y,4.p+)* = {0} and

(4.23) LP(VN(G)) = Ran(0y,q,p)* © Ker 9y g -

Here, by (Oy,q.p+ )" we understand its restriction to Ran 0y, 4 ,. However, we have Ran(0y 4 p+)* =
Ran(9yq,p+)"[Ran 0y q,p-

Proof : By (2.17), we have Ran D} , == Ran Dy, 4, and Ker D3, ., = Ker Dy 4 p. It is not
difficult to prove the first four equalities using (4.19) and (4.17). The last one is a consequence
of the definition of A4, and of | , p- 361]. |

4.2 Extension to full Hodge-Dirac operator and Hodge decomposition

We keep the standing assumptions of the preceding subsection and thus have a markovian
semigroup (7} )¢>o of Fourier multipliers with generator A, the noncommutative gradient Oy 4.,
and its adjoint (Oy q4,p-)*, together with the Hodge-Dirac operator Dy 4 ,,. We shall now extend
the operator Dy, 4, to a densely defined bisectorial operator Dy, 4, on LP(VN(G))BLP(T'y(H) X4
G) which will also be bisectorial and will have a H*(XZ) functional calculus on a bisector. The
key will be Corollary 4.22 below. We let

def | O (Op.q.p)*
4.24 D = "4:P
( ) ¥,q,p 81/,',q,p 0

along the decomposition LP(VN(G)) & LP(T'y(H) %o G), with natural domains for 9y 4, and
(Oy,q,p*)*. Again, except in Lemma 4.19, we need in this subsection approximation properties
of G, see before Lemma 4.20.

Consider the sectorial operator Aé on LP(VN(G)). According to | , (10.1) p. 361],

1 1

we have the topological direct sum decomposition L? (VN(G)) = Ran A2 ®Ker A2. We define the
1 1

operator R, o Op.qpAp 2t Ran A — LP(T'y(H) % oG). According to the point 4 of Proposition

1 1
3.11, R, is bounded on Ran A7, so extends to a bounded operator on Ran A;. We extend it

to a bounded operator R,: LP(VN(G)) — LP(T'y(H) % G), called Riesz transform, by putting

R,| Ker Aé = 0 along the above decomposition of L?(VN(G)). We equally let R;. e (Rp=)™.

Lemma 4.19 Let -1 < g<1and 1l <p < oco. Then we have the decomposition
(4.25) LP(T,(H) Xo G) = Randy 4. + Ker(0y, q.p+ )"

Proof : Let y € LP(I'y(H) x4 G) be arbitrary. We claim that y = R, R (y) + (Id — Ry Ry ) (y)
is the needed decomposition for (4.25). Note that R, maps Ran Aé into Ran 0y q,p, so by
boundedness, R, maps Ran AE to Randy 4, Thus, we indeed have R,R;.(y) € Randy g p-
Next we claim that for any z € L?(VN(G)) and any = € dom 0y 4+, we have

1
(4.26)  (Rp(2), Op.qp (m)>LP(I‘q(H)><1aG),LP* (Ty(H)xaG) — (2, Ap- <x)>LP(VN(G)),LP* (VN(G))*

— T 1
According to the decomposition LP(VN(G)) = Ran A2 @ Ker A} above, we can write z =

1 1 1
limy, s 100 A7 (2n) + 20 With 2z, € dom A} and zy € Ker A3. Then using Lemma 3.14 in the
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third equality, we have

<Rp(z)’8w,q,p* ($)> = lim <Rp(A§ (2n) + z0)761[)7q7p* (37)> = lim <aw7q,p(zn>vaw7q7p* ($>>

n——+o0o n——+00

lim <A§ (zn),Aé* (z)) = (z— zo,AE* (z)) = <Z,A§* (z)) — <ZO,A§* (z)) = <Z,A§* ().

n—-+o0o

Thus, (4.26) is proved. Now, for any « € dom 0y ¢+, we have

<(Id - RpR;*)(y)aaw,q,p* (13)> = <yv Oy, q,p* (33)> - <RPR;* (), Op,q,p* ($)>
U2 (4,0 00 (@) — (R3 (0), A2 (2)) = (9,000 (2)) = (31, Rye AJ- (2)

= <y7 81/)7(]7]7* (fL‘)> — <y, 8w,q7p* A;»?AE* (./13)> = 0~

By (2.7), we conclude that (Id — R,R;.)(y) belongs to Ker(Oy,qp+)*- |

From now on, we suppose the discrete group G to be weakly amenable such that T'y(H) %, G
has QWEP (e.g. if G is amenable). In the proof of Proposition 4.21 below, we shall need some
information on the Wiener-Ito chaos decomposition for ¢-Gaussians. This is collected in the
following lemma.

Lemma 4.20 Let —1 < g < 1land 1l < p < co. Let G be a weakly amenable discrete group
such that T'q(H) xo G has QWEP. Consider an approzimating net (M) of finitely supported
Fourier multipliers.

1. There exists a completely bounded projection P: LP(T';(H)) — LP(Ty(H)) onto the closed
space spanned by {sq(h) : h € H}. Moreover, the projections are compatible for different

values of p. The mapping P x Idi»vn(g)) extends to a bounded operator on LP(T'q(H) x4
Q).

2. For any j and any y € LP(I'y(H) x4 G), the element (P x My, )(y) can be written as
Zsesupp ; sq(hs) X As for some hs € H.

3. Denoting temporarily by P, and M, ,, the operator P and M, on the p-level, the identity
mapping on Gaussg ,(C) x span{\, : s € supp ¢;} extends to an isomorphism
(4.27)

Jp2;: Ran(P, x My, ) C LP(T4(H) o G) = Ran(Pa x My, ) € L*(Ty(H) x4 G).

KR

Proof : 1. We simply take for Wick words w(h) with h € Fy(H), P(w(h)) = Spercr,mywh).
Then 1. follows from Lemma 3.5.

2. Once we know that P x M, = (P xId) o (Id x M,,) is bounded according to point 1.
and Proposition 2.20, this is easy and left to the reader.

3. We have

Do sqlhs) 2 A < D0 Isa) o,y Saw D bl
SESuUpp @; LP(Fq(H)NG) sSEsupp @, SESUpp ¥j

(the same estimate on the L2-level). Note that for any s € supp ¢; fixed, we have a completely
contractive projection of LP(I'y(H) %o G) onto span{z x Ay, : x € LP(I',(H))}. So we have

Z Sq(hs) X As z ||5q(h80)||Lp(rq(H)) Zap 1ol -

SESUPP©g L7 (Dq(H)xa G)
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It follows that

D salhe) @A = 3 g =] DD salhs) XA

SESUpPp ¥ LP(Ty(H)%aG) SESUPP ¢; sESUpp ¢; L2(Ty(H)xaG)

Thus, (4.27) follows. [ |

Proposition 4.21 Let -1 < ¢<1andl < p <oo. Let G be a weakly amenable discrete group
such thatT'4(H) xo G is QWEP. Then the subspaces from Lemma 4.19 have trivial intersection,
i.e. Randy qp NKer(Oy qp-)* = {0}.

Proof : We begin with the case p = 2. According to Theorem 5.49, the unbounded opera-
tor Dy 42 is selfadjoint on L?(VN(G)) & L%(T;(H) x4 G). We thus have the orthogonal sum
Ran Dy, 4 28Ker Dy, 40 = L2(VN(Q))®L*(T'y(H) x4 G). Considering vectors in the second com-
ponent, that is, in L?(T'y(H) x4 G), we deduce that Ran dy, ;2 and Ker(dy 42)* are orthogonal,
hence have trivial intersection.

We turn to the case 1 < p < oo. Consider an approximating net (M,,). According to
Lemma 4.20 point 1. and Proposition 2.20, we have for any j a completely bounded mapping
Px M, =(Pxld)o(ld x M,): LP(I'q(H) xoq G) — LP(T'y(H) x4 G). We claim that

4.28 the subspace Ran 0, is invariant under Id x M.
¥,q,p P
4.29 the subspace Ker(d «)* is invariant under Id x M,
»,q,p ¥j
4.30 the restriction of P x Id on Ran 0, is the identity mapping.
»,q,p
For (4.28), for any s € G, note that

(2.70)
(Id % Mo, )0yq.p(As) =" (Id 2 My, ) (34 (by(s)) 2 As) = 9;(8)5q(by(s))  As.
This element belongs to Ran 0y 4. By linearity and since Pg is a core for 0y 4, according to
Proposition 3.11, we deduce that Id x M, maps Randy 4, into Randy 4. Now (4.28) follows
from the continuity of Id x M, .
For (4.29), note that if x € dom 0y ¢+ and f € Ker(9y ¢ p+)*, then

((Id x My, )(f), Opqpr (7)) = (f, (Id X M7)8y, g, ()
= <f7 aw,qm*MwT(l"» = <(8¢7q7p*)*(f)a MW(JU» =0.

By | , Problem 5.27, p. 168], we conclude that (Id x M, )(f) belongs to Ker(dy, q,-)* and
(4.29) follows. For (4.30), for any s € G we have
(2.70)
(P x1d)(Dy,gp(As)) =" (P x1d)(s4(bis(5)) 2 As) = 5q(by(5)) x As € Ran 0y, gp-
Now use in a similar manner as before linearity, the fact that Pg is a core of 9y 4, and the
continuity of P x Id.

Now, let z € Ran0y 4, N Ker(dy,q,p+)*. Then according to (4.28) — (4.30), we infer that
(P x M,,)(z) belongs™ again to Ran 0y, 4., N Ker(9y,q,p+)*. We claim that Jp 2 ;(P x M, )(2)
belongs to Ran 0y, 4.2 NKer(dy 4,2)*, where the mapping J, o ; was defined in Lemma 4.20. First
(P x My, )(2) belongs to Ran 0y, 4,p, so that there exists a sequence (z,,) in dom 9y, 4,,, such that

(4.31) (Px Mg, )(z) = nh%rrolo Oyp.q.p(Tn)-

33. Note that (P xId)(z) = z.
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Then we have in LP(I'y(H ) x4 G), with 1) = lupp o, , Which is of finite support and thus induces
a completely bounded multiplier My, 3

(4.31) .
(Px My, )(z) = (Idx My,)- (PxM,,)(z) = nl;rréo(ld X My, )0y q.p(Tn)

= nh_{go Oy, q,p My, (zn) = nh_)ngo Z Tr,50,4,p(As).-
sESUPD ¢

Since J 2 ; is an isomorphism, this limit also holds in L?(I'y(H) %, G) and the element J, 5 ; (P x
My )(z) = lim,_e0 Zsesupp ; T, sO0p.q.2(As) belongs to Randy 42. Furthermore, for some
family (hs) of elements of H, we have

(4.32) (PxMy)(z)= > sq(hs)x A

SESUpp ¥

Then using that (P x M, )(z) belongs again to Ker(dy q,-)* in the last equality, we obtain

(Da2)" T2 (P 3 My, (2) V27 <a¢,q,2>*< S sy(ha) AS)

sEsupp @;

_ (3w,q,p*)*< S sylha) As) = (Dpap) (P 5 M, )(2) = 0.

SESuUpp ¢;

We have shown that .J, 5 (P x M, )(2) belongs to Ran 0y, 4,2 N Ker(dy 4,2)*.

According to the beginning of the proof, the last intersection is trivial. It follows that
Jp,2,j(P x My, )(2) = 0. Since Jp 2 ; is an isomorphism, we infer that (P x M, )(z) = 0 for any
j. Since G is weakly amenable and I'y(H) %, G has QWEP, the net (Id x M) converges to
Idpe(r, (#r)x. @) for the point norm topology of LP(I'y(H) x4 G). We deduce that (P x1d)(z) = 0.
But we had seen in (4.30) that (P x Id)(z) = #, so that z = 0 and we are done. [ |

Combining Lemma 4.19 and Proposition 4.21, we can now deduce the following corollary.

Corollary 4.22 Let -1 < ¢< 1 and 1 <p < oco. Let G be a weakly amenable discrete group
such that Ty(H) x4 G is QWEP (e.g. G amenable, or G is a free group and ¢ = £1). Then we
have a topological direct sum decomposition

(4.33) LP(Ty(H) xa G) = Ran Oy q,p © Ker(Oy,q,p+ )"
where the associated first bounded projection is Ry R,.. In particular, we have
Ran(9y,q,p+)" = Ran(0y,q,p+ )" [Ran 0y, q,p.-

Proof : According to Lemma 4.19, the above subspaces add up to LP(I'y(H) x4 G), and
according to Proposition 4.21, the sum is direct. By | , Theorem 1.8.7], we conclude that
the decomposition is topological. In the course of the proof of Lemma 4.19, we have seen that for
any y € LP(I'y(H) x4 G), we have the suitable decomposition y = R, R». (y) + (Id — R, R;.)(y)-
So the associated first bounded projection is R, R;.. |

Theorem 4.23 Let —1 < ¢ <1 and1 < p < oo. Let G be a weakly amenable discrete group
such that Ty(H) x4 G is QWEP. Consider the operator Dy 4, from (4.24). Then Dy qp s
bisectorial and has a bounded H®(XE) functional calculus.

34. If z € dom Oq,q,p, it is really easy to check that (Id x My, )0a,q,p(2) = Oa,q,p My, ().
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Proof : According to Corollary 4.22, the space LP(VN(G)) @ LP(I'y(H) 1 G) admits the topo-

logical direct sum decomposition L?(VN(G)) @ LP(T',(H) X, G) ¢ LP(VN(G)) @Ran Op.qp®
Ker(0y,q,p+)* into a sum of three subspaces. Along this decomposition, we can write3®

0 (awqp*)* 0
(4.24) N (4.16) | D 0
Dygp = |Opqp 0 0] "= { 11)07!1717 O]
0 0 0

According to Theorem 4.15, the operator Dy, , ,, is bisectorial and does have a bounded H* (2%)
functional calculus. So we conclude tthe same thing for Dy, 4 ,,. See also Proposition 4.26 below.
|

Theorem 4.24 (Hodge decomposition) Suppose 1 < p < oo and —1 < g< 1. Let G be a
weakly amenable discrete group such that T'y(H) xo G is QWEP. If we identify Randy 4, and
Ran(0y,q,p+)* as the closed subspaces {0} @ Ran Oy 4., and Ran(dy g+ )* @ {0} of LP(VN(G)) @
LP(Ty(H) X G), we have

(4.34) LP(VN(G)) @ LP(T'y(H) X G) = Randy 4. B Ran(0y,q.p+)* ® Ker Dy, ¢ p.

Proof : From the definition (4.24), it is obvious that Ker Dy 4, = (Ker 0y 4, ® {0}) & ({0} &
Ker(0y,q,p+)*). We deduce that

LP(VN(G)) ® LP(Ty(H) x4 G)

(20039 (Ran(@w,q,p*)* ® Ker 5¢,q,p) @ (Ker(@quyp* )" & Ran 81#41,?)

= ({0} ® Ran 0y, 4,p) ® (Ran(0y,qp+)* © {0}) & (Ker dy,q,p ® {0}) @ ({0} © Ker(9y,q,p+)")
= ({0} ® Ran 0y, q4,p) ® (Ran(0y,qp-)* & {0}) & Ker Dy, g p.

Remark 4.25 An inspection in all the steps of the proof of Theorem 4.23 shows that the
angle of the H*(X%) calculus can be chosen w > T ;) — 1] and that the norm of the calculus
is bounded by a constant K, not depending on G nor the cocycle (by, H), in particular it is

independent of the dimension of H.

Proof : First note that since A, has a (sectorial) completely bounded H* (X5, ) calculus with
angle 2w > 7r|7 -1l , Theorem 4.1], by the representation (4.19) together with the fact

that the Spectral multlphers of A, are Fourier multipliers and with Proposition 2.20, D2 .p 21s0
has a sectorial H®(Xy,) calculus According to | , Proof of Theorem 10.6.7, Theorem
10.4.4 (1) and (3), Proof of Theorem 10.4.9], the operator Dd,,qm has then an H>® (X)) bisectorial
calculus to the angle w > % ; — 1| with a norm control

(435) 1 Puan)ll < Ko (M5Zpe ) (MEpy ) I

where K, is a constant only depending on w (and not on G nor the cocycle (by, H)). Here

Mé}f”pi,q,p is the H*(X5,,) calculus norm of Di 0p and
_ 0 ™
(4.36) My, = R({AA=Dye,) " AeC\o}, )] - 5] <Z- wh).

35. Here the notation (0y,q,p*)* is used for the restriction of (9y,q,p+)* on the subspace Randy q,p-
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Thus it remains to show that both M2°° D2 and Mw Dog

Hilbert space H and the cocycle by. Let us‘ start with MQw p2 - It is controlled according to
*Tap,q,p

, can be chosen independently of the

the above reasoning and (4.19), by M55 1age DA, that is, the cofnpletely bounded H* calculus
norm of A,. Moreover, an application of [ , Proposition 5.8] shows that it suffices to
consider only 2w > 7. According to | , Theorem 4.1], we have a certain decomposition of
the semigroup (7}, )i>0 generated by A,, given by

Ids» ® Ty p = (Idse ® Ep)(Idge @ Uy p)(Idge & J,).

Here, Ids» ® E, and Ids» ® J, are contractions and Idg» ® Uy is a group of isometries. An
inspection of the proof of Lemma 4.11 shows that the constant in the second condition there
is a bound of the H* calculus in the first condition there, so that it suffices to show that
the generator of Idgr ® U;, has a bounded H*(X,,,) calculus with a norm controlled by a
constant depending only on 2w > 7. By [ , Proof of Theorem 10.7.10], the norm of
the calculus of Uy, is controlled by ca, Bf)’ xhp,x, 2, denoting a constant depending only on 2w,
Bp,x denoting the UMD constant of X = SP(LP(M)) and h, x denoting the Hilbert transform
norm, i.e. on the space LP(R, SP(LP(M))).

These are controlled by a constant depending only on p but not on M. Indeed, using
[ , Proposition 4.2.15], it suffices to control the UMD constant of SP(LP(M)). It is
known that the constant is finite. By the following direct sum argument, one can see that it does
not depend on M, needed for our dimension freeness. Suppose that there are noncommutative
LP spaces L”(M;) such that the Hilbert transform norm

IH | o (R, 50 (L (1)) Lo (R, 5P (L2 (M) ot TO0

We have a direct sum &7 SP(LP(M;)) = SP(LP(&,;M;)) isometrically. But considering a sequence
(z;) of elements of EBfSp (LP(M;)) such that ; = 0 for ¢ # iy one sees that the Hilbert transform
norm

I |, 50 (L (@ M00) = Le R, 57 (Le @000))) 2 H o (R, s0(00 (0110 ))) 10 (RSP (L (011 )) -

On the one hand, the left hand side is finite, on the other hand, the right hand side tends to
infinity. By contradiction we conclude the claimed uniform control on the UMD constant of
SP(LP(M)). So we have the desired control of M3F 14,4, and thus of M3?

’ 7/) a,p

We turn to the control of Mﬁpw.q , from (4.36). According to (4.18) extended to complex

times z belonging to some bisector ¥ with ¢ = 5 — w, it suffices to control the following
R-bounds

(4.37) R({(Id+2%4,)"': ze £F})

(4.38) R({z(Id+ 2°4,)~ (awq,, )*: z€XF})

(4.39) R ({20p,4,(1d + 2° A ) 12 €X5})

(4.40) R({Idx (Id+2%4,)"": 2 € BF}).

Indeed, an operator matrix family is R-bounded if and only if all operator entries in the matrix
are R-bounded. According to | , Theorem 10.3.4 (1)], (4.37) is R-bounded since we can
write (Id 4+ 22A,) 7! = 1d — f(2?A4,) with f(X\) = A(1 + A)~!. Moreover, by the same reference,
its R-bound is controlled by Mg7__ A, which in turn, by the above argument of dilation can
be controlled independently of the Hilbert space H and the cocycle by. The same argument
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shows that also (4.40) is R-bounded. Since the operator family in (4.38) consists of the family
of the adjoints in (4.39) and R-boundedness is preserved under adjoints, it suffices to prove that
(4.39) is R-bounded. To this end, we decompose for z € %, the positive part of the bisector
(similarly if z belongs to the negative part of the bisector)

Zaw,q,p(ld + ZzAprl - [a%q,pA;E} (zzAP) ? (Id + ZQAP) [% q, p ] f( A )

with f(A) = VA(1+A)"!. Again | , Theorem 10.3.4 (1)] shows that the term f(2%4,)
is R-bounded with R-bound controlled by some constant independent of the cocycle. Finally, we
are left to show that the Riesz transform is bounded by a constant independent of the cocycle,
that is,

(4.41) 10p.0.0(@) [0 (r, (1100 @) < CHA >HLP(VN(G))'

For this in turn we refer to Proposition 3.10. [ ]

4.3 Hodge-Dirac operator on L?(VN(G)) ® Qy 4,

We keep the standing assumptions of the two preceding subsections and thus have a markovian
semigroup (7});>o of Fourier multipliers with generator A,, the noncommutative gradient dy 4,
and its adjoint (9 4,+)*. We also fix the parameters 1 < p < co and —1 < ¢ < 1, and assume
that the discrete group G is weakly amenable such that I'y(H) %, G has QWEP, so that the
main results from the preceding subsection are valid. For the rest of this section we consider
the Hodge-Dirac operator

def 0 (%q,p* )* 0
Dw a.p — aquyp 0 0
0 0 0

on the bigger space LP(VN(G)) @ Ran 0y 4., ® Ker(9y 4 p+)*, with domain

dom Dy 4,p ' dom Oyq,p @ (dom(@w,q,p*)* N Ran 31/}41710) ® Ker(y,q,p)"

In the following, we consider the bounded operator

(Id+t2A4,)~" it(Id + t*Ap) " (Oy g )" 0
(4.42) T ity 4 p(1d +t24,)"1  1d x (Id + 124,) 0
0 0 Idker(a,, 4 )
on the space Lp (VN(G))@Ran 0y, 4, ®Ker(dy 4.+ )*. Here, we interpret itdy 4 ,(Id+t2A,) ! and

)
it(Id+t%A,) 1 (0y 4.0+ )* as the bounded extensions Lp(VN(G)) — Randy 4 CLP(T,(H) %o G)
resp. Randy 4, C LP(Ty(H) xo G) — LP(VN(G)) guaranteed by Proposition 4.4. Then this
proposition and Theorem 4.24 yield that T is a bounded operator on LP(VN(G)) @LP(T'y(H) x4
G).

Proposition 4.26 Let 1 < p < o0, —1 < ¢ < 1 and G be a weakly amenable discrete group
such that T'q(H) x4 G has QWEP. We have

(4.43) T(Id —itDy q,) = IddomD,, , ,
and
(4.44) (Id = itDy,q.p)T = Idre(vN(G) L Ty (H) %0 G) -
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Proof : If R e (Id + t?A,) ™!, a straightforward calculation shows that

R(Id + t*(0y,g.p*) O q,p) 0 0
T(d —itDy. 4 p) = |ity,qpR —itld X ROy qp 120y qpR(0ypqp)* +1d x R 0
0 0 Idker(, , )"
(I 0 0
1) (117) 0

0 0 Idker(a,, , )"

We check the expressions (I), (II),(IIT). For (I), note that according to Proposition 4.1, we
have (1) = (Id + £24,) " + £2(1d + £24,) " (9y.0p°) Dp.zp = Idaoma, .+ since we recall that
(Id + t2A4,) 1 (Dyp.,q,p+)* is interpreted as a bounded operator Randy 4, — LP(VN(G)). Then
(IT) = 0 on dom dy 4, according to Proposition 4.3. Finally, we note that on the one hand,
it is easy to check with Proposition 4.3 that (III) = Id on Py . On the other hand, Py ¢ is
a core of (9y,qp+)* according to Proposition 4.8 and 9y 4, (Id 4+ t*A4,)~! is bounded, the two
of which imply easily that (I1T) = Idmndom(%.q,p*)*. Altogether, we have shown (4.43).

We turn to (4.44). Again a straightforward calculation shows that

(Id = itDy g.p)T

(Id + 2 (Oy,q,p-) Oprgp) B ILR(Dy,q,p+)" = it(Dyp qp°)*Id ¥ R 0
= 0 t28w,q,pR(8¢,q,p*)* +1Id x R 0
0 0 Ichr(Bw,q.’p*)*
() (1) 0
0 I 0

0 0 Idker(a, , )

As for (4.43), one shows that (I) = Idps(vn(g)). Again with Proposition 4.3, one shows that
(II) = 0 on dom(0y q,p+)*. But (II) is closed, since the product AB of a closed operator A
and a bounded operator B is closed, so since dom(0y ¢p-)* N Randy 4, is dense in Ran dy, 4 p,
(II) =0on Randy 4. Finally, we have already shown above that (1) = Id on dom(9y 4,p+)*,

and as before, (I171) is closed. We infer that (I11) = [ e [ |

We recall from Theorem 4.23 that Dy, , has a bounded H*(3E) functional calculus on
a bisector on the space LP(VN(G)) & LP(I'y(H) Xo G). Next we show that an appropriate
restriction of Dy, 4, to the space LP(VN(G)) & Q. q.p, where

Qyogp def spaan {s54(&) x Xs: £ € Hy, s € G}

and Hy, % span {by(s) : s € G}, is still bisectorial and admits an H*(X%) functional calculus
on a bisector.

Lemma 4.27 Assume —1 < g <1 and1 < p<oo and G be a weakly amenable discrete group
such that T'y(H) x4 G has QWEP. There is a bounded projection W : LP(VN(G))®LP(T'y(H) o
G) = LP(VN(Q)) @ LP(I'y(H) % G) on Qy qp such that LP(VN(G)) C Ker W.

Proof : We remind the reader that the bounded projection P: L?(T'y(H)) — L?(T'y(H)) from
the part 1 of Lemma 4.20 is given in the following way. If (e)r>1 denotes an orthonormal basis of

H and for a multi-index ¢ = (41,42, ..., i,) of length |i| = n € Nwelet e; def e, Qe Q- Re; €
Fy(H), then the Wick word w(e;) € I'q(H) is determined by w(e;)Q2 = e;, where  denotes
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as usual the vacuum vector. Then a careful inspection of | |, in particular Theorem 3.5
there, shows that we have P(}_; cie;) = -, ayw(e;) for any finite sum and a; € C. Here,
w(e;) = sq(e;) in case |i| = 1. According to Lemma 3.5, P x Idpr(vn(g)): LP(Tg(H) %o G) —
LP(Ty(H) x4 G) is a bounded mapping.

Now note that if Q: H — H denotes the orthogonal projection onto the closed subspace
Hy of H, then by | , Theorem 2.11] there exists a trace preserving conditional expectation
E: LP(T'y(H)) — L?(I'y(H)) such that E(w(e;)) = w(F4(Q)e;). Note that by (2.19), for any
s € G, each 7y induces an operator 7,: Hy — Hy, and thus by orthogonality of m,-1 also

T Hj) — Hj Thus each 7, and @ commute, whence a, L9 [y(ms) and E = T',(Q)

commute. We can use Lemma 2.23 and deduce that E extends to a normal complete contraction
ExIdyngy: Tg(H) o G — T'y(H) x4 G. Again by Lemma 2.23, we infer that E x Idyy(g) is a
conditional expectation which is trace preserving, so extends to a contraction on L?(I'y(H) %o G)
for 1 < p < oo.

We claim that PE x Idy»vn(a)) is a projection. To this end, it suffices®® to check that P
and E commute. We assume that the orthonormal basis (ej)ren is chosen in such a way that
(ex)ren, is an orthonormal basis of H,, for some Ny, C N. From the foregoing, for a Wick word
w(e;) we have

PEw(e;) = Pw(Fq(Q)e;) = 0y=1w(Fq(Q)es) = 0jg=105en, w(e;)
and

IEPw(ei) = E5|2‘:1w(61) = 6‘1|:1w(]:,1(Q)e£) = 5@|:151‘€Nww(6£’).
Thus P and E commute on a total set, so commute on all of L?(T'y(H)). It suffices to consider
the projection W' Ll PR Idps (vn(@)) and to finally extend it to W: LP(VN(G)) ©LP(T'y(H) x4

G) — Qy by setting W(z,y) g W'(y) and observe by a standard density and continuity
argument that Ran W = Qy, 4 . [ |

The proof of the following elementary lemma is left to the reader.

Lemma 4.28 Let X be a Banach space and let Q1,Q2,Q3,Q4: X — X be bounded projections.
Assume that Q1 + Q2 + Q3 + Q4 = Idx and that Q;Q; = 0 for i < j. Then we have a direct
sum decomposition

X = Ran(Ql) S5 Ran(Qg) 5] Ran(Qg) ©® Ran(Q4)

Lemma 4.29 Let 1 < p < o0 and —1 < q¢ < 1. Assume that the discrete group G is weakly
amenable and that Ty(H) Xo G has QWEP. The subspace LP(VN(G)) & Qy 4 is invariant
under the resolvents T' from (4.42) of the Hodge-Dirac operator Dy g p.

Proof : With respect to the decomposition projections from (4.33), we can decompose the
identity IdLP(VN(G))@LP(Fq(H)NaG) as a sum

ldps (vN(G))aLr (0, (H)xaG) = P2 OP, & P
LP(VN(G)) @ LP(T',(H) x4 G) = LP(VN(Q)) ®Ran dy 4., ® Ran(9y ¢ p+)*

Then we claim that

Idpe(vN(@)aLe (r,(H)x.G) = P1 SPRW o PBW eV

36. Recall that the product of two commuting projections on a Banach space is a projection.
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LP(VN(G)) @ LP(T'y(H) x4 G) = LP(VN(G)) ®Ran 0y qp ® Xy ® Yy
—_———

=Qy.q.p

for some subspaces X, and Yy, coming with projections Py, P,W, PsW and V' def (Po+Ps)(Id—
W). To this end, we apply the auxiliary Lemma 4.28. Note first that P; + P,W + PsW 4+ V =
P1+(P2+P3)W+(P2+P3)(Id—W) :P1+(P2+P3) :Id Then PQW, P3W andVare
projections. Indeed, P,WP,W = P,P,W, since Ran P,W C Randy 4p C Qyqp = RanW,
and P,P,W = P,W | since P; is a projection. Moreover, PsW PsW = PsW(Id — P, — Po)W =
P3W—P3WP1W—P3WP2W = PgW—Pg'O'W—P3P2W = PgW—O—O'W = P3W Thus, P2W
and PsW are projections. Moreover, V = (Py+ P3)(Id —W) = (P + P+ P;)(Id—W) — P, =
Id—Pl —VV7 and V2 = (Id—Pl—W)2 = Id+P1+W—2P1—2W+P1W+WP1 =
Id— P, —W 4040 = V. Thus, also V is a projection. Now we check that some products of the
four projections vanish as needed to apply Lemma 4.28. We choose the order (Q1, Q2, Q3,Q4) =
(P, PsW, P,W, V). First note that this is clear if one of the factors is P;. Then PsWP,W =0
since Ran(WP,W) = Ran(P,W) C Randy q, C Ker Ps. Moreover, PsWV = PsW (P, +
P)(Id — W) = PsW(Id — W) = 0 and also BRWV = P,W(P, + P3)(Id — W) = 0. We
have shown the claim and thus have a direct sum decomposition of the space into four closed
subspaces.
Now write the resolvent

A B 0
(4.45) T=|C D 0
0 0 Idke(o,, .-

along the Hodge decomposition Id = P; + P> + P5. If x € LP(VN(G)) @ LP?(T'y(H) x4 G), then
x belongs to L?(VN(G)) @ Q4 4,p if and only if V(z) = 0. For such an x, we have

T(Z‘) = T(Plx + P Wax + P3WJJ)
= PlApll’ + PQWCPll' + P3WCP1!E + VCPla: + PlBPQW.Z‘
+ PPWDP,Wax + PsSWDP,Wax +VDP,Wax + PsWe.

The summands starting with P; and P» lie in L?(VN(G)) and Ran 0y g, € 4y ,p. The re-
maining summands are PsWCPix = PsCPiz = 0 since CPiz € Ran0y,qp; VCOPiz = 0
since CPiz € Ran0Oy gp C Qygp; BWDPWz = PsDP,Wx = 0; VDP,Waz = 0 since
DP,Wz € Ran0y qp C Qg qp- Finally, PsWz € Xy C Qy,,. We conclude that T'(x) €
LP(VN(G)) @ Qy q,p- u

Theorem 4.30 Let 1 < p < o0 and —1 < g < 1. Assume that the discrete group G is weakly
amenable and that Ty (H)x oG has QWEP. Consider the part Di/;, p of the Hodge-Dirac operator
Dy gp: dom Dy g, C LP(VN(G)) & LP (T, (H) %0 G) — LP(VN(G)) & LP(Ty(H) %0 G) on the
closed subspace LP(VN(G)) & Q. qpp. Then Dy, ., is bisectorial and has a bounded H>(2h)

Sfunctional calculus on a bisector.

Proof : We want to apply | , Proposition 3.2.15]. To this end, note that we have proved
above that Dy, 4 , is bisectorial on X = LP(VN(G)) @ LP(T';(H) o G). Moreover, for any ¢t € R,
(Id — itDy 4 ) ! leaves invariant Y = LP(VN(G)) & Qy 4 p according to the above Lemma 4.29.
Note that then the same holds for ¢ belonging to any bisector ©* to which Dy, ,, is bisectorial.
Indeed, z — (Id — 2Dy )~ ! is an analytic function on the subset of C where it is defined.
Then also P;(Id —izDy 4 ) ' P; is analytic for i = 1,2, 3. Therefore by the uniqueness theorem
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of analytic functions, (Id — izDy,4,)" " has the same form as (4.45) at least for z belonging
to such a bisector ¥*. But then the proof of Lemma 4.29 goes through for such z in place
of t. Now the theorem follows from an application of | , Proposition 3.2.15] together with
Proposition 4.26. |

4.4 Bimodule Q,,, .

In this short subsection, we continue to consider a markovian semigroup (T}):>o of Fourier
multipliers as in Proposition 2.7. This time, we do not need approximation properties on the
discrete group G. We shall clarify and generalize some result of | , DP. 585-586]. We need
the following notion of bimodule which is different from the notion of | , Definition 5.4]
and is inspired by the well-known theory of Hilbert bimodules. Recall that the notion of right
LP-M-module is defined in Subsection 2.5.

Definition 4.31 Let M and N be von Neumann algebras. Suppose 1 < p < co. An LP-N-M -
bimodule is a right LP-M-module X equipped with a structure of left-IN-module such that the
associated LT (M)-valued inner product (-,-)x satisfies

(4.46) (a*z,y)x = (z,ay)x, z,y€ X,a€N.
An LP-M -bimodule is an LP-M -M -bimodule.

Suppose —1 €< ¢ < 1 and 2 < p < oo (the case p < 2 is entirely left to the reader). If
E: LP(T'y(H) o G) — LP(VN(G)) is the canonical conditional expectation, it is obvious that
the formula

(4.47) (w,m) < E(w*n)

defines an L% (VN(G))-valued inner product on L?(T',(H) x4 G). We can consider the associated
right LP-VN(G)-module LE(E). Tt is easy to see that L2(E) is an LP-VN(G)-bimodule. We
consider the closed subspace

(4.48) Vg pie f span{dy,qp(z)a: x € domdy 4, a € VN(G)}

of LP(Ty(H) x4 G). For any a,b € VN(G) and any x € dom 0y 4,5, note that

(Op,q.p(2)a)b = Oy 4.p(w)ab.

Thus by linearity and density, is a right VN(G)-module. Moreover, for any a € VN(G)

and any z,b € Pg, we have

/
¥,q,p,c

00p05()a "2 [01.0(07) = 00 (D)]a = Dy (b)a — Dy g ()
Thus b0y, ¢,p(z)a belongs to €, .. Since Pg is a core for dy 4,5 according to Proposition 3.11,
the same holds for z € domdy 4. If b € VN(G) is a general element, we approximate it in
the strong operator topology by a bounded net in Pg and obtain again that the same holds
for b € VN(G). By linearity and density, we deduce that €, . is a left VN(G)-module, so
finally a VN(G)-bimodule. It is obvious that the restriction of the bracket (4.47) defines an
L%(VN(G))—Valued inner product on this subspace. We can consider the associated right L?-
VN(G)-module Qy 4 . which is also an LP-VN(G)-bimodule and which identifies canonically

to a closed subspace of L2(EE) ¢L L?(VN(GQ),L*(Ty(H))¢p). Finally, we recall that H, is the
real Hilbert space generated by the by (s)’s where s € G.
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Lemma 4.32 Let G be a discrete group.
1. If¢ € Hy and if s € G then sq(&) X As belongs to Qy g p.c-

2. Moreover, we have

(4.49) Qy q.pc = spanﬂw’wv“{sq(g) X As: €€ Hy,s €Gl.

Proof : 1. For any s € G, we have

43)

(2. 2.70)
Sq(by(s)) x 1 7=

(

(Sq(bw(s)) X )\S)(l X )\5—1) = 8¢7q7p()\s)(1 X )\571).

Hence s4(by(s)) % 1 belongs to (4.48). If £ belongs to the span of the by(s)’s where s € G,
we deduce by linearity that s,(§) x 1 belongs to Qy . Now, for & € Hy, there exists a
sequence (&) of elements of the previous span such that &, — ¢ in H. By (2.27), we infer that
5q(&n) = 54(€) in L2(Ty(H)). Hence s4(&,) X 1 — 54(&) x 1 in LP(VN(GQ),L%(T4(H))ep). We
conclude that s4(€) x 1 belongs to Qy, ¢ p.c. Since Qy ¢ p o is a right VN(G)-module, we conclude
that s4(€) X As = (s¢(€) % 1)As belongs to Qy g.p.c-

2. For any s,t € G, we have
(2.70) (2.43)
Oy,qp(As)(1 X Xe) "= (5q(by(5)) 2 As) (13 M) =" 5q(bys (5)) ¥ Ast

which belongs to WQWW*C{SQ(&) XAs 1 & € Hy,s € G}. Since the closed span of the
OqpNs) (1 X Ag)’s is Qy gp.c° ", the proof is complete. |

4.5 Hodge-Dirac operators associated with semigroups of Markov Schur
multipliers

In this subsection, we consider some markovian semigroup (7%):>o of Schur multipliers acting
on B(£2?) that we defined in Proposition 2.9. If 1 < p < oo, we denote by A, the (nega-
tive) infinitesimal generator on S} which is defined as the closure of the unbounded operator
A: Mpn — ST, €5 = oy —aj||i1 €ij. So My gn is a core of A,. By | , (5.2)], we have
(Ap)* = Ap- if 1 < p < oo. If =1 < ¢ < 1, recall that by Proposition 3.39, we have a closed
operator

Ooqp: dom By g, C ST — Lp(Fq(H)®B(€?)), eij — sq(oi — o) @ €5

Note that the adjoint operator (9y,qp«)*: dom(8a,qp)* C LP(Dy(H)@B(¢3)) — SY is closed by
[ , p- 168]. We will now define a Hodge-Dirac operator Dy, 4, in (4.63), relying on dq 4, and
its adjoint. Then the main topic of this subsection will be to show that D, 4, is R-bisectorial
(Theorem 4.44) and has a bounded H* functional calculus on S¥ @ Ran d,,4,, (Theorem 4.46).
By Remark 4.47, this extends the Kato square root equivalence from Proposition 3.35.

37. It is clear that elements of the form dy ¢ ,(As)(1 % A¢) belong to Q;b’q’p’c C Qy,q,p,c- On the other hand,
/

v.aupc is by definition dense in Qy g p ., it suffices to approximate 9y g ,(2)(1 % a) by
elements of the span of the 9y ¢ ,(As)(1 x A¢) for & € domdy ¢, and a € VN(G). The approximation needs
to be in LY(E) norm, but according to Lemma 2.25, it suffices to approximate in LP(I'q(H) xo G) norm. By
definition of VN(G) and Kaplansky’s density theorem, there exists a bounded net (an) in Pg converging in
the strong operator topology to a. Then it is not difficult to see that the net (1 X an) converges in the strong
operator topology to 1 x a. Thus we can approximate Oy 4(2)(1 % @) in L? norm by elements in the span of
the Oy q.p(x)(1 X A¢). Since Pg is a core of 9y 4,p, We can then approximate in turn by elements in the span of
the 8y, q,p(As)(1 X Ag).

for the density, since 2
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Proposition 4.33 Suppose 1 < p < oo and —1 < g < 1. As unbounded operators, we have

(4.50) Ap = (0aq,p* ) O.q.p-
Proof : By Lemma 3.38 and | , D- 167], On.q.p(My 6n) is a subspace of dom(9y,q+)*. For
any i,j € I we have
(4.51)
(Ocv.q.p*)" Oor,q.p(€35) 2V (Qag.p)" (5q(0i — @) ® e5) L 7(sq(ai — aj)sq(as — aj))ei;

(2.27)
= o — a3 e = Aplesy).

Hence for any x,y € M gy, by linearity we have

1 1 (4.51) "
(4 (), Ap- (y)>sf,sf* = <Ap(x)>y>s§,s§* =" ((Gaqp+) 8a7q7p($),y>5?’s?*
= <aa,q,p($)a Dar,q,p* (y)>Lp,Lp* :

Using the part 4 of Proposition 3.39, it is not difficult to see that this identity extends to
elements z € dom A,,. For any € dom A, and any y € M; 55, we obtain

<Ap(x), y>s§,s§’* = <aa,q,p(x)> Oaq,p* (y)>Lp,Lp* .

Recall that Mg, is a core of Jqqp- by the part 1 of Proposition 3.39. So using (2.2), it
is easy to check that this identity remains true for elements y of dom da q p+. By (2.3), this
implies that Oq,qp(x) € dom(da,q,p+)* and that (9a,qp+)*Oa,q,p(x) = Ap(x). We conclude that
AP c (aa7q7p*)*8a7q,p'

To prove the other inclusion we consider some = € domdy 4, such that Oy q,(x) be-
longs to dom(Ju,q,p+)*. By | , Theorem 5.29], we have (Ou,qp+)"" = Oa,qp+- We infer

(2.9) L, (2.8)
that (Oa,q,p)*Ongpe < ((6a7q7p*)*aa7q,p) C A, For any y € My fin, using Ooq.p(T) €

dom(0q,qp+)* in the last equality, we deduce that
<A;(y)7x>sf*,5'§ = <(aa,q,p)*aa,q,p* (y),$>sf*75?
(2.4) (2.4) *
= <8a,q,p* (y),@a,q,p(x)>5¢*7sf = <y, (Oaq,0%) aa,q,p(x»sf*,sy

Since My g, is a core for A% = A« by definition, this implies | , Problem 5.24] that = €
dom A3* = A, and that A, (7) = (0a,qp ) Oa,q,p(T)- [ |

Now, we show that the noncommutative gradient 0, 4, commutes with the semigroup and
the resolvents of its generator.

Lemma 4.34 Suppose 1 <p < oo and =1 < g < 1. Ifz € domOy,q,p and t = 0, then T, ,(x)
belongs to dom 0,4, and we have

(4.52) (Ide(Fq(H)) ® Tt,p)aa’q,p(x) = O0n.q.pTt p(2).
Proof : For any ¢,5 € I, we have

2.81
(Tdee(r, () ® Ttp) Oa,q.p(eis) 2! (Idpe(r, () @ Ttp) (Sq(0s — ;) ® eq5)
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—t||a;—as||? (2'81) —t]| s —ai||? —t]| i —as||?
= e el (a; —ag) @ey; = e NG, o (eig) = Bagp (e ey))

= OaqpTtpleij)-
So by linearity, the equality (4.52) is true for elements of My f,. Now consider some x €
dom dq ¢, By [ , P 166], since 9,4 is the closure of 9, 4 My fn C ST — LP(T,(H)®B(¢3)),

there exists a sequence (z,) of elements of My g, converging to z in Sf such that the se-
quence (Da,q,p(n)) converges to dq,q,p(z). The complete boundedness of T} ,: ST — S implies
by [Jun, p. 984] that we have a bounded operator Idps(r,(my) ® Ty p: LP(Dg(H)®B((7)) —
LP(T,(H)®B(¢?)). We infer that in S7 and LP(T'y(H)®B(#2)), we have

Tt,p(mn) m} Tt,p(:v) and (Ide(pq(H))®Tt’p)aa,q,p(xn) m (Ide(pq(H))®Tt,p)aa’q,p(:v).
For any integer n, we have (Idps(r, () ® Ttp)0asqp(2n) = Oa,qpTtp(zs) by the first part
of the proof. Since the left-hand side converges, we obtain that the sequence (On,q pTtp(%n))
converges to (Idps(r, (1)) ® Ty,p)Oa,qp(z) in LP(Ty(H)®B({3)). Since each T ,(z,) belongs to
dom Oq,q,p, the closedness of 04,4, and (2.1) shows that T} ,(x) belongs to dom 0, 4, and that
Oa,q p Tt p(7) = (IdLP(Fq(H)) ® Tt,p) Oar,g,p(2)- u

Proposition 4.35 Let 1 <p <oo and -1 < ¢< 1. Foranys >0 and any x € dom 0y 4,p, we
have (Idsg + SAp)715E € dom 0 qp and

(4.53) (1A ® (Id + 54,) ") D gp (%) = Dugp (1 + 54,) " (2).

Proof : Note that for any s > 0 and any z € S} (resp. = € domd,,,p) the continuous
functions RT — 8%, ¢ — e~ Ty ,(z) and R* — LP(T,(H)@B(£2)), t — e_tsfl(Ide(pq(H)) ®
T p)Oa.q,p(x) where z € domd, 4, are Bochner integrable. If ¢ > 0 and if z € domdy 4 p,
taking Laplace transforms on both sides of (4.52) and using | , Theorem 1.2.4] and the
closedness of 9,4, in the penultimate equality, we obtain that [~ e™* T} ,(x) dt belongs to
dom 0q,q,p and that

1

(Id® (s 'Id+ Ap) ") Oagp(z) = —(—s'Id— (Id® Ap))  Oagp()
(4.52)

-19) / e (1A ® Ty p)Oagp(x)dt ' = / e 10 g Tip(x) dt
0 0

= Oovgp ( /0 e T, (x) dt) O (s~ Md + A,)

(2

1

().

We deduce the desired identity by multiplying by s~!. [ ]

We have the following analogue of Proposition 4.4 which can be proved in a similar manner.

Proposition 4.36 Suppose 1 < p < oo and —1 < g < 1. The family
(4.54) {#0.4p(1d+124,)7 it > 0}
of operators of B(SY,L?(T,(H)®B(¢?))) is R-bounded.

SR _
Proof : Note that the operator 9,4 ,4p 2 : Ran 4, — LP(I',(H)®B(¢?)) is bounded by (3.81).
Suppose t > 0. A standard functional calculus argument gives

(4.55) W10+ 2A4,) 7 = 0 g p Ay * ((124,)3 (1 4 124,)71).
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By [ 11 ], note that A, has a bounded H*(¥y)-functional calculus for some 0 < 6 < 7.

Moreover, by | , p. 136], the Banach space S? has the triangular contraction property
(A). We deduce by [ , Theorem 10.3.4 (2)] that the operator A, is R-sectorial. By
[ , Example 10.3.5] applied with oo = % and 8 = 1, we infer that the set

{(t2A,)7 (1d + t4,) "' £ > 0}

of operators of B(S7) is R-bounded. Recalling that a singleton is R-bounded by | ,
Example 8.1.7], we obtain by composition [ , Proposition 8.1.19 (3)] that the set

{6a7q7pA;%((t2Ap)%(Id+t2 )7) it >0}

of operators of B(SY, LP(T'y(H)®B(#2))) is R-bounded. Hence with (4.55) we conclude that the
subset (4.54) is R-bounded. [ |

Our Hodge-Dirac operator in (4.63) below will be constructed with J, 4., and the unbounded
operator (Ja,q,p+)*|Ran0a,q,p- Note that the latter is by definition an unbounded operator on
the Banach space Ran 0, 4, having domain dom(9y,q,p+)* N Ran dy. g p-

Lemma 4.37 Let 1 < p < 0o and —1 < g < 1. The operator (On,q.p+ ) |Randy q p s densely
defined and is closed. More precisely, the subspace Oq q,p(Mr fin) of dom(Oa,qp+)* s dense in
Ran 0q,q,p-

Proof : Let y € Randy 4. Let € > 0. There exists € dom 0,4, such that ||y — 0,4, (2)] < €.
By Proposition 3.39, there exists zf, € My an such that ||z — xﬁnHS? < e and

10a,q.p(x) — acuq,p(xﬁn)”LP(Fq(H)®B(Zf;)) <€

We deduce that ||y — amq,p(xﬁn)||Lp(rq(H)§B(@)) < 2e. By Proposition 4.33, 0p,q.p(Mj 6n) is a

subspace of dom(0q,q,p+)*. S0 Oa.,q.p(Tan) belongs to dom (D g p)*
Since (Oq,q,p+)* is closed, the assertion on closedness is (really) obvious. [

According to Lemma 4.34, Id ® T} leaves Ran 0, 4,5, invariant for any ¢ > 0, so by continuity
of Id ® T; also leaves Ran 0, 4, invariant. By | , pp. 60-61], we can consider the generator

def 58—
(4.56) By, = (Idve(r, (my) @ Ap)|Ran O q,p-
of the restriction of (Id ® T);>0 on Ran dq,q.p-

Lemma 4.38 Let 1 < p < oo and —1 < g < 1. The operator B), is injective and sectorial on
Ran 0y q,p-

Proof : The operator B, is sectorial of type 7 by e.g. | , D- 25].
For the injectivity, we note that once B, is known to be sectorial on a reflexive space, we
have the projection | , (10.5)] onto the kernel of B, given by the strong limit
— i -1
P = Allff)ﬁ AA+Id® A,) |Ranaaw.
It will show that P(y) = 0 for y € Ja,qp(M7r6n). Indeed, by linearity, we can assume that
Y = Oa q(€ij) = sq(0; — o) ® e;; for some 4, j € I with in addition o; # «;. We claim that
1

(457) ()\ +Id® Ap)_l|m(8q(ai - ij) & eij) = —28(1(&7; — Oéj) ® €ij-
” A+ [l — gyl
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To see (4.57), it suffices to calculate

1
()\+Id®A)<s(ai—a')®ei‘)
AN+ i =gl v
1

2
= ———————— (Asglo — o) @ e + [ — a||” sq(i — ;) @ ei5) = sq(ei — aj) @ ey
A+ [la; — oy

Now P(y) = 0 follows from = 0 since || —0¢]-||2 # 0. Since

A 0
Mllai—as P yo+ Neu—ayll?
M fin is a core for 9y 4, it is (really) not difficult to prove that P(y) = 0 is also true for any
y € Rand,,q,p. Finally by continuity of P, we deduce P = 0. Thus the operator B, is injective.
|

Lemma 4.39 If z belongs to LP(T'y(H)) ® Mr.an NRan 0y q,p then z € 0q.q.p(Mr fin)-

Proof : Let (z,) be a sequence in dom Jy 4, such that Ju ¢ p(2n) = 2. Then for J sufficiently
large such that (Id ® 7;)(z) = z,
(3.83)
2 = Baq,pT5 ()L~ =" Iz = (Id @ T7)aq,p(2n) | s
= [[Ad @ T5)(2 = Baqp(2n)llLs < 12 = O p(2n)llLy — 0-

n—-+oo

Therefore, the sequence (0q,q,p77(25)) is convergent to z for n — co. Write T;(z,) = Zi,jeJ Zn,ij€ij
for some 2, ;; € C. Since for any 7, j € J, the Schur multiplier 7;; associated with the matrix e;;

is completely bounded, (Id ® 7;;)0u,q.pT7(2n) = 2n.ijSq(c; — ;) @ e;; is convergent for n — co.
Thus, either a; —a;; = 0 or (2,,i5)n IS & convergent scalar sequence with limit, say, z;; € C. We
infer that

(2.81)
OoqpTi(zn) = D 2nijse(ai—0y)®eij —— Y zijsg(0i—aj)®eij = Dagp| D 2iseis ).
ijed ijed ijed

Thus z = 8a,q7p(zi,j€J zij€eij) belongs to Ou,q,p(Mr fin)- [ |
Proposition 4.40 Let 1 <p <oo and -1 < g < 1.

1. LP(T,(H)) @ M1 fin is a core of (Oa,qp+)*. Furthermore, if y € dom(0a,qp+)* and if J is
a subset of I, we have

(4.58) (Oa,qp) (1A @ T7)(y) = T1(Oarqp*)* (y)-

2. Ou,qp(Mr.fin) 95 a core of (On,qp+ ) |RaN 0o g p-

3. Oa,qp(Mr.6in) 1s equally a core of On,q,p(Oa,q.p+) IRAN 0 q,p-
4. Oa,qp(Mrsin) 15 equally a core of B,.

Proof : 1. Recall that LP(T'4(H)) ® My, is a subset of dom(0q,q+)*, see (3.79). Let y €
dom(9a,qp+)*- Then (Idrs(r,(my) ® Tr)(y) belongs to LP(I'y(H)) ® My gn. It remains to show
that (Idv»(r,(mr)) @ T7)(y) converges to y in the graph norm. Since 7; converges strongly to
Idsf and Idpy(r, (my) ® T7 is contractive, we deduce that (Idp»(r, (7)) ® T7)(y) converges to y in

L?(T,(H)®B(¢%)). For any i,j € I, we have

((Basqp) MA@ T7)(y), e55) = ((Id @ T7) (), Ouyq.p+ (€i5)) = (Y, (1A @ T1) (v, - (€45)))
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O Ona Tr (i)} = (Paaps ) ), Tr(e53)) = (T7 (g )" (¥), €i5)-

By linearity and density, we infer that

(Ba,q.p7)" (IdLo(r, (1)) © T7)(Y) = T7(Drq, )" (y)

which converges to (9a,q,p)*(y) in S7.
2. Let y € dom(0a,q,p+)*|Ran 0y q,p and € > 0. By the proof of the first point, we already

know that for some large enough finite subset J of I, the element z &f (Id ® T7)(y) belonging
to LP(T'y(H)) ® My gn satisfies

|y —2ll» <& and  |[[(Qa,qp+)"(y) — (8oc,q,p*)*(z)HSf <&

We claim that z belongs to Ran0dy,q,p. Indeed, for 6 > 0, since y € Ran0y,q,p, there is
some a € dom dy,qp such that [y — 0aqp(a)ll, < 0. But then ||z — (Id ® T7)0a,q,p(a)ll;, =
1(Id @ T7)(y = Oagp(@))lle < 1Y = Oaygp(@)ll, < 6 and (Id @ T7)0a,q,p(a) = Oa,qpTi(a) be-
longs again to Randq,,q,p. Letting § — 0, it follows that z belongs to Rand, 4. By Lemma
4.39, we conclude that z € 0q,4,p(My fin)-

3. Take y € dom Oy ¢,p(0n q,p* ) |RAN Dy g, that is, y € dom (D g p+)* NRan Oy, q,p such that
(Oa,q.p)*(y) € dom Dy q4,p. We have (Id @ T7)(y) — y and (Id ® T7)(y) € Oa,q.p(Mr an) by the
proof of the second part. Moreover, we have

4.58)

« ( « (3.83) %
6a7q,p(aa7q,p*) (Id ® TJ)(?J) = aa,q,p’]}(amq,p*) (y) = (Id ® Tl)aa,q,p(aa,q,p*) (y)
? aa,q,p(aa,q,p*)*(y)'

4. Note that 04,4,»(Mz,an) is a dense subspace of Rand, 4, which is clearly a subspace of

dom B,, and invariant under each operator (Id ® T;)|Ran 0, 4,, by Lemma 4.34. By Lemma 2.3,

we deduce that 0a,q»(Mr 6n) is a core of (Id ® AP)|m (4.56) B,

Proposition 4.41 Let 1 <p <oo and -1 < g < 1.
1. Foranys > 0, the operator (Id+sA,) _1(8%“,* )* induces a bounded operator on Ran 0y 4 -

2. For any s > 0 and any y € Ran 9y, q,p Ndom(0g,qp+)*, the element (Id® (Id+s4,) 1) (y)
belongs to dom(Dy,q,p+)* and

(4.59) (1d+ 54,) " (Pagp)* (1) = (Bagpr)* (1d @ (Id + s4,) 1) (1)

3. For anyt >0 and any y € Randy 4, Ndom(0y,qp+)*, the element (Id @ Ty)(y) belongs to
dom(9q q,p)* and
Ti(0a,q.p°)" (y) = (Bagp)" (Id @ Ty)(y).

(2.9) .
Proof : 1. Note that (Id + sA,) ™ (Oa,q,p*)* € (Oa,qp- (Id + s4,+)~1)". By Proposition 4.36,
the operator (9g,q,p~(Id + sAp*)’l)* is bounded. By Lemma 4.37, the subspace Oq,q.p(M7 fin)
of dom(0q,q,p+)* is dense in Rand, 4,»,. Now, the conclusion is immediate.
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2. By Proposition 4.33, for any « € dom A, we have z € domda,qp and Oqq,() €
dom(0a,q,p+)*. Moreover, for all ¢ > 0 we have

. (4.50) (2.12)
Tt(aa,q,p*) 6oc7q7p(33) = TtAp(x) = Ath(33)

4.50 " 4.52 N
“2Y D) PaanTo(@) 27 (D) (1A @ T)) D ().

By taking Laplace transforms and using the closedness of (0q,4,p+)*, we deduce that the element
(Id ® (Id + sAp)) " '0a.q,p(x) belongs to dom(da,q p+)* for any s > 0 and that

(4.60) (Id + SAp)_l(aa,q,p*)*aoz’q,p(x) = (aa,q,p*)*(ld ® (Id + SAp))_laa,q,p(x)~

Let y € Randy,q,p N dom(dy g p+)*. By Lemma 4.37, there exists a sequence (z,,) of My ay,
such that d44p(zn) — y. We have (Id ® (Id + s4,)) ' 0a,q.p(zn) — (Id @ (Id + sA4,)) " (y).
Since each x, belongs to dom A, using the first point in the passage to the limit we deduce
that

% _ (4.60) _ %
(8a7q7p*) (Id ® (Id + 3Ap>) 18a,q7p(xn) =" (ld+ 3Ap> 1(8%11717*) 8a7q,p(xn)

——— (Id+ 54,) ™ (Qagp)" (v).

n—-+oo

Since (Oy,q,p+)* is closed, we infer by (2.1) that (Id® (Id + sA,)) " (y) belongs to dom(dy ¢ )*
and that

(4.61) (Oa,q.p)" (Id @ (Id + SAP))_l(y) = (Id + SAP)_l(aa,q,p*)*(y)

Thus (4.59) follows.
3. Let y € Randy 4,p N dom(0a,qp+)*. If t > 0, note that

n—-+oo

<Id ® (Id + ;Ap> > ) S e T ).

Repeating the above commutation relation (4.59) together with the observation that (Id® (Id +
sA,)) 7! maps 8y M/ fin) into itself hence by continuity Ran d, 4, into itself yields*® for any
integer n > 1 and any t > 0

(2.11)

Ouay (100 (104 24,)) 70 = (105 24)  Oui ) L2250 D) )

n—-+oo

Then by the closedness of (Oa,q,p-)* and again by (2.11), (Id ® T;)(y) belongs to dom(0a,q,p*)*
and (Ou,q,p+ ) (Id @ T3) (y) = T (Dwq,p*)* (y). Thus the third point follows. [ |

Proposition 4.40 enables us to identify B, in terms of 0, 4,, and its adjoint.
Proposition 4.42 Let 1 <p < oo and —1 < ¢ < 1. As unbounded operators, we have
(4.62) By = 0a,q,p(0a,q,p*) " 1RaN 04 q p-

Proof : For any i,j € I, we have

% (4.50) 2
Oor,q.p(0a,q.p*) Oavsgp(€ij) " =" OaqpApleij) = [l — ajHHaa7q7p(eij)

38. Note that we replace s by %
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= Jlai — o1 (sq(os — o) @ e55) = (Idpoqr, (1)) ® Ap) (sq(0i — o) ® €55)
= (Idre(r,(m)) © Ap) (Oag.p(€is))-

We deduce that the operators Ou,q.p(Oa.q.p+)*Ran da,qp and (Idps(r,(m)) ® Ap) coincide on
Oa,q.p(My gin). By Proposition 4.40, 0q,q.p(My gn) is a core for each operator. We conclude that
they are equal. [ ]

Note that the results of | 11 | gives the following result.

Proposition 4.43 Suppose 1 < p < co. The operators A, and B, have a bounded H* (%)
functional calculus of angle w for some w < 3.

Suppose 1 < p < oo and —1 < g < 1. We introduce the unbounded operator

(4.63) Dogp det | 0 (Dagp) g{an Oav,q.p

O,

on the Banach space ST &, Rand, ¢, defined by
(4.64)
def

Dy gp(z,y) = (([“)a,q,p*)*(y),(“)a,q,p(:lc))7 x €domdy qp, ¥y € dom(0a,q,p+)* NRan 0 q,p-

By Lemma 4.37 and Proposition 3.39, this operator is a closed operator and can be seen as a
differential square root of the generator of the semigroup (T3 ,):>0. We call it the Hodge-Dirac
operator of the semigroup since we have Proposition 4.45 below.

Theorem 4.44 Suppose 1 < p < 0o and —1 < g < 1. The Hodge-Dirac operator Dy g, is
R-bisectorial on ST @, Ran dq,q.p-

Proof : We will start by showing that the set {it : t € R,¢ # 0} is contained in the resolvent
set of Dy,qp. We will do this by showing that Id —itD, 4, has a two-sided bounded inverse
(Id = itDqy 4 ) ! given by
(4.65)

(Idgr +12A4,)7" it(Idgr +t*Ap) =" (Oag,p+)*

. QP Ran P Ran
Lt@a,q,p(ldsf +124,)70 1A ® (Idgr +124,)7! ] + 57 @p RanOa.qp = 57 ©p Randagp.

By Proposition 4.36 and since the operators A, and Id ® A, satisfy the property (2.14) of
R-sectoriality, the four entries are bounded. It only remains to check that this matrix defines a
two-sided inverse of Id — itD,, 4,,. We have the following equalities of operators on dom Dg 4

Idgr +t24,)7 ! it(Idgr +t2Ap) " (Oa,q.p)*
) ( SI + pQ) . 1 ( SI + p) 2( Jf? ) (Id—ltDaqp)
1t8a7q7p(ld55) +t Ap) Id X (Ids;’ +t Ap) o
(4.63) (Idgr +12A4,)~" it(Idgr +t*Ap) =" (Oag,p+)* Idgr  —it(Jogpr)*
T |it0agp(ldsy +74,) 7" Id @ (Idgr +t7A4,) 7" —itOn.q.p Id

— (Id + tQAp)_l + t? (Id + tQAp)_lwa,q,p*)*aa’q,p
T itOn g p(Id + 2 A4,) 7 —it(Id ® (Id 4+ t2A,) ™Y 0agp

—it(Id + t?Ap) " (Oa,qp)* +it(Id + t2A,) " (D q,p)*
1200 4.p(Id + 12 A,) 1 (0n.qp-)* + Id @ (Id + t2A4,) 71

(4.50)(4.53) (4.59) (Id +12A,) "t + t2(1d + t2A4,) 14,
- 00,5 (1d + 2 A,) "L = it04 g (1d + 124,) "
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0
(t?00,q.p(Oa,qp- )" +1d)(Id @ (Id + t2A4,) 1)

~ |Tdsr 0
and similarly
(1d— itD..,) [ (Idgv +t2Ap2)*1 » it(Idgr +t2Ap)*21(8af,I)*

1t8a,q,p(1dsf +t°A,) Id ® (Ids§ +t°A,)
- { Id _it(aayq’p*)*:| { (Idgr + t?Ap)" it(Idgr + tQAp)l(aa,qvp*)*}
T | =itOagp Id it0a,q,p(Idgr + 12 A,) 7" Id® (Idgr +t°4,) "
_ {(Idsf + t2Ap)_1 + t2(8a,q,p*)*aa7q,p(ld5§ + tQAp)_l
| —it0aqp(Idgr + 12 Ay) T+ it g (Idgr +124,) 7!

it(Idgy +t°Ap) " (ag,pr)* — it(Dag,p)* (Id @ (Idgr + tQAp)—l)}
tQaa,q,p(Ide + tQAp)_l(aa,qm*)* +1d® (Ide + tQAp)_l

B [Idsg 0 ]
Tl 0 Idg—s——-|"

Ran Oa,q,p

It remains to show that the set {it(it — Dy gp) ' it # 0} = {(Id — itDy )"t 1 t # 0} is
R-bounded. For this, observe that the diagonal entries of (4.65) are R-bounded by the R-
sectoriality of A, and that of Id ® A,. The R-boundedness of the other entries follows from
the R-gradient bounds of Proposition 4.36. Since a set of operator matrices is R-bounded
precisely when each entry is R-bounded, we conclude that (2.16) is satisfied, i.e. that Dy q,p is
R-bisectorial. [ ]

Proposition 4.45 Suppose 1 <p < oo and —1 < g < 1. We have

A
4.66 Digp=1"y Ran O.qp)
(4.66) b { 0 (Idpe(r, () ® Ap)[Ran amq#l

Proof : By Proposition 4.42, we have

{AP 0 }
0 (Idws(r,(m)) @ Ap)|Ran Ou q,p

(4.50)(4.62) {(aa,q,p*)*aa,q-,p 0 ] _ { 0 (Jagpe) Randaqp ’
0 Oa,q.p(Oar,q,p*) " |RaN D g, Dov,q,p 0

(4.63) 9

="Dg 4

Now, we can state the following main result of this subsection.

Theorem 4.46 Suppose 1 < p < co. The Hodge-Dirac operator Dy 4., has a bounded H>(x)
functional calculus on a bisector, on the Banach space S§ @&, Ran 0y, q,p-

. = o (466) [A, O o .
Proof : By Proposition 4.43, the operator Dy , =~ = 0 B has a bounded H*> functional

p

calculus of angle 2w < 7. Since D, 4, is R-bisectorial by Theorem 4.44, we deduce by Propo-
sition 2.2 that the operator D, 4, has a bounded H*(X%) functional calculus on a bisector.
|
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Remark 4.47 Similarly to Remark 4.16, the boundedness of the H* functional calculus of the
operator Dy 4, implies the boundedness of the Riesz transforms and this result may be thought
of as a strengthening of the equivalence (3.81).

Remark 4.48 In a similar way to Remark 4.47, we also obtain for (z,y) € dom0as,qp @
dom(0a,q,p+)*|Ran 0y q,p that

(D2 4% (9, = 1145 @), + 1 0deaqr, ) © 43) )], 2 [0nap@)], + [ Oasg ) )]
| D),

Moreover, we have

p

@67) || (e, ) @ A2 O 2 | Qaar)” @)]|

» , Yy €dom(Oa,qp)" NRandy g p.

p

Proposition 4.49 We have Ran A, = Ran(94 4+ )*, Ran B, = Ran 0,4, Ker A, = Ker 0y 4 p,
Ker B, = Ker(9y,q,p+)* = {0} and

(4.68) ST = Ran(0a,q,p+)* ® Ker n q,p-

Here, by (0a,q,p*)* we understand its restriction to Ran 0y q4,,. However, we shall see in Corol-
lary /.53 that Ran(0a,q,p+)* = Ran(0a,q,p+)*|Ran du g p-

Proof : By (2.17), we have Ran D2 , , = Ran D, 4, and Ker D% , = Ker Dy q,. It is not
difficult to prove the first four equalities using (4.45) and (4.64). The last one is a consequence
of the definition of A4, and of | , p- 361]. |

4.6 Extension to full Hodge-Dirac operator and Hodge decomposition

We keep the standing assumptions of the preceding subsection and thus we have a markovian
semigroup (7}):>0 of Schur multipliers with generator A,, the noncommutative gradient 0a,q.p
and its adjoint (9u,qp+)*, together with the Hodge-Dirac operator D,, 4,,. We shall now extend
the operator D, 4, to a densely defined bisectorial operator Dy 4, on S¥ @ L?(T'y(H)®B(¢3))
which will also be bisectorial and will have an H>(%%) functional calculus on a bisector. The
key will be Corollary 4.53 below. We let

def 0 (3 *)*
4.69 D = P
(4.69) wan g0 o

along the decomposition S7 & L?(T',(H)®B(?)), with natural domains for 4 ¢ and (Da.q,p)*
1
Consider the sectorial operator A2 on S7. According to | , (10.1) p. 361], we have

1 1
the topological direct sum decomposition S = Ran A7 @ Ker AZ. We define the operator

€ -1 1 = . . ol
R, &f Oa.qpAlp 2 Ran AZ — LP(T,(H)®B(¢?)). According to the point 4 of Proposition

1 1
3.39, R, is bounded on Ran A}, so extends to a bounded operator on Ran Aj. We extend

it to a bounded operator R,: S7 — LP(T';(H)®B(¢?)), called Riesz transform, by putting

1
R,|Ker AZ = 0 along the above decomposition of S7. We equally let Ry. def (Rp=)*.
Lemma 4.50 Let —1 < g<1and1l<p<oco. Then we have the subspace sum

(4.70) L%H(H)@B(@)) = Ran 0q,qp + Ker(0a,q,p7)"-
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Proof : Let y € L?(I'y(H)®B(¢3)) be arbitrary. We claim that y = R, R. (y) + (Id— R, R%. ) (y)
is the needed decomposition for (4.70). Note that R, maps Ran Aé into Randq 4,p, so by

1 - J—
boundedness, R, maps Ran A7 to Rand,,qp.- Thus, we indeed have R,Ry.(y) € Randa,qp-
Next we claim that for any z € S7 and = € dom 0y,4,p+, we have

S vl

(4.71) (Ry(2), Oorg.p (x)>Lp(rq(H)®B(e§)),Lp* (T (H)BB(£2)) — (2, A *(x)>sf,s§*'
According to the decomposition S¥ = Ran Aé dKer Aé , we can write z = lim, oo Aé (zn)+20
1 1
with z, € dom A2 and zp € Ker A?. Then we have
i .
<Rp(z), Dor,q.p* (x)> = ngrfoo <RP (Aﬁ (zn) + 20)78044142* (x)> = ngrfoo <8a»q,p(zn)a Darq,p* (m)>
(3.50) .. 1 1 L 3 3
=" lm (A2 (zn), A% (2)) = (2 — 20, A2 (%)) = (2, A% (2)) — (20, A2 (2))

n—~+00
1
= <Z,A;* (x)>
Thus, (4.71) is proved. We can now conclude the proof, since for € dom dy 4+, we have
<(Id - RPR;* )(y)v Ou,q,p* ($)> = <y7 Ou,q,p* ($)> - <RpR;* (y), Ou,q,p* (x)>

(4.71) 1

- <yv 8oz,q,p* (LU)> - <R;* (y), A;%* ({E)> = <ya aoz,q,]n" ({E)> - <y7 Rp* AE* ({E)>
= (5.4 (@) — (9, Bagr A2 A2 (2)) = 0.

By (2.7), we infer that (Id — RpR;*)(y) belongs to Ker(0q,q,p+)* [ |
In the proof of Proposition 4.52 below, we shall need some information on the Wiener-Ito
chaos decomposition for ¢g-Gaussians. This is collected in the following lemma.

Lemma 4.51 Let -1 <¢g<1land 1l <p< .

1. There exists a completely bounded projection P: LP(T'y(H)) — LP(I'y(H)) onto the closed
space spanned by {sq(h) : h € H}. Moreover, the projections are compatible for different
values of p.

2. For any finite subset J of I and y € LP(Lq(H)®B(47)), (P ® T;)(y) can be written as
> ijes Sq(hij) @ eij for some hyj € H.

3. Let J be a finite subset of I. Denoting temporarily P, and Ty, the operators P and T;
on the p-level, the identity mapping on Gaussg,,(C) @ SY extends to an isomorphism
(4.72)

Jp2.7: Ran(Pp ® Ty,p) C LP(Ty(H)®B(¢7)) — Ran(P2 ® Tj2) € L*(T,(H)®B(£3)).

Proof : 1. This is contained in [ , Theorem 3.5], putting there d = 1. Note that the closed
space spanned by {s,(h), h € H} coincides in this case with Q;,q there. For the fact that the
projections are compatible for different values of p, we refer to | , Proof of Theorem 3.1].

See also the mapping @), from Lemma 3.33.
2. This is easy and left to the reader.
3. We have

Z sq(hij) @ €3 < Z ||5q(hij)||Lp(rq(H)) Sap Z 13511 7

i,j€J — i,j€J i,j€J
J Le (T, (H)®B(¢2)) 7 J
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(the same estimate on the L2-level). Note that for any ig, jo € J, we have a completely
contractive Schur multiplier projecting onto the span of e;,;,. So we have

Z sq(hij) ® ey 2 ||3q(hiojo)||Lp(rq(H)) Rap hiojoll g -
e L2(Iy (H)®B (1))

It follows that

Y salhy) @ ey = hilly =D sqlhiy) @ ey

Lied Le (T, (H)@B(e2))  WI€7 nyed L2(D, (H)BB(¢2))

Thus, (4.72) follows. [ |

Proposition 4.52 Let —1 < ¢ < 1 and 1 < p < co. Then the subspaces from Lemma 4.50
have trivial intersection, Ran 0q,qp N Ker(dy q.p+)* = {0}.

Proof : We begin with the case p = 2. According to Proposition 5.57 below, the unbounded
operator D, 4 is selfadjoint on S% & L?(T'y(H)®B(¢?)). We thus have the orthogonal sum
RanD, 4 2®Ker Dy g0 = 57 EBL%FAH)@B(@)). Considering vectors in the second component,
that is, in L2(I'y(H)®B(¢%)), we deduce that Rand, 42 and Ker(d, 42)* are orthogonal, hence
have trivial intersection.

We turn to the case 1 < p < co. We recall that for a finite subset J of I, we have a completely
contractive Schur multiplier 7;: S7 — S? projecting onto the finite-dimensional subspace S? of
S7. We thus have according to Lemma 4.51 for any finite subset J of I a completely bounded
mapping P ®T; = (P ®@Idgr) o (Idve(r, ) @ T1): LP(T,(H)®B(£?)) — LP(T,(H)®@B(¢%)). We
claim that

(4.73) the subspace Ran 0y 4,p is invariant under Id ® 7
(4.74) the subspace Ker(9y,q,p+)" is invariant under Id ® 75
(4.75) the restriction of P ® Idgr on Randa q,p is the identity mapping.

For (4.73), for any i, € I, note that

381)

(Id@tTJ)aoc,q,p(ei]) (Id®T])( ( O‘j)®eij) = 1J( )1J( ) ( _O‘j)®eij'

This element belongs to Ran dq,4,. By linearity and since My g, is a core for d,,4,, according
to Proposition 3.39, we deduce that Id ® 7; maps Ran d, 4, into Ran dq,q,,. Now (4.73) follows
from boundedness of Id ® 7.

For (4.74), note that if x € M an and f € Ker(9u,q,p+)*, then

<(Id®7})(f) o,q,p* >: <f7 (Id @ T7)Oq,p* (T )> <f’ o,q,p* (x)>
:<( o,q,p* ) fvlrl( )>

Thus (Id ® 77)(f) belongs to Ker(dy q,p+)* and (4.74) follows. For (4.75), for any 4,j € I we
have

(2.81)

(P ®1d)(Oa,q,p(€if)) (7) @ 1d)(sq(i — o)) ® €i5) = sq(@i — @) ® e;; € Ran aq,p-
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Now use in a similar manner as before linearity, the fact that My s, is a core of 04,4, and
boundedness of P ® Id.

Now, let y € Randy 4,p N Ker(9y,q.p+)*. Let J be a finite subset of I. Then according to
(4.73) — (4.75), we infer that (P ® 77)(y) belongs® again to Randy, 4, N Ker(dy, g+ )*. We
claim that J, 2, 7 (P ® 77)(y) belongs to Ran 0y 4,2 NKer(0a,q,2)*, where the mapping J,, o,y was
defined in Lemma 4.51. First we have (P ® 77)(y) € Ran 0y 4,p, so that there exists a sequence
() in dom 0y q,p such that (P ® T;)(y) = limy, On,q,p(z5). Then

(PeTi)(y) = 1de Ty)(P & Ti)(y) = imId @ T;)0a,q,p(2n)

(3.83) . .
= h}}laa,q,pﬂ(mn) = h}}l Z Tn,ijOa,q.p(€ij)-

i,j€J

Since Jp 2,7 is an isomorphism, this limit also holds in L2(I',(H)®B(¢7)) and the element
Ip2.7(P®Tr)(y) = lim, Zi,je.] Zn,ij0a,q,2(€i;) belongs to Ran dq q,2. Furthermore, we have

(4.76) (PRTHW) = sqlhij) @ ei

ijed
for some h;; € H. Then
(4.76)

On2) 32 PET0) 2 Oug) (X saltipses ) = @ ( 3 siig)oes ) =0

ijeJ ijeJ

We have shown that Jp, 2 7(P ® T7)(y) belongs to Ran 0y 4,2 N Ker(0q,q,2)*. According to the
beginning of the proof, the last intersection is trivial. It follows that J, 2 s(P ® T;)(y) = 0, and
since J, 2,7 is an isomorphism, that (P ® 7;)(y) = 0. Thus, for any finite subset J of I we have
(P®Ty)(y) =0. As T converges strongly and completely boundedly on S? to the identity, we
infer that (P ® Id)(y) = 0. But we had seen in (4.75) that (P ® Id)(y) = y, so that y = 0 and
we are done. ]

Combining Lemma 4.50 and Proposition 4.52, we can now deduce the following corollary.

Corollary 4.53 Let -1 < g < 1 and 1 < p < co. Then we have a topological direct sum
decomposition

(4.77) LP(T,(H)2B(¢%)) = Ran 0a.q,p O Ker(Da.qp-)*
where the associated first bounded projection is RyR,.. In particular, we have
Ran(0a,qp )" = Ran(0q,q,p+)“|Ran 0a,q.p-

Proof : According to Lemma 4.50, the above subspaces add up to LP(I',(H)®B(¢%)), and
according to Proposition 4.52, the sum is direct. By | , Theorem 1.8.7], we conclude that
the decomposition is topological. In the course of the proof of Lemma 4.50, we have seen that for
any y € LP(Ly(H)®B(£7)), we have the suitable decomposition y = R, Ry. (y)+ (Id— Ry R3:. ) (y).
So the associated first bounded projection is R, R.. [ ]

Theorem 4.54 Let —1 < ¢ <1 and 1 < p < co. Consider the operator Dy 4, from (4.69).
Then Dy q,p is bisectorial and has a bounded H®(XE) calculus.

39. Note that (P ® Ids§)(y) =y.
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Proof : According to Corollary 4.53, the space ST & LP(I',(H)®B(¢?)) admits the topological

direct sum decomposition ST & LP(I',(H)®B(¢?)) e ST @ Randy qp ® Ker(0y,q,p+)* into a

sum of three subspaces. Along this decomposition, we can write*’

0 (Oa,qp)* O
(4.69) 4P (4.63) | D, 0
Dagp = |Oagp 0 0] = { dq’p O} .
0 0 0
According to Theorem 4.46, the operator D, ,, is bisectorial and has a bounded H*®(XZ)
functional calculus. So we conclude that the same thing for Dg 4. [ ]

Theorem 4.55 (Hodge decomposition) Supposel < p < oo and —1 < q < 1. If we identify
Ran 04,4 and Ran(dy,q,p+)* as the closed subspaces {0} @ Randy 4., and Ran(0y,q.+)* © {0}
of ST & LP(T,(H)®B(£2)), we have

(4.78) SP @ LP(T,(H)@B(¢7)) = Ran da.4,p © Ran(9,4 - )* ® Ker Dy 4 -

Proof : From the definition (4.69), it is obvious that Ker Dy 4, = (Kerdu 4, ® {0}) ® ({0} &
Ker(0q q,p+)*). We deduce that

S @ L2 (D (H)EB(2)) "L (Ran(Ga g )* @ Ket Oa.g.p) ® (Ker(daqp+)* ® Ran Oa )

= ({0} ® Randa,q,p) (Oa,q.p)* ©{0}) ® (Ker Oaq,p ® {0}) ® ({0} ® Ker(9a,q,p+)")
= ({0} @ Ran da,q,p) (Oaq.p)* @ {0}) ® Ker Dy g p-

@ (Ran
@ (Ran

4.7 Independence from H and «

In this short subsection, we again keep the standing assumptions from the two preceding sub-
sections and have a markovian semigroup of Schur multipliers. The main topic will be the
proof of Theorem 4.60 showing that the bound of the bisectorial H>®(X%) functional calculus in
Theorem 4.46 and Theorem 4.54 comes with a constant only depending on w, g, p, but not on
the markovian semigroup nor the associated Hilbert space H nor a: I — H. We show several
intermediate lemmas before.

Lemma 4.56 Let —1 < q < 1. Let H be a Hilbert space and i1: Hy C H an embedding of a sub
Hilbert space Hi. Moreover, let I be an index set and 11 C I a subset. Consider the mapping

7. JTa(H)EB(,) = Ty(H)EB(f)
R LT = Ty(in)(a) ® ji(x)

where ji1: B(7 ) = B({3), x — PyxPy and Py: {7 = (7, (&)ier = (&bier, )ier is the canonical
orthogonal projection. Then Ji is a normal faithful trace preserving x-homomorphism and thus
extends to a complete isometry on the LP level, 1 < p < 0.

Proof : According to | , Theorem 2.11], since iy is an isometric embedding, T, (%

1) is a
faithful #-homomorphism which preserves the traces. According to [ , p- 97], Ty

1) is

40. Here the notation (9q,q,p*)* is used for the restriction of (9u,q,p*)* on the subspace Randa,q,p-

120



normal. Moreover, it is easy to check that j; is also a normal faithful *-homomorphism. Thus

also Jj is a normal faithful *~homomorphism, see also | , p. 32]. Since I'y(¢1) and j; preserve
the traces, also J; preserves the trace. Now J; is a (complete) LP isometry according to | ,
p. 92]. [ ]

In the following, we let (H,)nen be a sequence of mutually orthogonal sub Hilbert spaces
of some big Hilbert space H = @, . Hyn and let I =| | _y I be a partition of a big index set
I into smaller pieces I,.

neN neN

Lemma 4.57 Let 1 < p < 0o and —1 < ¢ < 1. Consider the mappings ¥,,: S] — ST, ©
PrxP,, where P,: (2 — K%n is the canonical orthogonal projection as above,

p
U: @an — ST, (xn) — Z‘Ifn(xn)

neN n

and

J: DUy (H)BB(E,)) = LTy (HEB(E3), (yn) = 3 Jnlyn).
neN n

1. On the L™ level, Ran(J,,) - Ran(J,,) = {0} for n # m.

2. If the above domains of W and J that are exterior Banach space sums, are as indicated
equipped with the fP-norms, then ¥ and J are isometries.

Proof : 1. By a density and normality argument, it suffices to pick a ® 2 € T'q(Hy) ® B(¢7 )
and b ®@y € Ty(H,,) ® B(¢3 ) and calculate the product J,,(a ® x)J,,, (b ® y). We have

In(a @ x)Jm(b @ y) = Lglin)(a)lq(im)(b) @ PraPyPLyPy =0,

since P, Py,: {7 — {7 equals 0.

m”°

2. According to the first point, we have for any z,, € T'y(H,)®B(¢7 ),

(Z Jn<xn)> (Z Jm(wm)> = (Z Jn<x2)> (Z JM(xm>> = ZJn(xzxn)

and J,(|z,|?), we obtain

2
In the same way, by functional calculus of ’25:1 Jn(2n)

N

Z I ()

n=1

and thus, taking traces, we obtain

=

N

Z Jn(xn)

n=1

= (ZlJn(wn)IIZ) = (Z IIwnIIZ> :

By a density argument, we infer that J is an isometry. The proof for for ¥ is easier and left to
the reader. ]

In the following, we let moreover «,: I,, — H, be mappings and associate with it a: I — H
given by a(i) = a, (i) if i € I,, C | |,y Ir- We thus have noncommutative gradients dq,, 4., and

P

Oox,q,p-
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Lemma 4.58 Let 1 < p < o0 and —1 < g < 1. Recall the mappings J, and ¥, from Lemma
4.57.

1. For any n € N and z,, € My, fin, we have U, (x,) € My an and
Oa,g.p¥n(xn) = Jn0Oa, q.p(Tn).
2. Foranyn €N, y, € T'o(H,) ® M1, fin , we have Jy,(yn) € dom(0q,q,p+)* and
(Oarg.p* )" In(yn) = ¥n(Bar,, g% )" (Yn)-

Proof : 1. We calculate with x,, = Zi,jeln xi5€;; and explicit embedding k,,: I, — I,
Ooqp¥n (@n) = Oaqp(PranPn) = Oa,qp (P: injeijpn>

= qu 0.0 (€k (D)o (5)) wasq —a(kn(f))) ® ek, (iykn ()

On the other hand, we have

100,40 (Tn) me (sq(an(i) — an(j)) ® e)
= qu )(sq(n (i) = n(5))) ® PreijPu =Y ijsg(alkn(i)) — alkn(5))) @ ex, (i () -
%,

2. First we note that J,(I¢(Hy,) ® My, sin) € dom(0a,qp+)* and that (O0a,qp+)" maps
Jn(Tg(Hp) @ My, gin) into ¥, (S7 ). Indeed for sy(h,) ® ei; € Ty(H,) ® My, o and x =

> i ThiCkl € S?, we have

@ = 7, mzse2) ((3q(in(hn)) ® e, i)k ()" - Oag (7))

=D wumr, e (Salin(hn) @ ek, (k) - sq(a(k) — al) @ ep)
ki

= 71, (1) (8¢ (in (hn)) s ((kn (7)) = a(kn(9)))) Tk, (i) () -

This defines clearly a linear form on .5'?*, so indeed J,, (I'q(Hy)®Mr,, fin) € dom(Jq,q,p-)*. More-
over, we see above that if & = ey and k, [ not both in k., (I,), then ((0a,q.p+)*(Jn(yn)), ext) = 0.
Therefore, (Ou,qp)* maps J,(Cq(Hy) ® My, ga) into W,,(S7 ). Now we check the claimed
equality in the statement of the lemma by applying a dual element Zp to both sides. By den-
sity of My an in SI , we can assume z, € Mya,. Moreover, by the above, we can assume
zn, € U,(My, fin), so that z, = ¥, ¥*(x,). Then we have according to the first point of the
lemma

Trr(Vn(Oap.qp+)" (¥
= Trz, ((0, Qn,q,

W)

) W) (U (@0))") = 7o, m@siez, ) Yn(Oan g0 Vo (@n)))

In(Yn (O a0V (20))")) = 7o, ey ez) (n (Yn) (Jneo a0+ Vi (¥n))")
= Tr,(H)®B(£2) Yn) (Oa,q,p* Yn V5, (7))

= Tr1((Bag.p )" In(yn) (Vn W5, (20))") = Tr1((Oar,q.p+ ) I (yn) 27,

Here we have also used that J,, is trace preserving and multiplicative. The lemma is proved. B

p*
= Tr,(H)®B(£2) (Jn
(J

(
n(
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Lemma 4.59 Let 1 < p < oo and —1 < ¢ < 1. Recall the mappings ¥ and J from Lemma
4.57.

1. Then for any x = (x,) with x, € My, fin C an and any y = (yn) with y, € Tq(Hp) ®
M, sin NRan(0a,, q,p) such that only finitely many x, and y,, are non-zero, we have

0

Q1,q,p
v 0 v 0
(4.79) Dagpo |:0 J] (z,y) = |:0 J] o O Daygp 0 ... (z,v)
. 0 *

2. Let w € (0,%) such that Dy qp and all Dy, 4. have an H®(S3) calculus, e.g. according

to Theorem 4.6, w = 7. Then for any m € H>®(21), we have
m(Day ,q.p) 0 e
v 0 v 0
(4.80) m(Daqp) © [0 J] = {0 J} o Q m(Das.q,p) '0
: 0
as bounded operators @Y . (an ®p Ran(@amqyp)) — ST @, Ran(da,q.p)-

Proof : 1. We have according to Lemma 4.58

Deagp(¥(2), T(9)) = Davyy ( LTSS Jn(yn>)
_ ((aa,q,p*)* zﬂ: Tn(Un)s oo an \Ifn(xn)> _ (zn: o Gn s )t zn: . a%q,pxn)

= (Vdiag((8a, q.p+)" : 7 € N)y, Jdiag(da, qp : n € N)z).

This shows (4.79).
2. According to (4.79), for any X € p(Da.q,p) Vpen P(Dan,q,p), We have for (z,y) as in the
first part of the lemma,

1P 0 (A= Da, q.0)
(A= Daa) ™ [ JH 0

_ [g ﬂ oq) = [\(1); ﬂ l(A—D:,q,p)1 0] l(A—lzal,q,p) 0] )

Thus, we obtain

(4.81) (A= Dagp) ™ [‘5 3] = {\(I)/ 3] [(A_Dm’q’p)_l O]

0
] (z,y) = (A= Da,q,p)il(/\ - Da,q,p) {\(I)j 3] (z,y)

0

on a dense subspace of P! _ (an ®p Ran(@amq,p)). By boundedness of both sides of (4.81),
we obtain equality in (4.81) as bounded operators " (an Dp Ran(@amqm)) — ST @,

neN
Ran(0a,4,p). Now by the Cauchy integral formula, we obtain (4.80) for m € H(XZ), and
by the H* convergence lemma (see | , Lemma 2.1] for the sectorial case) applied first for
fixed (z,y) as in the first part of the lemma, also for m € H>®(X1). [ |
Now, we can give an answer to a variant of | , Problem C.5].
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Theorem 4.60 Let 1 <p<oo, -1<q<1,w=7% and Dy qp as in Theorem 4.46. Then the
H>(XZ) caleulus norm of Dy q,p is controlled independently of H and c, that is, |m(Da,qp)|| <
M| (2. In particular, sgn(Da.qp) = Degp(D3 )~ 3 s bounded by a constant not
depending on H or its dimension nor the mapping a: I — H.

Proof : Suppose that the statement of the theorem is false. For any n € N, then there exists a

sequence (D, ) of Hodge-Dirac operators such that the H*(X%) functional calculus norm is

bigger than n. We let T Lo ey In, H = e P,.cny Hn and consider a: I — H, i € I, = a,(i).

Let f,, be a function of H“(Ei) such that || fu |y 52y = 1 and || f(D Oémq,p)H n. According

to Theorem 4.46, the operator D, ,, has a bounded H*(X%) functional calculus. Thus, for
some constant C' < co and any f,, as above, according to Lemma 4.59,

fn(Da17q;p) 0
S CRIES PACNWEY | B [ 0}[ ’ ]H

fn(l)a17 , ) 0
B ’H 0 " ] 2 ||fn(Dayqp)ll = 1.

Taking n — oo yields a contradiction. The last sentence of Theorem 4.60 follows from taking

f(z) = Iyt (2) — Ly (2). u

Remark 4.61 We have the following alternative proof of Theorem 4.60 using dimension-free
estimates of the Riesz transform associated with A,. It will show that the angle of the H>®(X1)
calculus of D, 4., and D, 4, can be chosen w >3l = f| and that the norm of the calculus is
bounded by a constant K, not depending on I nor the representation (a, H), in particular it
is independent of the dimension of H.

Proof : First note that since A, has a (sectorial) completely bounded H*(X5,) calculus with
angle 2w > 71'\ 1 _ 1| (see the dilation argument below), by the representation (4.45), D2 q.p also
has a bectorlal H“(ng) calculus. According to [ , Proof of Theorem 10.6.7, Theorem
10.4.4 (1) and (3), Proof of Theorem 10.4.9], the operator D, 4, has then an H*(X%) bisectorial

calculus to the angle w > |~ — f| with a norm control

(4.82) 1 Peg)l < Ko (M5S0 ) (MEp, ) 1)

where K, is a constant only depending on w (and not on I nor the representation («, H)). Here
M5 . is the H*®(Ey,) calculus norm of D2 and
»“a,q,p ’
v T
T[T u).
M- < T

4.p
Thus it remains to show that both MJZ .  and MfD can be chosen independently of
a,P

a,q,p

the Hilbert space H and the representation a. Let us start with M3e D2 - It is controlled

(4.83) MP, =R ({)\()\ —Dagp): AeC\{0},

according to the above reasoning and Proposition 4.45, by M3y 14,5 A, that i is, the completely
bounded H*> calculus norm of A,. An application of | Prop051t10n 5.8] shows that it
suffices to consider only 2w > 7. According to | 11 }, we have a decomposition of the
semigroup (7}, )¢>0 generated by A,, given by

Idsr @ T3 p = (Idsr ® Ep)(Idsp ® Ut,p)(IdSP & Jp)
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Here, E,: LP(Q,S7) — S¥ and J, are complete contractions and Uy ,,: LP (2, S7) — LP(€, S7)
is a group of isometries. An inspection of the proof of Lemma 4.11 shows that the constant in
the second condition there is a bound of the H* calculus in the first condition there, so that
it suffices to show that the generator of Idg» ® Uy, has a bounded H*(Xy,,) calculus with a
norm controlled by a constant depending only on 2w > 7. By | , Proof of Theorem
10.7.10], the norm of the calculus of Uy, is controlled by CQwﬂI277X hp x, ca., denoting a constant
depending only on 2w, 8, x denoting the UMD constant of X = SP(LP(M)) and h, x denoting
the Hilbert transform norm, i.e. on the space L?(R, SP(LP(M))). Here, M = L>®(Q)@B(¢2).
These are controlled by a constant depending only on p but not on M. Indeed, using
[ , Proposition 4.2.15], it suffices to control the UMD constant of S?(L?(M)) and thus
uniformly the one of SE(LP(M)). Now M, (M) is a QWEP finite von Neumann algebra, so
M,, (M) admits a trace preserving embedding in an ultrapower B(¢2)" of B(¢%) for some index
set J and some ultrafilter . So SE(LP(M)) embeds in (S%)". By | , Theorem 8.13], (ST)4
is finitely representable in S%. We conclude since UMD is a super-property by | ,
p- 308]. So we have the desired control of M35 14,4, and thus of M35 p2 o We turn to the

control of M, .., from (4.83). According to (4.65) extended to complex times z belonging to

some bisector X with o = Z — w, it suffices to control the following R-bounds

({ (Id + 22A,) ZEZ?;})
R({z(1d+2*4,)" ((%qp )z e Ef})
R ({20a,qp(Id + 2°4,) " zer})
R({ld® (Id+2%4,) ' : z e 5F}).

Indeed, an operator matrix family is R-bounded if and only if all operator entries in the matrix
are R-bounded. According to | , Theorem 10.3.4 (1)], (4.84) is R-bounded since we can
write (Id 4+ 22A4,) ™ = 1d — f(2?A4,) with f(X\) = A(1 + A)~!. Moreover, by the same reference,
its R-bound is controlled by Mg7__ A, which in turn, by the above argument of dilation can be
controlled independently of the Hilbert space H and the representation «. The same argument
shows that also (4.87) is R-bounded. Since the operator family in (4.85) consists of the family
of the adjoints in (4.86) and R-boundedness is preserved under adjoints, it suffices to prove that
(4.86) is R-bounded. To this end, we decompose for z € %, the positive part of the bisector
(similarly if z belongs to the negative part of the bisector)

2nap(14+ 224) 7 = [0p Ay | (24,)F (14 224,) 7 = [ugnds * | £(224))
with f(A\) = VA(14+X)~!. Again | , Theorem 10.3.4 (1)] shows that the term f(22A4,) is
R-bounded with R-bound controlled by some constant independent of the representation (a, H).

Finally, we are left to show that the Riesz transform is bounded by a constant independent of
the cocycle, that is,

1
(4.88) Haa,q,p(x)HLp(rq(H)@B(g%)) < CHA; (x)Hs?

For this in turn we refer to Remark 3.36. ]
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5 Locally compact quantum metric spaces and spectral
triples

5.1 Background on quantum compact metric spaces

We recall definitions and characterizations of the notions that we need in this section. The main
notion is that of quantum compact metric space. This concept has its origins in Connes’ paper
[ | of 1989 (see also [ , Chapter 6] and | , Chapter 3]), in which he shows that we
can recover the geodesic distance d of a compact riemannian spin manifold M using the Dirac
operator D by the formula

d(p,q) = sup If(p) = f(@)l, p.geM
Fec(M),||[D,fllI<1

where the commutator [D, f] = Df — fD extends to a bounded operator®'. Indeed, it is known
that the commutator [D, f] induces a bounded operator if and only if f is a Lipschitz function
and in this case the Lipschitz norm of f is equal to ||[D, f]||. Moreover, this space of functions
is norm dense in C(M). If we identify the points p, ¢ as pure states w, and w, on the algebra
C(M), this formula can be seen as

d(wp,wq) = sup wp(f) = wq(HI, pg € M.
fec(M) D A<

Afterwards, Rieffel [Rie3] and Latrémoliére | | axiomatized this formula replacing C(M)
by a unital C*-algebra A (or even by an order-unit space A), f — ||[D, f]|| by a seminorm ||-||
defined on a subspace of A and w,,w, by arbitrary states obtaining essentially the formula (5.3)
below and giving rise to a theory of quantum compact metric spaces. With this notion, Rieffel
was able to define a quantum analogue of Gromov-Hausdorff distance and to give a meaning to

many approximation found in the physics literature. We refer to the surveys | | and | ]
and references therein for more information.
Recall that an order-unit space [ , p- 69], [ , Definition 1.8] is an ordered R-vector

space A with a closed positive cone and an element 1 4, satisfying ||al| , = inf{A > 0: =A14 <
a < Al 4}. The element 1 4 is called the distinguished order unit. The definition of an order-unit
space is due to Kadison | ]. Important examples of order-unit spaces are given by real linear
subspaces of selfadjoint elements containing the unit element in a unital C*-algebra.

The following is a slight generalization of [ , Definition 2.3] and | , Definition 2.2].

Definition 5.1 A wunital Lipschitz pair (A, |-||) is a pair where A is an order-unit-space and
where ||-|| is a seminorm defined on a dense subspace dom ||-|| of A such that

(5.1) {a € dom|-|| : [[a]| = 0} = R14.

Remark 5.2 Note that if a seminorm ||-|| is defined on some subspace dom ||-|| of a unital C*-
algebra A such that Ag,Ndom ||| is dense in Ay, and such that {a € dom ||| : [la]| = 0} = Cl.4,
then its restriction on Ag, N dom ||-|| defines a unital Lipschitz pair. In this case, we also say
that (A, ||-]]) is a unital Lipschitz pair (or a compact quantum metric space if Definition 5.3 is
satisfied).

If (X,dist) is a compact metric space, a fundamental example [ , Example 2.6], [ ,
Example 2.9] is given by (C(X )sa, Lip) where C(X) is the commutative C*-algebra of continuous

41. Recall that D is an unbounded operator acting on the Hilbert space of L2-spinors and that the functions of
C(M) act on the same Hilbert space by multiplication operators.
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functions and where Lip is the Lipschitz seminorm, defined for any Lipschitz function f: X — C
by

. def |f(x) = f(y)]
(5.2) Lip(f) = sup {dlst(x,y)

:x,yEX,xyéy}.

It is immediate that a function f has zero Lipschitz constant if and only if it is constant on X.
Moreover, the set of real Lipschitz functions is norm-dense in C(X)s, by the Stone-Weierstrass
theorem.

Now, following [ , Definition 2.2] (see also | , Theorem 2.42], | , Definition 1.2]
or | , Definition 2.6]), we introduce a notion of quantum compact metric space. Recall that
a linear functional ¢ on an order-unit space A is a state [ , D 72] if ol = p(1a) = 1.

Definition 5.3 A quantum compact metric space (A, ||-||) is a unital Lipschitz pair whose as-
sociated Monge-Kantorovich metric

. def
(5.3) distui(y,¥) = sup {|p(a) —v(a)| :a € A, |la| <1}, ¢,9 € S(A)
meltrizes the weak™ topology restricted to the state space S(A) of A. When a Lipschitz pair
(A, |I)ID is a quantum compact metric space, the seminorm ||-|| is referred to as a Lip-norm.

In the case of (C(X)sa, Lip), we obtain the dual formulation of the classical Kantorovich-
Rubinstein metric | , Remark 6.5] for Borel probability measures p and v on X

(5.4) distmk (@, v) def sup{‘/x fdu—/)(fdz/

: f € C(X)u Lin(f) < 1} .

which is is a basic concept in optimal transport theory | ]. Considering the Dirac measures
0, and 0, at points z,y € X instead of p and v, we recover the distance dist(z,y) with the
formula (5.4).

The compatibility of Monge-Kantorovich metric with the weak* topology is hard to check
directly in general. Fortunately, there exists a condition | , Proposition 1.3], | , Theorem
2.5], | , Theorem 2.43] and [ , Theorem 2.10] which is more practical. This condition is
inspired by the fact that Arzéla-Ascoli’s theorem shows that for any x € X the set

{f € C(X)sa: Lip(f) <1, f(z) =0}

is norm relatively compact and it is known that this property implies that (5.4) metrizes the
weak*® topology on the space of Borel probability measures on X. The following is a slight
generalization of | , Proposition 1.3] with a similar proof left to the reader.

Proposition 5.4 Let (A, ||||) be a unital Lipschitz pair. Let p € S(A) be a state of A. If
the set {a € dom ||| : |la|| < 1,u(a) = 0} is norm relatively compact in A then (A, |||) is a
quantum compact metric space.

The Lipschitz seminorm Lip associated to a compact metric space (X, dist) enjoys a natural
property with respect to the multiplication of functions in C(X), called the Leibniz property
for any Lipschitz functions f,g: X — C:

(5.5) Lip(fg) < Ifllccx) Lir(g) + Lin(f) lgllocx) -

Moreover, the Lipschitz seminorm is lower-semicontinuous with respect to the C*-norm
of C(X), i.e. the uniform convergence norm on X. These two additional properties were
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not assumed in the above Definition 5.3, yet they are quite natural. However, as research in
noncommutative metric geometry progressed, the need for a noncommutative analogue of these
properties for some developments became evident. So, sometimes, some additional conditions
are often added to Definition 5.3 which brings us to the following definition.

The following is a slight generalization of [ , Definition 2.21] for order-unit spaces em-
bedding in unital C*-algebras (see also | , Definition 1.3]) and | , Definition 2.45], | ,
Definition 2.19], | , Definition 2.19] and | , Definition 2.2.2]. Here aob o 1 (ab + ba)

and {a, b} e 2 (ab — ba).

1

Definition 5.5 1. A unital Leibniz pair (A, ||-||) is a unital Lipschitz pair where A is a real
linear subspace of selfadjoint elements containing the unit element in a unital C*-algebra
A such that:

(a) the domain of ||-|| is a Jordan-Lie subalgebra of Asa,
(b) for any a,b € dom ||-||, we have:

laobll < llalls 1]l + llall 1ol and [{a, b} < llall4 1] + llall 1]l 5 -

2. A unital Leibniz pair (A, ||-||) is a Leibniz quantum compact metric space when ||-|| is a
lower semicontinuous Lip-norm.

Note that neither A nor AN dom ||-|| are in general a Jordan or Lie or a usual algebra. We

continue with a useful observation [ , Theorem 2.17], [ , p- 18] in the spirit of Remark
0.2,

Proposition 5.6 Let A be a unital C*-algebra and ||| be a seminorm defined on a dense
C-subspace dom ||-|| of A, such that dom ||| is closed under the adjoint operation, such that
{a € dom ||| : ||a|| = 0} = Cl4 and, for all a,b € dom ||-||, we have:

[abll < [lall o 16l + llal[ [1b]] 4 -
If ||-|ls, s the restriction of ||-|| to Asa Ndom |||, then (Asa, |||ls.) s @ unital Leibniz pair.

In the case of semigroups Schur multipliers with [ infinite, we also need a notion of quantum
locally compact metric spaces. The paper | ] gives such a definition in the case of a Lipschitz
pair (A, ||-||) where A is a C*-algebra. However, we need a version for order-unit-spaces not
covered by | ].

The following is a variant of | , Definition 2.3] and | , Definition 2.27]. Here uA is
the unitization of A.

Definition 5.7 A Lipschitz pair (A, ||-]|]) is a closed subspace A of selfadjoint elements of a
non-unital C*-algebra A and a seminorm |-|| defined on a dense subspace of A @ Rl,a such
that {IE ce AP R1, 4 : H[EH = 0} =Rl,4.

A Lipschitz triple (A, |-l , M) is a Lipschitz pair (A, ||-||) and an abelian C*-algebra MM of A
such that 9 contains an approzimate unit of A.

The following is | , Definition 2.23].

Definition 5.8 Let A be a non-unital C*-algebra and M be an abelian C*-subalgebra of A
containing an approximate unit of A. Let p: A — C be a state of A. We call u a local state
(of (A, 9M)) provided that there exists a projection e in I of compact support*> (in the Gelfand
spectrum) such that p(e) = 1.

42. It is not clear if the support must be in addition open in [ ] since the indicator of a subset A is continuous
if and only if A is both open and closed.
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Inspired by | , Theorem 3.10], [ , Theorem 2.73], we introduce the following defini-
tion. Of course, we recognize that this definition is a bit artificial. A better choice could be to
generalize the results and definitions of | | to a larger context. Here p is extended on the
unitization as in | , Notation 2.2].

Definition 5.9 We say that a Lipschitz triple (A, ||-|| ,90) is a quantum locally compact metric
space if for a local state p of (A,9M) and any compactly supported a,b € M, the set

a{z € A®RL, 4 : [|z] <1, pu(x) =0}b
is totally bounded in the norm topology of uA.
Now, we give a variant of Definition 5.5.

Definition 5.10 Let (A, ||-||,9) be a quantum locally compact metric space. We call it a
Leibniz quantum locally compact metric space if (A @ Rlya, ||-||) is a unital Leibniz pair in the
sense of Definition 5.5 and if the seminorm ||| is lower semicontinuous with respect to the
C*-norm |-

In this definition, note in a similar way to Definition 5.5 that neither A nor A N dom |||
are supposed to be a Jordan or Lie or a usual algebra. In a similar way to Proposition 5.6,
we obtain that if (A, ||-||) is a Lipschitz pair such that ||ab|| < ||a||, 4 ||bll + [|la|||[6]], 4 for any
a,b e A®RI1,a, then (A @ R1,4,||-||) is a unital Leibniz pair.

Finally, following | , Condition 4.3] (see also | ] for a related discussion), we intro-
duce the following definition.

Definition 5.11 We say that a locally compact metric space (A, ||-|| ,9M) in the sense of Defi-
nition 5.9 is bounded if the Lipschitz ball {a € A ||a|| < 1} is norm bounded.

5.2 Quantum compact metric spaces associated to semigroups of Fourier
multipliers

In this subsection, we consider a markovian semigroup (73)¢>o of Fourier multipliers on a von
Neumann algebra VN(G) where G is a discrete group as in Proposition 2.7. We introduce new
compact quantum metric spaces in the spirit of the ones of | ]. We also add to the picture the
lower semicontinuity and a careful examination of the domains. By Lemma 3.15, the following
definition is correct. It is not clear how to do the same analysis at the level p = oo considered
in | , Section 1.2] since the domain is unclear in this case.

Definition 5.12 Suppose 2 < p < oo. Let G be a discrete group. Let A, denote the LP

1
realization of the (negative) generator of (Ty)i>o. For any x € dom A} we let

def
(5.6) el 2 max{HF(m,m

1 s a1
)2HLP(VN(G))’ IP(a", @ )2HLP(VN(G))}'
We start with an elementary fact.

Proposition 5.13 Suppose 2 < p < co. Let G be a discrete group. Then ||~||Pp is a seminorm

on the subspace dom Aé of LP(VN(G)).
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Proof : 1. If z belongs to dom AE and k € C, we have

HkaFm(if)nnu<{HF(kx,kx)% [D((kz)*, (k)"

HLI’(VN(G))’ ||LP(VN(G))}

= max { T (k, kx)% (kz*, ka*)?

||LP(VN(G))’ ”LP(VN(G))}

= max { l[| 0, 2) [ e RIT @2 cumcon §

= [kl masx { [T 2) | conceny 1T 7 o onian | = 14l 12l

Let us turn to the triangular inequality. Assume that z,y € Pg. Note that L (VN(Q)) is a

normed space since p > 2. According to the part 4 of Lemma 2.34 and (2.36) applied with
Z = L% (VN(G)), we have

(2.36)

r 2 < T 2 2
TG+ ve il o) < 0@y Tl

We can rewrite this inequality under the form

(5.7) IT(z +y,z+y)* T (, )

HLP(VN(G)) S HLP(VN(G)) + HF(y,y)% HLP(VN(G))'

Then, for the general case where z,y € domA 7, consider some sequences (x,) and (y,) of
Pg such that z,, % 2 and y, = y with Lemma 3.15 and (2.38). By Remark 2.11, we have
Tp + Yn — =+ y and thus

||F(:z:+y,:c+y)% =[|I°( :chy,eryH

||LP(VN(G)) L5 (vN@G)

(2:39)

hmHF xn+yn>xn+yn)” ||F Tp + Yns Tn + Yn)? ||LP(VN(G)

L% (VN(G))

(5.7)
S hmHF<x”’x")%HLP(VN(G)) +hm"F<y"’y”)%‘|LP(VN(G))

HLP(VN(G)) +[[P(y.y)2 ||LP(VN(G))
A similar reasoning for x,y replaced by z*,y* gives

<P, 2%)3

(5.8) @ +y7 e +y)? ? Lo vmiey t Ty, y7)* [T

H L2 (VN(G))
Now we have

|z + ?JHF,p (5:6) maX{HF(SU +y,x+ y)% HLP(VN(G))’

(5.7)(5.8)
< max{HF(m,x)%

F(:L'* _"_y*’x*_"_y*)%

HLP(VN(G)) }

o vneey + Ty, )% [Py

T, ) +[T(y

EHLP(VN(G)) y*)%HLP(VN(G))}

émaX{HF(I,x)% ,HF(J:*,x*)%

||LP(VN(G)) ||LP(VN(G))}

+ max {HF(y,y)% HLP(VN(G))’ HF(y*,y*)% HLp(VN(G))} " 12l + 1Yl -

Now, we prove the Leibniz property of these seminorms. We recall that C*(G) is the reduced
group C* algebra containing Pg as a dense subspace.
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Proposition 5.14 Suppose 2 < p < co. Let G be a discrete group. For any x,y € Pg, we have

(5.9) eyl <

Proof : Let z,y € Pg. Using the structure of bimodule of L?(VN(G),L?(Q2).,) in the second
inequality, we see that

» Tl

I'\p HyHC;ﬁ(G)

(T (zy, wy)? HLP(VN(G))
(326) (2.72) Hx&p + Bw

Hallf(my)HLp(VN(G),LZ(Q)C,p) yHLP(VN(G) L2(Q)c.p)

S Hxaw(y)HLp(VN(G),Lz(Q)C,p) + |0y (= yHLp(VN(G),LZ(Q)C,p)

y)HLP (VN(G),L2(Q).,) T H&/)(I)||LP(VN(G),L2(Q)C,,J

(2% + |0, 2)

||LP VN(G))

Similarly, we have

HF(y*x*, y*x*)% HLP(VN(G))

< 2"l e HF(y*,y*)% HLP(VN(G)) + HF<x*’x*)%HLP(VN(G)) |
C:(G) HF(y*,y*)% ||LP(VN(G)) + HF(x*,x*)% ||LP(VN(G))
Therefore, |||, satisfies the Leibniz property. [ |

For the proof of Theorem 5.16, we shall need the following short lemma. Note that dom dy 4
was defined in Proposition 3.11.

Lemma 5.15 Let 2 < p < oo and —1 < q < 1. Let G be a discrete group. Suppose
that LP(VN(G)) has CCAP and that VN(G) has QWEP. The map Oy qp: dom0y ¢, C
LP(VN(GQ)) = LP(VN(G),L?(T;(H))rad p) is closed.

Proof : Let (z,) be a sequence in dom 3y g, such that z, — 2z where z is some ele-

ment of LP?(VN(G)) and 9y 4p(zn) — 2z where z € LP(VN(GQ),L*(Ty(H))rad,p). We have
(3.36)(3.31) (337 1
~ ~ 2
H&f,q,p(y)’|Lp(VN(G),L2(rq(H))md,p) = |y ey = (|43 HLP(VN(G))
(A2 (zn,)) converges in LP(VN(G)). Since Aﬁ is closed, x belongs to domA = dom 0y q,p
1 1

and AZ (z) = lim,, A2 (z,). According to (3.30), the sequence (Jy q,p(2,)) is then convergent
in LP(T'y(H) Xo G). Then as Oy 4, is closed, seen as an unbounded operator domdy 4, C
LP(VN(G)) — LP(I'y(H) %o G) by Proposition 3.11, = belongs to dom 0y 4. and Oy 4p(z) =

ThUb the sequence

limy, Oy q.p(xy), limit in LP(I'y(H) x4 G). Since p > 2, by | , Proposition 2.5 (2)] the lat-
ter space embeds into the space LP(VN(G),L?(T';(H))radp), and the above limit also holds in
LP(VN(G), L? (Fq(H>)rad,p)' u

In the next theorem, recall that if A is the generator of a markovian semigroup of Fourier
multipliers, then there exists a real Hilbert space H together with a mapping by : G — H such

that the symbol ¢: G — C of A satisfies ¢(s) = ||b¢(s)||§l Following | , p. 1962], we
define
def 2
5.10 Gap,, = b — by (D) || -
(5.10) b I he(s) = bu(o)
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By [ , Proposition 2.10.2], note that Gap,, is independent of by, that is, if by, : I — Hj, and

cy: I — H. are two cocycles such that ¢(s) = ||bw(s)||§{b = ||cw(3)||§{c for all s € G, then Gap,,
takes the same value in (5.10), whether it is defined via by, or cy.

We denote by LE(VN(G)) the range of the bounded projection P: LP(VN(G)) — LP(VN(G)),
As = (1 = 05=¢)As = (1 — 7(As))As (see the proof of Lemma | , Lemma 7.27] for a proof
of the boundedness). Recall that C(G) is the reduced group C*-algebra associated with the
discrete group G. We also write C*(G)o for the range of the bounded projection C*(G) —
CH(G): As = (1 — d5=¢)As, on the space of elements of C(G) with vanishing trace (see again
the proof of Lemma [ , Lemma 7.27] for a proof of the boundedness). In the sequel, we

1
denote by |||, the restriction of (5.6) on dom A7 N Cj(G). Note Remark 5.2.

Theorem 5.16 Let 2 < p < oo. Let G be a discrete group. Let by: G — H be an injective
cocycle with values in a finite-dimensional Hilbert space of dimension n < p. Assume that
Gap,, > 0.

1. IfLP(VN(G)) has CCAP and VN(G) has QWEP then (C;(G), |||l ,) is a quantum com-
pact metric space.

2. If G is in addition weakly amenable then (C7(G), [||lp,) s a Leibniz quantum compact
metric space.

Proof : We will use Proposition 5.6.
1
1. Since dom [|-[| , = dom A7 N C}(G) contains the dense subspace Pg of C;(G), the C-
subspace dom ||-|| , is dense in C}(G). By Lemma 3.19 and Proposition 3.11 dom |||, is
closed under the adjoint operation. According to Proposition 5.13, |-, is a seminorm. We
will show that it is a Lip-norm, i.e.

(5.11) {x € dom |||y, : llllp, = o} = Cl.
Indeed, we have A(1) = ¢(e)1 = 0, so that I'(1,1) L9 $[A(1")1 + 1*A(1) — A(1*1)] =0 and

5.6)

consequently |1, (L max {[|['(1,1 0. In the other

1 * 1%) % —
)QHLP(VN(G))’ (NG )ZHLP(VN(G))} =
direction, if ||z, = 0, then according to (3.37), we have A (z) = 0. For any s € G, we infer
that
1 1 1 %
0 =76 (A5 (@)A7) = 16 (245 (X)) = v(s™") 2 1a(2A).
Since 1(s71) # 0 for s # e, we deduce that 7¢(zA\X) = 0 for these s, so that finally, z € C1.
Thus, [|-[|p, is a Lip-norm.
Since 7¢: C5(G) — C is a state, with Proposition 5.4 it suffices to show that

(5.12) {x €dom -[[p,, ¢ [lzllp, < 1, Ta(z) = 0} is relatively compact in C}(G).

Note that A;': LZ(VN(G)) — L3(VN(G)) is compact. Indeed, (\)sec (e} is an orthonormal
basis of L3(VN(G)) consisting of eigenvectors of A;'. Moreover, the corresponding eigen-
values are ||b1[,(s)||l_1,2 vanish at infinity*®. For the latter, note that the condition Gap, =
infy, ()20, (1) 0w (8) — by (t)H?{ > 0 together with the injectivity of by imply that any compact
subset of H meets the by(s) only for a finite number of s € G. As H is finite-dimensional by

43. Recall that a family (zs)ses vanishes at infinity means that for any € > 0, there exists a finite subset J of [
such that for any s € I — J we have |zs| < e.
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assumption, the closed balls of H are compact, so that ||b¢,(s)||1f12 — 0. We have shown that
A;' is compact. Now according to [ , Lemma 5.8], [JM1, Theorem 1.1.7] applied with
z =1 and ¢ = oo, the operator A=z LE(VN(G)) = VN(G)y is compact. So the set

{x € Cr(G)o N domA,% : ||A§ (x)HLp(VN(G)) < 1}

1
is relatively compact in C*(G). Note that for any « € dom A2 we have

(3.37)

1 1 PN | (>b)
||A5(z)||Lp(VN(G)) Sp max{HF(x,g:)%||LP(VN(G)),||F(17 T )éHLT’(VN(G))} 2llrp -

We deduce from this inequality that
(o € CH(G)oNdom AF : [Jally., <1}

is relatively compact in C*(G). We have

(o€ CHG)oNdom AF : |Jall, <1} = {& € CH(G) Ndom AF : |Jally., < 1, Ta(x) = 0}

We deduce (5.12).

2. Let z € C:(G) and (z,) be a sequence of elements of dom Aé N C:(G) such that

(3.36) |

lxn — $||c:,(G) — 0 and [[zy|p, 1. We have to show

|0u.1.p(2n) HLpVN()Iﬂ«nmd@ S
1
that x belongs to dom A7 and that ||8¢’1 » HLP(VN(G) L2 (Qraay) S < 1. Note that
rad,p
l#n = 2llLo(vi(ay) = 0-

Then ((xn, Op.1 p(mn)) is a sequence of elements of the graph of 0y 1, (the operator 9y 1, is

seen as in Lemma 5.15), which is bounded for the graph norm. Note that this closed graph is

convex, hence Weakly closed. Since bounded sets are weakly relatively compact, there exists a

subnet ((xy,,0y,1,5(zn,)) which converges weakly to an element (z,8y.1,,(2)) of the graph of

Oy.1,p- In particular, (x,,) converges weakly to z and Oy 1 p(zn,) converges weakly to dy 1,(2).
1

Then necessarily © = z. We conclude that = belongs to dom dy 1, = dom A7 . Moreover, with
[ , Theorem 2.5.21], we have by weak convergence

< 1.

hm inf ||3¢ 1,p(Tn;)

HéWNLP(x)HLP(VN(G)JP(QLa¢p) hm (VN(@),L2(Qrad.p) >

Now, suppose that G is weakly amenable. We will extend the Leibniz property (5.9) to
1

elements z,y of dom A3 N C5(G). Let (¢;) be a net of functions ¢;: G — C with finite
support such that the net (M) converges to Idi»vn(g)) and to Idcf\(G) in the point-norm
topologies with sup; HM%. ch,LP(VN(G))—>LP(VN(G)) < oo (see the end of Subsection 2.4). We
have x = lim; M, (z) and y = lim; M, (y) where the convergence holds in C;(G) and in
LP(VN(G)).
Thus also zy = lim; My, (z)M, (y) in C(G). Using the lower semicontinuity of |||, , in
the first inequality, we conclude that
lzyllr, < lim inf [ My, (2) My, (y)

J ||F,p

(5.9)
< limjinf ||M%. (z) + HMW (y) x)Hrp

y)HF,p
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P27 a

C:(@) HyHF,p + ||y| Cx(Q) ||1'||F7p .

Here, we have also used (2.63) in the last line to see that M, are equally uniformly completely
bounded Fourier multipliers approximating the identity. The theorem is proved. [ ]

Remark 5.17 The argument for the lower semicontinuity is correct with the weaker assump-
tion “(z,) converges weakly to = in LP(VN(G))” instead of ||z, — z[|q.(g) — 0. In the part 2,

the argument proves that dom AE N C:(Q) is a x-subalgebra of C:(G).

Remark 5.18 Note that in Theorem 5.16 above, in contrast to its counterpart for Schur mul-
tipliers, Theorem 5.30 below, we have a restriction of the exponent p > n, where n denotes the
dimension of the representing Hilbert space. This restriction is in fact necessary in general as
the example in the following proof shows.

Proof : Consider the abelian discrete group G = Z?, the canonical identification by, : Z? — R?
of Z?% into R? and the trivial homomorphism «a: Z? — O(R?), (n,m) + Idg:. The associated
length function is ¢: Z* — Ry, (n,m) — ¥(n,m) = Hblb(n,m)H]?{2 = n? +m? Now pick the
critical exponent p = 2 = dimR2. Note that the operator space L2(VN(Z?)) = L2(T?) is an
operator Hilbert space by | , Proposition 2.1 (iii)] and consequently has CCAP**. We also
calculate

(5.10)

Gap, by (2, 1m2) — by (', 1) |2

inf
by (n,m)#by (n/,m’)

= inf n,m) — (', m)|2. =1 > 0.
BN [ B U
However, (C;(Z?),]||p,) is not a quantum compact metric space by | , Theorem 2.4.3].

Indeed, the set
1
{z € CX(Z%)o N dom A3 : 2]l o < 1}
is not bounded, so in particular, not relatively compact. Indeed, consider the double sequence

(an,m)n,mEZ defined by

def 1
1 nom = 0 .
(5.13) Qn, (1+n2+m?)log(2 + n2 + m?) (n,m)#(0,0)

Fix a number N € N and consider the selfadjoint element xpn def Zn2+m2<N an7m62”i<(”’m)">

of C#(Z?) = C(T?). We claim that (zy) is an unbounded sequence in C;(Z?)q = C(T?)o but
bounded in |[-|| ,-seminorm. Indeed, observe that xy is a trigonometric polynomial without
constant term, so belonging indeed to CZ(Z?)y = C(T?)y. Moreover, lznllcerey = 2w (0)] =
Zn2+m2<N Opn,m- But the series Z(n myezz On,m diverges since using an integral test [ ,
Proposition 7.57] and a change of variables to polar coordinates we have

1
G = dad
wg%% ’ ~4zﬂ+ﬂﬁ+y%bﬁ2+x%+ﬁ) Y

o 1
—C/O (1+T2)log(2+r2)rdr—oo.

44. More generally, if 1 < p < oo the operator space LP(T?) has CCAP by [JRR1, Proposition 3.5] since an
abelian group is weakly amenable with Cowling-Haagerup constant equal to 1.
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On the other hand, using Plancherel theorem in the second equality and again an integral test
and a change of variables to polar coordinates, we obtain

(3.37) 2

[E3%2 [ k= ||A%(xN)||i2(T2) = H(énungw(n,m)

Nl=

an,m)
(n,m)ez?

Z 1

(14 n2 +m2) [log(2 + n2 + m?)]?

2
€Z2

=Y e,
- n,m 3

n24+m2<N (n,m)ez?
N 1 o0 1
:/ dedy:C/ 57 dr < oo.
r2 (1422 +y?) [log(2 + 22 + )] o (1472)[log(2+1?)]
|
We refer to the survey | ] and to | , Pp. 628-629] for more information. Recall that
a finitely generated discrete group G has rapid decay of order r > 0 if we have an estimate
||$HVN(G) Sk ||9U||L2(VN(G))
for any z = Z\s|<k asAs. Similarly using | , Lemma 1.3.1], we can obtain the following

result.

Theorem 5.19 Let G be a finitely generated discrete group with rapid r-decay. Suppose that

there exists B > 0 such that 22TB+1 < p < 00 and that inf|g—i P (s) 2 kB,

1. If I?(VN(G)) has CCAP and VN(G) has QWEP then (C3(G), |||Ir,,) is a quantum com-
pact metric space.

2. If G is in addition weakly amenable then (Cy(G), ||-[lp,) s a Leibniz quantum compact
meltric space.

Proof : Using the notation n e 2%, we have by | , Lemma 1.3.1] the estimate
1T <= 130
tILZ(VN(G))—»VN(G) ~ t% s .
By [JM1, Lemma 1.1.2], we deduce that || Ti[| s v ey vnie) S ti% Moreover, by the argument
of | , p. 628], the operator A~! is compact on LZ(VN(G)). Since 22’";1 < p, we can use

[JM1, Theorem 1.1.7] with z = 1 and g = co. We deduce that A~2: L(VN(G)) — VN(G)o is
1 1 . .
compact. Hence the set {z € C}(G)o Ndom A : || A7 (x)HLp(VN(G)) < 1} is relatively compact

in CX(G). The end of the proof is similar to the proof of Theorem 5.16 (note that the condition
of rapid decay implies that we have a Lip-norm). [ |

5.3 Gaps and estimates of norms of Schur multipliers

Consider a semigroup (7});>0 of selfadjoint unital completely positive Schur multipliers on B(¢%)
as in (2.23). In order to find quantum compact metric spaces associated with (7});>¢ as defined
in Subsection 5.1, we need some supplementary information on the semigroup. One important
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of them is the notion of the gap, which we study in this subsection. In all the subsection, we
suppose dim H < co. We define the gap of a by

(5.14) Gap, & inf (i — a;) = (o — )1 -

aj—ojFag—ap

Note that by the proof of | , Proposition 5.4] and [ , Theorem C.2.3] then Gap, is
independent of «, that is, if «: I — H,, 5: I — Hp are two families such that (2.22) and (2.23)
hold for both, then Gap,, = Gapg.

Lemma 5.20 If dim H = n and Gap,, > 0, for any integer k > 1, we have
card {ai —aj : k*Gap,, < |lo; — a]”H (k+1) Gapa} < (5" -1k

Proof : If B,, denotes the open Euclidean unit ball in H and if &3, &5 are distinct and can be
written & = a; — a; and & = ay, — oy for some i, j, k,l € I, we have®”

(6 + Yoep, ) (6 + Yol ) =0,

2 2

Counting the maximum number of disjoint balls of radius 7”G;p"‘ in the annulus ((k—i—l) v/ Gap,+

v G;p“) (lc\/ Gap,, — Gap“ ) B,, combined with the binomial theorem, we obtain

card {ai —aj: k*Gap, < |la; — 04]||H (k+1) Gapa}

vol (((k +1)/Gap,, + \/@) n) — vol ((k\/@ Gap"‘) )

) ol ()
=(2k+3)"—(2k—-1)" = ;0 (’;) (2k)" 7 (37 = (=1)7)
<3 (M2 - )

< k"*; (;‘) 9n—i3i _ - 22" I(=1)7 = (5" — 1)k

|
We need the following lemma which tells that Schur multipliers with 0 —1 entries of diagonal
block rectangular shape are completely contractive.

Lemma 5.21 Let I be a non-empty index set. Let {I1,...,Ix} and {J1,...,In} be two sub-
partitions of I, i.e. Iy C T and Iy NI, =0 for k #1 (and similarly for Jy,...,Jn). The matriz
B = [b;;], where

9

1 ifie€ly, j€ Jy for the same k
bi; = .
0 otherwise

induces a completely contractive Schur multiplier Mp: S7° — S7° and is also completely con-
tractive on SY for any 1 < p < co.

Ga £/ G VG VG
45. 1f € (§1+ Y572 Ba) N (2+ Y572 Bn ) then [€1 —&2| < [€1 —nl+[n— & < Y57 + Y502 = | [Gap,,

2
which is impossible.

136



Proof : For any i € {1,...,N} consider the orthogonal projections P;: 2 — (2, (&)ker —
(&lper )ker and Q;: 03 — 02, (k)ker — (Eklres; )ker- If i # j, the ranges P;(¢%) and P;((3)
(resp. Q;(¢3) and Q;(¢%)) are orthogonal. Moreover, if C' € S$° it is obvious that Mp(C) =
Zf\il P,CQ;. Then for any &,n € (%, using the Cauchy-Schwarz Inequality in the second
inequality, we obtain

N N
[(Mp(C) £n€2|—‘<ZPCQ£,> =D (CQi&, P | <D (CQi&, P2 |
I i=1 i=1

-

1

N 2 N % N 5 N
< <Z;CQ¢§|?§> (Z; ||Pi77||§§> < ||C||SI°° (; ||Qz‘§|?§> <Z;Pm||?§>
N

> Qi

=1

= Cll g < Cllsee [I€llg2 171l 2 -
I I T T

We infer that ||MB(C)||S<;C < ||C||SIOO. Thus Mp: S7° — S7° is a contraction, and since it is a

Schur multiplier, it is even a complete contraction [Pau, Corollary 8.8]. Moreover, since B has
only real entries, Mp is symmetric, so also (completely) contractive on S}, and by interpolation
also on S7 for 1 < p < o0, [

Recall that Ran A, satisfies (3.92). The following result is related to the Hardy-Littlewood-
Sobolev theory | , Chapter II.

Lemma 5.22 If dim H = n, Gap,, > 0 and if the function m: H — C satisfies
‘ﬁz(ﬁ)| Cn ||§||H("+€) for some e > 0,

then the Schur multiplier M
t > 0, we have

(i—ay)]’ S7° — S7° is completely bounded. Moreover, for any
m(o;—ay

c(n)
T2 < =
cb,Ran Ao »Ran Ao (Gapa ) 2

Proof : Let z = ZZ jer Tij @ ey € SE(SF) C S7°(S7°), where I' C I is finite and £ is

an integer. Let {I1,...,In} be the partition of I’ corresponding to the equivalence relation
i~ & 0y =a; andlet Jy =1I),...,Jy = Iy. Let By be the Schur multiplier symbol from

Lemma 5.21 associated with these partitions.

Moreover for £ € a(I") —a(I"), we let {I%,..., 15} and {J5, ..., J5} be the (possibly empty)
subpartitions of I’ such that o; —a; =€ < i € I,f and j € J,§ for the same k. We let B¢ be
the Schur multiplier symbol from Lemma 5.21 associated with these partitions. Then, using
Lemma 5.20 and our growth assumption on m in the third inequality, we obtain

Z T?L(O[Z — aj)xij X eij

i,j€1’

S2(S%°)
= D mlai - aj)aiy ©eij+ ) > m(e; — a;)ri; @ e
ijel’ k=1 cca(l')y—a(I') S92 (S%°)
G k?Gap, <[[€]1* <(k+1)*Gap,,
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<ImO) || Dz ® ey

ijel’
i S7°(87°)
+) > @ Y w ey
E>1 cea(I’)—a(I') i,jel’
k*Gap,, <[I€]|° <(k+1)*Gap,, ai—ag=¢ 55°(57°)

= |T71(0)|H(Ids;° ® MBO)(x)Hs;c(S;”)
(5.15)
+3 3 [(E)][|(dsze @ Mp)(@)|| g 520

k>1 gea(I’)—a(I)
k2Gap, <[|€]|><(k+1)*Gap,,

< (o1 + 3 3 ) Il s

k>1 cca(l')—a(I)
k?Gap, <[[€]17<(k+1)*Gap,,

(5.16)

N . ~(nte)
<5 (170 + Sk (kv/Gana) ) el s

E>1

=5 (170 + Sk (Gapa) % ) Bl sy = enelGane) Bl o -

k>1

Note that the Riemann series ) k>1 k~17¢ converges.

For the second assertion, we use the function m = e tI'l#. Since 2 € Ran Ao, we may
ignore the term |m(0)| above and from (5.15), it suffices to use the inequality

o0
Z e tGapakt c(n)(Gap,t)~ 2.
k=1

5.4 Seminorms associated to semigroups of Schur multipliers

In this subsection, we consider again a markovian semigroup (7})¢>o of Schur multipliers on
B(¢%) satisfying Proposition 2.9. Recall from Subsection 2.7 that we have a generator A4, and
also a carré du champ I". We shall introduce a family of seminorms that will give rise in
Subsection 5.5 below to some quantum comp?ct metric spaces in the sense of Subsection 5.1.

First suppose 2 < p < co. For any = € dom A2 we let
def 1 1
(5.17) o, = max {0, 2)} || g, D@ | g0 }-

1
Hereby, we recall the definition of I' from (2.77) extended to dom A} in Lemma 3.43.
For the proof of Proposition 5.24, we shall need the following short lemma. Note that
dom 0y 4., was defined in Proposition 3.39.
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Lemma 5.23 Let 2 < p < 00 and —1 < ¢ < 1. The mapping Ooqp: domdoqp C S7 —
SP(LA(Tg(H))rad,p) is closed.

Proof : Let (z,,) be a sequence in dom 8,4, such that z, — x for some element z € S7 and
(3.87)(3.82)

o~

Oa,qp(xn) = z where z € ST(L2(T'y(H))radp). We have Haa,q,p(y)Hsg’(m(rq(m)rad,p)

.8 1 1 1
lyllr, = |42 (y)Hsﬁ, Thus the sequence (AZ (x,)) converges in S7. Since A} is closed,

x belongs to domAé = domJy 4, and Al( ) = lim, A (9: ). According to (3.81), the se-
quence (On,q,p(zn)) is then convergent in LP(T'j(H )®B(€2)) Then as O0q,q,p is closed, seen as
an unbounded operator dom 9, 4, C S¥ — LP(F (H)®B(¢?)) by Proposition 3.39, z belongs to
dom Oy,qp and Oy 4 p(z) = lim, Ba,q’p(acn)7 limit in LP(T,(H)®B(¢%)). Since p > 2, by [ ,
Proposition 2.5 (2)] the latter space embeds into S¥(L?*(T'y(H))rad,p), and the above limit also
holds in ST(L?(Ty(H))rad,p)- [ |
Proposition 5.24 Suppose 2 < p < oo.

1 ||lp,, is a seminorm on domAE.
:

1
2. ¢ p s lower semicontinuous on dom Aj equipped with the topology induced by the weak
topology of SY.

3. For any x,y € domA 5, we have
(5.18) lzylly p < Nl seo 19llrp + Ml see 2]p -
Proof : 1. If z belongs to dom AE and k € C, we have

Ik, 27 max {[Ir (ke k)

T ((ka)*, (k)*) {|Sp}

Dk ) # | g, } = max { k1|7 (2, 2) | gps 1Rl D @2 5 }

[
Sy

= max ka,kx% ps
{IIrtka, k)2 |,

= [kl max {[|D (@, )} | gy 10", ) | o b O 1l -

D
Let us turn to the triangular inequality. Assume that =,y € My qn. Note that S is a normed

space since p > 2. According to the part 4 of Lemma 2.38 and (2.36) applied with Z = S’Ig, we
have

1 (236) 1 1
T +y,z+y)l%, < P 2)[% + [T y)l% -
SIQ 12 SI2
We can rewrite this inequality under the form
1 1 1
(5.19) IT(z+y z+y)? Hs§ < ||D(z, z)2 Hsf + [Ty, )2 Hs;‘

1

Then, for the general case where =,y € dom A2 consider some sequences (x,,) and (y,) of M fin
such that z, = z and y,, — y with Lemma 3.43. By Remark 2.11, we have z, + y, — x4+ y
and thus

(2.39)
P
2
I

U v

Ir+ v+ |lgy = 0@+ vz + )|y 2 tim D@ + 20+ 92|

S

s
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1 (5.19) 1 1
:limHF(xn—l—yn,xn—i—yn)fHS§ < 1i§n’|r(xnaxn)§”5f+1i7rlnHF(yn7yn)§HS§

(2.39) 1
He@ @)t g + [T )}

A similar reasoning for x,y replaced by z*,y* gives
(5.20) @™+ 2™ + )2 g < [T )3 |gp + [T 07 -

Now we have

o+ gl "= max { [T+ oo+ )| g TG+ 0" + ) |

(5.19)(5.20)
< max {[[P(@,2)|g + 10 9)H | g0
e )|l g + P v g }

< max {0 2)} . D" )2 ;)

1 o ek (5.17)
+max {0, 9) | P05 gy } = el + ol -
1
2. Let z € S¥ and (zg) be a net of elements of dom A7 such that (xg) converges to x for
the weak topology of S¥ and, recalling the part 2 of Lemma 3.45,

HxﬂHr,p = Havmlm(mﬁ)”sf(m(g)md,p) s L

We have to show that = belongs to dom Aé and that ’|8a,17p(x)HS?(L2(Q)md o S 1. Note
that the net (0a,1,(2g)) is bounded in ST(L?*(9)rad,,) so admits a weakly convergent subnet
(Oa1,p(zp,)). Then ((z,,0a,1,0(x3,)) is a weakly convergent net in the graph of 04,1, Note
that this graph is closed according to Lemma 5.23 and convex, hence weakly closed. Thus the
limit of ((x4,,0a,1,(23,)) belongs again to the graph and is of the form (z,8a,1,5(2)) for some
z € dom0q,1,- In particular, (zg,) converges weakly to z and Oa,1p(23,) converges weakly
1

t0 Oa,1,p(2). Then necessarily x = z. We conclude that x belongs to dom 9,1, = dom AZ.
Moreover, with [ , Theorem 2.5.21], we have

<L

Haaﬁlm Hsfﬂ(m(mmd B hm inf ||aa 1p(28,) ‘sp(Lz(Q)md o)

3. Suppose first that 2,y € My g,. Then using the structure of bimodule of S7(L?(€).,) in
the second inequality, we see that

(2.84)

(2.82)
190 @5y 020)..,) = [09a®) +Oa@lsp12(c..,)

< ot +loute

PGy, 29)% | 5

HSP(LQ(Q )e.p) y||5?(L2(Q)c.p)

< Hx”B([‘;) Haa HsP(LQ(Q)C_,p) + Haa(x)”Sf(LQ(Q)C,p) ”y”B(f?)
= ||9CHB(e2 1T,y %Hsgﬂ + Hr(xvl')% ||s§’ “y”B(@) :
Similarly, we have

||F(y*3?*7y*l"*)%||sf < ||33*||B(e§) ||F(y*,y*)%||s? + ||F($*’$*)%Hsf ”y*”B(f?)'
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Therefore, |||, satisfies the Leibniz condition (5.18) for any z,y € My fin.

We will extend the Leibniz property (5.18) to elements z,y of dom Aé. We have z =
lim; 7;(z) and y = lim; 7;(y) where the convergence holds in S¢° and in S¥. Thus also
zy = lim; 7;(z)T;(y) in S¥ since SP is a Banach algebra for the usual product of operators by
[ ; p- 225]. Using the lower semicontinuity of ||| , in the first inequality, we conclude that

1
xy € dom A7 and that

=

. G18)
lzyllr,, < iminf |75 (@)T5(W)llr, < Hminf |75 (@)l s 17 W)lep + 175 W)l spe [T5(@)Ir,

(3.9())
= el g ol + Moo il

The proposition is proved. [ |

1
Remark 5.25 The argument proves that dom Aj is a *-subalgebra of S7°.
Suppose 1 < p < 2. For any element x of My gy, we let

b 22
(5.21) lallr, = int {0025 + TG =035 |

where the infimum is taken over all y, 2 € My g, such that x =y + z.

Proposition 5.26 For 1 < p < 2, ||[|p, s a §-seminorm on M gn, that is, the triangle

inequality holds under the form ||z + y||1§7p < ||x||1%p + ||y||1§p

Proof : The homogeneity of ||-[|. , can be shown as in the case p > 2 and is left to the reader.
Let us turn to the triangle inequality. For any y,y" € M fn, the part 4 of Lemma 2.38 says
that

(5.22) T, 9|75 < ||F(y,y)%||§7||F(y’,y’)%||§;’-

r
2
SI

P
Recall that S7 is a £-normed space for p < 2. With this inequality, we can now estimate for

arbitrary y,y’ € My g

I+ w+9) g = ||F(y+y’7y+y’)||§g =Py y) + T ) + T(y.y) +F(y’,y)||§g
I I

s HPW )75 + [T,y

‘< 1p 1oL p 15 ronins

< P@ e + T80z s + 2T @03 5 [T )2l
1,2 14,2 2

= (P12, + T o) 15,

Taking the square roots, we obtain

2% I+ 5w+ G < Il + It
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Now consider some elements x and z’ of My s, and some decompositions = y+z and 2’ = y'+2’
where y,z,y’, 2/ € My g,. We have z + 2’ =y + ¢’ + z + z/. We obtain

/§(5‘2]) / nins 1\ * nevin s
lz+a'llE, < [[Py+y,y+9)2 5 + [T+ 27 +2))2 |5
(5.23) » » p »
& I + 0w I, + 0= g, + e, 2

Passing to the infimum, we conclude that

|z + 2|2, < JallZ, + 2|2
Lp I.p Ip-

Suppose 1 < p < co. Let I be an index set. Recall that Ran A, satisfies (3.92). Suppose
that the map «: I — H is injective. In this case, Ran A, is the space of elements of S} with
null diagonal. We will also use the subspace My g, N Ran A of matrices with a finite number

of non null entries with null diagonal, and (dom Aé ) o = dom AE N Ran A, the space of those

1
matrices in dom A3 that have null diagonal.
Note that we can see S7° @ (CIdez; as the standard unitization of the C*-algebra S7°. We
consider the subspace (M7 s, NRan A) & CIdZ% of S° & (Cldg.

Suppose 1 < p < oo. We define the (resp. %-) seminorm |[|-[|p, , &f [{lr, © 0 on

2
(dom Aé)o © ClIdyz (resp. Mpn N Ran A @ Cldz). That is, for any element z = zo + Ald,2 of

(dom Aé)o &) (CId@ (resp. Mran NRan A & (CIdez;), we have

. 1% **;g}% .
G20 el & P PE0EG +IPC G T <p <o
INETREIL ifp > 2

)

maX{HF(:EO,mO)%HSf,

where the infimum is taken over all y, z € Mt s, such that £y = y + z. Note that when p = oo,
we suppose in addition that [ is finite, in order to have a well-defined domain of the seminorm
above.

Proposition 5.27 Suppose 2 < p < 0co. If p = oo, we suppose that I is finite. We have

(5.25) {w € (dom A7), ®Cldgs : [l2llp., = 0} = Cldys.

1
Proof : Case2 < p < oo. Let x = xg +/\Id5§ be an element of (dom Ap )O@(CId@. According to

" e 1 3.85) f .l (5.21)
Theorem 3.46, we have HAPQ(Q:O)HS,; < max{|‘l“(a:0,mo)2||s?,||F(x0,x0)2H35,} =" lzollp,-

~

This implies that when ||z

1
Ir.a.p = 0, that is [[xo|| , = 0, we have HA; (xo)HSIID = 0 and finally

1 -
A (z9) = 0. We recall from | , (10.5) p. 364] that since x¢ belongs to Ran A, =

1
Ran A}, we have

1 1 1 1
zo = lim A7 (t+ A7) (x0) = lim (¢ + A7) A7 (a0) = 0.

lim
t—0+

The reverse inclusion is true by (5.24).
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Case p = oo and I finite. Fix some 2 < py < co. Let x = zp + )\Id@ be an element of

1
(dom A7), @ CIdsz. Using Theorem 3.46 in the first inequality, we can write

i (3.85) N Lo
(5.26) 143 @o)llgpo S max {|[P(o,20) | gpo- [T (@, 26)F [ 500 }
S max {||Do,20)* [ g [T, 7)o } 2 N0l -
The end of the proof is similar to the case 2 < p < co. [ ]

5.5 Quantum metric spaces associated to semigroups of Schur multi-
pliers

By | , - 3], the linear space of all selfadjoint elements of a unital C*-algebra is an order-unit
space. So if I is an index set (finite or infinite) then (57°)sa ® Rld,z is an order-unit space.
Moreover, by [ , Proposition 2.3], a subspace of an order-unit space containing the order-unit
is itself also an order-unit space. We conclude that (Ran A )sa ® RIdg? is an order-unit space.
Now, we will prove in this subsection that (Ran A )sa @ RIds2 equipped with the restriction
of [|lp,, (defined by (5.24)) to this space (also denoted by |-, ,) is a quantum compact
metric space [ ]

Moreover, since Lipschitz pairs in the sense of Definition 5.1 are only defined for the moment
for seminorms and not for quasi-seminorms, in view of Proposition 5.27 above, we restrict our
family ||-[|p , ,, in the next theorem to the case 2 < p < occ.

Recall that if A is a sectorial operator on a Banach space X with w(A) < § (see (2.13)) and
if (T})i>0 is the associated semigroup, then by [I{W, Corollary 15.20], we have the following
representation for the (unbounded) operator A~ 2

N

(5.27) A (J;)zl) / 3 Ty(e)dt, € Ran A,
5) Jo

r(i
Lemma 5.28 Let A be a sectorial operator on a Banach space X with w(A) < 5 and (T;)s>0

be the associated semigroup. Assume that [|T;|gan(a)—x < C& for some d > 1, where Ran(A)

is normed as a subspace of X. Then A_%, initially defined on Ran A, extends to a bounded
operator on Ran A.

Proof : If x € Ran A, we have

1 /°° i
— [ tET(x)dt
I (z) Jo ' X

1 [e'e)
< / 3 |1 Ty(@) | dt + / | Tu(@) | dt < /
0 1 0

1 1 e 1
< (/ t_fdt—i—/ t—<d+2>dt) [E[
0 1

Then A2 extends to a bounded operator on Ran A. [ ]

_1 1 < 1
Ja @) <y, CHm@iye

L 1 ° 1
t72 ||zf| x dt + / t72 7 || dt
1

Note that if in Lemma 5.28, (T});>0 is a markovian semigroup of Schur multipliers, then Ao,

the generator of T; on S3° is only 7 sectorial in general. However, since Ran A, = A(M I6in) In
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this case, it is easy to check that the conclusion of Lemma 5.28 holds under the decay condition
of ||/Tt HRan Aoo—>SI°Q .

In the proof of the following result, we consider Ran A, living in the non-unital C*-algebra
Sge.

Lemma 5.29 Let 1 < p < co. Assume that the Hilbert space H is of finite dimension n € N
and that Gap,, > 0.

1. The operator A;% : Ran A, — Ran A, C Ran A, is bounded.

2. Suppose —1 < q < 1. Let By, = (Idpr(r,(m)) ® Ap) : domB, C Randyq,p —

|Ran8a,q,p

_1
Ran0q,q,p. Then the operator By * 1is bounded.

1

Proof : 1. We begin by showing that A, 2: Ran Ay — Ran A, is bounded. Note that by the gap

condition, we have for any i, j € I such that a; —a; # 0, |Ja; — |y = |las — o; — 0] > Gap,,.
1

Since a;; = ||a; — aj||il, we deduce that the diagonal operator A, 2 is bounded on the Hilbert
space Ran A,.

Next we show that A~% : Ran As — Ran Ay is bounded. Indeed, note that (7});>0 extends
to a bounded Cy-semigroup on Ran A,,. Moreover, Lemma 5.22 (where in case that H is 1-
dimensional, we inject H beforehand into a 2-dimensional Hilbert space so that this lemma
yields an estimate ||T¢| < Ct™% with 2 > 1) together with Lemma 5.28 yield that A~z

00— 00
is bounded on Ran A.

Now, if 2 < p < oo, it suffices to interpolate the operator A~% between levels 2 and oo
and to note that we have Ran A, = (Ran Ay, Ran A, )g for the right 8 € [0,1). Indeed, the
interpolation identity follows from the fact that the Ran A, are complemented subspaces of S7
by the spectral projections | , (10.1) p. 361] (note that (T};);>0 is a bounded semigroup
on SY for 2 < p < o), and that these spectral projections are compatible for different values of
2<p< oo Thenif 1 <p <2, we use that Ran A, is the dual space of Ran A,+ via the usual

1 1
duality bracket, and that A, * on the first space is the adjoint of A,.*> on the second space.

T _

2. We want to show that Idps(r,(m)) ® Ap ?: Randa,qp — LP(T(H)®B({7)) is bounded.
Since My gy, is a core for 04,4, according to Proposition 3.39, it suffices to bound on 0y ¢» (M7 fin),
or even on the bigger subset LP(I',(H)) ® Ran 4, of LP(I',(H)®B(¢7)). Note already that

1

according to 1., Idp» ® Ap ? is well-defined on L”? ® Ran A,. Let P: S — RanA, be the

spectral projection from | , (10.1) p. 361]. Then for z € L” @ RanA4,, we have

(Idpr ® Ap ?)(z) = (Idrr ® Ap ?)P(x). As T'y(H) has QWEP according to | ], with [Jun,
_1

p. 984] we are reduced to show that A, *P: S¥ — SV is completely bounded. To this end,

let n € N and consider the amplified operators (T; ® Idp(e2 ))t=0, which are again a markovian
semigroup of Schur multipliers, associated with the mapping v, : I x {1,...,n}, (i,k) — ;. It

1 1.
is easy to check that Gap,, = Gap, > 0. We have Idgr ® (A, *> P) = Ay > P, where the opera-
tors on the right hand side are those associated with the amplified markovian semigroup. Since

. L1
HPH < 1+ sup;sg HTt ® Idp(ez) H is bounded independent of n, and the bound on A, 2, which
depends on sup,~,q ||Tt @ Idp(ez) H and on Gap,, , is equally independent of n, we conclude that

T _ _1
Idp» ® Ay % : Rand, g p — LP(Ty(H)@B(¢?)) is bounded. Note that since Id» ® Ay 2 leaves
Oa.q.p(My sin) invariant, it is easy to check that it actually maps to Randq ¢ p-
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In the following theorem, we consider the abelian C*-subalgebra 9t of S7° consisting of its
diagonal operators. We recall that we restrict to p > 2 to have a seminorm ||-|| , , in the usual
sense.

Theorem 5.30 Assume that the Hilbert space H is of finite dimension and that Gap, > 0.

1. Suppose 2 < p < 0o and that I is finite. Then ((Ran Am)sa@RId@, IR p) is a Leibniz
quantum compact metric space (Definition 5.5).

2. Suppose 2 < p < oo and that I is infinite. We consider the abelian C*-subalgebra M of
diagonal operators of S°. Then ((Ran Ay Am)sa @® Rldg, [l e o p o M) is a bounded Leibniz
quantum locally compact metric space (see Definitions 5.9, 5.10 and 5.11).

Proof : 1. Note that Ran A, is a subspace of the space of matrices of S7° with null diagonal
and that we have a contractive projection from S¢° onto the diagonal of S?°. So it is easy
to check that Tr ®Idg: Ran A, @ RId@ — R, x + A — X\ is a state of the order-unit space

(Ran Ay )sa @ RIdé%. By Proposition 5.4, it now suffices to show that
(5.28)
{x €dom [[p o, 2lp 0, <1, (Trélde)(z) = 0} is relatively compact in S7° @ Clde.

1
Case 2 < p < oo. According to Lemma 5.29, the operator A, ?>: Ran A, — Ran A is

1
bounded. Applying this operator to the ball of Ran A, of radius HAp 2 H 17 we obtain that the
set 0

I 1
{veRanaf :[|43 @) <1}
I
is bounded in S¢°. Note that for any = € S7 we have

(3.88)
(5.29) |47 (= Msr Sp max {[|D(,2)%]| .|

PR (5. 21)
D" )} = Il -

Since Ran Aé = Ran A, we deduce from this inequality that
(5.30) {z € S NRan A, N2l g, < 1}

is bounded, hence by finite dimensionality, relatively compact in S7°. We have

1
{x € dom A2 NRan A, ||x||Fa’p 1} {m € dom ||- ||Fa’p lz|| ap S 1, (Trolde)(z) = 0}.

We deduce (5.28).
Case p = oo. Fix some 2 < py < oo. Again according to Lemma 5.29, the operator

A;O% : Ran 4, — Ran A is bounded. This implies that the set"”

1 1
{z € Ran A}, : HAI%O(CE)HSfO <1}
is bounded in S¢°. The inequality (5.26) says that the set

{z € Ran A ©Cldgz : [z]lp 0o <1 and (Trelde)(z) = =0} = {z € Ran A, 2l g0 < 1}

1
46. Since I is finite, we have dom A7 = Sf.
1

47. Since I is finite, we have dom AEO = S?O.
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is bounded, i.e. relatively compact in S7°. The desired result follows from Proposition 5.4.

For the Leibniz rule, see the end of the proof.

2. Suppose that J is a finite subset of I. We denote by p;: S7© — C the normalized “partial
trace” where p;(x) is the sum of the diagonal entries of index belonging to J. This state is local
since py(diag(0,...,0,1,...,1,0,...,0)) = 1 and since diag(0,...,0,1,...,1,0,...,0) belongs
to 9. This state extends on the unitization by p = ps @ Idc. We claim that if a,b € 91 are
compactly supported then the set

(5.31) a{x € Ran A & Cld : |2, ,, < 1,u(z) = 0}b

is relatively compact. Recall that the Gelfand spectrum of 9t is I (we can identify 9T with
¢o(I)). Thus, compactly supported elements are those lying in span{e;; : ¢ € I}. So we can
write a = ZieJQ a;e;; and b = Zjer bje;; where J, and J, are finite subsets of I. Now, we
see that the above set is contained in Span{eij : i € Ju, j € Jp}, which is a finite-dimensional
space since J, and J, are finite. Thus it suffices to show boundedness of the above set (5.31).
Using the fact that matrices in Ran A, have null diagonal, note that (5.31) is equal to

(5.32) a{x €Ran A, NMy, j, : ||x||F’a,p < 1}b

where M, j, is the space of J, x J, matrices. Essentially by (5.30) (note that at that point,
finiteness of I was not used), the subset{z € Ran A, N M, j, : [E2P NS 1} is bounded.
Hence the subset (5.32) is also bounded.

Similarly, according to Lemma 5.29, the set

{x € domAé NRan A : HAE(Q:)HSP < 1}
I
is bounded in S¢°. By (5.29), we deduce that

i
{z € dom A7 NRan A : [Z]lp 0 p < 1}

is bounded in S7°. So the quantum locally compact metric space is bounded by Definition 5.11.
We check that the seminorm ||| , ,, equally satisfies the Leibniz inequality

B
(533) lavllr o, < l2lpee) Wl aptI12lrap 1Wls@e), 2y € (dom Af NRan Ax) ©Cldgs.

Indeed, if we write x = x0+)\Ide§ andy = y0+,uIde§, then we have xy = x0y0+)\y0+,uxo+)\u1d@.
Thus, we have with limits in S7 norm, noting that T3(Ide2)T5(2) = T5(2)T5(Idg2) = Tj(2) and
the product S¥ x S¥ — S7 is continuous [ , D- 225],

vy — Auldgz = zoyo + Ayo + paro = lim [T5(z0)Ts(yo) + AT (yo) + 1T (w0)]
=iy [T (0 + Nl Ty 30) + 1T (o)

= lim [Tl(ﬂﬁo + Aldg2) T (yo + pddez) — AT (Ide2) 75 (Idg2) | -

Therefore, we have xy — Auldge = lim; T ()75 (y) — T7(Auldgz), limit in S7. Then by the lower
semicontinuity of the seminorm H'”Fm from Proposition 5.24 and then the Leibniz property

1
(5.18), we have zy € dom A2 and

[0l = [l = Mgl , < liminf |75 (2) T ) = ToOdgs) |,
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<liminf (|75 T5 ), + | T Owtdg)| ) = timinf |75 ()T @)l , +0
<liminf | 75(0)]| s 1730 I + 1750 s 1T5@) I,
= lim inf |75 (@) s 17500 e, + 1T @)l 5= 1To (@)l

(3.90)
= izl lvolle + lyllsgeny ol

rp = 1Zls@2) 1¥l0.ap + 19lsee) 12, -

Finally, we check both properties of the point b of Definition 5.5 as in the proof of [ ,
Proposition 2.17]. Thus, (Ran Ao & Rldge, ||-[|) is a unital Leibniz pair.

We check the semicontinuity property. To this end, let (x,), be a sequence in dom AE N
RanA. @ Cld;z C B(f}) such that z, — = in B(7) and [lz,[lp,, < 1. We can write
Ty = Tn,0 —&—)\nId@? with z,, 0 € Ran A and A, € C. Since Ran A EB(CId@ is a closed subspace
of B(¢%), we have z = x¢ + /\Id@ for some xy € Ran A, and A € C. As the assignment

Ran Ao, @ (CId@ — C, zg + /\Id@ — A is continuous, we have A\, — A, and therefore also
Zn,0 — To in S7°. Appealing to Proposition 5.24, it suffices to show that z,, o converges weakly
to xg in SY. Since the convergence already holds in S¢° norm, it suffices to show that x, ¢ is

1
bounded in S}. But this follows from || A3 (xn)o)HS? Sl#nollp o, = |2l o, < 1 and the fact

that A;% : Ran A, — Ran A is bounded according to Lemma 5.29.

1. (Leibniz rule) Note that if I is finite, then the above proof of Leibniz quantum locally
compact metric space shows that ((Ran Ax)  ©RIde, [|-[|p , , ) is a Leibniz quantum compact
metric space, in case 2 < p < co. We indicate how the same proof also works for p = oco. Note
first that when I is finite, we have S7° = M gin, so that the domain of ||-[|. , ., is the full space

Ran Ao, & (CId@: as in the proof of Proposition 5.24, one can show that for any z,y € My gy,
one has

12Yllr 00 < M12lls2 191r, 0,00 + 1¥lls2 [12]lr a,00 -

Thus, in particular the same holds if z,y € dom ||+ , ., = Ran Ao ® CIds2. For the lower

semi-continuity, if suffices to note that the seminorm satisfies ||z||;. , o < [|#]/ g, and by the
@, ?

reversed triangle inequality, we also have |||z , o = [[¥llr 000 | <17 = ¥llp 4 o [ |

5.6 Gaps of some markovian semigroups of Schur and Fourier multi-
pliers

In this subsection, we study some typical examples of markovian semigroups of Schur and Fourier
multipliers. We equally calculate their gaps (5.10) and (5.14) and examine the injectivity of
their Hilbert space representation. This information is important for applications to compact
quantum metric spaces in Subsections 5.2 and 5.5.

Heat Schur and Poisson Schur semigroup In the following, I is equal to {1,...,n}, N
or Z. We consider the heat Schur semigroup (7;):>¢ acting on B(¢2) defined by

. 12
(534) Tti [.le] — [eilz*jl tl'ij}.
Moreover, we also consider the Poisson Schur semigroup (7%):>0 acting on B(¢%) defined by

(535) T;: [scij] — [e_li_jltmiﬂ .
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These two semigroups are examples of noncommutative diffusion semigroups consisting of Schur
multipliers.

Indeed, for the first one, we can take the real Hilbert space H = R and put a; =i for a € I.
So we have ||a; — osz;{ = |i — j|?. For the second one, we can consider the real Hilbert space
H = @ and put «a; = Zzzoek for i € I with i > 0 and a; = ‘kllzoe,k forie I withi <0
(if I contains negative elements). Then for ¢ > j > 0, using the orthogonality of the e;’s in the
third equality, we have

2 . 2

% %

i
= a| = X lalz= > 1=i-j=li—jl.

e k=it |l k=i k=j+1
I

i J
D= e
k=0 k=0

2
i — s =

In a similar way, we obtain for 4, j in general position that ||o; — «; ||?2 = |i — j|. Note that both
I
mappings « are injective.

Lemma 5.31 Consider the above heat Schur semigroup from (5.34). We have Gap,, = 1.

Proof : We have

(5.14) . 2 . L 2
Gap, 27 inf (=) (ex —anlE = it G- 0) ~ (k= DI
which is clearly equal to 1. [ ]

We will now calculate Gap,, for the Poisson Schur semigroup above. First we have

Lemma 5.32 Consider the above Poisson Schur semigroup from (5.35) with I = 7. Then for
any i,5, k1 €Z,1 >35>k >, we have

<Ozi - Qj, Qp — Oél>H = 0.

Proof : Indeed, we have

i J k l i k
<ozi—ozj,ozk—al>H=<ZeT—ZeT,ZeT— e,.> =< Z er, Z e,«> =0
=0 H ; —l+1 H

r=0 r=0 r=0 T

Lemma 5.33 Consider again the above Poisson Schur semigroup from (5.35). We have Gap,, =
1.

Proof : 1t is clear that it suffices to examine the case I = Z.

For the inequality Gap, < 1, it suffices to take ¢ =1, j = k = [ = 0, in which case we have
e = ) — o — )13, = llas — 1%, = li — | = 1.

For the reverse inequality Gap,, > 1, consider any %, j, k, ! such that o; — oj # o, — . We
want to estimate ||(o; — o) — (ax — oy)||” from below. Using that ||z|| = ||—z| and exchanging
names of indices, we can assume without loss of generality that max(i, j, k,1) = i.

First case: We have | = min(i, j, k,1). Then exchanging the names of indices j and k if
necessary, we have i > j > k > [. Thus, according to Lemma 5.32, we have (a; —a;, apy—ay) = 0.
Consequently,

(e — aj) = (ar — ) |* = lles — o ]|* + e — cul|® — 2 — aj, g, — )
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=li—j|+ k=1 —0.

Clearly, if this expression is 0, then ¢ = j and k£ = [, which is excluded by o; — a; # o, — o,
or a; — ay # oy — oy in case that we had exchanged names of indices. In any other case, this
expression is > 1 since 1, j, k, [ take entire values.

Second case: We have min(i, j, k,1) € {j, k} and [ is the second smallest value among i, j, k, .
Then exchanging the names of indices j and k if necessary, we can suppose min(s, j, k,1) = k.
So we have ¢ > j > 1 > k, and thus by Lemma 5.32 {«; — o, 0 — ag) = 0. We calculate

(i — ;) — (e — aa)[|> = llai — s |* + [l — > + 2 — aj, 0q — a)
=li—j|+ k=1 +0.

We argue as before to see that this quantity is > 1.

Third case: We have min(i, j, k,1) € {j,k} and [ is the second biggest value among i, j, k, .
Then exchanging the names of indices j and k if necessary, we can suppose min(i, j, k,1) = k.
So we have ¢ > 1 > j > k, and thus by Lemma 5.32

(0 — e, o — ag) = (i — o, — o) + (oq — @, o — )
= 0+ (o — o, ap — o) + (= aj, 05 — 1) = =0 = 0 — [lay — o |* = [l = .
Then we calculate

(i — ) = (o — ) |* = Il — a|* + [l — eu]|® = 2(e; — 0y, — )
i+ k=l 42— =i— Al —k+2A—2 =i—k+3(— ).

Again we argue as before to see that this quantity is > 1. [ ]

Markovian semigroups of Herz-Schur multipliers vs. markovian semigroups of
Fourier multipliers. Let G be a discrete group and ¥: G — R be a function. Suppose
that ¢(e) = 0. Recall that by [ , Corollary C.4.19], the function v is conditionally negative
definite if and only if for any ¢ > 0, the function e~*¥ is of positive type. On the one hand,
by | , Proposition 4.2] that exactly means that ¢ induces a completely positive Fourier

multiplier T} def Mexp(—ty): VN(G) = VN(G) for any ¢ > 0. On the other hand, by [ ,
Definition C.4.1] and | , Theorem D.3] that is equivalent to say that ¢ induces a com-
pletely positive Herz-Schur multiplier 7}S: B(¢%) — B(¢%) for any t > 0 (whose symbol is

def

[exp(—tqb(s,r))]syreG where ¢(s,r) = (s~ !r) for any s,r € G). In this case, by Proposition
2.7, we obtain a markovian semigroup (7});>o of Fourier multipliers and it is easy to check and
well-known that we obtain a markovian semigroup (7°);>0 of Herz-Schur multipliers. Hence
there is a bijective correspondence between markovian semigroups of Fourier multipliers on
VN(G) and markovian semigroups of Herz-Schur multipliers on B(¢%). So any triple (b, 7, H)
associated to a markovian semigroup (7});>0 of Fourier multipliers by Proposition 2.7 gives a
couple (o, H) associated to (Tf1);>¢ by | , Proposition 5.4] and conversely. More precisely,
if ¥(s) = wa(s)H?{ then for any s,r € G
B(s,m) = v(s~) = [lou(s™ )5, = bu () + m s )1,

P2 | s (b)) + s (B () I = 1By () — b ()1 -

So we can consider the couple (by, H) for the semigroup (7}5),>.
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Next we compare the gaps of Herz-Schur and Fourier markovian semigroups as we encoun-
tered them in Subsections 5.5 and 5.2. We will see in Proposition 5.39 that a strict inequality
may occur in the following result.

Proposition 5.34 Let (T});>0 and (TtHS)@o be markovian semigroups of Fourier multipliers
and Herz-Schur multipliers as above. Consider a triple (b, 7, H) for the first semigroup and the

couple (o, H) such that a defy, for the second semigroup. We have
(5.36) Gap,, < Gap,,
where Gap,, and Gap,, are defined in (5.14) and (5.10).

(2.19)

Proof : For any i,j,l,k € G, we have a; — oj = b(i) — b(j) =" m;(b(j 1)) = 7j(j-1;) and
ay — o) = m(ag-1). Thus, we have
(5.14) . 2 . 2
Gap, = inf (s — ) = (o — ai)|3; = inf l H7rj(ozj71i) — Wl(alflk)HH

aj—ojFag—ag aj—ojFap—a

= inf
i,5,k,1

2 .
N R g A LCO R

where the infimum is taken over those j, s, € GG such that the considered norm is # 0. On the
other hand, we have, since b(s) = a; and by considering j = e and m. = Idy in the inequality

(5.10) . 2 . 2 : 2
Gap, 2 nt ) 8Ol = inf o — ol > it Imy(a) — a = Gan,,
(again infimum over non-zero quantities). [ |

Finite-dimensional Hilbert spaces and coboundary cocycles over infinite groups: a
dichotomy between non-injective cocycles and the condition Gap, = 0. Now, we
consider particular markovian semigroups of Fourier multipliers and their corresponding semi-
groups of Herz-Schur multipliers and ask whether the representations b = « are injective and
calculate the gaps Gap,, and Gap,, defined in (5.14) and (5.10). We start with a general obser-
vation. Consider an infinite discrete group G and a finite-dimensional orthogonal representation
m: G — O(H). Consider a 1-cocycle b: G — H with respect to m. So we have a markovian
semigroup of Fourier multipliers on VN(G) and a semigroup of Herz-Schur multipliers on B(¢%,).

For 1-coboundaries, the situation is not as nice as in Subsection 5.2. Indeed, we have the
following proposition.

Proposition 5.35 Let G be an infinite discrete group and b: G — H be a 1-coboundary with
respect to some finite-dimensional orthogonal representation w: G — O(H). If b is injective,
then Gap,, = Gap,, = 0. So if Gap,, > 0 or Gap,, > 0 then b is non-injective.

Proof : By definition | , Definition 2.2.3], there exists £ € H such that b(s) = 75(§) — &
for any s € G. Clearly, the formula b(s) = m4(¢) — & implies that £ # 0 in the case where b is
injective. For simplicity, we assume that ||£||,; = 1. Since b is injective, O = {m4(§) : s € G}
is an infinite subset of the sphere S of H. Since H is finite-dimensional, .S is compact. So
there exists some accumulation point 7 in the sphere of the orbit O. We have thus a convergent
sequence (7, (€)) consisting by injectivity of b of different points. We infer that

(5.10) ) . )
0< Gapw < nh_fgo 16(sn) = b(snt1)l” = 7}1—>Holo Hﬂ'snﬂ (&) — 75, (5)“ =0.
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(5.36)
Thus 0 < Gap, < Gap, =0. [ |

Remark 5.36 In the paper | , p- 1967], the authors were able to find the original paper
which contains the famous Bieberbach Theorem. Unfortunately, this theorem is badly written
in | , - 1967] (since a crucial assumption is missing; to compare with a textbook, e.g.
[ , Th 7.2.4 p. 306]). So the proof of | , Theorem 6.4] is doubtful since this “more
general version” of Bieberbach Theorem is used in the proof. Nevertheless, we think that an
additional “proper” assumption could lead to a correct statement.

Recall that a topological group has property (FH) if every affine isometric action of G on a
real Hilbert space has a fixed point, see [ , Definition 2.1.4]. Note that by | , Theorem
2.12.4], if a discrete group G has (T) then G has (FH) and the converse is true if G is countable.
A finite group has (FH). The groups Z* and free groups F;, do not have (FH) if k£ > 1. Using
[ , Proposition 2.2.10], we deduce the following result. In [ , D. 1968], it is written
that “infinite groups satisfying Kazhdan property (T) do not admit finite-dimensional standard
cocycles” (i.e. injective, finite-dimensional with Gap,, > 0). But from our point of view, the
proof is missing. Proposition 5.35 allows us to give a proof and to obtain a slightly more general
version.

Corollary 5.37 Let G be an infinite discrete group with property (FH) and b: G — H be a
1-cocycle with respect to some finite-dimensional orthogonal representation w: G — O(H). If b
is injective, then Gap,, = Gap,, = 0.

Semigroups on finite groups Let G be a finite group. By | , pp. 1970-1971], there
always exists an orthogonal representation 7: G — H on some finite-dimensional real Hilbert

space H and an injective 1-cocycle b: G — H with respect to 7. In this case, since G is finite, b

only takes a finite number of values. This implies that Gap,, 610 infy o)) [|0(s) — b(t)||il >

0. For example, we can consider the left regular representation 7: G — B((%) defined by
ms(er) = e for any s,t € G and the cocycle b: G — (2, s — w5(£) — & where £ is some
vector of £2, satisfying 4(¢) # £ for any element s of G — {eg}. We refer to | , a) and b)
p. 1971] for other interesting examples of 1-cocycles. Note in addition that in the context of
Schur multipliers, we also have Gap, > 0 if o = b.

Heat semigroup on T" Here G = Z". We consider the Heat semigroup (7});>0 on L (T") =
VN(Z") defined by Ty : L2°(T™) — L>°(T"), % s e~t#”¢ik" The associated finite-dimensional
injective cocycle is given by the canonical inclusion b: Z™ — R" equipped with the trivial action
7, = Idgn for all k € Z™.

Lemma 5.38 Consider the above heal semigroup. We have Gap,, = 1.
(5.1

0) . .
infy, (k)b (1) 10w (k) = by (D)3 = i ez [k =12 = 1.
| ]

Proof : Indeed, we have Gap,,

The donut type markovian semigroup of Fourier and Herz-Schur multipliers. Con-
sider now the example of donut type Fourier multipliers in the spirit of | , Section 5.3].
That is, we consider the group G = Z with cocycle

(537) b(n) d;f (e2ﬂian,e2‘n’i[3n) _ (1’ 1) c (CQ _ R4,
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where a,3 € R and we consider C? as the real Hilbert space R*. The associated cocycle
orthogonal representation is*®

(538) 7Tn(.’E, y) déf (e2wianxve27ri,8ny) neZ, xy€ C.

Proposition 5.39 Consider the case that both o and 3 take rational values. Thenb: Z — C? is
not injective, but Gap,,, Gap,, > 0. Moreover, the strict inequality Gap, < Gap,, may happen.

Proof : Consider p,q € Z and N € N* such that o = & and 3 = £&. We have
b(n+ N) = (e2wi(p+an),e27ri(q+ﬁn)) —(1,1) = (e2ﬂian,€2ﬂ—iﬁn) —(1,1) = b(n),

so that b is N-periodic, and hence only takes a finite number of values. In particular, the
function b: Z — C? is not injective and the set {b(n) — b(m) : n,m € Z} is finite, which
readily implies that Gap,, = infy(n)26(m) [|b(n) — b(m)||2: > 0. In the same manner, we obtain

Gap,, = infy)—p(j)2b00)—b(0) 16(1) = b(j) — (b(k) — b(1))|[zs > 0. 1

We turn to the statement of strict inequality. To this end, we take o = 3 = g. Then

Gapw — %inf H(e2ﬂ'ian _ 1) o (627riocm _ 1)||(2C — %inf He27ria(n—m) _ ]_H(zc

V2 22'((&@1):(;5)2) 4(1¢l§>'

On the other hand, according to the proof of Proposition 5.34, we have

-1

. 2
:2’627”%,1‘ 2.’

Gap,, = 2inf ||627riom(62ﬂ'ia7‘ 1) - (e2wias - 1)||<2C <2 He27ria-1(e27ria~2 —1)— (6271'1&-4 . DH;

| (- )

=2

i—1-1—1i)+2

2 1
¢2@1)(11)C2M@(

:8<1—;%>2<4(1—;%>=(hmw

: 1 1
since 1 — 7 € (0, 5). [ |
Lemma 5.40 Suppose that at least one of the numbers a and (8 is irrational. Then the cocycle
b is injective, and Gap, = Gap,, = 0.

Proof : If, say a, is irrational, then e?™®" = 1 for some n € Z implies that an € Z, so n = 0.
Then b(n) = b(m) for some n, m € Z implies that e>™o" —1 = e?™am 1 go e2™a(n=m) — | and
consequently, n —m = 0. We infer that b is injective. Note that G = Z is infinite and H = R* is

finite-dimensional. Furthermore, since b(n) 620 (e?miam 2mifin) — (1,1) ¢29 m(1,1) — (1,1),
the cocycle b is a coboundary. Thus the assumptions of Proposition 5.35 are fulfilled. This
proposition implies that Gap,, = Gap,, = 0. [ ]

48. For any n,m € Z, we have the cocycle law
b(n) 4 ﬂ'n(bm) — (eQWianyeZWiBn) _ (1’ 1) + 7 [(BZWiam’GQ‘niBm) _ (17 1)}
_ (eQWian792ﬂ'iBn> _ (1’ 1) + (eZWia(n-&-m)’eQﬂ'iﬁ(n-l»m)) _ (e27rian’827riﬂn)

— (eQTria(n+m)7e27riB(n+m)) _ (17 1) — b(’I’L + m)
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The free group F,;. Consider now the example of the action of the free group Fy with two
generators a; and az on R3 from | , Section 5.5]. That is, we consider the representation
7: Fo — O(R?) from the Banach-Tarski paradox. Take an angle § € R\27Q and define 7
uniquely by putting

cos —sinf 0 1 0 0
Tq, = |sin@ cosf® 0| and m,, = [0 cosf —sind
0 0 1 0 sinf cos6
Then it is known that 7: Fo — O(R?) is injective. Further it is shown in [ , Section 5.5] that

there exists some £ € R?*\{0} such that b: Fy — R?, b(s) = 74(£) — £ is an injective coboundary
cocycle. We appeal again to Proposition 5.35 to deduce that in this case Gap, = Gap,, = 0.

5.7 Banach spectral triples

In the remainder of Section 5, we will establish that our Hodge-Dirac operators defined in (4.24)
and in (4.69) associated with markovian semigroups of Fourier multipliers or Schur multipliers
give rise to (locally) compact Banach spectral triples, see Proposition 5.57, Proposition 5.61 and
Theorem 5.49. We will also establish such Banach spectral triples for two other Hodge-Dirac
operators, see Theorem 5.64 and Theorem 5.55. We refer to | L1 Nl I, [ ]
and | ] for more information on spectral triples. Let us recall this notion. A (possibly kernel-
degenerate, compact) spectral triple (A, H, D) consists of a unital C*-algebra A, a Hilbert space
H, a (densely defined, unbounded) selfadjoint operator D and a representation 7: A — B(H)
which satisfy the following properties.

1. D' is compact on Ran D.
2. The set
Lipp(A) f {a€ A:n(a)-domD C dom D and the unbounded operator
[D,7(a)]: domD C H — H extends to an element of B(H)}
is dense in A.

In the next subsections, we give new examples of spectral triples. Our examples can be
generalized to the context of LP-spaces instead of Hilbert spaces. So, it is natural to state the
following definition.

Definition 5.41 A (compact) Banach spectral triple (A, X, D) consists of the following data:
a reflexive®® Banach space X, a bisectorial operator D on X with dense domain dom D C X,
a Banach algebra A and a homomorphism w: A — B(X) such that for all a € A we have:

1. D admits a bounded H*® functional calculus on a bisector ¥F.
2. |D|7! is a compact operator on Ran D.
3. The set

(5.39) Lipp(A) e {a € A:7(a)-dom D C dom D and the unbounded operator
[D,7(a)]: domD C X — X eatends to an element of B(X)}

18 dense in A.

49. It may perhaps be possible to replace the reflexivity by an assumption of weakly compactness, see | ,
p. 361].
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In these conditions, D is closed since any operator with non-empty resolvent set is closed.

Moreover, by | , D. 448], we have a direct sum decomposition X = Ran D ¢ Ker D.
The operator |D|~! is defined through bisectorial functional calculus as |D|~! = m(D), where
m(A) = \/1/\7 is a holomorphic function on any bisector of angle < 7. Finally, note that a

spectral triple is a Banach spectral triple. Note that we can define Lip,(A) in the case of an
unbounded operator D with dense domain.
In the sequel, we will use sometimes the notation a for w(a). If a € Lip(A), we let

def

(5.40) lallp = [[[Dsall|x_ x-
In the following, at several places we will use ideas of the proofs of | , Proposition 3.7]
and | , Proposition 1.6]. We refer to [ ] for related things. The point 1 says that the

map Op: Lipp(A) = B(X), a — [D,a] is a derivation.

Proposition 5.42 Let X be a reflexive Banach space. Consider a closed linear operator D on
X with dense domain dom D C X, a Banach algebra A and a homomorphism w: A — B(X).

1. The space Lipp(A) is a subalgebra of A. Moreover, if a,b € Lipp(A), we have
[D,ab] = a[D,b] + [D,alb and |lab||, < [lallp [7(6) g x) + [7(a)llgex) 10l -

2. |I'llp is a seminorm on Lip(A).
3. For any a € Lipp(A) we have w(a)* - dom D* C dom D* and the linear operator
[D*,7(a)*]: domD* C X* — X*
extends to a bounded operator on X* denoted with the same notation and we have

(5.41) [D,7(a)]" = —[D*,7(a)"].

4. Suppose that m: A — B(X) is continuous when A is equipped with the weak topology and
when B(X) is equipped with the weak operator topology. Then |-||, is lower semicontinu-
ous on Lipp (A) when Lipp (A) is equipped with the induced topology by the weak topology
of A.

Proof : 1. If a,b € Lipp(A) then ab-dom D = a- (b-dom D) C a-dom D C dom D. Moreover,
if £ € dom D then:

Dab¢ — abD§ = Dabé — aDbE + aDbé — abDE = [D, albé + a[D, b]E.
Thus, as operators on dom D, we conclude that [D,ab] = a[D,b] + [D,a]b. So ab € Lipp(A4).
Moreover, we have

l|abl 5 20 H[D,ab ’|X~>X = H [D,alb + a[D,b] HX%X

< ||[D7Q]HX_>X (b )”B(X) + |7 (a ||B(X) || D, b] HX_)X
= llallp 7 ®) s x) + 17 (@) s x) 18]l 5 -
2. If A € C and a € Lipp(A), we have ||Aalp 629 ||[D,)\a]||XHX = ||)\[D,G]HXHX =
D, alll o = M|l - T a,b € Lipp(A), we have [la+bll, =" [[[D,a + bl x5 =
1D, a] + D0, < [1Dsalllxc + DBy = llallp + bl -
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3. Let a € Lipp(A). If £ € dom D and ¢ € dom D* then:

<7T(Cl)*<, D(E)>x*’x = <Ca 7-‘-(a“)l)(é.)>x*’x = <<a D7T(CL)§>X*’X - <<7 [D77T(a‘)]£>x*’x
= (D*(¢),m(a)§) x. x — (G [D,m(a)]€) . -

s

Now, the linear map domD — C, £ — <D*(C)7W(a)£>x*,x is continuous. Since [D,7(a)]
is bounded, the linear map dom D — C, £ — (C, [D,ﬂ(a)]§>X*’X is also continuous. Hence
domD — C, £ — <7r(a)*C7D(§)>X*7X
For any a € Lipp(A), any £ € dom D and any ¢ € dom D*, we have
(D, 7(@)¢. )y x. = ((Dr(@) = (@)D )y . = (D@ )y y. — (7(a)DE, ) .
— (7(@&D*C) y x. — (DEM@)C)y . = (,1(@) D¢y, y. — (6, D*m(a)"C)y .
— (&~ (D", (@) C) g .

is continuous. Hence m(a)*¢ belongs to dom D*.

Hence the operators [D, 7(a)] and —[D*, w(a)*] are formal adjoint to each other in the sense of
[ , p. 167]. We infer that —[D*,7(a)*] C [D,n(a)]*. Since this latter operator is bounded
and since the domain dom D* of —[D* 7(a)*] is dense by | , Theorem 5.29 p. 168], we
obtain the result.

4. Suppose that 7: A — B(X) is continuous when A is equipped with the weak topology
and when B(X) is equipped with the weak operator topology. We shall show that ||-|| , is lower
semicontinuous on Lipp,(A) when Lip,(A) is equipped with the induced topology by the weak
topology of A. Let a € A and (a;) be a net of elements of Lip,(A) such that (a;) converges
weakly to a and ||a;||, < 1. We have to show that a belongs to Lipp(A) and that [jal|, < 1.
Note that

=

(5.42) [[D*, 7(a;)"] sl

)]HX%X =

X* X D, m(a;

and that m(a;) — m(a) converges for the weak operator topology. Let { € domD and let
¢ € dom D*. Note that 7(a;)*(¢) belongs to dom D*. Then for any integer n

<7T(a’j)£7D*(C)>X7X* = <§77T(aj)*D*(<)>X7x* = <£7D*7T(aj)*(<)>x7x* - <£7 [D*,’TT(CL]')*]C>X,X*
— (D(€), 7(a)"C) g e — (61D, 7(0)"1C) x 1.

Passing to the limit and using the point 3, we deduce that

[(m(@)6, D" (©)) x| = tim |(w(a;)¢, D (O)) ..
< limjinf [(DEg, m(a;) ) x, x| + (& [D*, m(a;)*]¢) x,x+| |

(5.42)

< UDE m(a) O x x= |+ [IEllx 1Kl x- < NKlx- (I Im(@)ll4 + 1€l )-

So the function dom D* — C, ¢ — (m(a)§,D*(()) . is continuous, and thus m(a)é €

dom D** = dom D by | , Theorem 5.29]. We conclude that 7(a) - dom D C dom D. If
¢ € dom D and ¢ € dom D* with [|£]|y < 1 and ||¢]| y. < 1 then

|(7(a)6, D*(0)) x - — (D), m(a;)" ) .
= [((D(a;) = 7(a)) D)), ) .

= [(Dm(a;)(€), ) . = (7(a)D(E), O x-
(D, 7(a))(€), )y x-
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<D m(@)l o x I8l ISl x- < 1.

Passing to the limit, we obtain

(D 7(@)]&: )y x-| = |((P7(@) = w(@)D)E.C) . .
= |(m(a)6, D"C)x,x- — (D€ m(@)" -] < 1.

Hence [D,n(a)] is bounded on dom D and thus extends to X to a bounded operator and
11D, w(@)]l] < 1. n

Remark 5.43 In the particular case of a spectral triple, we have D = D* and 7(a)* = m(a*).
So the above says that Lip,(A) is a x-subalgebra of A (which is well-known folklore).

Remark 5.44 In the point 4, we can replace the weak topology on A by a topology such that
7: A — B(X) remains continuous when B(X) is equipped with the weak operator topology.

The following is a Banach space generalization of | , Proposition 2.1] proved with a
similar method.

Proposition 5.45 Let X be a Banach space and D: dom D C X — X be a closed operator.
1. Suppose that C is a core of D and that a € B(X) satisfies

(a) a-C C domD
(b) [D,a]|C: C — X is bounded on C.

Then a - dom D C dom D and the operator [D,a]: dom D — X is well-defined.

2. If in addition D is densely defined and if there exists an adjoint™® T: domT C X* — X*
of D, and a subspace Y of domT which is dense in X* such that a* - Y C domT, then
[D,a]: dom D — X extends to a bounded operator on X.

Proof : 1. Let « € dom D. By (2.2) there exists a sequence (x,) of elements of C' such that
zn — x and D(z,) — D(z) in X. Since a € B(X), we have a(x,) — a(x) in X. Moreover, for
any integer n, m, we have

||Da(xn) — Da(a:m)HX

|laD(zy) — aD(2y) + Da(z,) — aD(2,) — Da(zy,) + aD(:Em)HX
JaD(&.) = aD (@) + [D.al(@s) — [D.al(an)||
lallx—x [[D(@n) = D(@m)| 5 +[[1D; alll ¢, x lon = 2mllx -

N

We infer that (Da(z,)) is a Cauchy sequence in X hence converges. Since D is closed, we
conclude that a(x) belongs to dom D.
2. Let z € dom D and y € Y. Then

(D, al(@),9) x . = {(Da— aD)(@),y) x x. = (Da(@),5)x x. — (aD@),y) 5 .
— (a(@), TW))x 5. — (D@, @) y y. = (a"TW)) — (2,7 1))y .
= <$C, _[T’ a*](y)>X,X* .

50. In the sense of [ , p- 167].
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We infer that y € dom[D,a]*. Hence Y C dom[D,a]*. Since Y is dense in X*, we deduce
that [D,a]* is densely defined. By | , Theorem 5.28 p. 168], this implies that [D,a] is
closable. From [D,allc C [D,a], we have [D,allc C [D,a] and the closure [D,al|l¢ is the
bounded extension of [D,a]|c on X (note that C is dense in X since dom D is dense). Hence

the closed operator [D,a] is defined on X hence bounded by [ , Theorem 5.20 p. 166]. MW
Next we define the following notion of a locally compact spectral triple. When X is a Hilbert
space, then compare to the one in | L, 1 , b 588].

Definition 5.46 Let X be a reflexive Banach space, D a densely defined closed operator on X
and A a subalgebra of some Banach algebra. Let m: A — B(X) be a homomorphism. We call
(A, X, D) a locally compact (Banach) spectral triple, provided that

1. D is bisectorial on X and has a bounded H>® functional calculus on some bisector.

2. For any a € A, we have w(a) -dom D C dom D and [D,n(a)]: dom D — X which is
densely defined, extends to a bounded operator on X.

3. For any a € A, n(a)(ild + D)~!|Ran D is a compact operator Ran D — X.

Recall that a spectral triple (A, H, D) is even if there exists a selfadjoint unitary operator
v: H — H such that 2 = Idg, vD = —D~v and y7(a) = m(a)y for all a € A.

Definition 5.47 We say that a (locally compact or compact) Banach spectral triple (A, X, D)
is even if there exists a surjective isometry v: X — X such that 4% = Idx, v(dom D) C dom D,
D = =D~y and yr(a) = w(a)y for all a € A.

5.8 Spectral triples associated to semigroups of Fourier multipliers I

In this subsection, we consider a markovian semigroup of Fourier multipliers as in Proposition
2.7, together with the noncommutative gradient J, 4, and its adjoint. Now, we generalize the
construction of | , p- 587-589] which corresponds to the case ¢ = 1 and p = 2 below. So
we obtain a scale of LP-Banach spectral triples associated to these semigroups. In particular,
here we shall complete the picture. Indeed, we prove the compactness axiom (point 6 below) of
Connes’ spectral triples. Finally, we shall compare our result Theorem 5.49 with the result of
[ , p- 588] in Remark 5.53.
Suppose 1 < p < oo and —1 < g < 1. Recall that the Hodge-Dirac operator is defined by

def | 0 (Op.q.p°)"
(5.43) Dy gp S [&Mp .
on the subspace domDy, 4, = dom Oy g, ® dom(dy g p+)* of LP(VN(G)) &, LP(Tq(H) Xq
G). If a € Ci(G), we define the bounded operator 7(a): LP(VN(G)) &, LP(Ty(H) xo G) —
L?(VN(G)) @, LP(T'y(H) xo G) by
r(a) {La 0

A } a € CHG)

(5.44) o i

where L, : LP(VN(G)) — LP(VN(G)), = — ax is the left multiplication operator and where
Lo: LP(Ty(H) %4 G) — LP(Ty(H) x, G) is the left action of the bimodule. Tt is easy to check
that 7: CX(G) — B(LP(VN(QG)) @, LP(I'y(H) x4 G)) is continuous when C%(G) is equipped with
the induced weak™ topology of VN(G) and when B(LP(VN(G)) &, LP(I'y(H) X, G)) is equipped
with the weak operator topology. See also Lemma 5.56 below.

We will use the following proposition.
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Proposition 5.48 Let1 < p < co. Let G be a discrete group. Consider the associated function
by: G — H from (2.20). Assume that the Hilbert space H is finite-dimensional, that by is
injective and that Gap,, > 0. Finally assume that the von Neumann crossed product I'y(H) x4 G
has QWEP.

_1
1. The operator Ap *: Ran A, — Ran A, is compact.

_1
2. Suppose —1 < g < 1. Then the operator By, ? is compact where B, is defined in (4.7).

_1
Proof : 1. As in the proof of Theorem 5.16 the operator A, ?: Ran Ay — Ran Ay is compact.

1

If we view Ay as acting on C%(G), we show that As?: Ran Ao, — Ran A, is bounded.
Since (T},00)t>0 is a semlgroup with generator ADO, it suffices by Lemma 5.28 to establish the
bound [|T¢/|gan 4. sRan AL S 4 for some d > 1. We conclude with | , Lemma 5.8] and

the contractive inclusion VN(G) C L} (VN(G)). Thus7 A;o% : Ran A, — Ran A, is bounded.
Now, assume that p > 2. We will use complex interpolation. Since the resolvent of the op-
erators A, are compatible for different values of p, the spectral projections | , D- 364]
onto the spaces Ran A, are compatible. Hence, the Ran A,’s form an interpolation scale. Ob-
serve that Ran A, is a Hilbert space, hence a UMD space. Then we obtain the compactness of

1
Ap ?: Ran A) — Ran A, by means of complex interpolation between a compact and a bounded
operator with Theorem 2.4.

If p < 2, we conclude by duality and Schauder s Theorem | , Theorem 3.4.15], since

Ran 4, is the dual space of Ran A,- and A, e defined on the first space is the adjoint of A 3
defined on the second space.

_1

2. According to the first part of the proposition, A, > : Ran Ay — Ran A, is compact. Since

Ay = (0y,q,2)" 0y g2 and By = 0y 4.2(0y.q.2)" |RaN 0y 4.2, [ , Corollary 5.6] and Proposition
1

4.18 together with a functional calculus argument show that the operators A, 2 |Kcr(aw,q,2)L and

1 1
B, ? are unitarily equivalent. Since A, ?: Ran Ay — Ran A, is compact and Ker(9y 42)" =

= 1 21
Ran Az, Ay ® [ker(0y,.0)+ and finally By *: Ran 0y g2 — Randy q2 is compact.

Recall that by (4.7), By, is the generator of the (strongly continuous) semigroup (Idp»(r, () >
Ty Ran 0y q.p)t>0- Now we use | , Lemma 5.8] and Proposition 2.20 to obtain the bound

[ITd x T3] for some d > 1. According to Proposition 4.18, we have Ran B, =

Randy 4. By Lemma 5.28, we obtain that B, 3, : Ran B, — Ran B,, is bounded.
O
Now, it suffices to interpolate with Theorem 2.4 the compactness of B, *: Randy 42 —

co—00 ~J td

_1
Ran 31/, ¢,2 and the boundedness of Bp,*>: Ran0dy ¢ p, — Ran0dy qp, to obtain compactness of

Bp?:Randy g, — Randy g, for 2 < p < py < oo and the fact that on the L2-level, we
have a Hilbert space hence a UMD space. Note that the spaces Randy 4, C LP(T',(H )®B(€2))
interpolate by the complex interpolation method since we have bounded projections

P,: LP(T,(H) x G) = Randy 4, C LP(T,(H) x G)

which are compatible for different values of p according to | , p. 361 and p. 448]. We
use duality if p < 2. [ |

In the following theorem, recall the weak™ closed operator Oy ¢00: domdy 400 € I'q(H) Xq
G = T4(H) x4 G from Proposition 3.12. The latter is valid if G has AP and g # 1.
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Theorem 5.49 Suppose1l < p < oo and —1 < g < 1. Consider the triple (C:(G), LP(VN(G))®,
LP(Tg(H) X0 G), Dy q.p)- It satisfies the following properties. In particular, it is a Banach spec-
tral triple in the sense of Definition 5.41, in case that by: G — H is injective, Gap,, > 0, H is
finite dimensional and T'4(H) xo G has QWEP (e.g. G is amenable, or G is a free group and
g=-1).

1. We have (Dy. q.p)" = Dy,qp+- In particular, the operator Dy 42 is selfadjoint.

2. We have
(5.45) Pc C Lipp,, , (CH(G)).

3. For any a € Pg, we have
(5.46)

|| [Dw,q,pv W(a)] HLP(VN(G))G}I,LP(FQ(H)xaG)%LP(VN(G))GBPL”(Fq(H)><1aG) < ”a“/’ﬂ(‘L)HFq(H)NaG ‘
4. Suppose that G has AP. We have

(5.47) Cr(G) Ndom Oy q,00 € Lipp, , (CH(G)).
5. Suppose that G has AP. For any a € C:(G) Ndom 0y 4,00, we have

(5.48) H [Dyq.p: ()] HLP@DLP(FQ(H)><1QG)—>LP@1,LP(1"Q(H)><(,G) < Haw’qvoo(a)Hrq(H)xaG'

6. Assume that Ty(H) o G has QWEP. Ifby: G — H is injective, Gap,, > 0 and if H is
finite-dimensional, then the operator

|Dw,q,p|_1 : Ran(0y,g,p+)* @ Randy g, — Ran(dy,qp-)* © Randy,qp

18 compact.
Proof : 1. An element (z,t) of LP" (VN(G)) @, LP (Ty(H) x4 G) belongs to dom(Dy, ,,)* if
and only if there exists (a,b) € LP" (VN(G)) @, LP (Ty(H) x4 G) such that for any (z,y) €

dom 8y q,p & dom(Jy 4,+)" we have

oo (o, @I GD=(E D

— <(8w,q,p*)*(y)7 Z> + <8¢,q,p(x)7t> = (y,b) + (x,q).

If 2 € dom0y qp- and if ¢ € dom(0y q,p)* the latter holds with b = Oy g p+(2) and a =
(Oyp,q,p)"(t). This proves that dom 0y, g p ® dom(Dy q)* € dom(Dy q,,)* and that

(Dyqp)(2,t) = ((adhq,p)*(t)’ Dy q.p° (Z)> = Lﬁ) ; (&b,((]],p) ] [ﬂ vy Dyqp=(2,1).
V,q,p*
Conversely, if (z,t) € dom(Dy qp)*, choosing y = 0 in (5.49) we obtain ¢t € dom(Jy, q)* and
taking z = 0 we obtain z € dom 0y 4 p-.

2. We recall the dense subspaces Pg and Py ¢ of LP(VN(G)) and LP(T'y(H) % G) which are
contained in the domains of Oy ¢+ and (9y,q,p+)*. S0 Pg® Py ¢ is contained in dom Dy, 4 ,,. For
any a € Pg, we have L,(Pg) C Pg and La(Py.¢) € Pw.g. We infer that 7(a) - (Pg © Pu.g) C
dom Dy, 4., Note also that w(a)* - (Pg ® Pu,cg) € dom Dy, g+ = dom(Dy q)*.
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Let a € Pg. A simple computation shows that

[Py gp 7(a)] <5-43g5-44>[ 0 (aw,q,p*)*] [La p} B [La o} { 0 (Opgp)*

&p’q’p 0 0 L, 0 L 8¢ ap 0
_ 0 (8w7q,p*)*f4a . 0 La(aw,q,p*)*
Oy .q,pLa 0 Lo0Oy.q.p 0
_ { 0 (Opq.p°)"La — La(aw,q,p*)*} )
aw,q,pLa - Laaw,q,p 0

We calculate the two non-zero components of the commutator. For the lower left corner, if
z € Pg and if we consider the canonical map J: LP(VN(GQ)) — LP(Ty(H) x4 G), z +— 1 x x,
we have®!

(5.50) (aqu pla — iaa@htl,p)@) = 6¢,q,pLa(I) - I:aaw,q,p(x) = 31/1711719(‘15”) - aaﬂaqm(fﬂ)
(2.72)
Oy q(a)r = Lo, (a)J ().

For the upper right corner, if E is the conditional expectation associated to J, note that for any
y € Py, and any x € Pg, (we recall that we have the duality brackets (f, g) antilinear in the
first variable)

<((8w7q7p*)*£a - La(aw,q,p*)*)(y)a@ = <(3w,q,p*)*ia(y)7x> - <La(6w,q7p*)*(y)a$>
= <La(y)7 a111,q,p* ($)> - <(6w,q,p*)*(y)v La* (.13)> = <y7 La* 6¢,q,p* (.13)> - <ya ax/),q,p* La* (.Z‘)>
= <y7 Lo+ Oy q,p~ (z) — aw7q7p*La*($)> = <y, a” Oy, q,p- (z) — 8¢,q,p*(a*$)>
CL (g, ~0y o(a")z) = (4, ~Loy ya) (1% 2)) = (3, Lo, ,(@y- (1% 7))
= (Lo ,(@(¥), 1 ¥ z) = (ELg, ,(a) (y)’x>LP(VN(G)),LP* (VN(G))"

We conclude that

(5.51) ((9p,05*) La = La(0p,0.0)") (4) = ELa,, ,(a)(¥).

The two non-zero components of the commutator are bounded linear operators on Pg and on
Py.,- We deduce that [Dy g, 7(a)] is bounded on Pg® Py . Since [Dy 4., 7(a)] is closable®,
densely defined and bounded on the dense subspace Pg® Py, ¢, it extends to a bounded operator
on LP(VN(G)) &, LP(T'4(H) %o G). Hence Pg is a subset of Lipp, = (CH(G)).

3. If (z,y) € dom Dy, 4, and a € Pg, we have

(5.52) H [Dw7q7p> ] LY H = H(( 8w,q,p*)*i‘a - La(aw,q,p*)*)ya (&b,q,pLa - iaad),q,p)m)

(a

~ ~ 1

= ( H( 8111 ap*) La La@w’qm*)*)yHZL)p(VN(G)) + H (9,000 Laaw,qap)mHi )?
(5.51)(5.

.

50

P
= ( HEL% ROLY )HLp(VN(G)) + ”aw,q(a)‘](x)”ZIiP(Fq(H)xaG) ) g
< ||a¢7q(a)Hrq(H)>an H(x?y)Hp .

So we obtain (5.46).

51. Recall that the term 0y 4 p(a)z is by definition equal to 9y ¢ p(a)(1 % x).

52. Let zn € X := LP(VN(G)) ® L?(T'y(H) xa G) such that 2, — 0, and [Dy q,p,7(a)]zn — y. If z belongs
to the dense subset Pg @ Py g of X*, we have on the one hand ([Dy q.p, 7(a)]zn,2) = (y,z) and on the other
hand, ([Dy,q,p, 7(a)]n, 2) = (Tn, 7[D1’Z),q7p,7r(a)*]z> — (0, z). We infer that y = 0.
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4. Let a € C:(G)Ndom dy 4,00 Let (aj) be a net in Pg such that a; — a and Jy 4,00 (a;) —
Oy.q,00(a) both for the weak™ topology. By Krein-Smulian Theorem, we can suppose that the
nets (a;) and (9y,q,00(a;)) are bounded. By the point 4 of Proposition 5.42 and Remark 5.44,
we deduce that a € Lipp, (C7(G)). By continuity of 7, note that 7(a;) — m(a) for the weak
operator topology. For any { € dom Dy, 4, and any ¢ € dom(Dy 4.)*, we have

<[D¢7f1ap’”T(aj)]f’<>LP(VN(G))€BPLP(FQ(H)xaG),LP* (VN(G))® o Lo* Dy (H) %0 G)
= <(Dw,q7p7r(aj) —m(a;)Dy,q.p)§ C> = <Dw7q7pﬂ'(aj)§z C> - <7T(aj)Dw,q7p§v <>
= <7r(aj)£, (Dw,q,p)*Q - <7T(aj)Dw,q,p§a C> ? <7r(a)§, (Dw,q,p)*o - <7T(G)D¢,q,p§v C>

= <Dw,q,p7r(a)§> <> - <7T(G)Dw,q,p€7 C> = <[Dw,q,pv 7r(a)]§,§>.

Since the net ([Dy q,p, 7(a;)]) is bounded by (5.46), we deduce that ([Dy,qp,7(a;)]) converges
t0 [Dy,q.p, T(a)] for the weak operator topology by a “net version” of | , Lemma 3.6 p. 151].
Furthermore, it is (really) easy to check that Ly, . (a;,)J — Lo, (a)/ and —ELg, (a;) —
—ELp, ,(a) both for the weak operator topology. By uniqueness of the limit, we deduce that
the commutator is given by the same formula as that in the case of elements of Pg.

5. We obtain (5.48) as in (5.52).

6. Recall that Ran A, = Ran(0y ¢ ,+)* by Proposition 4.18 and that

p2 (419 {Ap 0 } (4.7) [Ap 0]
¥.a.p 0 (IdLP(Fq(H)) X Ap)|Ran 8,/,,,1,,, 0 Bp ’
So
_1 [ R
1 Ap|Ran4, 0] ° Ap,?Rand, 0
Dy qpl™ = = —1
With Proposition 5.48, we conclude that |Dy ,,|~! is compact. [ ]

Remark 5.50 Suppose that G has AP. We do not know if Lipp,  (C}(G)) = CH(G) N
dom 0y, q.00- N

Remark 5.51 Consider the assumptions of Theorem 5.49 be satisfied. Note that the (Banach)
spectral triple (C:(G),L?(VN(Q)) @, LP(T'4(H) X G), Dy 4,p) is even. Indeed, the Hodge-Dirac
operator Dy 4, anti-commutes with the involution
def [IdLP(VN(G» 0 } .
' 0 ldeo e, (myxac)]
L2(VN(G)) ©p LP(Ig(H) X G) = LP(VN(G)) @) L7 (T (H) X0 G).

(which is selfadjoint if p = 2), since
Dy.qp7 + 1 Puygp

)0 G| [0 0] [0 0] 10 e

Oaw 0 0 1Id 0 Id| |0p.qp 0
_[ 0 (3w,q,p*)*]+{ 0 —(awp*)*}_o.
—0Oy,q,p 0 Fy.q.p 0

Moreover, for any a € C:(G), we have
49 [=Id 0| |Le O] _[-Le O] _[Le O} [-Id O] G4y (@)
~ o mjo L [0 LJ [0 Lj[o 1 T~ MW
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Remark 5.52 The estimate (5.46) is in general not optimal. Indeed, already in the case p = 2
and a = A\s € Pg for some s € G, we have according to (5.50) and (5.51),

(5.53)
1D,g.2, T(@)]ll2 (v @212(0, (1) 310 G) L2 (0 () @212 (T () %0 G)
S max { o000z vnaysna @, mynacy  [BLos0@ HLZ(Fq(H)NaGHLZ(VN(G))} '

Note that we have the Hilbert space adjoints (Lg,  (a)/)" = J*ngq(a) = ELq, ,(a) =
—ELg, ,(a*)- Thus, in the maximum of (5.53), it suffices to consider the second term. For
any element z = Zt xy X A of L2(Ty(H) x4 G), we have

ELo, () (z) = ]E<(5q(bw (th X /\t)> Cg (qu by (5))aus () % Agt>
ZT Sq(by(8)) s (ze)) Aot
t
Thus we have
H]EL% 00T H2 Z |T(3q(bw(3))as($t>)|2 < qu(bw(3>)||iz(rq(ﬂ)) Z Has(xt)niz(rq(H))
t
= lsalbs Dl ) 3 Bl e O A ——

We infer that

(5.54) I[Dyq,2: 7))l 2@y 12@er2 < |ELay 4(n

In the case where —1 < ¢ < 1 and by (s) # 0, this quantity is strictly less than

ava S bw ()l -

(2.70)

Haw,q()‘S)”rq(H)xaG [[sq(by(s)) x >‘S||FQ(H)xaG = ||5q(bw(s))||rq(H)

PRSI 1 by (3)] -
vV1i—g¢q

Remark 5.53 In | , . 588, the authors obtain a similar estimate to (5.46) on the commu-
tator for the case ¢ = 1 and p = 2. The differences are that the space on which the commutator
is regarded, is the smaller L*(VN(G)) @2 Q4 (G) & L*(VN(GQ)) &2 LA(I'1(H) x4 G) | ,
p. 587], where Q,(G) = span{si(h) X As : h € Hy, s € G} and Hy, is the Hilbert space spanned
by the by(s), s € G | , Lemma C.1]. On the other hand, [ , D. 588] obtains an exact
estimate (without proof)

1 e sk
(5.55) D gt pm2e (@] g5 G o Lreniig = M2 | 1@ @) e - D", 0% e -

Note that when ¢ = 1 and a € Pg, then the right hand side of (5.55) is finite, whereas the right
hand side of (5.46), that is, ”3%'1:1,00(“)”1“1(H)MG is infinite. We do not know whether (5.55)

holds on our full space L%(VN(G)) @2 L?(I'y(H) x4 G) or if some intermediate estimate out of
(5.46) and (5.54) holds in that case.
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5.9 Spectral triples associated to semigroups of Fourier multipliers I1

We consider in this subsection a discrete group G and a cocycle by,: G — H. Now, we de-
fine another “Hodge-Dirac operator” by generalizing the construction of | , D. 588] which
corresponds to the case ¢ = 0 and p = 2 below. Suppose 1 <p < oo and —1 < ¢ < 1. We let

(5.56) D@3 X)) sy (by(s))m A, €T (H), s €G.

We can see %y 4, as an unbounded operator acting on the subspace Py g of LP(I'y(H) x4 G).

Finally, note that | , P- 588] the authors refer to a real structure but we warn the reader
that the antilinear isometry J: L2(T(H) xq G) — L2(Ty(H) x4 G), x + x* used in [ ]
does not® commute or anticommute with the Dirac operator %, ,.

Lemma 5.54 Suppose 1 <p < oo and —1 < g < 1.

1. For any a,b € Py g we have

(5.57) (Zu.q(a),b) = (a, Z,4(b))
where we use as usual the duality bracket (x,y) = T(z*y).
2. The operator Dy q: Px.c CLP(Lg(H) Xo G) = LP(T'y(H) %o G) is closable.
Proof : 1. For any s,t € G and any z,y € I',(H), we have

(Dpaw 3 A5 08 A T2 (50 (b (5)) 3 Aarty 3 Ae) = 7o ((59(bs (5)) 3 A)*(y % M)

B2 (et (3759 (03 (5))) % A=) % Ae)) 2 7o (01 (754 (bus (5))) st () ¥ Agery)

= T(a571 (:L'*Sq(bd; (5))y))6s:t
and

(2 A Zg (020 M) "2 (30 gy 5 (b(D)y 2 Ae) = 7o (2 0 X0) (59 (b (£))y % A1)

B2 (g () % Agmt) (59 (b (8 % A1) P2 7o (e (27 gt (59 (b (£))y) 20 Ag—re)

= 7'(04571 (m*sq(bw(S))y))(?s:t.
Thus, (5.57) follows by linearity.

2. Since Py, is dense in Ly (Ty(H) xo G), this is a consequence of | , Theorem 5.28
p. 168]. ]

We denote by Dy qp: dom Dy, q,, C LP(Ty(H) o G) — LP(Ty(H) x4 G) its closure. So
Py ¢ is a core of Py 4 ,. We define the homomorphism 7: C(G) — B(LP(LIy(H) x4 G)) by

(5.58) (@) € 1dr, () ¥ La, a € CL(G)

53. For any = € I'q(H) and any s € G, we have

(5.80) * (2.42)

TDyp,q(@ % As) T (5a(by(8)m % As) = (5q(by())m % As) a1 (" 5q(by () % Ag—1

and
5.80
Dpad (@3 As) = g (a1 (@) 2 A1) T2 sy (b (™)) aryr (@) % Aymr = —sg(my—1by ()1 (2%) % Ay

= a1 (5 by (8)))arg—1 (%) % A g1 = —ary 1 (sq(by(s))2™) 3 Ay 1.
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where L, is the left multiplication operator by a. Note that 7(a) is equal to the map L, of
Subsection 5.8. Recall that using the idea of Lemma 5.56 below, it is not difficult to see that
7m: CH(G) — B(LP(Ty(H) x4 Q)) is continuous when C%(G) is equipped with the induced weak™
topology of VN(G) and when B(LP(I'y(H) %, G)) is equipped with the weak operator topology.

Theorem 5.55 Suppose 1 <p < oo and —1 < g < 1.

1. The operator Dy 4.2 is selfadjoint.

2. Assume that LP" (VN(G)) has CCAP and that Ty(H) % G has QWEP. For 1 < p < oo,
the unbounded operators Py g, and Dy qp+ are adjoint to each other (with respect to the
duality bracket (x,y) = T(z*y)).

3. We have
(5.59) Pg C Lipg, , (CH(G)).

4. For any a € Pg, we have

(5.60) (Dyq,p>T(a)] = Lo, (a)
and
(5.61) H[‘g@baq?p’Tr(a)]||LP(Fq(H)NQG)—)LP(FCI(H)N&G) = ||a¢7q(a)|}rq(H)NaG'

5. Suppose that G has AP. We have
(5.62) Cr(G) Ndom Oy q,00 € Lipy, . (CH(G)).
6. Suppose that G is weakly amenable. We have
(5.63) Lipgy, . (C(G)) = CL(G) N dom Oy g,c0-
7. Suppose that G has AP. For any a € C:(G) Ndom Jy 4,00, we have
(5.64) (D40, 7(@)] = Lo, , o (@)-
8. Suppose that G has AP. For any a € C}(G) Ndom 0y 4,00, we have
(5.65) ||[@w,qw’W(a)]||Lp(rq(H)><,ag)_>Lp(rq(H)xaG) - Hawa%m(a)HQ(H)xaG'

9. Suppose p=2 and g = —1. We have (P —12)*> =1d x As.

10. If Ty (H) xo G has QWEP, by,: G — H is injective, Gap,, > 0 and if H is finite-
dimensional then the operator | Py, 12|~ : Ran Py, _12 — Ran Py _1,2 is compact.

Proof : 1. It suffices to show that 2y ,: Pu.g C L2([y(H) o G) — L2(Ty(H) x4 G) is
essentially selfadjoint. By (5.57), we infer that 2y, , is symmetric. By | , Corollary p. 257],
it suffices to prove that Ran(%y , £ ild) is dense in L?(I'y(H) x4 G).

Let z =), zs X Ay € L2(I'y(H) x4 G) be a vector which is orthogonal to Ran(%y 4 + ild)
in L2(T'y(H) x4 G). For any s € G and any z € L?(I',(H)), we have

<5q(b¢(s))x X )\S7Z>L2(FQ(H)><]O¢G) —ir(z*2,)
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5.56

<.@¢, (T X X) Z>L2(F4(H)><laG) — 1z X Ag, 2)L2(1, (H) %0 @)

= ((Dy,q — ild)(z x )‘S)’Z>L2(FQ(H)NQG) =0.

We infer that
<$,Sq(bw(s))ZS>L2(Fq(H)) = T(x*sq(bdl(s))zs) =ir(x*z) = <=’C,izs>L2(Fq(H))'

We deduce that sq(by(s))zs = izs. Recall that by [ , D. 96], the map I';(H)
y — y(Q) extends to an isometry A: L*(Ty(H)) — F,(H). For any z € T'y(H
y € L2(Ty(H)), it is easy to check that A(zy) = xA(y). We infer that

5q(by (8))A(zs) = A(sq(by(s))zs) = Alizs) = 1A(zs).

Thus the vector A(zs) of Fy(H) is zero or an eigenvector of sq(by(s)). Since s4(by(s)) is
selfadjoint, i is not an eigenvalue. So A(zs) = 0. Since A is injective, we infer that z; = 0. Tt
follows that z = 0. The case with —i instead of i is similar.

2. By (5.81) and | , Problem 5.24 p. 168], Zy 4, and Py 4+ are formal adjoints.
Hence Py gp+ C (Pypgp)* by | , p- 167]. Now, we will show the reverse inclusion. Let
z € dom(Py q.p)*. For any y € dom %, 4, we have

(5.66) (Ppaw():2) = (¥, (Dy,a.0)"(2))-

Note that (Id % M%.)(z) — 2z in LP (T, (H) x4 G). Now, for any y € Py.q, we have

- ‘FQ(H)7
)

and any

<y, Dy qp+ (1d M,, > = <% a.p(¥), (Id x Msaj)(z)> = <(Id X MW)9¢7Q7P(y)7Z>
= (Dyqp(1d % M@xy), 2y 201 % M) (), (Pyg)’ (2))
= <y7 (Id » M‘Pj)(@"bv%p)*(z)>'

Hence
Dipgp+(1d % Msoj)(z) = (Id Mw;)(-@w,q,p)*(z) ? (Dyqp)*(2)

By (2.1), we deduce that z € dom Py 4, and that
Dy ap(2) = (Dpqp)"(2)-

3. and 4. For any s,t € G and any x € T'y(H), using the relation o, = I'7°(,) in the sixth
equality, we have

(D00 TA)] (33 M) = D g T (As) (% A1) = T(Ae) D p (0 A1)
TL G (@) 2 Aut) = ) (54 (b (D)) x Ar)
D gp(05(2) 3 Nat) — s (590 (£)7) 2 Asy
5q(bu(58))as (@) X st — (54 (by(£)7) % At
"2 5qbi(9)) s () 3 Ast + 5q(ma (b (1)) ta () % Aat — va(5q(b (1)) 30 Aat
)

1 hat U2 (54(bu(5)) % Ae) (@ 30 M) L B g (M) (@ %0 Ae)
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By linearity and density, we obtain [%/,7“,, (s ] = Lo, ,(1,)- It suffices to use Proposition
5.45. Finally by linearity, for any a € Pg we obtain (5.60). In addition, we have
5.60

(5.67) H[‘@wﬂﬁ”’7T<a)]HLP(FQ(H)NQG)HLP(FLI(H)X @) HLaw )HLP(I‘q(H)xaG)HLP(Fq(H)xaG)

= H@WI HFq(H)xaG'
5. We next claim that
(5.68) Cr(G)Ndomdy 4,00 C Lip@qu.’p(C;‘f(G)).

Let a € C(G) Ndom Oy q,0c and consider a net (a;) of elements of P such that a; — a and
Oyp.q(aj) — Oy q,00(a) both for the weak* topology. By Krein-Smulian Theorem (see Lemma
2.1), we can suppose that the nets (a;) and (0y 4(a;)) are bounded. So by (5.61), the net
([2y.q.p-7(a;)]) is also bounded. Now by the part 4 of Proposition 5.42 and Remark 5.44, a
belongs to Lipy,  (C7(G)). We have shown (5.68).

6. Next we pass to the reverse inclusion of (5.68) and claim Lip% L(CHG)) € CHG) N

dom dy g,cc. To this end, let a € Lipy, = (C;(G)) and denote a, = (a Ay = T(aX-1) its
Fourier coefficients for r € G. We define a linear form To: Puc — C by

Ta(z % As) E 3 7 ((arsg(by (1) @ Ar) - (2 % As)).
reG

Since the trace vanishes for r # s~1, the sum over r is finite. We will show that it extends to
a bounded linear form on LP(I';(H) X4 G). To this end consider the bounded net (a;) in Py ¢

defined by a; def My, (a), where (p;) is the approximating net guaranteed by the fact that G
has AP. By Proposition 2.21, we have a; — a in the weak™ topology. Then for any £, € Py q,
using the point 2 in the first equality, we obtain

qngqvpv ﬂ'(a)}ﬁ? 77> = <7T(a)£, 9¢7q,p*?7> — <.@¢,7q7p§, W(a)*n>
- li§n ((a;)€ Dpgpn) — (Dupgpm(aj)*n) = li}n PR HIX))

(5.60)

1 (95,4(0;)6,1m) = e (Ds.(@,)6) ") = i 7 (6" 00 (a5) 1)

= li?l Tx (n*aw,q(aj)S) = h?l Tx (6w,q(aj)f77*) =Tu(&n),

where in the last equality, we used @;(s) — 1 for each fixed s € G and the definition of
T,. Since a € Lipy Ci(@)), for any &, € Py, we deduce the estimate |T,(En*)| <
el T Choosing the dement = 1 68 P e got. (6] < (el
so that T, induces an element of (LP(T,(H) xo G))*. We infer that the Fourier coefficient
sequence (d,54(by(r)))rec belongs to an element b € LP (T, (H) %, G). But then the above
calculation shows that for any &, € Py ¢

(569) <[@w,q,p’ ﬂ-(a’)]§7 77> = 1i§n<aﬂhq (aj)f, 77> = <b£a 77>

It follows from a € Lipg, . (C3(G)) that |(46,1)] < I[Zvqpr (@], IEl, Il so that
16¢], < [Zy.qp:m(@)]ll, -, II€]l,- Thus, the element b € LP (T, (H) %, G) is a pointwise
multiplier L? — LP. It follows °* that b € T'y(H) %, G.

54. For t > 0, let ut(b) denote the generalised singular number of b, so that 7 (¢(b) fo (pe)dt for any

continuous function Ry — R of bounded variation [Xu, p. 30]. If b were unbounded, then pu(b) - o0 ast — 0.
Taking £ = ¢(b) # 0 with ¢ a smoothed indicator function of an interval [z, y] with large z, it is not difficult to
see that [|b¢]|, > = [|€]|,,, which is the desired contradiction.
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It remains to show that a € dom 0y 4,0. To this end, thanks to the AP property of G, we

consider again the bounded net (a;) defined by a;, et My, (a). By Proposition 2.21, we have
a; — a in the weak™® topology. Moreover, we have

Dy.q ( Zﬂ: ar@j(T)AT> H -

(1 50 My, ) (34 (b (7))

10,0 (a) e, iy = P)sa(bu(r) 3 A

= [|(1d % M@j)(b)Hrq(H)xaG

< HId X Mo, HI"q(H)xaG—J‘q(H)xaG ”bHFq(H)xraG'

Using Proposition 2.21 in the last estimate (since G is weakly amenable), we deduce that
(Oyp,q(aj)) is a bounded net. Now it follows that the net (Jy 4(a;)) converges for the weak™
topology. Indeed, by uniform boundedness, it suffices®® to test convergence against x x A and
we have

(3.27)

(9v.a(a),@ @A) = (aj, (Bp.g)=(2 2 As)) "= (sq(bu(9), @)z, As) = (sq(bu(s)), ) (a; As).

Thus, 0y ¢(a;) converges in the weak™ topology.

7. Let a € C5(G)Ndom Oy 4,00- Consider a net (a;) of elements of Pg such that a; — a and
Oy.q(aj) = Oy q,00(a) both for the weak* topology. By the consequence of the Krein-Smulian
Theorem, Lemma 2.1, we can suppose that the nets (a;) and (Jy4(a;)) are bounded. By
continuity of m, m(a;) — m(a) for the weak operator topology of B(L?(I'y(H) X4 G)). For any
§ € dom %y 4., and any ¢ € dom Dy, 4 p-, we have

<[@¢qp’ (a])]f C>Lp(r (H)X 0 G),LP* (T (H) %0 G) <(9wqp7f(%) (aj)@¢qp)f7<>
= <@w,q p7(a;)E, <> < (a3)Dp,q,pE <> < (a)§: Dp,q.p* <> < (@)D q.p6; <>
_> <7T )&: Dyq,p C> < (a )gﬂb,q,pva :< .00 T(@ )]§7§>-

Since the net ([Zy q,p, 7(a;)]) is bounded by (5.61), we deduce that ([Dy, 4, 7(a;)]) converges
t0 [Py, q.p» T(a)] for the weak operator topology by a “net version” of | , Lemma 3.6 p. 151].
Furthermore, it is (really) easy to check that Loy yoo(a;) = Loy, (a) for the weak operator
topology of B(L?(I'y(H) %o G)). By uniqueness of the limit, we deduce that the commutator
is given by the same formula as that in the case of elements of Pg.

8. We obtain (5.65) as in (5.67).

9. If x € L2(I'_1(H)) and s € G, note that

(5.56

(Zp—12)2(@ 2 A) "2 Dy 10 (51 (b ()7 0 ) 27 511 (by ()% 0 A

(2.28)
= X ||bw(8>||H )\S =T X w(s))\s = (IdLQ(I‘,l(H)) X Ag)(l’ X )\5)
By | , Proposition G.2.4], note that Py ¢ is a core of Idr2(p_, (g)) ¥ A2. Then since
93} _1o is again selfadjoint, thus closed, we have Idp2r_, (g)) % Az C _@2 _1.2- Now it follows

from the fact that both T1 = Isz(p () X Az and Ty def 9 _1 are selfadpmt that both

operators are in fact equal. Indeed, consider some A € p(Tl) N p(Tg) (e.g. A = 1i). Then

55. Recall that if D is a total subset of a Banach space X, then a bounded net (y;) converges to some y of X*
for the weak™® topology if and only if (y;,z)x* x — (y,z)x= x for all z € D.
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Ty, — X C Ty — )\, the operator T7 — ) is surjective and T5 — ) is injective. Now, it suffices to use
the result | , D- 5] to conclude that Ty — A = T5 — X and thus T} = Ts.

1
10. By Proposition 5.48, the operator A, > : Ran Ay — Ran Ay is compact. So there exists

a sequence (T,,) of finite rank bounded operators T,,: Ran A, — Ran Ay which approximate
1

Ay % in norm. Similarly to the proof of [JR1, Theorem 4.4], we may assume, without loss
of generality, that the range of each T, is contained in Pg (consider a small perturbation
if necessary). Composing on the right with the orthogonal projection from L?(VN(G)) onto
1
Ran Ay, we can see A, 2 and each T,, as operators on L?(VN(G)) which is an operator Hilbert
1
space by [ , p- 139]. Moreover, A, 2 is then a Fourier multiplier (with symbol 1/1(5)’%63756).
_1
Since the operator space OH is homogeneous by | , Proposition 7.2 (iii)], each T}, and A, ? are

completely bounded. Proposition 2.20 says that Id x A5 /2 is bounded. Using the projection
Pg of | , Corollary 4.6], we obtain for any n a completely bounded Fourier multiplier
Ps(T,): L2(VN(G)) — L%(VN(G)) which has finite rank by the proof of [J1X1, Theorem 4.4].
Moreover, by the contractivity of Ps we have for any n

HA2_1/2 - PG(T”)ch,LQ(VN(G))—>L2(VN(G)) = ||PG(A2_1/2 - Tn)ch,L2(VN(G))—>L2(VN(G))
< ||A2_1/2 - T”ch,L2(VN(G))—>L2(VN(G)) = HA2_1/2 - T”HLZ(VN(G))—>L2(VN(G)) n_)+oo> 0.

Now using the transference of Proposition 2.20, we obtain

[1d % A5 % —1d x Po( = ||l1d x (45 "% = Pa(T))||

Tn) ||L2(1"q(H)><1QG)—>L2(Fq(H)><1aG)

<457 - Pe 0.

(Tn)ch,L2(VN(G))—>L2(VN(G)) n_>+oo>

Since H is finite-dimensional, note that the fermionic space F_;(H) is finite-dimensional. It

56

is clear that Id x Pg(T,) is again a finite rank operator’’. Hence Id x A, /2 i a norm-

limit of finite rank bounded operators, hence compact. Thus, Id x A, 5, Ran(Id x As) —
Ran(Idpz(r_, gy * As2) is also compact. Finally, we note that Ran(Id x Az) = Ran(Zy,-1,2)? =
Ran 2, 1,2, where the last equality follows from the fact that 2y _ o is selfadjoint, see the
first point. [ ]

5.10 Spectral triples associated to semigroups of Schur multipliers I

In this subsection, we consider a markovian semigroup of Schur multipliers on B(¢%) with
associated gradient 0,4, Suppose 1 < p < co and —1 < ¢ < 1. Recall that the (full) Hodge-
Dirac operator Dq 4, with domain dom Dy, 4., = dom 0y ¢ B dom(Jy q,p-)* is defined in (4.69)
by the formula

def 0 (Oa,q.p*)”"
(5.70) Dagn ™ g %

We will see in the main results of this section (Proposition 5.57, Proposition 5.61) how this
Hodge-Dirac operator gives rise to a Banach spectral triple. Note that the compactness criterion
needs particular attention and supplementary assumptions. The Banach spectral triple of this
subsection will be locally compact.

56. Note that if (eg)g=1,...,x is an orthonormal basis of L2(T'—1(H)) and (fi)i=1,...,. is an orthonormal basis
of Ran(Pg(Tn)), then (ex X fi)k=1,... Kk;1=1,...,r, is an orthonormal basis of Ran(Id x Pg(Tn)).

.....
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Let us turn to the description of the homomorphism 7. For any a € B(¢%), we denote
by Lo % Tdper, o) ® La: LP(T,(H)EB(2)) — LP(Ty(H)®B(2)), f ® ey — [ @ aey; the
left action. If a € S$°, we define the bounded operator m(a): S¥ @&, L?(T,(H)®B({?)) —
S7 @p LP(Tq(H)®B(¢7)) by

det |L 0
(5.71) m(a) = [Oa I:J , a€Sy
where L,: ST — S?, x — ax is the left multiplication operator. It is then easy to check that
m(a)* = 7(a*) in case that p = 2.

Lemma 5.56 Let1 <p < oo and —1 < g < 1. The map m is continuous when S7° is equipped
with the weak topology and when B(SY &, LP(T,(H)®B(¢2))) is equipped with the weak* topology.

Proof : Indeed, we show that the map 7: B(¢%) — B(SY @, LP(I',(H)®B(£3))), a — {I(J)a i?a}

is weak* continuous. Let (a;) be a bounded net of B(¢%) converging in the weak* topology

to a. It is obvious that the nets (Lo;) and (L,,) are bounded. If 2 € S} and if y € S?*,

we have (L, (x)’wa,Sf* = Tr((ajz)"y) = Tr(yz*a}) 7) Tr(yz*a*) = <La($)’y>s§’,sf* since

yr* € S}. So (Lq,) converges to L, in the weak operator topology. Since ST is reflexive,
the weak operator topology and the weak* topology of B(S¥) coincide on bounded sets. We
conclude that (Lg;) converges to (Lg) in the weak™® topology. If ), 2z, ® ) and if ), ¢; @ by are

elements of I'y(H) ® M s, we have

<£aj (zk:zk ®tk>,zl:cl ®bl> =" (zrer) Te((ajtn) D)

Lr(Tq(H)®B(¢7)),LP" (Dg(H)®B(€)) k1

= > r(zie) Tr((aty) b)) = <£a<zzk ® tk> D a® bl>
k l

k.l Lr (g (H)®B(¢7)),LP" (Do (H)®B(£7))

By a “net version” of | , Lemma 3.6 p. 151], the bounded net (I:aj) converges to L, in the
weak operator topology. Once again, since LP(I'y(H)®B(¢3)) is reflexive, the weak operator
topology and the weak* topology of B(L?(T'y(H)®B({}))) coincide on bounded sets. We infer

that (Lg;) converges to (L) in the weak™ topology. By | , Theorem A.2.5 (2)], we conclude
that 7 is weak® continuous. ]

Recall in the following proposition the weak* closed operator
Oorg,00 dOM (D g,00) € Ty(H)DB((7) — Ty (H)DB((7)

from Proposition 3.39 point 6. Note that the latter proposition is applicable since we suppose
that g # 1 in the following,.

Proposition 5.57 Let 1 <p < oo and —1 < ¢ < 1. Then the triple
(7,57 @p LP(Ty(H)®B((7)), Da,q.p)
satisfies the following properties.

1. We have (Dugp)* = Da,gp+- In particular, the operator Dy 4.2 is selfadjoint.
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2. We have
(5.72) S7°Ndom da,q,00 € Lipp, ,  (ST7).

3. For any a € S?° Ndom Oy q,00, we have
(5.73)

H[ ,q,pvﬁ(a)]HSf@pr( (H)BB(£2))=SP@,Le (I (H)BB(£2)) < [|0eg.00

)|’rq(H)®B(z2;)'
Proof : 1. An element (z,t) of S?* ®p LP (T, (H)RB(£2)) belongs to dom(D, q,)* if and

only if there exists (a,b) € 5% @, LP"(I'y(H)®B(¢2)) such that for any (z,y) € dom gy g, B
dom(0q,q,p+)* we have

s (fon, oG- CELED

= ((Oaqp) (), 2) + (Oagp(@),t) = (y,0) + (z,a).

If 2 € domOy,qp+ and if ¢ € dom(0a,q,p)* the latter holds with b = Oaqp+(2) and a =
(Oa,q.p)*(t). This proves that dom dy g4,p+ ® dom(9y q,p)* C dom(Dy 4,p)* and that

* 5.70
(Do) (20 = (o) OO0 = |, 0 O] [ 2oy
Conversely, if (z,t) € dom(Da,q,p)*, choosing y = 0 in (5.74) we obtain ¢ € dom(0a,q,)" and
taking x = 0 we obtain z € dom 0y g p*-

2. and 3. By Proposition 3.39 and Proposition 4.40, Mj g, and LP(Ty(H)) @ My g, are
cores of Oy, qpr and (On,qp+)*. S0 My gn & (LP(Ty(H)) ® My 6n) is a core of Dy 4 p. For any
a € My gn, we have La(MLﬁn) C My in and Lo (LP(Ty(H)) ® My .gn) € LP(Dy(H)) @ My g, We
infer that 7(a) - (Mz.an @ (LP(Ty(H)) ® M1 gn)) € domDg g p. So the condition (a) of the first
point of Proposition 5.45 is satlsﬁed Note also that m(a)* - Mr.an @ (LP(T'q(H)) ® M16n)) C
dom D, 4+ = dom(D, 4,)* (condition 2 of Proposition 5.45).

Let a € My gn. A simple calculation shows that
(5.70)(5.71) [ 0 (8a7q7p*)*} {La ~0} {La 0} [ 0 (Oagp)*

N 0,

[Da,q,pa 77(‘1)}

Oa,q,p 0 0 L, 0 L, ,q,p 0
— 0 (6a7q,p*)*£a . 0 La(aa,q,p*)*
aaa%PLa 0 Laaog,q@ 0
_ 0 (aa,q,p*)*La - La(aa,qm*)*
Oaq,pL —Ly04 oq.p 0 '

We calculate the two non-zero components of the commutator. For the lower left corner, if
x € Mr.an we have®”

(5.75) (Oarq,pL — LaOa ap) (@) = 0a,qpla(T) — I~Jaaouz,p(z) = Oa,q,p(aT) — a0 q,p()

(2.82)
= aoe,q(a)x = Laa,q(a)‘](x)

where J: S¥ — LP(I'y(H)®B({3)),  — 1 ® x. For the upper right corner, note that for any
y € LP(T'y(H)) ® My gn and any z € My an, (we recall that we have the duality brackets (f, g)
antilinear in the first variable)

<((aa’qm*)*f‘a - La(aa,q,p*)*)(y)vﬂ = ((Oaq,0*) La () ) — (La(Ba,q,0 )" (¥), @)

57. Recall that the term Oq,q,p(a)x is by definition equal to 9q,q(a)(1 ® ).
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< a(y)s Oaq,p~ (x)> - <(aa,q7p*)*(y),La*(x)> = <y, ia*amq,p* (x)> - <yv Oa,q,p* Lia* (ff)>

< I: «Oar,q,p* (z) — Oa,q,p* Liax (95)> = <y,a*3a,q,p* (z) — 6a7q,p*(a*x)>

(2.82) .
=" —(y,0aq(a")x) = (y,—Lo, @ (1®x)) = (y, Lo, ,(a) (1 ®2))

= (Lo o (@ W), 1 @ 7) = (ELo, ,(a) (), ©) g gp° -

Here, E: L?(T'y,(H)®B(£?)) — S7, t ® z — 7(t)z denotes the canonical normal conditional
expectation. We conclude that

(576) ((&x,q,p*)*ia - La(aa,q,p*)*)(y) = ELaa,q(a) (y)

The two non-zero components of the commutator are bounded linear operators on My 5, and on
LP(T4(H)) ® M gin. We deduce that [Dq 4, 7(a)] is bounded on the core My g @ (LP(Iy(H)) ®
M7 fin) of Dq,qp- By Proposition 5.45, this operator extends to a bounded operator on S7 &,
LP(Ty(H)®B((7)). Hence My gy is a subset of Lipp_ = (S7°). If (z,y) € dom D, 4, and a €
M7 fin, we have in addition o

570 H[Da,q,m(amx,y)u Lo (st~ o)l
= (@) o = Lol + Oy~ o0 W” ?
(()476£o470) (HELBaq(a) H -+ ||6aq ( )” ®B(€2)));

< ||aa,q(a)“pq(H)§B(e§) H(I’y)Hp
We conclude that

(5.78) | [Pag.ps w(@)]|| < N0aq(@lr, (yzB(e2) -

SP@®pLP (Dq(H)®B(£2))— ST ®pLP (Tg (H)@B(£2))

Let a € S7° Ndom Oy, q,00- Let (a;) be a net in My g, such that a; — a and 04,q,00(a;) —

Oa,q.00(a) both for the weak* topology. By Krein-Smulian Theorem, we can suppose that the

nets (a;) and (Oq,q,00(a;)) are bounded. Note that a; — a for the weak topology of S¢°. By the

point 4 of Proposition 5.42, we deduce that a € Lipoq‘p(S}x’). By continuity of 7, note that

m(a;) — m(a) for the weak operator topology. For any { € dom Dy 4., and any ¢ € dom(D, 4,p)%,
we have

<[Da,q,pv77(aj)]§v C>Sf@pr(rq(H@B(gg)),sg*@p*Lp* = <(Da,q7p77(aj) - W(Gj)qu,p)fv C>
= <,Da,q,p7r(aj)§7<:> - <7r(aj)Da,q,p€7 C> = <7r(aj)£a (Da,q,p)*<> - <7T(aj),Doc,q,p§a€>
? <7r(a)§, (Da,q,p)*g> - <W(G)Da,q,p€v <> = <[’Da,q,p’7r(a)]£v C>

Since the net ([Dq,q,p, m(a;)]) is bounded by (5.78), we deduce that ([Da,q,p,7(a;)]) converges
t0 [Da,q.p, m(a)] for the weak operator topology by a “net version” of | , Lemma 3.6 p. 151].
Furthermore, it is (really) easy to check that Lo, . _(a;)J — Lo, , .(a)/ and —ELg,_ . _(a;) —
—ELs, , .. (a) both for the weak operator topology By umqueness of the limit, we deduce that
the commutator is given by the same formula that in the case of elements of M 5,. From here,
we obtain (5.73) as in (5.77).
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Remark 5.58 We do not know if Lipp_(57°) = 57° N dom 4 ¢,00-

Remark 5.59 The estimate (5.73) is in general not optimal. Indeed, already in the case p = 2
and a = €;; € My, € S° Ndomdy 4,00 for some 4,5 € I, we have according to (5.75) and
(5.76),

(5.79) ||[Da,q,2vW(a)]”s?@QL%F (H)®B(£2))=S2@2L2 (T (H)®B(£2))

EL,

<maX{HL8w<“>JHSML2< J(H)EB(£2)) a=q(“)HL?(Fq(H)@B(Z?)HS?}'

Note that we have the Hilbert space adjoints (Lg,  (a)J)* = J*Lgaq(a) = EL¢, () =

—ELg, ,(a+)- Thus, in the maximum of (5.79), it suffices to consider the second term. We
have for z =37, 21 ® e € L*(Ty(H)®B(47))

ELo, 4(ei)(2) = E((Sq(a ) ® e (Zl‘kz ® 6kl>) = (Z sq(ax §)Ti ® ell>
= ZT sq(a; — o)z ji)eq.

Thus,
2
||]EL6‘Q q eu) E I ( Sq j)le)| < ||5q( ||L2 E ||~TJIHL2 L(H))

2
< lsqlai — aj)||L2(Fq(H)) Z ||33kl||L2(Fq(H)) = [lei — aj”H ||$||L2(rq(H)§B(e§)) :
k,l

We infer that

||[,D06,q,27W(a)]||S?@2L2(Fq(H)@B(Z?))—)S?@ZL2(Fq(H)gB([‘;)) = HELaa,q(ei_j)Hg_ﬂ < i — il -
In the case where —1 < ¢ < 1 and oy — o # 0, this quantity is strictly less than

(2.81)
||aa,q(6ij)||rq(H)§B(e2) [[sg(i — ) ® einrq(H)gB(@) = |Isq(ci — aj)”rq(H) ||€ij||B(g§)

[ ,Th. 1.10]

= [Isq(s — a;)llp L (H) = \/ﬁnai*aj”]r

Under additional assumptions on the family («;);er of our semigroup, we are able to prove
that the triple from Proposition 5.57 is a locally compact spectral triple (see Definition 5.46).
In the following, we shall need the restriction Ar, = Ap|g, of A, to a row

R, o span{eg; : j € I},
where 0 is some fixed element of I. Note that A, leaves clearly R, invariant.

Proposition 5.60 Let 1 < p < co. Assume that a: I — H is injective, where H is a Hilbert
space of dimension n € N and satisfies Gap,, > 0 where Gap,, is defined in (5.14).

_1
1. The operator AR;? : Ran Ar, — Ran Ag, is compact.
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2. Suppose —1 < q < 1. Let Br, = Ou,q,p0 : dom B, C Randq 4Ry —

* e —
,¢;p" IRan 04, q,p| Rp

_ —1
Ran Oy,q,p|Rp. Then Bg, is sectorial and injective, and the operator By ? is compact.

1

Proof : 1. We begin by showing that Ap”?: Ran Ar, — Ran Ag, is compact. Note that that

it is obvious that Ag, is selfadjoint and that the ep;’s where ¢ € I, form an orthonormal basis

of Ry consisting of eigenvectors of Ag,. Thus the eg;’s where ¢ € I\{0} form an orthonormal
1

basis of Ran Ap, consisting of eigenvectors of Ap?: Ran Ar, — Ran Ag, associated to the

le; — 040||;{1. It suffices to show that The condition Gap, > 0, the injectivity of a, together
with the finite-dimensionality of H imply that any bounded subset of H meets the ||o; — aol| 5
only for a finite number of ¢ € I. Hence theses eigenvalues ||o; — aOHI}lvanish at infinity®®. We
have proved the compactnesls.
Next we show that AI_%i: RanAr_ — RanApg_ is bounded where R, C S9°. Since
(T} r.. )10 is a semigroup with generator Ag__, it suffices by Lemma 5.28 to establish the bound
1

1 . . c .
1Tt ree lRan A —r.. < 72 for some d > 5. We conclude with Lemma 5.22 and restriction.

Thus, A;{i: Ran Ag__ — Ran Ag__ is bounded.

Now, assume that p > 2. We will use complex interpolation. Since the resolvent of the
operators Ap, are compatible for different values of p (in fact, they are equal since R,, = R,,
for 1 < po,p1 < o0), the spectral projections | , D. 364] onto the spaces Ran Ap,

are compatible. Hence, the Ran Ag,’s form an interpolation scale. Observe that Ran Ag, is
[ R
a Hilbert space, hence a UMD space. Then we obtain the compactness of A RZ : Ran Ap, —

Ran Ar, by means of complex interpolation between a compact and a bounded operator with
Theorem 2.4.
If p < 2, we conclude by duality and Schauder’s Theorem | , Theorem 3.4.15], since

- _1
Ran Apg, is the dual space of Ran Ag . and A R; defined on the first space is the adjoint of

_1
Ap, defined on the second space.

2. We will use the shorthand notation 9, ef oq.p| Bp and O & (Oa,qp ) |ILP(Tg(H)) @ Rpp.

Note that 0, and 0, are again closed and densely defined.

We begin with the case p = 2. The operators 0y and 05 are indeed adjoints to each
other (with the chosen domain). According to [ , Corollary 5.6], the unbounded operators
05 05| (Ker 02)* and 9,05|(Ker 93)* are unitarily equivalent.

Note that we have Ag, = A3|Ry = 9302. Moreover, according to | , Probleme 5.27
p. 168], (Kerds)t = Rand;, which in turn equals Ran(da,42)* N Ro Prop. 449 Ran A5 N

1
Ry = Ran Ag,. By the first part of the proof, Ap?: Ran A, — Ran Ag, is compact, hence

0% 05|(Ker 02)* is invertible, and by functional calculus, the above unitary equivalence also holds

between Aj_f on Ran Ag, and (0:83)~2 on (Ker 03)* Bt 168 mam 0. We infer that Bgf

is compact.
1
We turn to the case of general p and start by showing that B sz is bounded. Note that Br, =
Oa,q,p0%,q.p« IRan 0y Proposiion 4.42 Bp|Ran d,. Since resolvents of B, leave Ran 0, invariant and

B, is sectorial by Lemma 4.38, by | , Proposition 3.2.15], Bg, is also sectorial. Since B, is
injective according to Lemma 4.38, also Bg, is injective by restriction. Then again by | ,

58. Recall that a family (z;);c; vanishes at infinity means that for any € > 0, there exists a finite subset J of I
such that for any ¢ € I — J we have |z;| < e.
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Proposition 3.2.15], B - By |Ran8 By Lemma 5.29 and restriction, we infer that B 2
is bounded. To 1mprove boundedness to compactness, we pick some 2 < p < oo and fix some

auxﬂlary p < po < oo. Finally, it suffices 1nterp01ate compactness of B, R2 and boundedness of

Bp 3 to conclude with Theorem 2.4 that B is compact. Details are left to the reader. For
the case p < 2, we use duality. [ |

Proposition 5.61 Let1 <p < oo and —1 < g < 1. Assume that H is finite dimensional, that
a: I — H is injective and that Gap,, > 0. Then (S?°Ndom Dy, 4,00, STELP (Ty(H)@B(£%)), Da.g.p)
s a locally compact Banach spectral triple. In other words, we have the following properties.

1. Do gp ts densely defined and has a bisectorial H*® functional calculus.

2. For any a € S7° Ndom O g,00, we have a € Lipp_  (S7°).

3. For any a € S° Ndom Dy q.00, m(a)(ild + Da,qp) ' and m(a)|Da.qgp| "t are compact op-
erators between the spaces RanDq 4, — S7 & LP(Ty(H)®B(¢{?)). Moreover, the same
compactness holds for a € S7° a generic element.

Proof : Points 1. resp. 2. are already contained in Theorem 4.54 resp. Proposition
5.57. We turn to 3. Note that by bisectorial H>*-calculus, we have a bounded operator
f(Dagp): RanD,,, — RanD, ,,, where f(A\) = VA2(i + A\)~! belongs to H*(X2). Thus,
recalling that | Dy q,| ! is the functional calculus of the function n(\) = \/172, we obtain

() (ild + Da,q,p) ™" = ()| Daqpl =" f(Da,qp)

as operators RanD,, 4, — STSLP (T, (H)®B(¢?)). By composition, if m(a)|Dq. 4|t is compact
on RanD, ,p, then so is m(a)(ild 4+ Dq,qp) ' It thus suffices to consider the former in the
sequel.

Recall that Ran A, = Ran(0q,4,+)* by Proposition 4.49 and that as operators on Ran Dy, 4 5,

D2 (4.66) {APHMAP 0 } )
o,q,p 0 (Idpe (0, (1)) ® Ap)|Ran Oa,q p

So as operators on RanDq, ¢ p,

. 1 1
Do ] 1_[Ap|RanAp 0 } = (4,7 o
e 0 (Idyo(r, () @ Ap)|Ran u.q.p 0 B?
Hence we have
1 1
6 [Ly 0] 14,2 0 L,A, 2 0
W(a)|Da,q,p‘ - |:0 £:| P 1| = P - 1
aJ| 0 B? 0  LuB,?

It suffices now to show that LaA;% : Ran A, — S¥ and I:aBp_% : Ran 0,4, — LP(Ty(H)®B(£3))
are compact. We start with the first operator. Recall that A,(M;j g,) is a dense subspace of
Ran A,. If P;: ST — S7 is the Schur multiplier projecting onto the jth line associated with the
matrix [ ]r”’, if we choose first a = e;;, and if ey, € A, (M gn) we have

1 _
LaAp 2 (ekl) L A (ekl) = Hak — O[IH ! eijekl

€ij

59. The entries are 1 on the j-row and zero anywhere else.
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.A;E(ekl) = LQA;EPJ'(GM).

=8 [l — eul| "t ewr = 8- Le,

- 1 1
Then by span density of such ey in Ran Ap, we infer that L,A4, > = LA, > P; as bounded
operators Ran A4, — S¥. From Lemma 5.21, we infer that P; is a completely contractive

_1 -
projection. It now suffices to show that L,A, 2 P;: P;(Ran A,) — S7 is compact. Recall the
1

_1 i
space R, from Proposition 5.60, where we choose 0 = j there. Since A, *P; = A;, *|Ran Ag,,

1

we infer by Proposition 5.60 that Ay * P; is indeed compact on P;(Ran A,) = Ran Ar,. We
1 1 -

infer by composition that Lo A, > P; = LA, * is compact as an operator on Ran A,, in case

21
a = e;j. By linearity in a, L, A, * is also compact for a € M 5,. Finally, if a € S7° is a generic
element, then a = lim,,_, ay, in S7° for some sequence a, € My g,, whence L, = lim;, ;o0 Lg,,

1 _1 - 1
in B(S?) and Ly Ay ? = lim,,—y00 Lg, 4p * in B(Ran 4, S7). Thus, L, A, ? is the operator norm
limit of compact operators, and hence itself compact.

-1

We turn to the second operator L, By, 2. Let 2®ep; € 0a,q,p(M7 6n) which is a dense subspace
of Ran 0, 4,, according to Proposition 3.39. We first fix a = e;; and turn to general a € S7° at
the end.

~ 1 B _
LB, ? (z @ ew) = o — ou]| ™ (1@ eq) (@ @ ent) = 0j—p o — ] 'z @ ey
1
-2

~ _1
= j:k(l ® eij)Bp (.Z‘ ® ekl) = LaBp 2 (Ide ® PJ)(JT ® ekl).

Nt Rt
By the same arguments as above, we infer that L,B, ?> = L,B) ?>(Idi» ® P;) as bounded
- _ 21
operators Rand, 4, — LP(['((H)®B(¢7)). We infer by Proposition 5.60 that B, 2 (Idr ® P;)

S E O 7
is compact, thus by composition, also LoBy > = LyB,  (Id» ® P;) is compact on Ran 0q,q,p-
1

Then by linearity (resp. operator norm limit), L, B, ? is also compact for any a € My g, (vesp.
for any a € S7°). We finally deduce that m(a)|Da,q,p| "' is compact on RanD, 4 p- [ |
Remark 5.62 Note that the locally compact (Banach) spectral triple

(M1 ,8in, 7 @ LP(Tg(H)®B(£7)), Da,g.p)

is even. Indeed, the Hodge-Dirac operator D, 4, anti-commutes with the involution -, o

{—Igsf Ido } : SY &, LP(T,(H)®B(£3)) — SY @, LP(I'y(H)®B(£3)) (which is selfadjoint if
L
p = 2) since

Da,qpp + Y Pagp
(5.70) { 0 (8a,q,p*)*] [—Id5§ 0 ] N [—Idg 0 ] [ 0 (8047(1@*)*}
o 19)

Oaq,p 0 0  Idps 0  Idpe| |Oavgp 0
_ 0 (60471147*)* 0 _(aa,qm*)* _
= [aa,q,p 0 |7 {00y 0 =0

Moreover, for any a € S7°, we have

(5.71) | —Idge 0 L, 0] |-Lo 0] [Lg O] |-Idge 0 | Gm
wrla) = [ 0 IdLJ {o La]_{ 0 La]_[o LH 0 T  "@w
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5.11 Spectral triples associated to semigroups of Schur multipliers I1

In this subsection, we shall investigate another triple, defined on the second component of the
reflexive Banach space of the preceding subsection. Suppose 1 < p < oo and —1 < ¢ < 1. We
define another “Hodge-Dirac operator” by letting

(5.80) Do,q(x @ €;5) &f sq(a; —aj)x ®ey;, x€LP(Ty(H)),i,j€l.

We can see Z,,, as an unbounded operator acting on the subspace LP(I'y(H)) ® My an of
LP (T (H)®B(£7))-

Lemma 5.63 Suppose 1 <p < oo and -1 < q<1.
1. For any a € LP(Ty(H)) ® My, and b € LP" (Ty(H)) ® My n, we have

(5.81) (Dog (@), b) = (@, Do q (b))

where we use as usual the duality bracket (x,y) = T(z*y).

2. The operator D q: LP(Ty(H)) ® M6, C LP(T,(H)®B(¢2)) — LP(T,(H)®B((2)) is clos-
able.

Proof : 1. For any x,y € LP(T',(H)) and any 4, j, k,! € I, we have

5.80
(Pag(z ® €ij),y @ ex) 20 (sqlai — aj)z @ €5,y @ exr)
=7 (2% sq(0 — a;)y) Tr(ejjert) = Ot (a7 sq(ox — ar)y) = Tr(ejjen) 7 (2" sq(r — ou)y)
5.80
= (2 ® €5, sq(ar — )y @ epr) 629 (x @ €ij, Dag(y @ ewr))-

Thus (5.81) follows by linearity.
2. Since LP (Ty(H)) ® M g, is dense in L?" (T, (H)®B(¢)), this is a consequence of [ ,
Theorem 5.28 p. 168]. ]

We denote by 2 4p: dom P4, C LP(L,(H)®B((2)) — LP(T,(H)®B(£3)) its closure. By
definition, the subspace LP(I'y(H)) ® My gy, is a core of Py q,p. We define the homomorphism
m: S%° — B(LP(T,(H)®B(£2%))) by

def 0o
(5.82) m(a) = ldper, (1)) ® La, a €57

where L, is the left multiplication by @ on S?. Note that 7(a) is equal to the map L, of
Subsection 5.10. It is not difficult to see that 7 is continuous when S%° is equipped with the
weak topology and when B(LP(I',(H)®B(¢%))) is equipped with the weak operator topology,
see also Lemma 5.56.

Theorem 5.64 Suppose 1 <p < oo and —1 < g < 1.

1. We have (Du,qp)* = PDa,qp- with respect to the duality bracket (z,y) = T(z*y). In
particular, the operator Do q.2 is selfadjoint.

2. We have

(5.83) Lipg, , (S7°) = 57° Ndom da g,00-
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3. For any a € S?° Ndom 0y q,00, we have
(584) [.@%qp, F(a)} = Laa,qym(a).

4. For any a € S° Ndom Oy g,00, we have

(5.85) H [Paqps7(a = Haa,q,oo(a)

)]HLP( ¢(H)®B(£2))—Lr(T'y (H)®B(£2)) HFQ(H@B(@)'

5. Suppose p=2 and q = —1. We have (Da,-12)* = Idr2r_, (7)) ® Aa.

6. If I is finite and if H is finite-dimensional then the operator |Da,—12|7': Ran Py 12 —
Ran P,,_1,2 is compact®.

Proof : 1. By (5.81) and [Katl, Problem 5.24 p. 168], P q.p and Za 4 p- are formal adjoints.
Hence Zoqp € (Paqp)™ by [Katl, p. 167]. Now, we will show the reverse inclusion. Let
z € dom(%q q,p)*. For any y € dom Z,,4,, we have

(5.86) < g, ( > <yv ,p) )>
Note that (IdLT’(Fq(H)) ® T7)(z) = 2. Now, for any y € LP(Fq(H)) ® M7 an, we have
(Y. Dovgp- Wror, 1)) @ T7)(2)) = (Dasap(y), Wduocr, ) @ T1)(2))
= ((Wdro(r, (1)) @ T1)Zeap(¥), 2) = (DogpTdLe,m)) © T1) (W), 2)

CE Wi, 1)) © T 0)s (Pa) (2))
— (y, (Wrory (1) © T7) (D) (2))-

Hence
Dovqp o (e, (my) @ T1)(2) = (e e, m)) @ T1)(Zasqp)™(2) = (Zasqp)”(2)
By (2.1), we deduce that z € P, 4+ and that
Daq,p*(2) = (Zagp)"(2)-
2. and 3. For any 4, j,k,1l € I and any x € LP?(I'y(H)), we have

(5.87)  [Zaaps ()] (@ ert) = Dagpm(es) (@ ® ext) — 7(€ij) Dar,q,p(T ® e11)
(5.82)(5.80)

(588) @a,q,p(x ® eijekl) — W(eij)(sq(ak — Ozl)(E & ekl)
=0j=tPa,qp(T @ eiyr) — sq(ag — )T @ ejjen
5.80)
68 di=k (sq(ai —q)r ® ey — Sq(ar —a)r® eil) = 0j=kSq(; — )T Q@ €y
2.81
(5.89) = sy — )z ® eijens = (sqlai — o) @ eiy) (2 @ ear) 2 (B gle)) (@ ® er)

= Lo, ,(ei;) (T ® €x).

60. Note that since I'_; (H)®B(¢2) is then finite-dimensional, the spaces L?(I'_; (H)®B(£2)) are all isomorphic
for different values of p, Ran Za,—1,2 = Ran%a,—1,, for all 1 < p < oo and thus, |Za,—1,2|"! extends to a

compact operator on Ran Z4, 1,5 too.
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By linearity and density, we obtain [@mq’p,ﬂ(eij)] = Lo, ,(e;;)- 1t suffices to use Proposition
5.45. Finally by linearity, for any a € My 5, we obtain (5.84) and in addition

(5.90)
o)

H (Pecq.0:m(a)] HLP(Fq (H)®B(£2))—L? (T (H)®B(£2)) Lo g00(a) ||Lp(rq(H)@B(@))aLp(rq(H)@B(@))

= ||3a7q»oo(a)||rq(H)§B(e§)'
We next claim that
(5.91) S7°Ndom Da,q,00 € Lipg, , (ST7).

Let a € dom 044,00 and consider a net (a;) of elements of My 5, such that a; — a and 04 ,4(a;) =

Oa,q.00(a) both for the weak* topology. By Krein-Smulian Theorem, we can suppose that the

nets (a;) and (9a,4(a;)) are bounded. So by (5.90), the net ([Za,qp,7(a;)]) is also bounded.

Now by the part 4 of Proposition 5.42, a belongs to Lipy_  (57°). We have shown (5.91).
Next we claim that for a € S7° N dom 0y 4,00, We have o

(5.92) (Zaqp:m(a)] = Lo, , (@)-

Note that a; — a for the weak topology of S?°. By continuity of 7, 7(a;) — 7(a) for the weak
operator topology of B(L?(I'y(H)®B(¢?))). For any £ € dom %, 4, and any ¢ € dom Py ¢+,
we have

<[‘@04q7p’7(“j)]5a<>Lp(rq(H)f (€2)),Lp* (T (H)®B(£2)) — <(~@a7q7p7r(aj) - W(aj)-@a,q,P)faC>
= <9a,q,p77(a'j)€7 C> (aj)ga,q,p§7g> = <7T(aj)§7 @a,q,p* C> - <7T(aj)-@a,q,p§a C>
e (7(a)€, Dagp-C) = (7(0) Dor,g 06, C) = ([Pagpr T(@)I€, C).

B
— <7T
Since the net ([Za,q,p, 7(a;)]) is bounded by (5.90), we deduce that ([Za,qp,7(a;)]) converges
t0 [P, q.p, T(a)] for the weak operator topology by a “net version” of | , Lemma 3.6 p. 151].
Furthermore, it is (really) easy to check that Lo, _(a;) = Lo, ..(a) for the weak operator
topology of B(LP(I'y(H)®B(£2))). By uniqueness of the limit, we deduce that the commutator
is given by the same formula as that in the case of elements of M; 5,. From here, we obtain
(5.85) as in (5.90).
Next we pass to the reverse inclusion of (5.91) and claim

(5.93) Lipg, , (S77) € 57 Ndom da,g,00-

To this end, let a € Lipy,  (57°). Consider the bounded net (a;) defined by a, o Tr(a). We
have a;(a) — a in the weak* topology of B(¢2). The essential point will be to prove that

(5.94) (Oa,q(as)) is a bounded net.

Indeed, once (5.94) is shown, it follows that the net (94,q4(as)) converges for the weak™ topology.
Indeed, by uniform boundedness, it suffices®’ to test convergence against f @ e;; and we have

(3.79)(3.80)

(Oaglar), f@ei) =7 (sq(ei — aj), f)las, eij) = (sq(as — ay), f)(a, eij).

61. Recall that if D is a total subset of a Banach space X, then a bounded net (yj) converges to some y of X*
for the weak™® topology if and only if (yj,z)x* x — (y,x)x* x for all z € D.
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Thus a € dom 9, 4,00 and (5.93) follows. To show (5.94), we note that 0, 4(a;) belongs to
I, (H)®B(#%). So

|0aq(as Hr H)@B(£2) = [|0a.q(as ||r H)@B(£2) ||L8a,q<‘”>HLP(Fq(H)@B(f 7)) =L (D (H)@B(£3))
= sup |<aa,q(aJ)§a77>| :
||§||Lp(pq(H)@B(e?])><17 7l p= (Cq(FYBB(E2) S

Now, for any 4,7, k,l € J, any = € LP(T;(H)) and any y € L?" (T,(H)), we have

([Daqp m(a )}( T®eij),y @ en)
<7r (z® eu Do,q.p* (y® ekl)> - <7T(a)@a,q7p(x 0y eij)7 Yy ekl>
= (z @ aej, sq(ar — )y @ er) — (m(a)(sq(@i — aj)r @ e5),y @ ext)
= (z ® aeij, sq(ar — )y ® ep) — (5q(a; — )z ® aeiy,y © exr)
=7 (2% sq(ar — au)y) Tr(ejia’en) — (2" sq(c — o))y) Tr(ejia™ exr)

= T(gc*sq(ak — g+ o —a;)y) Tr(ejia” €kz) = j:lakﬂ(x*sq(ak — ai)y)

and

([Pevsgprm(a7)] (z @ €35), y @ enr) = << D arssglar — o) ® ers> (T ®eij),y® ekl>

r,s€J

- Z Trs«sq(ar —as)® ers)(x ®e€ij),y @ ekl>

r,s€J

= Z Tmr(x*sq(oeT - as)y) Tr(ejsesrext)

r,se€J

Z SimsOr=k0j=1lrsT (2*sq(0r — s)y) = 8j—iari T (3" 5q(Cr — €;)y).
r,s€J

Fixing ¢ € LP(T'y(H)) ® My and n € LP" (T'y(H)) ® M, we deduce that

<8a,q(aJ)§a7l> (524) <[9a,q,pv may ]5 77> <[ a,q,pr T m(a )]faﬁ>-

We conclude by estimating the absolute value of the last term against ||[Za.q.p, 7(a)] || €L, Inll,,-
4. For any a € Sf° Ndom Oy, q,00, We have

(5.84)
1 Zg.0s 7 (@) | o J(H)BB(62))—Lr (D (H)BB(62))  — I Bm»w(a)||Lp(rq<H>@B<f?>>%p<rq<H>@B<f?>>
= Haa»qm(a)Hrq(H)@B(z;)'
5. If x € L3(I'_1(H)) and i,j € I, note that
5.80 5.80
(Za-12*@ @ eiy) "2 Do 1a(s1(ei — e @ey) = s - ) @ ey

(2.28)
=72 ® oy — ayll5 ey = (diee_, () ® A2) (@ ® e55).

By [HvNVW2, Proposition G.2.4], note that L%(T'_1(H)) ® M gy is a core of Idpz2(r_, (7)) ® Aa.
Then since 927_1,2 is again selfadjoint, thus closed, we have Idyzr_, (7)) ® A2 C 927_172. Now
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it follows from the fact that both T1 = Isz( _(H)) ® Az and Ty def 92 o are selfadjoint that

both operators are in fact equal. Indeed, consider some A € p(T7) N p(Tg) (e.g. A =1i). Then
— A C Ty — A, the operator T1 — A is surjective and T5 — A is injective. Now, it suffices to use

the result | , - 5] to conclude that Ty — A = Ty — A and thus T} = Ts.
6. Since Z,,—1,2 is selfadjoint according to the first part, also .@2 _1 is selfadjoint. As

His ﬁmte—dlmensmnal I'_1(H) is finite-dimensional. As also [ is finite, L2(F 1(H)®B(£2)) is
finite-dimensional. Thus, Ran %, _; 2 = Ran %,,_1,2 and 754 1, 5|Ran 7, ,1 2:Ran,,_12 —

Ran 7,1 is a bijective bounded operator. We infer that its inverse 2,2, o and the square

root of it |Z,, 12| are also bounded operators on the same space. As L2(I‘, (H)®B(£?)) is
finite dimensional, |Z4, 127" : Ran Z, _12 — Ran %, _1 » is compact.

Remark 5.65 In the case p = 2, we have an alternative proof of the point 1 of the above
Theorem 5.64. It suffices to show that P, ,: L2(T4(H)) ® Myan C L3(T,(H)®@B(4?)) —
L2(T,(H)®B(£%)) is essentially selfadjoint.
Proof : By linearity, (5.81) says that %, 4 is symmetric. By [ , Corollary p. 257], it suffices
to prove that Ran(%, 4 + ild) is dense in L2(I'y(H)®@B(£3)).

Let z = [2;;] € L*(Ty(H)®B(¢?)) be a vector which is orthogonal to Ran(%,., + ild) in
L?(T,(H)®B(¢%)). For any i,j € I and any = € L?(I',(H)), we have

<sq(ai — ;)T ® ey, Z>L2(FQ(H)@B(Z§)) — i (2% 2i)

(5.80) .
= <9a,q(x ® eij)v Z>L2(Fq(H)§B(Z?)) - 1<'73 ® €4j5 Z>L2(FQ(H)@B(Z§))

= <(@a,q — lId)(.’E X eij), z>L2(Fq(H)®B(Z§)) =0.
We infer that
<177 sq(ai — O‘j)Zij>L2(rq(H)) =7(x"sq(; — ay)2ij) = iT(2%255) = <$ 1ZU>L2(FQ(H))'

We deduce that sq(o; — o)z = iz;;. Recall that by | , D- 96], the map I',(H) — F,(H),
y — y(Q) extends to an isometry A: L*(T,(H)) — F,(H). For any z € T'y(H) and any
y € L%(Ty(H)), it is easy to check that A(xy) = xA(y). We infer that

sq(ai — ) A(zi5) = Alsq(ai — aj)zi;) = Aliziy) = 1A(z45).
Thus the vector A(z;;) of Fq(H) is zero or an eigenvector of sq(a; — a;). Since sq(a; — ;) is

selfadjoint, 1 is not an eigenvalue. So A(z;;) = 0. Since A is injective, we infer that z;; = 0. It
follows that z = 0. The case with —i instead of i is similar. ]

In the case where —1 < ¢ < 1, we have the following equivalence with the norm of the
commutator.

Lemma 5.66 Suppose —1 < ¢ < 1. For any x € My g,, we have

1 1
(5.95) ||aavq(x)||Fq(H)@B(€?) ~ maX{HF(Ivm)HE(@)’ |’F(I*7I*)||§([;‘)}'

Proof : Here, we use an orthonormal basis (e )rex of H. Using the C*-identity, first note that
the noncommutative Khintchine inequalities of [BoS, Theorem 4.1] can be rewritten under the
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following form for any element f = ), . s,(ex) ® ) where (zx)rex is a finitely supported
family of elements of B(¢2)
: }
2
hekK B(£7)

(5.96)

E Ty,

1
p— I~ X §
1 llp, (@B ezy & max { H k;(x’“x’“ B(£2)’

1
2

(2.27) . 3
— maX{H Z <S‘Z(ek)7Sq(ej)>L2(Fq)mkzj }
kjeK © Vkjek o0

a’ Z <5q(6k)aSq(ej)>L2(rq)xkz;

(2.54)
= max {Hf||L°°(B(Z§),L2(Fq)C)’ HfHLOO(B(Z?),L%Fq)r)}

E( 1)1 E )

By weak* density, it is true for any element of Gauss, o (B(¢%)). Replacing f by 0, 4(z) and
using (2.83), we obtain

(2.60)(2.58)

ZAS max{HE(f*f)Hé(@y}

(5.96)

max { B ((0n,(2) 0uca (2)) |13 g2, [ (a0 (2)(Paa(2))")

1 1
masc {[|0(@, )5 [T 2[5 0s) -

1
||8a,q(x)||rq(H)§B(z§) ’é(z;)}

(2.83)

1
Remark 5.67 Suppose 2 < p < co. If x € dom A7, we have seen in the proof of Theorem 3.46
that

(5.97) ”8047%10(:5)||LP(I‘q(H)@B(Z?)) ~ max{HF(x, z)? Hsf’ Hl“(x*gr*)% Hsg’} :

5.12 Bisectoriality and functional calculus of the Dirac operator 11

In the four preceding subsections, we have investigated four Hodge-Dirac operators — one of
which defines a compact Banach spectral triple and one defines a locally compact Banach
spectral triple in the sense of Definition 5.41 and Definition 5.46 under suitable assumptions.
One of the remaining other triples was defined by the Hodge-Dirac operator of type Fourier
IT and the properties of bisectoriality and functional calculus was missing in order to have a
spectral triple. In this subsection, we consider the Hodge-Dirac operators of type Fourier 1T
and Schur II, that is, Y1, and Zy 1, with parameter ¢ = 1 and show that they are indeed
bisectorial and do admit a bounded H* functional calculus. We equally obtain partial results
for the case —1 < ¢ < 1 in Remark 5.72.

Bisectoriality of Fourier IT on L?(L>°(Q)x,G) Consider the Dirac operator Zy 1(f X \;) =

W(by(s))f x As for f € L>(Q2) and s € G. Moreover, consider the subspace L () def {f €

L>°(Q) : W(h)f € L>°(Q) for any h € H} of L>°(f2) stable by “Gaussian multiplication”.
Proposition 5.68 1. There is a weak* continuous group (Up)ier of trace preserving -

automorphisms Uy: L™(Q) xq G — L™(Q) x4 G, such that its weak™ generator i%y 1,00
is an extension of the restriction 1%y 1 on span{z x As : x € L°(N), s € G}.
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2. Let 1 < p < oo. Suppose that LP(VN(G)) has CCAP and that L>(Q) X, G has QWEP.
The operatoriZy 1: Px,g € LP(L™®(Q)x,G) = LP(L>®(Q) x4 G) is closable and its closure
12y 1,p generates the strongly continuous group (Uy p)ier of isometries on LP (L () X, G).

Proof : We consider the weak* continuous group (U;):er of trace preserving s-automorphisms
from | , Section 3] given by (an additional factor v/2 has notational reasons there) U;(z x
As) L eitW (s ()3 % A,. Thus according to [ , Propositions 1.1.1 and 1.1.2 and Theorem
1.2.3], we have a weak™® closed and weak™ densely defined generator i%y 1,00 of (Ui)ier and a
generator 1%y 1, for (Uy p)ier.

Now, let us show that iy 1 o contains i%,, 1 restricted to span{z x A, : x € L°(Q), s € G}.
For that, let f € L2°(Q), s € G and y be an element of L' (L>°(Q)x,G). Using the differentiation
under the integral sign by domination using f € L° (), we obtain

1 1 .
(U (U = 1) f 3 As) = o7 (y*(eltw“’w“” —1)f % As)

= L@ 1w )
o [ IW (B (6)) ) )T i) = G IW b)) 4 )

We deduce that f x s belongs to domiZy 1,00 and that 1%y 1,00 (x X Ag) = iW(by(5))f X As.
Next we show that the generator 1%y 1, is the closure of i%y, 1: Py,¢ C LP(L®(Q) X0 G) —
LP(L>®(2) o G). Let f x As be an element of Py . Using | , Proposition 4.11], we have

%(Ut,p —Id)(f < As) = %(eitw(bw“” —1)f %A f—lsl TW (by(5))f % As.
—

We infer that f x A; belongs to dom %y, 1, and that we have 1%y 1 ,(f @ As) = IW(by(s))f » As.
So it suffices to prove that Py g is a core for i%y 1 p.

According to Lemma 2.22 and Proposition 2.20, there exists a net (y;) of finitely supported
functions G — C converging pointwise to 1 such that Idysq) 3 M, converges to Idps (1~ (0)x.q)
in the point norm topology and HIde(Q) X M, ch ooy S 1

Note that Idpsq) ¥ My, commutes with Uy . This is easy to see on elements of the form
[ As and extends by a density argument to all of LP?(L>°(2) 1, G). Hence, for € dom Zy 1,
we have

(Ve — 1) (Iuagey 5 My, ) () = 7 (dpaey 3 My, )Urp —10)(x) = i(dpaey 2 My, ) Zy1,(a).
We infer that (Idpsq) x M, )(x) belongs again to dom %y, 1, and

Dy 1.pUdea() % Me,)(@) = (Iduo(e) % Mo,)Py1.5(®) = Dy,1p()-
Moreover, (Idpr) X My, )(z) — x as j — oo. Therefore, to show the core property, it suffices

to approximate an element f x A\, where f € LP(f2) in the graph norm of 9,1 , by elements in
Py.c- To this end, it suffices to take 1j7<,f X As and to use the same reasoning, noting that

(Lig1<n @ Tune)) Unp(F 3 As) = Urp(1151<n f % As).-
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Corollary 5.69 Let 1 < p < co. Then the operator Py 1, defined above is bisectorial and has
a bounded H*®(SE) functional calculus to any angle w > 0.

Proof : This follows at once from Proposition 5.68 together with the fact that a noncommutative

LP-space is UMD by [PiX, Corollary 7.7] together with the Hieber Priiss Theorem | ,
Theorem 10.7.10] which says that the generator ¢A of a bounded strongly continuous group on
a UMD-space has a bounded bisectorial H>* functional calculus of angle 0. [ ]

Bisectoriality of Schur IT on LP(L>°(Q)®B(¢2)) In the following, we consider the case ¢ = 1
which corresponds to classical Gaussian space. Consider the “Dirac operator” %, defined on
L>°(Q2) ® My fin with values in L°(Q) ® My 6, by

Qayl(f®eij) défW(ai—aj)f(@eij, xGLOO(Q),Z,jGI
Moreover, we consider the subspace LS°(2) as in the last paragraph. See | ] for a general-
ization of part 1.

Proposition 5.70 1. There is a weak* continuous group (Ui)ier of trace preserving -
automorphisms Uy: L= (Q)@B(£7) — L>®(Q)@B(¢3), such that its weak* generatoriZy 1 oo
s an extension of the restriction i@ml\Lf(Q)@MLﬁn.

2. Let 1 < p < oo. The operator i1 : L>() @ My 6, C LP(Q,S7) — LP(Q, ST) is closable

and its closure 19,1, generates the strongly continuous group (U p)ier of isometries on
Lr(£, S7).

Proof : For t € R, we define the block diagonal operator V; et Y oker W) @ ey €
L>(Q)®B(¢2). Note that (V;)ier is a group of unitaries. Moreover, t — V; is weakly con-
tinuous. Indeed, for &, € L%(Q) ®2 £7 and ¢y € R, we have using the dominated convergence
theorem

<‘/t(£)’n>L2(Q)®2Z§ = Z <eitW(ak)£k, nk>L2(Q) m Z<eitow(ak)£k’ nk>
kel kel

Then by [Str, Lemma 13.4] or | , D- 239], t — V; is even strongly continuous. By | ,
p. 238], we conclude that U;: L®(Q)@B(¢%) — L>®(Q)@B(¢2), t — ViazV;* define a weak*
continuous group (Uy)icr of *-automorphisms. For any ¢ € R, it is easy to check that U, is
trace preserving. So it induces for 1 < p < oo a (uniquely) strongly continuous group (Uyp)ier
of complete isometries on LP(Q, S7). Thus according to | , Propositions 1.1.1 and 1.1.2
and Theorem 1.2.3], we have a weak* closed and weak* densely defined generator i%,, 1,00 of
(Ut)ter and a generator 1%, 1, for (U p)ier.

Now, let us show that i%, 1 o contains 1% 1|r~(@)eM; q,- 1o this end, let f € L°(€),
i,j € I and y be an element of L'(Q,S}). Using differentiation under the integral sign by
domination (note that x € L°(€2)), we obtain

1 1 vl i o
¥<y, Uy —1d)(f ® eij)>L1(st})7Lw(Q)@B(@) =57 (y (W) _ 1) f g eij))

_ %/ﬂ (eitw(araj)(w) — l)f(w)yij(w) dp(w)

(5.98) — A iW(a; — o) (w) f(w)yij(w) dp(w) = <y, iW(e; —ay)f ® 6¢j>.
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We deduce that f ®e;; belongs to domiZ, 1,00 and that i%a1,00(z ®@ei5) = iW(a; — ;) f Qe .
Next we show that the generator iZ, 1, is the closure of

i%0,1: L2(Q) ® M an C LP(Q, SY) — LP(Q, S7).
For any f € L>°(Q) and i,j € I, using | , Proposition 4.11], we have

1 1 o 2.10) ,
T WUy —1)(f @ e5) = g(eltw(m D -1)f @ ey (t‘_;} iW(ei — o) f @ €.

We infer that f ® e;; belongs to domiZ, 1, and i %41, (f ® €;;) = iW(a; — o) f @ e;5. So it
suffices to prove that L°°(Q2) ® My gy is a core for i%, 1 ,. Note that Idyp (o) ® 77 commutes with
Ui p. This is easy to check on elements of the form f ® e;; and extends by a density argument
to all of LP(€2, S¥). Thus, for x € dom %, 15, we have

1 1
;(Ut,p —1Id)(Idpe (o) ® T7)(2) = (Idpe(o) ® TJ);(Ut,p —1Id)(2) — i(Idpr () @ T7)ZDa,1,p(T).

We infer that (Idp»q) ® 77)(x) belongs to dom Zy1,, and P, 1,p(Id1r ) @ T7) () = (Idps o) ®
T5) Do p(x) -7 Da,1,p(x). Moreover, (Idpro) ® T7)(z) — = as J — I. Therefore, to show
—

the core property, it suffices to approximate an element f ® e;; where f € LP(f2) in the graph
norm of Z,,1,, by elements in L>°(Q) ® My s,. To this end, it suffices to take 1)¢<,f ® e;; and
to argue similar as beforehand, noting that

(11110 ® 1(2)) Usp(f @ €5) = Urp(Ljp1<nf ® €j).-

Similarly to Corollary 5.69, we obtain the following result.

Corollary 5.71 Let 1 < p < oo. Then the operator P, defined above is bisectorial and has
a bounded H*®(X2) functional calculus to any angle w > 0.

Remark 5.72 Now we study the properties of the operator 7, , from (5.80) in the case where
I is finite and —1 < ¢ < 1. For any ¢,j € I, we will use the maps J;;: LP(I'y(H)) —
LP(T,(H)®B({?)), © + = ® e;; and Q;j: LP(T'y(H)®B(¢%)) — LP(T'y(H)), z — x;;. For any
k,l € I, we introduce the operator Zj;: LP(I'y(H)®B(¢3)) — LP(I,(H)®B({2)), z @ e;j +—
ik, j=15q(0; — aj)x @ €;5. For any 4,7, 5,1, k', ' € I ad any x € LP(I'y(H)), we have

L Lo (x @ €ij) = Simpr jmtr L (5q(0 — aj)T ® €35) = Simpr jmir Oimp jm1Sq (i — )T ® ey

= 6i=k,j=l.§/ﬁk/ll (sq(ai — aj):z: X 61'3') = .iﬂk-/llfkl(x (24 eij).

So the operators .%%; commute. Moreover, we have

(5.99) Do =Y, L.

ki€l
For any k,l € I, note that
(5.100) Lt = Jkilis, (an—a) @kl

Note that sq(a — o) is selfadjoint. So by | , Remark 2.25] it is bisectorial of type 0 and

admits a bounded bisectorial functional calculus for all § € (0, §) (with Ky = 1). By adapting
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[ , Proposition 8.4], the operator L (a,—a,) is bisectorial of type 0 on LP(I',(H)). By
(5.100), the operator .%j; is also bisectorial of type 0 on L?(T',(H)®B(¢?)) and admits a bounded
functional calculus. It is easy to check®? that for any A € C\R, we have R(), > kier Zhl) =
Zk’lel Ji R, L, (ap—a,) )@kt~ Then the Cauchy integral formula yields for any ¢ € (0, §) and
any f € HSO(Z;'[) that f(Zk,leI L) = Zk’lel i f (L, (ap—ar))@ri- Thus by (5.99), we deduce
that %, 4 is bisectorial and admits a bounded functional calculus. The study of the operator
(5.56) is similar and the verification is left to the reader. Here the assumption is that G is a
finite group.

6 Appendix : Lévy measures and 1-cohomology

The following observation describes the link between Lévy-Khinchin decompositions and 1-
cocycles. Note that examples of explicit Lévy measures are given in | , D. 184].

Let G be a locally compact abelian group. Recall that a 1-cocycle is defined by a strongly
continuous unitary or orthogonal representation 7: G — B(H) on a complex or real Hilbert
space H and a continuous map b: G — H such that b(s+t) = b(s)+ms(b(t)) for any s,t € G. We
also recall the following fundamental connection between continuous functions ¢: G — R which
are conditionally of negative type in the sense of | , 7.1 Definition] [ , 1.8 Definition p.
89] and quadratic forms ¢: G — R together with Lévy measures p from | , 18.20 Corollary
p. 184]. If 4 is such a function satisfying ¢(0) = 0, there exist a unique continuous quadratic
form ¢: G — R, and a unique positive symmetric measure y on G- {0} such that

(6.1) P(s) =q(s) + /@{o} 1—Re(s,x)du(x), se€aqG.

Conversely, any continuous function of this type is conditionally of negative type and (0) = 0.
Note that a quadratic form is a map satisfying g(s+t) +q(s —t) = 2q(s) +2¢(t) for any s,t € G
¥(ns)

,and p

n2

[ , 7.18 Definition]. The quadratic form can be computed by ¢(s) = lim,_,
is the Lévy measure associated with .
In the following result, note that 7, is the multiplication operator by the function (s, ) 4.

62. We have

Z Tt RN, L (o, —ay) ) Qi (A - Z Jijqu(ociaj)Qij>
i

k,l

= ZJMAR(/\,LSQ(%?W))QM - Z Tt BN L (o —a) )@t Jij Lis g (00— ) Qi

k,l k,li,j
= Z J AR, Ls (o, —ay) ) @kl — Z Or=i01=3 St (A, Lis  (ag, —ap) M osg (0 —ary) @i
k.l k,li,j

= Z JklR(Av qu(akfal))(A - qu(akfal))le
ki

= Z Jldre v, (k) @kl
k,l
=My, 0, mn@Be2))

and similarly the other way around.
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Proposition 6.1 Let G be a locally compact abelian group. Let ¢v: G — R be a continuous

conditionally of negative type function such that ¥(0) = 0 and lim, wgés) = 0 for any

s € G. If u is the Lévy measure of ¥ on G- {0} then H = LQ(CATV — {O},%,u), b: G — H,
s (x> 1= (s,x)) and m: G = B(H), s = (f = (s,")g af) define a 1-cocycle on G such
that

U(s) = [|b(s)llz . s €G-

Proof : For any s € GG, note that

(6.2) 1= (.20 = (1= {s,x))1 = (s,x) = 1= {s,x) = (5,X) + 1 =2~ 2Re(s, x)-

For any s € G, using (6.1) in the last equality, we deduce that

155) 603300 = 5 /@{0} GNP 00 = 5 [ RSN

D (1= Rels) dulo) = v(s)
G—{0}

Moreover, for any s,t € G and any x € G — {0}, we have

(bs+)x)=1—=(s+t,x) =1 (s, x){t,x) =1 = (s,x) + (s, ) (1 = (&, x))
= b(s)(x) + ms(b()) (x) = (b(s) + ms(b(t))) (x)-

Hence, we conclude that b(s 4+ t) = b(s) + 7s(b(t)). [ |

In particular, by restriction of scalars, we can consider the real Hilbert space Hg = L? (@ —
{0}, 34)|r, which comes with real scalar product (f, 9 mx = (Re f,Reg)y+(Im f,Im g) 7. Then
we take b: G — Hig, s = (x = 1 —(s,x)) and m: G — B(H), s = (f = (s,")g ¢ f). Thus if

lim, o0 wg:;s) = 0 for all s € G, then we obtain a 1-cocycle on GG as we considered in Proposition

2.7 suitable for our markovian semigroups of Fourier multipliers.

In the case of an arbitrary continuous function ¢: G — R is with ¢(0) = 0 of conditionally
negative type, we can use [ , Lemma 3.1] and | , Lemma B1] on the quadratic part ¢
of ¢ with a direct sum argument for obtaining a fairly concrete Hilbert space and an associated
1-cocycle.

Acknowledgment. The authors are supported by the grant of the French National Re-
search Agency ANR-18-CE40-0021 (project HASCON). The first author would like to thank
Francgoise Lust-Piquard and Cyril Lévy for some discussions. We are grateful to Marek Bozejko
for the reference [ ], Quanhua Xu for the reference | | and to Frederic Latremoliere
for his confirmation of Proposition 5.4. The second author acknowledges support by the grant
ANR-17-CE40-0021 (project Front).

Bibliography

[Alfl] E. M. Alfsen. Compact convex sets and boundary integrals. Ergebnisse der Mathematik und
ihrer Grenzgebiete, Band 57. Springer-Verlag, New York-Heidelberg, 1971.

[Agl] K. Aguilar and F. Latrémoliére. Quantum ultrametrics on AF algebras and the Gromov-
Hausdorff propinquity. Studia Math. 231 (2015), no. 2, 149-193.

[AlIS1] E. M. Alfsen and F. W. Shultz. Geometry of state spaces of operator algebras. Mathematics:
Theory & Applications. Birkhauser Boston, Inc., Boston, MA, 2003.

186



[ABHN1] W. Arendt, C. J. K. Batty, M. Hieber and F. Neubrander. Vector-valued Laplace transforms
and Cauchy problems. Second edition. Monographs in Mathematics, 96. Birkh&duser/Springer Basel
AG, Basel, 2011.

[Arhl] C. Arhancet. On Matsaev’s conjecture for contractions on noncommutative LP-spaces. J.
Operator Theory 69 (2013), no. 2, 387421

[Arh2] C. Arhancet. Noncommutative Figa-Talamanca-Herz algebras for Schur multipliers. Integral
Equations Operator Theory 70 (2011), no. 4, 485-510.

[Arh4] C. Arhancet. Dilations of markovian semigroups of measurable Schur multipliers. Preprint.

[Arh6] C. Arhancet. On a conjecture of Pisier on the analyticity of semigroups. Semigroup Forum 91
(2015), no. 2, 450-462.

[Arh7] C. Arhancet. Dilations of markovian semigroups of Fourier multipliers on locally compact
groups. Proc. Amer. Math. Soc. 148 (2020), no. 6, 2551-2563.

[Arh8] C. Arhancet. Dilations of semigroups on von Neumann algebras and noncommutative LP-spaces.
J. Funct. Anal. 276 (2019), no. 7, 2279-2314.

[ArK1] C. Arhancet and C. Kriegler. Projections, multipliers and decomposable maps on noncommu-
tative LP-spaces. submitted, preprint online on https://arxiv.org/abs/1707.05591

[AsO1] J. Assaad and E. M. Ouhabaz. Riesz Transforms of Schrédinger Operators on Manifolds. J.
Geom. Anal. 22 (4) (2012), 1108-1136.

[AKM] N. H. Asmar, B.P. Kelly and S. Montgomery-Smith. A note on UMD spaces and transference
in vector-valued function spaces. Proc. Edinburgh Math. Soc. (2) 39 (1996), no. 3, 485-490.
[Ausl] P. Auscher. On necessary and sufficient conditions for LP-estimates of Riesz transforms asso-
ciated to elliptic operators on R™ and related estimates. Mem. Amer. Math. Soc. 186 (2007), no.

871, xviii+75 pp.

[AAMI] P. Auscher, A. Axelsson and A. McIntosh. On a quadratic estimate related to the Kato
conjecture and boundary value problems. Harmonic analysis and partial differential equations,
105-129, Contemp. Math., 505, Amer. Math. Soc., Providence, RI, 2010.

[AHLMT1] P. Auscher, S. Hofmann, M. Lacey, A. McIntosh and P. Tchamitchian. The solution of the
Kato square root problem for second order elliptic operators on R™. Ann. of Math. (2) 156 (2002),
no. 2, 633-654.

[AKM1] A. Axelsson, S. Keith and A. McIntosh. Quadratic estimates and functional calculi of per-
turbed Dirac operators. Invent. Math. 163 (2006), no. 3, 455-497.

[BaR1] N. Badr and E. Russ. Interpolation of Sobolev spaces, Littlewood-Paley inequalities and Riesz
transforms on graphs. Publ. Mat. 53 (2009), no. 2, 273-328.

[Bakl] D. Bakry. Etude des transformations de Riesz dans les variétés riemanniennes & courbure
de Ricci minorée. (French) [A study of Riesz transforms in Riemannian manifolds with minorized
Ricci curvature]. Séminaire de Probabilités, XXI, 137-172, Lecture Notes in Math., 1247, Springer,
Berlin, 1987.

[Banl] L. Bandara. Functional calculus and harmonic analysis in geometry. Sdo Paulo J. Math. Sci.
(2019).

[BaW1] R. Banuelos and G. Wang. Sharp inequalities for martingales with applications to the Beurling-
Ahlfors and Riesz transforms. Duke Math. J. 80 (1995), no. 3, 57—-600.

[BGL1] D. Bakry, I. Gentil and M. Ledoux. Analysis and geometry of Markov diffusion operators.
Grundlehren der Mathematischen Wissenschaften 348. Springer, 2014.

[BHV] B. Bekka, P. de la Harpe, Pierre and A. Valette. Kazhdan’s property (T). New Mathematical
Monographs, 11. Cambridge University Press, Cambridge, 2008.

[BCR| C. Berg, J. Christensen and P. Ressel. Harmonic analysis on semigroups. Theory of positive
definite and related functions. Springer-Verlag, New York, 1984.

[BeF1] C. Berg and G. Forst. Potential theory on locally compact abelian groups. Ergebnisse der
Mathematik und ihrer Grenzgebiete, Band 87. Springer-Verlag, New York-Heidelberg, 1975.
[BeL] J. Bergh, J. Lofstrom. Interpolation spaces. An Introduction. Springer-Verlag, Berlin, Heidelberg,

New York, 1976.

[BMRI1] J. V. Bellissard, M. Marcolli and K. Reihani. Dynamical Systems on Spectral Metric Spaces.

Preprint, arXiv:1008.4617.

187



[BGM2] E. Berkson, T. A. Gillespie and P. S. Muhly. Generalized analyticity in UMD spaces. Ark.
Mat. 27 (1989), no. 1, 1-14.

[Bhal] R. Bhatia. Positive definite matrices. Princeton Series in Applied Mathematics. Princeton
University Press, Princeton, NJ, 2007.

[BLM] D. Blecher and C. Le Merdy. Operator algebras and their modules-an operator space approach.
London Mathematical Society Monographs. New Series, 30. Oxford Science Publications. The
Clarendon Press, Oxford University Press, Oxford, 2004.

[BoH1] N. Bouleau and F. Hirsch. Dirichlet forms and analysis on Wiener space. De Gruyter Studies
in Mathematics, 14. Walter de Gruyter & Co., Berlin, 1991.

[BoBr] R. Boutonnet and A. Brothier. Crossed-products by locally compact groups: intermediate
subfactors. J. Operator Theory 79 (2018), no. 1, 101-137.

[Boz] M. Bozejko. Bessis-Moussa-Villani conjecture and generalized Gaussian random variables. Infin.
Dimens. Anal. Quantum Probab. Relat. Top. 11 (2008), no. 3, 313-321.

[Boz2] M. Bozejko. Positive and negative definite kernels on discrete groups. Lectures at Heidelberg
University, 1987.

[BKS] M. Bozejko, B. Kiimmerer and R. Speicher. ¢-Gaussian processes: non-commutative and classical
aspects. Comm. Math. Phys. 185 (1997), no. 1, 129-154.

[BoS] M. Bozejko and R. Speicher. Completely positive maps on Coxeter groups, deformed commuta-
tion relations, and operator spaces. Math. Ann. 300 (1994), no. 1, 97-120.

[BGM1] M. Bozejko, S. R. Gal and W. Mlotkowski. Positive definite functions on Coxeter groups with
applications to operator spaces and noncommutative probability Comm. Math. Phys. 361 (2018),
no. 2, 583-604.

[BrO] N. P. Brown and N. Ozawa. C™-algebras and finite-dimensional approximations. Graduate
Studies in Mathematics, 88. American Mathematical Society, Providence, RI, 2008.

[CaZl] A.P. Calderon and A. Zygmund. On the existence of certain singular integrals. Acta Math. 88
(1952), 85-139.

[CaSm1] J. Cameron and R. R. Smith. Bimodules in crossed products of von Neumann algebras. Adv.
Math. 274 (2015), 539-561.

[CCH1] G. Carron, T. Coulhon and A. Hassell. Riesz transform and LP-cohomology for manifolds with
Euclidean ends. Duke Math. J. 133 (2006), no. 1, 59-93.

[Chal] I. Chatterji Introduction to the rapid decay property. Around Langlands correspondences,
53-72, Contemp. Math., 691, Amer. Math. Soc., Providence, RI, 2017.

[Cipl] F. Cipriani. Noncommutative potential theory: a survey. J. Geom. Phys. 105 (2016), 25-59.

[CiS1] F. Cipriani and J.-L. Sauvageot. Derivations as square roots of Dirichlet forms. J. Funct. Anal.
201 (2003), no. 1, 78-120.

[CGIS1] F. Cipriani, D. Guido, T. Isola and J.-L. Sauvageot. Spectral triples for the Sierpinski gasket.
J. Funct. Anal. 266 (2014), no. 8, 4809-4869.

[CGRS1] A. L. Carey, V. Gayral, A. Rennie and F. A. Sukochev. Index theory for locally compact
noncommutative geometries. Mem. Amer. Math. Soc. 231 (2014), no. 1085.

[CCHKM] A. Chamseddine, C. Consani, N. Higson, M. Khalkhali, H. Moscovici, G. Yu (Eds.). Ad-
vances in Noncommutative Geometry. On the Occasion of Alain Connes’ 70th Birthday. Springer,
2019.

[CoD1] T. Coulhon and X. T. Duong. Riesz transform and related inequalities on noncompact Rie-
mannian manifolds. Comm. Pure Appl. Math. 56 (2003), no. 12, 1728-1751.

[Con3] A. Connes. Noncommutative geometry. Academic Press, Inc., San Diego, CA, 1994.

[Cond] A. Connes. Compact metric spaces, Fredholm modules, and hyperfiniteness. Ergodic Theory
Dynam. Systems 9 (1989), no. 2, 207-220.

[Con5] A. Connes. A short survey of noncommutative geometry. J. Math. Phys. 41 (2000), no. 6,
3832-3866.

[CoM1] A. Connes and M. Marcolli. A walk in the noncommutative garden. An invitation to noncom-
mutative geometry, 1-128, World Sci. Publ., Hackensack, NJ, 2008.

[CDMY] M. Cowling, I. Doust, A. McIntosh, A. Yagi. Banach space operators with a bounded H*
functional calculus. J. Austral. Math. Soc. Ser. A 60 (1996), no. 1, 51-89.

188



[CwK1] M. Cwikel and N. Kalton. Interpolation of compact operators by the methods of Calderon and
Gustavsson-Peetre. Proc. Edinburgh Math. Soc. 38 (1995).

[Dael] A. van Daele. Continuous crossed products and type III von Neumann algebras. London
Mathematical Society Lecture Note Series, 31. Cambridge University Press, Cambridge-New York,
1978.

[DaLl] E. B. Davies and J. M. Lindsay. Noncommutative symmetric Markov semigroups. Math. Z.
210 (1992), no. 3, 379-411.

[DCH] J. De Canniére and U. Haagerup. Multipliers of the Fourier algebras of some simple Lie groups
and their discrete subgroups. Amer. J. Math. 107 (1985), no. 2, 455-500.

[DeF1] A. Defant and K. Floret. Tensor norms and operator ideals. North-Holland Mathematics
Studies, 176. North-Holland Publishing Co., Amsterdam, 1993.

[DJT] J. Diestel, H. Jarchow and A. Tonge. Absolutely summing operators. Cambridge Studies in
Advanced Mathematics, 43. Cambridge University Press, 1995.

[DPPS1] S. Dirksen, B. de Pagter, D. Potapov and F. Sukochev. Rosenthal inequalities in noncommu-
tative symmetric spaces. J. Funct. Anal. 261 (2011), no. 10, 2890-2925.

[DoP1] K. Domelevo and S. Petermichl. Sharp L? estimates for discrete second order Riesz transforms.
Adv. Math. 262 (2014), 932-952.

[EfP] E. G. Effros and M. Popa. Feynman diagrams and Wick products associated with g-Fock space.
Proc. Natl. Acad. Sci. USA 100 (2003), no. 15, 8629-8633.

[ER] E. Effros and Z.-J. Ruan. Operator spaces. Oxford University Press, 2000.

[Ege2] M. Egert. On Kato’s conjecture and mixed boundary conditions. PhD, online on
https://www.imo.universite-paris-saclay.fr/~egert /Thesis.pdf

[EFHN] T. Eisner, B. Farkas, M. Haase and R. Nagel. Operator theoretic aspects of ergodic theory.
Graduate Texts in Mathematics, 272. Springer, Cham, 2015.

[EfL1] L. B. Efraim and F. Lust-Piquard. Poincaré type inequalities on the discrete cube and in the
CAR algebra. Probab. Theory Related Fields 141 (2008), no. 3-4, 569-602.

[EnN1] K.-J. Engel and R. Nagel. One-parameter semigroups for linear evolution equations. Graduate
Texts in Mathematics, 194. Springer-Verlag, New York, 2000.

[FMR1] I. Forsyth, B. Mesland and A. Rennie. Dense domains, symmetric operators and spectral
triples. New York J. Math. 20 (2014), 1001-1020.

[GGISV1] V. Gayral, J. M. Gracia-Bondia, B. Iochum, T. Schiicker and J. C. Varilly. Moyal planes
are spectral triples. Comm. Math. Phys. 246 (2004), no. 3, 569-623.

[GhL1] S. Ghorpade and B. V. Limaye. A course in multivariable calculus and analysis. Undergraduate
Texts in Mathematics. Springer, New York, 2010.

[GVF1] J. M. Gracia-Bondia, J. C. Varilly and H. Figueroa. Elements of noncommutative geometry.
Birkhduser Advanced Texts: Basler Lehrbiicher. Birkhduser Boston, Inc., Boston, MA, 2001.
[Haagl] U. Haagerup. An Example of a nonnuclear C*-Algebra, which has the metric approximation

property. Invent. Math. 50 (1978/79), no. 3, 279-293.

[Haa3] U. Haagerup. Group C*-algebras without the completely bounded approximation property. J.
Lie Theory 26 (2016), no. 3, 861-887.

[HJX] U. Haagerup, M. Junge and Q. Xu. A reduction method for noncommutative L,-spaces and
applications. Trans. Amer. Math. Soc. 362 (2010), no. 4, 2125-2165.

[HaK1] U. Haagerup and S. Knudby. A Lévy-Khinchin formula for free groups. Proc. Amer. Math.
Soc. 143 (2015), no. 4, 1477-1489.

[HK] U. Haagerup and J. Kraus. Approximation properties for group C*-algebras and group von
Neumann algebras. Trans. Amer. Math. Soc. 344 (1994), no. 2, 667-699.

[Haal] M. Haase. The functional calculus for sectorial operators. Operator Theory: Advances and
Applications, 169. Birkhauser Verlag (2006).

[Haa2] M. Haase. Lectures on Functional Calculus. - 21st International Internet Seminar, March 19,
2018. https://www.math.uni-kiel.de/isem21/en/course/phasel

[Hajl] P. M. Hajac. Lecture notes on noncommutative geometry ad quantum groups edited by P. M.
Hajac. https://www.mimuw.edu.pl/ pwit/toknotes/.

189


https://www.imo.universite-paris-saclay.fr/~egert/Thesis.pdf
https://www.math.uni-kiel.de/isem21/en/course/phase1
https://www.mimuw.edu.pl/~pwit/toknotes/

[HaP1] F. Hansen and G. K. Pedersen. Jensen’s inequality for operators and Léwner’s theorem. Math.
Ann. 258 (1981/82), no. 3, 229-241.

[Hirl] F. Hirsch. Opérateurs carré du champ (d’aprés J. P. Roth). (French). Séminaire Bourbaki, 29e
année (1976/77), Exp. No. 501, pp. 167-182, Lecture Notes in Math., 677, Springer, Berlin, 1978.

[HLM1] S. Hofmann, M. Lacey and A. McIntosh. The solution of the Kato problem for divergence
form elliptic operators with Gaussian heat kernel bounds. Ann. of Math. (2) 156 (2002), no. 2,
623-631.

[HYNVW1] T. Hytonen, J. van Neerven, M. Veraar and L. Weis. Analysis in Banach spaces, Volume I:
Martingales and Littlewood-Paley theory. Springer, 2016.

[HyNVW2] T. Hytonen, J. van Neerven, M. Veraar and L. Weis. Analysis in Banach spaces, Volume II:
Probabilistic Methods and Operator Theory. Springer, 2018.

[HMP1] T. Hytonen, A. McIntosh and P. Portal. Kato’s square root problem in Banach spaces. J.
Funct. Anal. 254 (2008), no. 3, 675-726.

[HMP2] T. Hytonen, A. McIntosh and P. Portal. Holomorphic functional calculus of Hodge-Dirac
operators in Lp. J. Evol. Equ. 11 (2011), no. 1, 71-105.

[IwG1] T. Iwaniec and G. Martin. Riesz transforms and related singular integrals. J. Reine Angew.
Math. 473 (1996), 25-57.

[Janl] S. Janson. Gaussian Hilbert spaces. Cambridge Tracts in Mathematics, 129. Cambridge Uni-
versity Press, Cambridge, 1997.

[Jun] M. Junge. Fubini’s theorem for ultraproducts of noncommmutative L,-spaces. Canad. J. Math.
56 (2004), no. 5, 983-1021.

[Jun3] M. Junge. Doob’s inequality for non-commutative martingales. J. Reine Angew. Math. 549
(2002), 149-190.

[JuL1] M. Junge and H. H. Lee. ¢-Chaos. Trans. Amer. Math. Soc. 363 (2011), 5223-5249.

[JM1] M. Junge and T. Mei. Noncommutative Riesz transforms—a probabilistic approach. Amer. J.
Math. 132 (2010), no. 3, 611-680.

[JMP1] M. Junge, T. Mei and J. Parcet. Smooth Fourier multipliers on group von Neumann algebras.
Geom. Funct. Anal. 24 (2014), no. 6, 1913-1980.

[JMP2] M. Junge, T. Mei and J. Parcet. Noncommutative Riesz transforms-dimension free bounds
and Fourier multipliers. J. Eur. Math. Soc. (JEMS) 20 (2018), no. 3, 529-595.

[JMX] M. Junge, C. Le Merdy and Q. Xu. H* functional calculus and square functions on noncom-
mutative LP-spaces. Astérisque No. 305 (2006).

[JRZ1] M. Junge, S. Rezvani and Q. Zeng. Harmonic analysis approach to Gromov-Hausdorfl conver-
gence for noncommutative tori. Comm. Math. Phys. 358 (2018), no. 3, 919-994.

[JuZ1l] M. Junge and Q. Zeng. Subgaussian 1-cocycles on discrete groups. J. Lond. Math. Soc. (2) 92
(2015), no. 2, 242-264.

[JuZ2] M. Junge and Q. Zeng. Noncommutative Bennett and Rosenthal inequalities. Ann. Probab. 41
(2013), no. 6, 4287-4316.

[JuZ3] M. Junge and Q. Zeng. Noncommutative martingale deviation and Poincaré type inequalities
with applications. Probab. Theory Related Fields 161 (2015), no. 3-4, 449-507.

[JuPel] M. Junge and M. Perrin. Theory of H,-spaces for continuous filtrations in von Neumann
algebras. Astérisque No. 362, 2014.

[JuR] M. Junge and Z.-J. Ruan. Decomposable maps on non-commutative Lp-spaces. Operator alge-
bras, quantization, and noncommutative geometry, 355-381, Contemp. Math., 365, Amer. Math.
Soc., Providence, RI, 2004.

[JR1] M. Junge and Z.-J. Ruan. Approximation properties for noncommutative Ly-spaces associated
with discrete groups. Duke Math. J. 117 (2003), no. 2, 313-341.

[JuX3] M. Junge and Q. Xu. Noncommutative Burkholder/Rosenthal inequalities. II. Applications.
Israel J. Math. 167 (2008), 227-282.

[JuS1] M. Junge and D. Sherman, Noncommutative L? modules. J. Operator Theory 53 (2005), no.
1, 3-34.

[JPPP1] M. Junge, C. Palazuelos, J. Parcet and M. Perrin. Hypercontractivity in group von Neumann
algebras. Mem. Amer. Math. Soc. 249 (2017), no. 1183.

190



[Kad] R.V.Kadison. A representation theory for commutative topological algebra. Mem. Amer. Math.
Soc., No. 7 (1951), 39 pp.

[KaR1] R. V. Kadison and J. R. Ringrose. Fundamentals of the theory of operator algebras. Vol. L.
Elementary theory. Reprint of the 1983 original. Graduate Studies in Mathematics, 15. American
Mathematical Society, Providence, RI, 1997.

[KaMS] N. J. Kalton and S. Montgomery-Smith. Interpolation of Banach spaces. Handbook of the
geometry of Banach spaces, Vol. 2, 1131-1175, North-Holland, Amsterdam, 2003.

[Katl] T. Kato. Perturbation theory for linear operators. Second edition. Grundlehren der Mathema-
tischen Wissenschaften, Band 132. Springer-Verlag, Berlin-New York, 1976.

[Kinl] F. King. Hilbert transforms. Vol. 1. Encyclopedia of Mathematics and its Applications, 124.
Cambridge University Press, Cambridge, 2009.

[Kin2] F. King. Hilbert transforms. Vol. 2. Encyclopedia of Mathematics and its Applications, 125.
Cambridge University Press, Cambridge, 2009.

[Kos1] R. P. Kostecki. W*-algebras and noncommutative integration. Preprint, arXiv:1307.4818.

[KW] P. C. Kunstmann and L. Weis. Maximal L,-regularity for parabolic equations, Fourier multiplier
theorems and H°°-functional calculus. pp. 65-311 in Functional analytic methods for evolution
equations, Lect. Notes in Math. 1855, Springer, 2004.

[Lanl] K. Landsman. Notes on Noncommutative Geometry.
https://www.math.ru.nl/ landsman/notes.html.

[Latl] F. Latrémoliére. Quantum locally compact metric spaces. J. Funct. Anal. 264 (2013), no. 1,
362-402.

[Lat2] F. Latrémoliere. Quantum metric spaces and the Gromov-Hausdorff propinquity. Noncommuta-
tive geometry and optimal transport, 47-133, Contemp. Math., 676, Amer. Math. Soc., Providence,
RI, 2016.

[Lat3] F. Latrémoli¢re. Equivalence of quantum metrics with a common domain. J. Math. Anal. Appl.
443 (2016), no. 2, 1179-1195.

[Lat4] F. Latrémoliére. Convergence of fuzzy tori and quantum tori for the quantum Gromov-Hausdorff
propinquity: an explicit approach. Miinster J. Math. 8 (2015), no. 1, 57-98.

[Latb] F.Latrémoliere. Heisenberg Modules over Quantum 2-tori are metrized quantum vector bundles.
Preprint, arXiv:1703.07073.

[Lat6] F. Latrémoliére. The dual Gromov-Hausdorff propinquity. J. Math. Pures Appl. (9) 103 (2015),
no. 2, 303-351.

[Lat7] F. Latrémoliere. The quantum Gromov-Hausdorff propinquity. Trans. Amer. Math. Soc. 368
(2016), no. 1, 365-411.

[Lat8] F. Latrémoliére. The Gromov-Hausdorff propinquity for metric Spectral Triples. Preprint,
arxiv:1811.10843.

[LM1] C. Le Merdy. H°°-functional calculus and applications to maximal regularity. Semi-groupes
d’opérateurs et calcul fonctionnel (Besangon, 1998), 41-77, Publ. Math. UFR Sci. Tech. Besangon,
16, Univ. Franche-Comté, Besangon, 1999.

[Lusl] F. Lust-Piquard. Riesz transforms associated with the number operator on the Walsh system
and the fermions. J. Funct. Anal. 155 (1998), no. 1, 263-285.

[Lus2] F. Lust-Piquard. Dimension free estimates for discrete Riesz transforms on products of abelian
groups. Adv. Math. 185 (2004), no. 2, 289-327.

[Lus3] F. Lust-Piquard. Riesz transforms on deformed Fock spaces. Comm. Math. Phys. 205 (1999),
no. 3, 519-549.

[Lus4] F. Lust-Piquard. Riesz transforms on generalized Heisenberg groups and Riesz transforms
associated to the CCR heat flow. Publ. Mat. 48 (2004), no. 2, 309-333.

[MaR1] Z. M. Ma and M. Réckner. Introduction to the theory of (nonsymmetric) Dirichlet forms.
Universitext. Springer-Verlag, Berlin, 1992.

[MaN1] J. Maas and J. van Neerven. Boundedness of Riesz transforms for elliptic operators on abstract
Wiener spaces. J. Funct. Anal. 257 (2009), no. 8, 2410-2475.

[MsTo] A. Mas and X. Tolsa. Variation for the Riesz transform and uniform rectifiability. J. Eur.
Math. Soc. (JEMS) 16 (2014), no. 11, 2267-2321.

191


https://www.math.ru.nl/~landsman/notes.html

[MaTo] J. Mateu and X. Tolsa. Riesz transforms and harmonic Lip;-capacity in Cantor sets. Proc.
London Math. Soc. (3) 89 (2004), no. 3, 676-696.

[McM1] A. Mclntosh and S. Monniaux. Hodge-Dirac, Hodge-Laplacian and Hodge-Stokes operators in
L? spaces on Lipschitz domains. Rev. Mat. Iberoam. 34 (2018), no. 4, 1711-1753.

[Megl] R. E. Megginson. An introduction to Banach space theory. Graduate Texts in Mathematics,
183. Springer-Verlag, New York, 1998.

[Mey2] P. A. Meyer. Démonstration probabiliste de certaines inégalités de Littlewood-Paley. II.
L’opérateur carré du champ (French). Séminaire de Probabilités, X (Premiére partie, Univ. Stras-
bourg, Strasbourg, année universitaire 1974/1975), pp. 142-161. Lecture Notes in Math., Vol. 511,
Springer, Berlin, 1976.

[Mey6] P. A. Meyer. Transformations de Riesz pour les lois gaussiennes. (French) [Riesz transforms for
Gaussian laws]. Seminar on probability, XVIII, 179-193, Lecture Notes in Math., 1059, Springer,
Berlin, 1984.

[Naol] A. Naor. Discrete Riesz transforms and sharp metric X, inequalities. Ann. of Math. (2) 184
(2016), no. 3, 991-1016.

[Neerl] J. v. Neerven. Stochastic Evolution Equations. ISEM Lecture Notes 2007/08.

[Neer3] J. v. Neerven. The adjoint of a semigroup of linear operators. Lecture Notes in Mathematics,
1529. Springer-Verlag, Berlin, 1992. x+195 pp.

[NeV1] J. v. Neerven and R. Versendaal. LP-Analysis of the Hodge-Dirac Operator Associated with
Witten Laplacians on Complete Riemannian Manifolds. J Geom Anal (2017), 1-30.

[Noul] A. Nou. Asymptotic matricial models and QWEP property for g—Araki-Woods algebras. J.
Funct. Anal. 232 (2006), no. 2, 295-327.

[Nou2] A. Nou. Non injectivity of the ¢-deformed von Neumann algebra. Math. Ann. 330 (2004), no.
1, 17-38.

[Nual] D. Nualart. The Malliavin calculus and related topics. Second edition. Springer-Verlag, Berlin,
2006.

[OsY] A. Osekowski and 1. Yaroslavtsev. The Hilbert transform and orthogonal martingales in Banach
spaces. Preprint, arXiv:1805.03948

[Ouhl] E. M. Ouhabaz. Analysis of heat equations on domains. London Mathematical Society Mono-
graphs Series, 31. Princeton University Press, Princeton, NJ, 2005.

[Oza] N. Ozawa. About the QWEP conjecture. Internat. J. Math. 15 (2004), no. 5, 501-530.

[OzR] N. Ozawa and M. Rieffel. Hyperbolic group C*-algebras and free-product C*-algebras as compact
quantum metric spaces. Canad. J. Math. 57 (2005), no. 5, 1056-1079.

[Pal2] T. W. Palmer. Banach algebras and the general theory of #-algebras. Vol. 2. Encyclopedia of
Mathematics and its Applications, 79. Cambridge University Press, Cambridge, 2001.

[Pau] V. Paulsen. Completely bounded maps and operator algebras. Cambridge Univ. Press, 2002.

[Pis4] G. Pisier. Regular operators between non-commutative Ly-spaces. Bull. Sci. Math. 119 (1995),
no. 2, 95-118.

[Pis7] G. Pisier. Introduction to operator space theory. Cambridge University Press, Cambridge, 2003.

[Pis14] G. Pisier. Riesz transforms: a simpler analytic proof of P.-A. Meyer’s inequality. Séminaire de
Probabilités, XXII, 485-501. Lecture Notes in Math., 1321, Springer, Berlin, 1988.

[Pis15] G. Pisier. Grothendieck’s theorem, past and present. Bull. Amer. Math. Soc. (N.S.) 49 (2012),
no. 2, 237-323.

[PiX] G. Pisier and Q. Xu. Non-commutative L”-spaces. In Handbook of the Geometry of Banach
Spaces, Vol. 11, edited by W.B. Johnson and J. Lindenstrauss, Elsevier, 1459-1517, 2003.

[Ratl] J. G. Ratcliffe. Foundations of hyperbolic manifolds. Graduate Texts in Mathematics, 149.
Springer-Verlag, New York, 1994.

[ReS1] M. Reed and B. Simon. Methods of modern mathematical physics. I. Functional analysis.
Second edition. Academic Press, Inc. [Harcourt Brace Jovanovich, Publishers|, New York, 1980.

[Rie3] M. A. Rieffel. Compact quantum metric spaces. Operator algebras, quantization, and noncom-
mutative geometry, 315-330, Contemp. Math., 365, Amer. Math. Soc., Providence, RI, 2004.

[Ried] M. A. Rieffel. Metrics on state spaces. Doc. Math. 4 (1999), 559-600.

192



[Rie5] M. A. Rieffel. Gromov-Hausdorff distance for quantum metric spaces. Appendix 1 by Hanfeng
Li. Gromov-Hausdorff distance for quantum metric spaces. Matrix algebras converge to the sphere
for quantum Gromov-Hausdorff distance. Mem. Amer. Math. Soc. 168 (2004), no. 796, 1-65.

[Ril] M. Riesz. Sur les fonctions conjuguées. (French). Math. Z. 27 (1928), no. 1, 218-244.

[RoS1] L. Roncal and P. R. Stinga. Fractional Laplacian on the torus. Commun. Contemp. Math. 18
(2016), no. 3, 1550033.

[RoS2] L. Roncal and P. R. Stinga. Transference of fractional Laplacian regularity. Special functions,
partial differential equations, and harmonic analysis, 203-212, Springer Proc. Math. Stat., 108,
Springer, Cham, 2014.

[Rotl] J.-P. Roth. Opérateurs dissipatifs et semi-groupes dans les espaces de fonctions continues.
(French. English summary). Ann. Inst. Fourier (Grenoble) 26 (1976), no. 4, ix, 1-97.

[Saul] J.-L. Sauvageot. Tangent bimodule and locality for dissipative operators on C*-algebras. Quan-
tum probability and applications, IV (Rome, 1987), 322-338, Lecture Notes in Math., 1396,
Springer, Berlin, 1989.

[Sau2] J.-L. Sauvageot. Quantum Dirichlet forms, differential calculus and semigroups. Quantum prob-
ability and applications. V (Heidelberg, 1988), 334-346, Lecture Notes in Math., 1442, Springer,
Berlin, 1990.

[Schl] K. Schmiidgen. Unbounded self-adjoint operators on Hilbert space. Graduate Texts in Mathe-
matics, 265. Springer, Dordrecht, 2012.

[Sit1] A. Sitarz. A friendly overview of noncommutative geometry. Acta Phys. Polon. B 44 (2013), no.
12, 2643-2667.

[Stel] E. M. Stein. Topics in harmonic analysis related to the Littlewood-Paley theory. Annals of
Mathematics Studies, No. 63 Princeton University Press, Princeton, N.J.; University of Tokyo
Press, Tokyo, 1970.

[Ste3] E. M. Stein. Some results in harmonic analysis in R", for n — co. Bull. Amer. Math. Soc. (N.S.)
9 (1983), no. 1, 71-73.

[Str] S. Stratila, Modular theory in operator algebras. Translated from the Romanian by the author.
Editura Academiei Republicii Socialiste Roménia, Bucharest; Abacus Press, Tunbridge Wells,
1981.

[SuZ1] F. Sukochev and D. Zanin. The Connes character formula for locally compact spectral triples.
Preprint, arXiv:1803.01551.

[Sun] V. Sunder. An invitation to von Neumann algebras. Universitext. Springer-Verlag, New York,
1987.

[Tak2] M. Takesaki. Theory of operator algebras. II. Encyclopaedia of Mathematical Sciences, 125.
Operator Algebras and Non-commutative Geometry, 6. Springer-Verlag, Berlin, 2003.

[Tch1] P. Tchamitchian. The solution of Kato’s conjecture (after Auscher, Hofmann, Lacey, McIntosh
and Tchamitchian). Journées “Equations aux Dérivées Partielles” (Plestin-les-Gréves, 2001), Exp.
No. XIV, 14 pp., Univ. Nantes, Nantes, 2001.

[Thal] B. Thaller. The Dirac equation. Texts and Monographs in Physics. Springer-Verlag, Berlin,
1992.

[Tol] X. Tolsa. Principal values for Riesz transforms and rectifiability. J. Funct. Anal. 254 (2008), no.
7, 1811-1863.

[VSCC1] N. Varopoulos, L. Saloff-Coste and T. Coulhon. Analysis and geometry on groups. Cambridge
Tracts in Mathematics, 100. Cambridge University Press, Cambridge, 1992.

[Varl] J. C. Varilly. Dirac operators and spectral geometry. Lecture notes on noncommutative geometry
and quantum groups edited by P. M. Hajac. https://www.mimuw.edu.pl/ pwit/toknotes/

[Vill] C. Villani. Optimal transport. Old and new. Grundlehren der Mathematischen Wissenschaften
[Fundamental Principles of Mathematical Sciences], 338. Springer-Verlag, Berlin, 2009.

[Weal] N. Weaver. Lipschitz algebras and derivations of von Neumann algebras. J. Funct. Anal. 139
(1996), no. 2, 261-300.

[Xu] Q. Xu. Non-commutative Ly-spaces. Script not available.

Cédric Arhancet
13 rue Didier Daurat, 81000 Albi, France

193


https://www.mimuw.edu.pl/~pwit/toknotes/

URL: https://sites.google.com /site/cedricarhancet
cedric.arhancet@protonmail.com

Christoph Kriegler

Université Clermont Auvergne

CNRS

LMBP

F-63000 CLERMONT-FERRAND

FRANCE

URL: https://lmbp.uca.fr/~kriegler/indexenglish.html
christoph.krieglerQuca.fr

194


http://sites.google.com/site/cedricarhancet
https://lmbp.uca.fr/~kriegler/indexenglish.html

	Introduction
	Preliminaries
	Operators, functional calculus and semigroups
	q-Gaussian functors, isonormal processes and probability
	Vector-valued unbounded bilinear forms on Banach spaces
	Transference of Fourier multipliers on crossed product von Neumann algebras
	Hilbertian valued noncommutative Lp-spaces
	Carré du champ  and first order differential calculus for Fourier multipliers
	Carré du champ  and first order differential calculus for Schur multipliers

	Riesz transforms associated to semigroups of Markov multipliers
	Khintchine inequalities for q-Gaussians in crossed products
	Kato's square root problem for semigroups of Fourier multipliers
	Extension of the carré du champ  for Fourier multipliers
	Kato's square root problem for semigroups of Schur multipliers
	Meyer's problem for semigroups of Schur multipliers

	Boundedness of H functional calculus of Hodge-Dirac operators
	Boundedness of functional calculus of Hodge-Dirac operators for Fourier multipliers
	Extension to full Hodge-Dirac operator and Hodge decomposition
	Hodge-Dirac operator on Lp(VN(G)) ,q,p
	Bimodule ,q,p,c
	Hodge-Dirac operators associated with semigroups of Markov Schur multipliers
	Extension to full Hodge-Dirac operator and Hodge decomposition
	Independence from H and 

	Locally compact quantum metric spaces and spectral triples
	Background on quantum compact metric spaces
	Quantum compact metric spaces associated to semigroups of Fourier multipliers
	Gaps and estimates of norms of Schur multipliers
	Seminorms associated to semigroups of Schur multipliers
	Quantum metric spaces associated to semigroups of Schur multipliers
	Gaps of some markovian semigroups of Schur and Fourier multipliers
	Banach spectral triples
	Spectral triples associated to semigroups of Fourier multipliers I
	Spectral triples associated to semigroups of Fourier multipliers II
	Spectral triples associated to semigroups of Schur multipliers I
	Spectral triples associated to semigroups of Schur multipliers II
	Bisectoriality and functional calculus of the Dirac operator II

	Appendix : Lévy measures and 1-cohomology
	Bibliography

