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SUPPLEMENTARY MATERIALS: A Variational Model Dedicated to Joint

Segmentation, Registration and Atlas Generation for Shape Analysis*
Noémie Debroux, John Astont, Fabien Bonardi®, Alistair ForbesY, Carole Le Guyader”,
Marina Romanchikovall, and Carola-Bibiane Schonlieb!

SM1. Detailed proof of Theorem 2.6.
Proof. The proof follows the calculus of variations arguments. We first have that JF; is
M _ _
bounded below by 0 and that Fi(0r, {01, vi f\il) = ﬁzl(”Tl — Ti||%2(ﬂ) +||T; — TH%Q(Q)) <
1=
+oo for Op = (1,0,---,0), 67, = (1,0,---,0), Vi =1,--- M, ¢; =1d, Vi = 1,--- , M and
ith Ty = 278 g P2 1S JaTdr e the infi ists and is fini
with 1; = meas() A1 = M,Zlmeas(ﬂ)‘ erefore, the Infimum exists and is finite.
1=

Let (6%, {65, 05 3M)), € U x UM x WM such that 65 o @F — 6%, € BV(Q) for all | €
{1,---,N}, and for all i € {1,---, M} be a minimizing sequence such that kli}rfoo}"l(ﬁﬁ,
{Hki,gof M ) = inf F1(0r, {(01;, pi }}2,) < +00. Hence there exists K € N such that Vk € N,
k> K = Fi(0% {05, oY) < inf Fi(0r, {07, ¢i}{2,)+1 < +oo. From now on, we consider
k> K.

One thus has

M N N
1 Y1 YR
MZ <2ZTV(9%J) + ?ZTV(%J) + alHVQOiH%‘l(Q,Mg(R)) — 9aimeas($)
i=1 =1 1=1

a
+ a2||CofV‘Pi||%4(Q,M3(R)) — 9agmeas(Q) + ?3||detV<,0iH%2(Q) — (a3 + a4)meas(2)
—1
FL41 1 oot 9y <0} (V1) + L1l oo (0,01, )y <83 (Vi) ))
< F1 (05, {05, o5} M)) <inf Fy (g, {01, 0i}21) + 1 < +00.

We deduce from this inequality that Vi =1,--- , M,
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° (apf) is uniformly bounded according to k in W1#(2) by using the generalized Poincaré’sl

inequality and the fact that gof = Id on 09.

(Vk) is uniformly bounded according to k in L>(Q, M3(R)).

((V¢¥)~1) is uniformly bounded according to k in L>(Q2, M3(R)).

(Cof VF) is uniformly bounded according to k in L*(Q, M3(R)).

(detV k) is uniformly bounded according to k in L?(€2).

vi=1,---,N, (G%,l) is uniformly bounded according to k in BV () since (TV(Q%J))

is uniformly bounded according to k and ||9r_’}i7l||L1(Q) < meas(Q2) for all £k € N.
eVli=1,--- N, (0%71) is uniformly bounded according to k in BV () since (TV(H%Z))

is uniformly bounded according to k and ||0§7l||L1(Q) < meas(?) for all k£ € N.
Since we have assumed enough regularity on the boundary of €, we can apply [?, Theorem
136] and extract subsequences still denoted (G%,Z) and (05“%71) such that

0%, — O, € BV(Q)in L'(Q),
——+o00

k
0% S Or, € BV(Q) in L'(9).

As the convergence is strong in L'(), then we can extract subsequences of (9% )k and
(0% )i still denoted (6. ) and (6% ,); such that 6% M Or,, almost everywhere in
] (2] ) 3l _>,+(X)

and 05'6%,1 k_:)w éRJ almost everywhere in € and thus éT,-,l € BV(9,{0,1}) and fg; €

N N _
BV (9,{0,1}). Besides, > 0% ,(z) = 1 " >.071.(x) = 1 almost everywhere in 2 and
=1 " —too =1

N N _ _ _
S0k (x)=1 — Y 0r,(z)=1so that O, € U and O € U.
=1 koo =)

There also exist subsequences still denoted (¥); such that

gof —  @;in W1’4(Q,]R3).

k—+o0

By continuity of the trace operator, we deduce that @; € Id + T/VO1 ’4(Q,R3). We can also
extract subsequences still denoted (CofVk);, and (detV¥) such that

Cof Vel —  X;in LY(Q, M3(R)),
k——+o0

detVet — §; in L*(Q),
k——+o0

and by [?, Theorem VI.3.3], we deduce that X; = CofVg; and §; = detV;.
There exist subsequences still denoted (V¢F) and ((V¥)~1) such that

(Veh)™t 5wy in L°(Q, M3(R)),

k—4o00

Vel 5 Vg, in Lo(Q, M3(R)),

k——+o0
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18 by uniqueness of the weak limit in L*(£2, M3(R)) and the continuous embedding of L°°(£2, M3(R))J
19 into L4(9), M3(R)), and thus @; € Id + W&’OO(Q,R?’).
50 Let us now prove that u; = (V@;)~! for each i. For all p € L'(Q, M3(R)), we have that

51 /Q((wa)_lv@ —1I3) i pdz = /Q((VSOQC)_lv@ — V@i + u V@i — u; Ve

52 +u Vo) — (Vi) T'Ve) s pda,

53 = /Q(((wa)_l —u;)V;) i pdr + /Q(Ui(v%' — Vey)) : pda
54 + [ (= (T V) pa,

55 = [ty ) p(Vo) o+ [ (V- V) sl pde
54 + [ = (97 (V) da

58 Since V@; € L(Q, M3(R)), u; € L>®(Q, M3(R)) and for all k € N, |[V@¥| 100 myr)) <
59 «, then we have that p(V@;)T € LY, M3(R)) so [o(Vef)™ — ;) : p(Ve)Tde —»

k—+o0
60 0, uiTp € LY(Q, M3(R)) so fQ(V@- - chf) : u;fppda: k—+> 0, and |fQ(ul — (Vgof)_l) :
—+00
61 p(Ve)Tdz| < af [o(ui — (VeF)™Y) : p/ dz| T 0 with p’ € LY(Q, M3(R)). Therefore,
— 100

62 we get (VoF)~lVeg; k—%i—oo I3 in L®(Q, M3(R)). But we know that (VeF)™! = 4 in

k——+o0

63 L°°(Q, M3(R)), so that (VeF)"1Ve, i+ u;Vg; = I3 in L°°(Q, M3(R)) and u; = (Vg;) ™!
64 Since 9T 1 k—) HT 1 almost everywhere in Q, then T; GT b k:—+) TZHTZ.J almost everywhere
—+ —+00

65 in Q. Furthermore, |60% gl <1 € LY(Q) almost everywhere in Q as Q is bounded, and

66 |T;0% Ll S Tl € Ll(Q) almost everywhere in 2. We can thus apply the dominated
67 convergence theorem and get

68 9!} 1 der — éTi 1 d.CU,
v k—+o00 ’
69 GT Tidx HT JTidx,
k— +oo
70 C —> Cry -
71 Tl oo

applies and we have that T} o0 ¥ € Wh(Q), Tjo@; € WH(Q) and ||T; 0 o — T; 0 Pillcoa) <

2 AsT; € WLOO(Q), we denote k; the Lipschitz constant related to T;. Then the chain rule

3

| f{i||gof—gbi|]c0(g) " 0 using the Sobolev compact embedding W (Q) — C°(Q2). Therefore,
—+00 ¢

75 up to a subsequence, 0’;“1} o gpf — 9_371Ti o @; almost everywhere in €2, 9;““ — HRZ

76 almost everywhere in € with |6% ,T; 0 oF| < | T;|| () € L'(€2) and [6,,| < 1 € L}(Q) almost
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everywhere in ). Thus the dominated convergence theorem applies and we get

M M
1 _
=S Ok Tiogtde — =5 [ OpiTi0pid
M“/ iTio ¢ Y kot M il/n fufe e

We also know that Wy, is continuous and convex. If 1, —+> Y in WH(Q,R3), then
n—-+00

Vi, — Vi in L4(Q, M3(R)) and one can extract a subsequence still denoted (V4),) such

n—-+o0o

that Vi, — V4 almost everywhere in Q. If a,, — «a in L*(Q, M3(R)), then one can
n—+oo n—+oo

extract a subsequence still denoted (a,) such that o, T @ almost everywhere in . If
n—-+0oo

8, — &in L?(f2) then one can extract a subsequence still denoted (8,) such that §, — §
n—+oo n—-+oo

almost everywhere in Q. Then by continuity of Wo,, we get that Wo, (Vi (x), an(x), dn(x))

i Wop(Vip(x), ax),d(x)) almost everywhere in 2. We then apply Fatou’s lemma and get

%gligg Jo Wop(Vipy (), an(x), dn(x)) dz > [, Wop(Vi(x), a(z),d(x)) dz. As Wo, is convex,

sois [, Wop(&(x), a(x), 6(x)) dx and we can apply [?, Corollaire ITL8]. Therefore [, Wo,(£(z),
a(x),0(x)) dx is also weakly lower semicontinuous in L*(2, M3(R)) x L4(Q, M3(R)) x L?(Q).
We then deduce that

400 > hmmf/ Wop( V(pf,Cofchz,dethpl dx > / Wop(V@i, CofV;,detV ;) de.

Let ¢ = q;iz 4};%8 21 > 3. We then compute
_1yd CofvT ||
-1 - _
/Q (V) H%detvw dr = /Q HW detVe; dz,

— [ lICotViail . (det Vi)' da,
Q
< ||CongZ)inL4(Q)H(detV@)flﬂlLTg(Q) < +0o0,

from Holder’s inequality and the finiteness of fQ Wop(V@i, CofVg;, detV ;) de. Thus Ball’s
conditions are satisfied [?, Theorems 1 and 2] and @; are bi-Holder homeomorphisms.
By the weak-* lower semicontinuity of ||z ), We have that [|[V@i||lpeommm®) <

%gfgj Vo || oo (0 (m)) < @ and [[(V@:) ™ | oo (0,05 (R)) < %glfg 1(VeF) 7| oo ,nts (v)) < B
— _ . . k

80 that Ly 1o g ary ey <a} (Vi) = 0 SHminf Ly o <o} (Veor) and Lo o ar, oy <63

(Vp)™h) =0 < hmmf]l{”,hoo(Q Mg(R))Sg}((Vgof)_l). The same reasoning applies for each

k=00
i=1,---,M.
We also have

IV(@; I Lo ms®)) = 1(V2:) ™27 Dl zoo@,015R)) = (V@) ™ | oo, vy (m)) < B < +00,
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since @; is an homeomorphism from € to Id(Q2) = €, according to Ball’s results, meaning that
cﬁi_l is a one to one mapping from 2 to 2. So, using Poincaré-Wirtinger inequality, we deduce
that ¢; is a bi-Lipschitz homeomorphism. The same reasoning applies for the sequence (gof) k-
We now have that Vi € {1,--- M}, vVie {1,--- ,N},
o 0, Nl Or,; in L1(Q) with 67, € BV(Q,{0,1}).
o oF — @ in WhH(Q,R3) with () bi-Lipschitz homeomorphisms (¢f € C%%(Q, R3),

k—4o0
(¢F)~1 € % (Q,R?)), @; bi-Lipschitz homeomorphisms (@; € C%*(Q,R?), (¢;)~"' €
CO(Q,R?)) and ¥ o @ in CO(QLR3), a < gand @/ <1— % using the Sobolev
— 400
embeddings properties.
We then can prove that ¢Fop; o Id in C%*"(Q,R3) with o’ = oo/ for alli € {1,--- , M}
——+00

and all l € {1,--- , N}. Indeed one has

l.co*._lx— kof._l —7~07._1;1; —|—7'Oi._1
sup ek o 67 (2) — i 0 g7 (o) +sup (£ 2B (Dm0 W) = prop (o) £eiop ()
e T#y ’.I‘—y’
oz l(z) — o o g7 y) — @i 037N x) + Bio @t
< suplek(e) = (o) + sup (£ 2B (D =22 B ) Z Bipp{a) fuo f )
z€Q z#y lp; (x) — &, (¥)]

S AR WP
.|('0’ (|y) ST;‘X,, (@) as @i_l is a one to one mapping from 2 to €2,
=Yy

k k ~ - ——1 ——1/,\ |
C(x) — — pilx) + @i ; —p, (T
SSupw(%)7@1,(:8)”8@Isol( ) — i (y) 90;( ) %(y)!_suplsoz (y) w;”( )|

e Ay |ZL‘ - y| T#Y ‘:I} - y‘

__ k _
< (14 197 10 oI = Billconozny  — 0. I

)

Let us now prove that 6% o F T Or,10@; in L' (Q) based on the proof of [?, Lemma 5.1].
v ——+o0
Since p¥ o g7 — 1d in €%*"(Q) and so uniformly, we can write
k——+o0
Ve >0,3K €N, Vk €N, k > K = sup|ef o @; ' () — 2| <e.
z€N

Also, given n > 0, by Egorov’s theorem, there exists a set S, with Lebesgue measure
meas(S,) < n such that 6% o 67, uniformly in Q \ S,,.
" k=400

Now, we choose K large enough such that Vk € N, k > K then

|oF 0 gi(x) — 2| <7min Q,
‘9%,1(55) —Or, 1 (x)] <nin Q\ S,

We also denote O = {z € Q|0r,,(z) =1}, (O\ Sy), = {z € O\ S, |dist(z,0(O\ Sy)) > n},
O" = {z € Q|dist(z,00) < n}. Then Vo € (O\ Sy)y, ¥ o @;(x) € O\ S, and Vz €
(Q\ (S, U0)),, ¢ o @t () € 2\ (S, UO). We then have

o Hk (e} k o) 7,_1 ) — 0 i (x
/Ie’iﬂvzowf—en,lowydh/ 07,1 © @i v _Q 7 >|dm,
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142

s </ 6% ook o g ()—1\dm+/ |05, 0 pF o p; ()Idx
—Jo\sy) deth(% () @Q\(0US,), detVei(@; ()

ok — 07
] 11 + / ’ T l 0 SOZ © SOZ ( ) Tl>l(x)| dm,
S,USIUOMUQN det Vi (; " (x))
1
145 gn/ — dz+n/ — dx
(O\Sy), detVi(7; " (2)) (2\(0US,), detVEi(@; (@)

1
+2/ —— dx,
syuspuonuan detVo;(@; ()
147 < (nmeas(ﬂ)% + nmeaS(Q)% + 2(meas(Sy) + meas(S,!) + meas(O") + meas(Q2"))
148 (/ (detV;(z)) 10 d) 11,
9)

149 (2nmeas(Q)T0 + 2(4%773(meas(8577) + meas(00) + meas(092)) + n)11)||det Ve, (x) ™ 1||L10 @

150 I

10
11

)

10
11

10
152 with HdetV@(w)flﬂfw(Q) < +o0o. By letting n tend to 0, we obtain that 9T 10 o —

k—4o00
153 Or,;0@; in LY(Q), for alli € {1,--- , M} and for all [ € {1,--- ,N}.

154 Since 6%,[ kj) Or.; in Ll(Q) and 9%1 k? g, in Ll(Q) and 9%_71 o pF — 9’;11 kjoo

155 @1, 0@; — 0Oy for alll € {1,--- N} and for all i € {1,---, M}, we deduce by the lower
M N _ _ _
156 semicontinuity of the total variation that ﬁ YTV (Or,)+ BTV (0R,) + %TV(GTZ.J oP; —

i=1i=1
157 Ory) < lim inf 77 L ZZVTTV(% D+ BTV (0F,) + 5TV (05, 0 oF — 0% ).
oo MiZi2 v ’
158  Since from what precedes HT_ l(clz‘l_ 1= T;)? k_> or, a(eng— T;)? almost everywhere in Q and
(3 (3 +
150 0% (k=T 0pk)? o Or,(Cry— T;0@;)? almost everywhere in 2 with ]9T l(clj‘i 1 T;)? <
’ ? —+00

M
160 4HTZ-H%<X,(Q) and \9%1(0%1—7}0@?)2\ < 42 HTZH%M )» we can apply the dominated convergence

161 theorem and get [, 0% ,(ck , — T;)? d:c k% Jo0r,1(er, — T;)?dz and [, 05, ,(ch, — T; o
19 1y % ) l
» k ) =
162 @, ) dx k—>_+z>o fQ eR,l(CR,l —T;o QOI) dzx.
163 By combining all the results, we get that

ﬂ“‘ F1(Or, {07, @i} L) < hmmf}'l(HR, {655, 07 1L)) < +oc.

15}

166 By finiteness of the functional, we (ieduce tha‘g Or € U, éTZ. €U forallie{l,---,M} and
167 @gieWiorallie{1,--- , M} with 07, ;0 ¢; —0r; € BV(Q) for all l € {1,--- , N} and for all
168 ¢ € {l,---, M} and there exists a minimizer to our problem. [ |
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SM2. Detailed proof of Theorem 3.1.

Proof. Let (7j)j>0 be an increasing sequence of positive real numbers such that liin v =
- J—+o0

+o0. Let ({‘Pi,kﬁ eTi:kj’ Vi,kﬁ Wi,kj }i]\il’ (eﬂ-,l,k]-) i=

i=1
=1,

A 0 RJ%) be a minimizing sequence of this

problem Fi . for v = 7;. By definition, there exists ((0rn, {07; n, vintM))eU x UM x wM

such that 07,
and

]:l (QR,TH {‘pi,n’ 9Ti,n}7{\il)

= fl,’yj ({Soi,nv QTi,ny v@i,m (V(Pi,n)_l}i]\ila (QTi,l,n O PYin — GR,l,n)é

100, 0R )
1, ,N

s

1

Then by definition of a minimizing sequence we get that

1n%Pin—0rin € BV(Q,{-1,0,1}) forany l € {1,--- ,N}andalli=1,--- , M,

Ve >0, 3N(e,v;) EN,Vk €N, k > N(g,7v;) = Fui,({@iy» 0715, Viey» Wi, Hots

(eﬂ,z,kj)

i=1,--,
=1,

J]\V/I ) QR,kj) S inffl,’\/j({go’b eTiu ‘/’ia M}’f\ilv (QTZJ) i 17"'7M)9R) + &,

i=
I=1,--,N

< Fi1(0gn, {eTi,n: Soi,n}i]\il) +é,
= flﬂj({@i,na 07, 1, Voin, (V%,n)_l}iﬂib (07;,1n © Qi — HR’l’")il N Or.n) +

Lo
1,

1
< inf Fy(OR, {HTi,QOi}ij\il) + ” + & < +o00.

&

Let us set in particular ¢ = %_, then there exists N; € N such that for all k € N, £ > N; =

M
'Fl,’)/j ({Sp’i,kj b eTi,k]' 9 ‘/’i,kj7 Wi,kj }i:lu (Q’f’i’l,kj)

=L M Ork;) < inf F1(0r, {01, et +
J=1,,

<inf F1(0r, {01, %}ij\il) +

< 4o0.

1 1
i_i_i
mn ’}/j
1 1
i_i_i
n- 7

So according to the previous inequality and by setting, for the sake of simplicity, for all

i=1,--,M,

we get that

Pij = Pi,Nj.js
Vij = VinN, i
01,5 = 01, N, 5
Orj = ORr N, j;
QTi,l,j = GTi,l,Nj,ﬁ
Wij = Win, .
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e (i ;) is uniformly bounded according to j in WhH4(Q) by using the generalized Poincaré’sj]
inequality since (V; ;) is uniformly bounded according to j in L*(Q, M3(R)), for all
i=1,---, M.

e (V;;) is uniformly bounded according to j in L*(Q2, M3(R)) and in L>(£2, M3(R)), for
alli=1,--- , M.

e (07,,,) is uniformly bounded according to j in BV () since [|0r; 1 5]/ 11 () < meas(£2) <
+o00 and (T'V (071,,,;)) is uniformly bounded according to j for all I € {1,--- , N}, and
foralli=1,---, M.

e (0r,;) is uniformly bounded according to j in BV (Q2) since ||, ;|11 () < meas(£2) <
+o00 and (T'V(0r,,;)) is uniformly bounded according to j for all [ € {1,--- ,N}.

e (07, ;) is uniformly bounded according to j in BV(Q) since VI € {1,---, N} and
all i = 1,--- M, |07, llz10) < meas(Q) and (TV (07, ;)) is uniformly bounded
according to j.

e (CofV; ;) is uniformly bounded according to j in L4(Q, M3(R)) for all i = 1,--- , M.

e (detV; ;) is uniformly bounded according to j in L?(2) for all i = 1,--- , M.

e (W; ;) is uniformly bounded according to j in L>(£2, M3(R)) and in L?(£2, M3(R)) since
(V;.;) is uniformly bounded according to j in L*(2, M3(R)) and thus in L2(Q, M3(R)),
foralli=1,---,M.

So, up to subsequences, we get that

Pi,j =

Vij

— @ in WH(Q,R?), foralli=1,---, M,
J—+0oo

—  V;in LY(Q, M3(R)), and V;; = Vi in L®(Q, M3(R)), foralli=1,---, M,
1=

Jj—+oo +00

by uniqueness of the weak limit in L*(Q, M3(R)) and by the continuous embedding of
L®(Q, M3(R)) € L}(, M3(R)),
CofV;; — X;in L*(Q, M3(R)), foralli=1,---, M,

J—+oo

detV;; — & in L*(Q), foralli=1,---, M,
1=

Wi

—+00

Wi in L*(Q, M3(R)), and W;; — W, in L>(Q, M3(R)), for all i = 1,--- , M,

j—+oo j—+o0

by uniqueness of the weak limit in L?(Q, M3(R)) and by the continuous embedding of

L*(Q, M3(R)) C L*(2, M3(R)),

9Ti,l,j —+> éTi,l in LI(Q), with éTi,l € BV(Q), vl € {1, ce 7N}’ Vi € {17 e ’M}’
j—+oo

93717]‘ —+> éR,l in Ll(Q), with éRJ € BV(Q), Vi € {1,--' ,N},
j—+oo

07,

— 07, in LY(), with 07,€BV(Q),Vle{l,--- N}, Vie{l,--, M}

J Jj——+o00

Since the convergence is strong in L!(£2) then it is also almost everywhere up to subsequences

and we deduce that fr,; € BV(Q,{0,1}), 0, € BV(Q,{0,1}) and éﬁl € BV(Q,{-1,0,1})

M _
forall l € {1,---,N} and all ¢ € {1,--- ,M} and > 0r,;(z) = 1 almost everywhere in 2,
=1
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M _ _ _
> 01,1(x) = 1 almost everywhere in Q for all ¢ = 1,--- , M, so that Og € U and 67, € U for
=1

each i = 1,---, M.
Let us set z; 51 = 07, — (01,15 © ¢ij — Or1;) S 0in LY(Q) for all [ € {1,---, N} and
199, ‘]ﬁ o0

all i € {1, , M}, wij = V;j — Vi, = 0 in L*(Q, M3(R)) for all 4 = 1,---, M, and
J—+0o0

Yij = Wi V_] — 01in L*(Q, M3(R)), for all i = 1,--- , M.
W j—=+oo

Since strong convergence implies weak convergence, we have that

Vi=1,---,M,V¥® e L3(Q, M3(R)), /(vm — Vi) ®dz —s 0.
Q

Jj—+oo

But we also know that [, Vi; : ®dz — [, V; : ®dx, and we get Vg;; — V;in

J—+oo j—+oo
L*(Q, M3(R)), for all i = 1,---, M. By uniqueness of the weak limit in L*(Q2, M3(R)), we
have that V@; = V; € L>®(Q, M3(R)) for each i = 1,--- , M.
We also have that

Vie{l,---, M}, V® € L*(Q, Ms(R /W,] Vil ®de — 0.

Jj—+oo

But we know that [, Wi ;: @dx — [, Wi: ®dz, and we get V, U~ W;in L2(Q, M3(R)).

j—+oo j—+o0
Let us now show that W; = VZ b= chl- , for all ¢« = 1,--- ;M. We have that V& €
L2(92, M3(R)):

/Vi_lei—I:@d:c:/V Wi = WiV + WiV = WiVi i+ WiV j = Vi Vi @ da,
Q ’ (9] )
:/Q(v;jjl —W)Vi: ®do+ | Wi(V; — Vi) : <I>dx+/Q(W,-—vijjl)m,j - O dx,

with VT € L2(Q, M3(R)) since V; € L>(Q, M3(R)) so that [o(V;;' = W) : @Vl dz — 0,

Jj——+oo
WTe e L2(Q, M3(R)) C L3(<, Mg( )) since W; € L®(Q, M3(R)) so that [;,(Vij — Vi) :
WT<I>dx — 0, and [(W; = V") : ®VEde < o [o(W; — V') : @ dz with &' € L2(Q)

j—+oo

since Vj € N, Vi € {1,--- , M}, HVJHLOO @Ms(R)) < @ so that [o,(W; — Vi DE <I>VT dx 3

j——+oo

0. We therefore obtain that V.-'V; — I3 in L*(Q, M3(R)) and since V..!' — W,
b J—r+oo bJ J—r+oo

in L?(Q, M3(R)), we deduce that W;V; = I3 and consequently W; = V,"! = (V@;)™!' €
L>(Q, M3(R)), foralli=1,--- , M.

Now, we consider V; j = w; ; + V; ; and CofVj ; = Cof(w; ; + Vi ;).

For the purpose of illustration since the same reasoning applies to other indices, we focus on
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249 the component of the first row, first column :

o SR Dpip ‘ pi3 A Opi 2 ‘ Qpi3
250 (CotVj ) = (wz,gg + 0y > <w2733 + 0y ) (w%gg + s w; 32 + ors )

251 s o 2t — W5 ot g+ D03 OPi2 OPi3 0pin Fw i3 Cw pi 2
< 1,22 W43,33 1,23 Wq,32 8:1?3 81132 8l‘2 8953 1,22 81‘3 1,33 61’2
959 —w; i3 W Dpi
2 1,23 8$2 2,32 8953 )

i3 0pi 2 03 0o
253 = (Cofw; ; CofV; ; w; : w; = — wy; = —w; =,
_)54 ( i)t =+ ( ©ij)11 + wi 22 s + w; 33 D $,23 D i,32 92

. o e i v,
255 Let us set d;; = (Cofw; ;)11 + wi22 8% + w; 33 (%2 — w; 23 81,3 — Wwj 32 (‘;’;,32 € L*(Q) by
5

256 generalized Holder’s inequality. Then using Holder’s inequality, one can prove that
257 dijllz2(0) < llwizgzllza@ H ||L4 @ t lwisslpa Q)H HL4(Q
90 2
258 + |wiz2sllza@ H ||L4 @) T lwiszllae -
259 + ||wi,22HL4(Q)Hwi,33||L4(Q) + Hwi,23||L4(Q)||wi,32||L4(Q)
1
260 < ([fws, 22”%4(9) + [Jwi, 33||%4 + w2 Tagy + lwig2llTag))?

§ 890 2 890 3 890 2 Opiz 4 |3
261 (|| . H . H . ||L4 | 83;2 IZa)?
ope 4 4 1
262 + (sz‘,22||L4(Q) + sz‘,33||L4(Q) + sz‘,23\|L4 + [|w;, 32HL4 Q)7

4 4 4 3
263 (lwi22ll7aiq) + lwissllfag) + ||wi,23H24 + ||y, 32HL4 )4
26 < c4c3|lwij | 14,05 (R)) HV%JHM(Q,MS(R)) + cadillwi 51|74 pay (m)) -
765 ( (R))

Indeed, thanks to the property of equivalence of norms in finite dimension, there exist (c1, co,
cg;ca) € R such that Vo € RY, erflalla < [lzfla < coflzll2 and esllzlls < flzfls < callzfla <

Xlsc 2(!2!3 is uniformly bounded according to j in W14(Q,R3) and as w; ; ; e 0 strongly in
LA(€2), then

i jllL2 (o) Py
and

/(CofV;J)ll(I) dr = / di,jq) dm—f—/ (Congow)llCI) dr —> (COfV@l)ll(I) dx, Vo € L2(Q),
Q 0 Q j=too Jo

266 Vi € {1,---,M}. Indeed, from [?, Theorem 8.20], as ¢;; " @; in WH4(Q,R?), then
j—4oo
267 CofV; ;i j CofVg; in L*(Q, M3(R)). Thus CofV;; j CofV@; in L?(2) and by
j—+oo j—too
268 uniqueness of the weak limit in L?(2), X; = CofV@; and CofV;; " CofVp; in L4(9).
Jj—+oo
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We then have from the generalized Holder’s inequality :
detV; j = Vi 11(Cof Vi j)11 + Vi21(CofV; )21 + Vi31(CofVj ;)31 € L3(9),

9
= (wi1 + %)((Coqu%,j)n +d; ;) + similar components .
1

Then V® € L*(2), and for all i = 1,--- , M,

0p;
wiyudi,j@ dr + / 8()0 71di’j¢) dx

/detV,;J @dx—/wzn Cothp”)H@dx—i-/
Q o o1

Q
/ %1 (CofV; j)11P dx + similar components.

But we have foralli=1,--- , M,

’/ Wi 11 (COngOZ'J)H‘I) dx
Q

< lwi il La)l|Cof Vi jll 2 1@l 24 (o)

\ [ i | < sl sl [

3%’,1
o 011

8@-,1
<| 8;1

dij® du 22 i il 2 ) 1@ La (o)

with [|w; 1124 j_:)oo 0, |ldijll2(q) j_>—+>oo 0 and [|CofV; j||12(q) uniformly bounded since

CofVipi; > CofVi; in L*(€, M(R)) and thus in L*(2, Ms(R)), 19222 | 4y umiformly
J—+o00

bounded since ¢;; — @; in WH4(Q) and ||®]|14(q) uniformly bounded.
J—+o0

~ o B 1,4 3 AN 5 in L3 9pi1
Since ¢; e @; in WH*(Q,R?), then detVe; ; oo detVg; in L3(Q) and [, Do
(CofVy; j) 1P dx —> fQ o L(CoftV@;)11Pdx, for all i =1,--- , M.

oz
Finally, [, deti@ dx = Jo detV @@ dz, VO € L*(Q) and so detV;; " detV@; in
J—+0o0 J—+0o0

L%(Q) and by uniqueness of the weak limit, §; = detVp; and detV; ; ” detVg; in L?(Q),
J—1T00
foralli=1,---, M.

We know that Wo, is convex and continuous. If 1, Nl ¥ in L*(Q, M3(R)) and we can
extract a subsequence still denoted (1),) such that Vi, njm V1) almost everywhere on ().
If a, ST @ in L*(Q, M3(R)), then we can extract a subsequence still denoted (a;,) such
that ay, N & almost everywhere on Q. If 4, N § in L?(Q2), then we can extract a
subsequence still denoted (d,,) such that 4, njw 0 almost everywhere on 2. Then by conti-
nuity of Wo,, we get that Wo,(¢n, an, on) ; _)—+>OO Wop(¥, @&, 6) almost everywhere on 2. Then
by applying Fatou’s lemma, we have that lﬁrﬁi{.ﬁf Jo Wop(W¥n, an, 6n) dz > [, Wop (¥, &, 0) d.
Since Wo,, is convex, so is fQ Wop(&, @, 6) dz and [?, Corollaire I11.8 p.38] applies. Therefore
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Jo Wop(&, @, 0) da is also weakly lower semicontinuous in L*(€2, M3(R)) x L*(Q, M3(R)) x L(<2)
and we deduce that 400 > ljminf Jo Wop(Vij, CofV;j,detV; ;) de > [ Wop(V@i, Cof Vg,
Jj——+00

detVg;) dx.
Using the same arguments as in the previous proof, we get more regularity of ¢;, that is to
say, @; is a bi-Lipschitz homeomorphism for each ¢ =1,--- | M.

By the weak-* lower semicontinuity of |||z, ®)), We have that [|[V@ill L amm)) <

ljig_ii_gHVi,jHLoo(Q,Mg(R)) < o, (Vo) e @usm) < ljig_ii_g)f”wi,jHLOO(Q,Mg(R)) < f and
— . . — _1 . .
L lzoo @5y <} (V) < BIOFD G ) <0} (Vig)s L)oo a0y ) <83 (V) 7)< Tim inf
L oo (0,00 ) <8 (W)
We also know that ¢; ; _+> @; in CO(Q), @z‘_l c CO’O‘/(Q) and %’,jo@i_l — . Idin CO’O‘”(Q)
j——+o0

j—+oo
with o = d/a, a < i and o/ <1— %, using the same arguments as in the previous proof. Let
us prove that 07, ;j0¢;; — Or 0@ in LY(Q) foralli=1,---, M.
J—r+oo

Since ¢; j o @;1 —+> Id in €% (), then it converges uniformly and so
j—) o

Ve >0,3keN,VjeN, j>k=suplp;;o 95;1(:1:) —z| <e.
zeQ

291 Also given n > 0, by Egorov’s theorem, there exists a set S, with Lebesgue measure meas(.S,) <Jj
292 n such that 67, ;; — 67, ; uniformly on 2\ S,,.
J—+o0

293 Now we choose K € N large enough such that Vj € N, if j > K, then
204 lpijo @i (x) =z <n, on @
398 107,0,5(2) = Or,0(2)] < n, on Q\ Sy,

207 Then by denoting O; = {z € Q : 07, () = 1},

208 10705 © @iy — Or0 0 Gill L1 () = / _On00i(@) = 07,00 Gi()| do

®; (05)

299+ / 107,15 © i j (@) — b1, 0 @i(z)| de,
@Z_I(Q\Oz‘)

01,050 %ijog;  (x)—1 07,10 @i 0P "
300 :/ 7.1 OSO’_]O_S(Z (=) ‘d:c+/ 7.4 OS_O’]_O_?OZ (@) dz,
o, detVei(g; () oo, detVei(g; ! (2))

L iowiio@ Hx)—1 w05 ]
301 < / 0,15 © 2 ° b @) =1y, / 1075 © 91 © 2 @1 4o
(O\(S))n det Ve (p; ~ (2)) (Q\ON(S)),  detVei(@; (2))
B / 107,15 © iy © B () — Or, ()] x4 / 101,15 © iy © ¢ (x) — O, 4()] i
303 Sn etV (@ ' (x)) OTUSIUON detVei(@; ' (x)) ’

304 with (0;\ Sp)y = {z € 0; \ S, | dist(z,0(0; \ Sp))) > n}, i = {z € Q|dist(z,dS,) <n}. So
305 Vo € (O\(Sy))n, wijo@; ' (z) € Oi\Sy, and ¥z € (Q\O)\Sy)y, ¢ijo@; ' (2) € (A O\ Sy
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Then
o _ n
107050 915 — Ot 0 Gill ey < / L/ E—
7o = Jonsy, detVe(g; (@)
+/ — 77__1 dzx
(Q\O\Sy)y etV @i (@; ()
—I—/ ! dx
s, detVe; (3! (2))
1
—l—/ —— dx,
orusguan detVe;(@; (2))

taking into account that 67,;; € BV (£2,{0,1}) and 01,1 € BV(Q,{0,1}). Using Holder’s
inequality, we get

s

1
1 1 41
07,15 © Qij — 9T,,l °o@illi) <n (/ d:z:> (/ — d.’L‘>
| J J HL a 9 dethoi(@i 1(x))s+1

107 1.5

o(pi]

Or,1 0 Gill (o)

s 1

+ 17 (/Q dm) ST </Q detvsﬁi(‘:i_l(x))s—i_l dx> =

1

- </Sn da:) - </Q detV«ﬁi(s??l{l(x))SH dx> o

= 1 i
O O
SpuojuQr o detVei(p; (2))+!
< Q) 1 d -
s+1 At~ (NS
7 (meas(12)) (/Q detVg;(z)s x>

Fnmeast) ([ oot o)™

1 d s-‘l—l
(/Q etV (z)° ””")

s 1 s+
+ (meas(SZ) + meas(O]) + meas(Q")) 7 </Q TtV o a) d:z:> o

—

+ (meas(S,)) 75

With s = 10 and the finiteness of [ Wo,(V @i, Cof V@;, detV;) d, there exists C' € R such

that

10715

OQD,L']

eTul © QDZHLl

s

) <7 (meas(2))) 1 S Cs+1 +n (meas(Q))s-H Cs+1 + (meas(S. ))S+1

s

s+1
CHT 4 / / dyda:—i—/ / dyda:—l—/ / dy dz
oSy (z,m) 00; J B(z,n) oQ J B(xz,m)
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330

531 (01050 9is — Or 0 Gill ey < 1 (meas(Q)) 7T CFT

332 +1n (meas((Q))s%l Cw

333 + (n)iC =

N 4T 4 ST
i;i + <377 (meas(9S,) + meas(00;) + meas(@Q))) Cs+1.

336 By letting n tend to 0 and so j to infinity, we finally get for all i =1,--- /M

337 Or. 1.0 ;. — 0O 03 — 0.
ol 167,15 © ¢ij — 0130 © Gill L1 () i

339 This is true for all [ € {1,--- , N}.
340 Finally, foralli=1,--- ,M and all{=1,---, N:

341 107, — 07,00 i + Orill L) < 107, — 0105 © ©ig + Ol L (@)

342 + 107, = 041 4llLr @) + 107,00 @i — 01,05 0 935l 1)
343 +10r1 — Or )l 21 ()

e

346 from what precedes. We deduce that éﬁ = éTi,l op; — 0 R, in Ll(Q) and so almost everywhere
347 in Q and 07 j —+> éTi,l °0P; — H_RJ in LY(Q) forall i = 1,--- ,Mand all [ = 1,--- ,N. By
235Y J*) [ee)

348  the semicontinuity of the total variation we get that

N B ~ A N
ZTV(QTIHI (e} (’51 — GRJ) S 5 lim inf TV(GTZ,I,])
=1

j—+oo

Do | >

351 Furthermore, we have that 07, ; T éTi’l in L'(Q) and so almost everywhere in Q up
J—+00 B

352 to a subsequence. Then 0Or,; ;T; —+> O7,,T; almost everywhere in Q with |07, ;;7T;| <
J—1+00

355 || Tillpee() € LY(RQ) since Q is bounded, and by the dominated convergence theorem one

354 gets [q, 0,15 d j_>—+>OO Jo 07,4 T; dz. Using the same reasoning, we get [, 07, ;; dx j_)—>+oo

55 fQ éTi,l dr. AsT; € Wh (Q), we denote r; the Lipschitz constant related to T;. Then the chain

356 rule applies and we have that Tyopk € Wh4(Q), Tyop; € W4(Q) and 1 T:0pij—Tiogillco) <

57 Killpij—Pilleoo) o 0 using the Sobolev compact embedding W14(Q) < C%(£2). Therefore,
Jj—+o0 c

358 up to a subsequence Og; ;T 0 p;; — éRJTi o ¢; almost everywhere in Q, 0g;; — §R7l
J—r+00 J—r+oo

359 almost everywhere in Q with [0r;;T; o i ;| < [Tl o) € L' () and |0r; ;] < 1 € LY(Q)
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almost everywhere in 2. Thus the dominated convergence theorem applies and we get
| M LM
MZ/ Or,1,;1i o i jdr j_:)oo Mz; /Q Or,T; o ; dx,
1=

/HR,Z’]dJ’J —) /HRldx

CR,l 7 CR
J k—+o00

Then VIl € {1,--- ,N} and for all i =1,--- , M,

0r,.15(cr05 — Th)? e Or,1(er,0 — To)?,

Orui(cri; — R)? — Ory(ery — R)?,
J—+oo

almost everywhere on Q with |01, ; (e — T3)? < 4||T; ||Loo € LY(Q) and |0g,j(cru; —
R)?| < 4HTZ-||200(Q) € L'(Q). By applying the dominated convergence theorem, we have for
allle{1,--- N}

16715 (cr5 — Tl iy i 107,01, — T3)? (| L2 ()
Orii - — R)? — ||0ri(Crs — R)? .
10R1,(cri; — B) 1o o 10r(Cr1 — R)"||L1 (0

By combining all the results, we finally get

727TZTV (07,,) / Zem (er. — T))% dx
i=1 =
T ’%RZTV@RJ) + /Q ZéR,l(ER,l — R)*dx
=1 =1

N
A _ _
+ §ZTV(9T¢,1 0@, —Opry) + / Wop(V@i, CofVg;,detV ;) da
=1 Q

_ _ -1
L oo @ty ) <e} (Vi) + Ll oo gz <8} (VP T)
< liminf 7y 0, ({35, 07,5, Vi Wighidi, (07,15) =11 OR 5),

< limsupf; i ({901,]7 ,]7V,J7WZJ}1 1’( T l’j)ézi,:::,%aeR,j)a

j—+o0
< lim sup inf Fi (Og, {01,, ¢ } 12 1)*"* inf F;(0r, {0r,, pi}it1)-
Jj—4oo ’YJ

By finiteness of fQ Wop(V@i, CofVg;,detV ;) do and by continuity of the trace operator, we
have that ¢; € W. By strong convergence in L'(€) and so almost everywhere we get that
Or, € U and O € U with 07,0 p; — O, € BV(Q,{-1,0,1}) for all I € {1,---, N}and all
i € {1,---,N}. Therefore our decoupled problem (DP) converges to the initial problem (P)
as « tends to infinity. |
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Algorithm SM3.1 Alternating scheme of resolution.

1. Define k := 1, T; := i-th template image, 01, := Potts segmentation of T},

M
fr := Potts segmentation of ﬁZT,, QTi =01, —0p, Vi = (

Wiin Wiz
Wio1r Wi

Vi
Vi1

0, displacements associated to the deformation ¢;, for i =1,--- , M.

while k£ < nblter do
if k%10==0 then

2.1. Compute for ¢ = 1,--- , M the inverse deformation 90;1

lation and linear interpolation.

Vii2
Vi22

>::I, W; =

) = Ia ai, az, as, )‘Tv )‘Ru YTy YRy V15 V2, V3, anteT7 «, B) Ul - (Ui,17Ui,2) =

using a Delaunay triangu-

2.2. For i =1,---, M, update 07, by solving the Potts model with algorithm in [?]:

AT+

(detV:) ™ (87, 07 ' +0rop; ")

infyr | Vull o) + /A + (detVip) 1 5 u -
for 2.2.

VAr+(detVip;)~

101
2

"%2(9) end

2.3. For i =1,---, M, update 07 by solving the Potts model with algorithm in [?]:

i%f"}/j'wHVUHLO(Q) + B(07, 0 i — Or) — UH%2(Q) end for

2.3.

2.4. Update 6r by solving the Potts model with algorithm in [?]: infyg||Vu| roq) +

A+ Dy Ju— =

/\RZZ 1TO%+2MZZ 1 (9T080 07 )

2 )\R—i-?
end if

2.5. For each ¢ = 1,--- , M, for each pixel (I,j), —c playing a role similar to the
one of a step size in a gradient method— update V; using the following equations:
(

) -
IVi(l, )II” + 2az(detVi(l, ) — 1)( 121)(
(1, 7

1, l7
Vi, 7)) +vs(Win (1, 5) — det2\§( y AL,
21, Vi21(L,5) Vi (4,
_73( 2( )+ detl\f'((l‘;)))(detV}( ) + ?égt‘j/)(l 1)2)( j))
—v3(Wiz21(l, j )+dét2\/1' ’]))( détz\} ’J))) )
7, Z 9, ‘/74 9.
+13(Wi22(l,5) — detl\} )))( %clieﬂ]/) ,]2)1)( ])) ’
—« if tempa(l,j) <
‘/;,12([7].) = temp?(laj) if |t€mp ( a])| < a,
« if tempa(l,j5) >

tempi(l,j) = Wll(l,j)+c<(deﬂ1/05]))1 i22(1, ) — 4a1 Vi (L, j)
Vi, )|[? = 2as(detVi(l, 5) — 1) Via(l, 5) + 72( 2521 (1, 5)
i,22(0, Vi22 (0,
—V; 11(l j)) ( ) 11( )’j) det%i)i(/l']])) 21( (;ietifi((l?j)))Q)
+73( 2( a]) + deltl\/% 2))( l??iet’i]/ 1131)2% = )
(W, 1@ﬁ+¢$,ﬁxlﬁm/”§”)
i, Vi1 (Lg)Viea(Lg
—13(Wiaa(l,5) — detlvll ZJJ)))( det% ) + ,E(ljiﬂj/;);([;jz;)(? D))a
—« if temp1(1,7) <
‘/i,ll(lyj) = templ(laj) if ’templ( a])| < a,
«@ if temp1 (1, 75) >
tempa(l,5) = Viia(l,j) +c<(det\/i(7?j))11( Via1(l, 7)) — 4a1(Via(l, 7))

zJ»+w@ﬁwuﬁ
)( 222(l7] ’L21(l7])
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tempa(td) = Vian(0.3)+{ gttty (-Vioe(@.d) — 41 (Vi ,5)
IVi(l, )|1? = 2a2(detVi(l, j) —vl)((l—ﬁ)/i,12(l7j)) Y2252 (1, )
_V.%2(11('[)’\3))?7;)(14/@11([7j)_deﬁ;(ldj)) ) e
vy )~ 73((% (1) + détlﬁ-(’]g)()(détlf(’;j))?)
Vi21(L, Vii2(Lj)Vio1(Lg
—1Wian )+ givies) (wmay T~ @ananz )
Vi ) Vi,11(L.g) (Via2(l,
+’Y3(W/i,22(l7]) detlvl' ,j] )( ll(geg\)/(( ’J1)2)( 1)) ))a
—a if temps(l,j) <
Viaa(l,j) = 4 temps(l,j) if [temps(l,j)] < o,
« if temps(l,j) >
2.5. tempa(l,j) = Vz‘,22(lyj)+0<(demﬁf’j))nvz‘,11(l,1)—4a1(‘/%,22(l,j))
HV'(laj')ll2 — 2az(detVi(l, j) — Vi (. j) Vi)
+72(55,2 (L 5) = Viga (L, ) — (Wi (, ) = gaviayy)
1 Vi22(1,4)Vi11 (Lg) :
( ‘;iet‘/('l(l)]) v (Z(lze)té/(lg(l)lﬂ)] )+’Y3(Wi,12(l j)v )
i,126,] i,11\6,7) Vi 12 3,21
+det‘(/l(l)])))( (l(d)et\/,(l]))Q )+73(Wi,21(lv(l]))+detv(l ))
7 s, 7 ), %, )
(- 1(1cletjvl(l 52 ) = Wizl j) - detlvli(lajj))
g )2
(i)
-« if tempa(l,j) < —c,
‘/7;,22(l7j) = temp4(laj) if |t€mp4(l7])| S a,
« if tempa(l,j) > «
end for 2.5.
2.6. For each i = 1 , M, for each pixel (l,7), update W; with this closed form:
( ( : i (l7
-6 fdet2\; zjg) <-B
Win(d) = | wvey | \Xéiv“l;’fl <
—B fetVz 12J(2J < -8
o L) detV l
Wiaa(l,j) = deé’\}f((l,’j]) if | 01,;12 D <p
if ‘/112(1?) >
’ Taddn 70 o por 2.6,
—B z if detVi(lj) l) -
. =Vi J Vi,21(l,
Wi721(l’j) det’lzl((l,j])) if ’ deﬂil(l ]J)’ < ﬁ
( /B ideegél(( 7]) > B
—B if détl\}(ldj)) < ﬁ
. Vi,11(L,39) Vi (1)
Wige(l,j7) = detVi(1,5) if |detV | >
B if c‘lfitlvﬂ(l’,ja) > 5

\
2.7. Solve foralli =1,---

difference scheme: 0 = v, VOr,0p;(07,00;—0p—07 )—l—)\R (Tiopi—0R)VT;00;+72 <

where V; ; stands for the 4th

28 k:=k+1.
end while

, M, the Euler-Lagrange equation in U; using an implicit finite

diVVvi’l
divV; o

row of V;, and ¢; = Id 4+ U;. end for 2.7.
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SM3. Overall algorithm.

SMA4. Detailed presentation of the first two methods to perform PCA.

SMA4.1. First Approach : Linearisation around the Identity. Let us recall the definition
of the Cauchy-stress tensors and the Cauchy axiom relating, in a hyperelastic framework, the
deformations and the forces applied on the material.

Definition SM4.1 (Cauchy-stress tensor). In a hyperelastic framework, the Cauchy stress

tensor in the reference configuration, is defined by

o (@) = D0 (o, F),

where W is the stored energy function of the material. In a deformed configuration (char-
acterised by the transformation ¢), the first Piola-Kirchhoff tensor is defined by o(x) =
o™ (™1 (z))Cof Vo~ (x).

Axiom SM4.2 (Cauchy axiom). In an equilibrium position the following relations hold

Yy € T1 C O, t(y,it) = o (y)i,
Yy € Q, f(y) = —dive™/ (y),

where t(y, ) is the pressure applied to the material at the boundary point y in the normal
direction 7, f(y) is the inner volumetric force applied at y € Q.

Remark SM4.3. In our model, we aim at having 07, o ¢; close to 0r, and therefore ¢; is
the deformation from fp to f7,. The deformation from 67, to 0 is ¢; ' and thanks to Ball’s
results [?], we have that

/WO},(V%) dx:/W(Vgoi,Congoi,dethoi) dz,
Q Q

- [ e i) Ve |

= | W — , - 7 — )dz,

o detV(p; ) (i) detV(p; )(wi) detV(e; ) (i)
CotV(p; DT V(e HT 1

:/detV(cpi_l)W( ) dz,
Q

detV(p; ") " detV(p; ') detV(g; )

- / Wop(V (7)) da,
Q

4 4 2 a :

- 1 a4 _ _ _ f

with W (g, ¢,6) = { PN +azlol"+as(d =174 3t = 3a; = 3az = as if 6 >0,
400 otherwise

fore, the Cauchy-stress tensor applied to the reference configuration 67, associated to the

. There-

deformation ;! to transform 07, into g is o7 (z) = aWﬂ(chi_l(x)). The correspond-

oF
ing first Piola-Kirchhoff tensor applied to the deformed configuration 0 is given by o; =
8?;?” (Vi H(pi))Cof Vip;. The inner volumetric forces applied to g that are necessary to

deform 67, into O are given by —divo;.
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Equipped with this material and the previous observation, we consider our mean configuration
Or as a free material (not pre-stressed) and look for the displacements v; induced by a small
increase of the impact of 7, parameterised by ¢ and minimising the following energy for each
i=1,---, M:

inf {.7—"?(111') = / Wop((1+ 0Vv;)) dx — 62/ divo; : v; dz,
Q Q

v; EV

= / Wop((1+ O0Vv;))dx + (52/ oi: Vv, dr — 52/ 0V Tign ds,
Q Q o0

:/Wop((l+5Vvi))dm+62/ai:Vvidav},
Q Q

with V i= {9 € Wy (2, R?) | Cof (1+8V¢) € LH(Q, M3(R)), det(I+6Ve) € LA(Q), gormiser
€ L'9(Q), det(I 4 6%) > 0 a.e. on Q}. The first term corresponds to the stored energy of the
chosen Ogden material, while the second component represents the work of the applied forces
with the following boundary conditions: v; = 0 on 0€2. However, the solution of this problem
still lives in a nonlinear space and we thus propose to linearise the stored energy function Wop
around the identity. Before linearising the functional using a Taylor development, we introduce
the deformation Cauchy-Green tensor b; = (I+dv;)T (I+6v;) = I4+8(Vo!l +Vv;)+62Vol Vu; =
I+ 28¢(v;) +02Vol Vu; ~ 14 25¢(v;). We first linearise the deformation tensor then the stored
energy function and will see that we come back to the linearised elasticity problem.

F(vs) = /QWOP(I + 6Vv;) dz + 62 /Q Vo : 0;dz,
= / Wop(bi) —1—52/ Vv, : 0; dzx,
Q Q
= / V_VOP(I -+ 2(56(?)2')) + (52/ Vv, : o;dx,
Q Q
_ -
_ / Wop(T) da + 25 / Won 1y . e(vi)da + 2% | 20O (1) : e(wy) : e(wi) da
0 T TS

+52/Vvi:0idx,
Q

s TE 112 12 11
WlthWOp(b):al\/ﬁ \/.7;7[53_‘_&4\/[[[17 +\/%—Qag—l—ag\/lﬂ'b—(9a1+9a2+a4)\/IIIb,

I, = Te(b) = [T+ 6v; 1%, IT, = TOTGD ) Cof (T4 6v,) |2 and TTT, = detb = det(I+ 6v;)2.
The detailed computations of the derivatives are given in section SM5. For our configuration

3 +az

to be in equilibrium, we need %khﬂ]lb’[[[b):(g’&l) = 0, implying a4 = %. We also
set 11 = 12a1 + 12a > 0 and A = 4(32a1 + T4daz + %) > 0. Since I® 1 : €(v) : e(v) = Tr(e)?,
I:e():e(w) =1:¢€0):e(v) =Tr(e?) by symmetry of €(v), we finally obtain a linearised
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elasticity functional with v; € H(Q, R3):

]—“f(vi):/S]Wop(l—kévi)da:—i—ﬁ/gvm:aida:,

o,

-
= / Wop(1) dz + 25/ T : e(v;) da + 262 O Woy
Q o Ob

0 o2

(D) : e(vy) = e(v;) dx
+ (52/ VQ}Z' L0 d$,
Q

= 2(52/ uTr(e(v;)?) + %Tr(e(vi))2 dx + (52/ o;: Vv, dx.
Q Q

We now consider the following linearised elasticity problem (LEP)

(LEP) inf  {F(v;) = 2(52/ pTr(e(vi)?) + éTr(e(vi))2 dx + 52/ o;: Vujdx}.
vieHY (QR?) Q 2 Q

By using the Lax-Milgram theorem, one can prove the following theorem.

Theorem SM4.4 (Existence and uniqueness of a solution to problem (LEP)). There exists a
unique solution of (LEP) in the linear space HE(Q,R?).

Proof. In order to prove the existence and uniqueness of a minimizer in H}(Q), we recall
the Lax-Milgram theorem :

Theorem SM4.5 (Lax-Milgram). Let H be a Hilbert space. Let a(.,.) be a continuous bilinear
form on H x H and coercive on H. Let L(.) be a linear continuous form on H. Then there
exists a unique element of H, u, such that for all v € H, a(u,v) = L(v).

Furthermore, if a(.,.) is symmetric, then u minimizes J(v) = 3a(v,v) — L(v), that is to say
there exists a unique w € H such that J(u) = gélﬁ J(v).

We now set H = HI(Q,R?), a(u,v) = [,46%(ue(u) : e(v) + 3Tr(e(u))Tr(e(v))) dx for all
(u,v) € HY(Q,R3) x Hj(Q,R?), and L(v) = —6% [ 0; : Vuyda for all v € Hj(Q,R?). L is
linear on H{ (9, R3) by linearity of the gradient operator and the scalar product in M3(R).
It is also continuous on H} (€2, M3(R)) by using Cauchy-Schwartz inequality and Poincaré’s
inequality, Vv € Hi(Q,R3):

L(v) = /QUi s Vodz < og|| 20, m @) VU 20,05®)) < il 2200 @) 101 51 (0,R3)

with [0l L2 (0,a(r)) < 00 since we have proved earlier that oy € L*(Q, M3(R)).

a(.,.) is bilinear on H}(Q,R3) x H(Q,R?) by linearity of ¢ coming from the linearity of the
gradient operator and the linearity of the scalar product in M3(R) and the trace operator.
a(., . is also symmetric by symmetry of e(u) and €(v). a(.,.) is also continuous on H} (2, R3) x
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HE(Q,R?) since we have :

V(u,v) € HY(Q,R3) x H(Q,R?), a(u,v) = /
Q

< 402 plle(u)l| L2 (05 ) 1) L L2015 () + 262 AT (e(w) | 20 I T (e(0)) | 20
< 482 )| Vull 20,00 @) IV 22 (005 ®)) + 26 AVl 200, 115 ) VOl 220,005 ()
< (40%u + 262)\)||u||H1(Q)||UHH1(Q), Poincaré’s inequality.

462 (e (u) : €(v) + %Tr(e(u))Tr(e(v))) da,

We now need to prove that af(.,.) is coercive. Let v € H}(2, R3), then we have

A
av,0) = [ 48] s e(0) + FTr(e() do > 48 1e(0) o,

Since 46?1 > 0, we just need to prove the coercivity of le()ll 2(,m5r))- To do so, we

use a reductio ad absurdum reasoning as in [?] and assume there exists a sequence (v,) €

Hy(Q, M3(R)) such that ||e(vn) || 12 (0, (R)) = 0 and ||Un||Hg(Q r3) = 1. As (vp) is uniformly
n 00 ’

bounded according to n in H'(Q, R3), we can extract a subsequence still denoted (v,,) such
that vy, j v* in H'(Q,R3) and by continuity of the trace operator, we get that v* €
n—-—+0oo

HE(Q). We also have that €(vy,) = e(v*) in L*(Q, M3(R)). However, we have assumed
that €(vy,) i 0 in L%*(Q, M3(R)) and so by uniqueness of the weak limit, we get that

€(v*) = 0. Then by [?, Lemma IV.3.3], it comes that v* is an infinitesimal rigid displacement.
But a rigid displacement can only be null on a straight line if @ # 0, nowhere if a 20, b # 0
or everywhere if @ = b = 0. Since v* is null on 9 with meas(9Q2) > 0, then we are necessary
in the last case and so v* = 0. Then Rellich theorem allows us to deduce that v, — 0 in
L?(2,R?). Then by using Korn’s inequality ([?, Theorem IV.3.2]), we get that Vv, — 0

n—-+4o0o

in L2(Q, M3(R)) so that v, - 0 in H'(Q,R?) which contradicts our second hypothesis.
n—-+0o0

Therefore, a(.,.) is coercive on H} (2, R3). Lax Milgram’s theorem applies and there exists a
unique solution to our linearised elasticity problem (LEP) in H}(Q). [ ]

This problem can be solved in the finite element approximation framework which results in
the resolution of a sparse high-dimensional linear system. A classical PCA is then performed
on the obtained displacement fields using the L?(£2,R?) scalar product for the covariance
operator. We now address the second method based on the Cauchy-stress tensors.

SM4.2. Second Approach : PCA on the Cauchy-stress Tensors. This approach relies
on the following lemma.

Lemma SM4.6. The Cauchy-stress tensors o*imf and o; are in L= (Q, M3(R)) C L?(1, Mg(R))I

Proof. Let us compute o7/ and o; and make sure they belong to L (£, M3(R)). We first
1

T 4 4
recall that afef = a‘g;?p (V(goi_l)) = %(detF(al Hiz,iﬂF +as l{ﬂ:ﬂ + aqdet F10 — ag( —1)2—

detF’
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510 9a1 — 9ag — a4)(V(gp; 1)). We compute the following terms :

i1 Fig Fig
511 F=|Fyn Iy Fs)|,
F31 F3p Fi3
FooF33 — F3oF53  F31F53 — Fo1F33  Fo1F30 — F31F9
512 Cof F' = | F32F13 — FioF33 Fi1F33 — Fi3F31 F31F12 — FiiFsa |,
FioFy3 — FooFy3  Fo1Fi3 — Fi1Fey  FiiFog — Fo1Fig
513 detF' = Fi1(FyoF33 — F32F53) + Fio(F31Fe3 — Fo1Fig) + Fi3(Fo1Fso — F31Fy),
514 = Fo1(F5oF13 — FiaF33) + Foo(F11F33 — Fi3F31) + Fog(F31F12 — F11F32),
515 = F31(FiaFhs — FooFig) + Fao(Fo1 Fiz — Fi1Fo3) + Fag(Fi1Fe — Fo1Fig),
O|IF I3
5 — =2F
H1 OF ,
6[|CofF||2 F3300fF22 - ngcOngg - F23COfF32 + FQQCOngg
517 (TF){ =2 | —F33CofFy + F31Cof Fo3 + Fy3CofF31 — Fo1Cof F33 |
F3QCOfF21 — F3lcOfF22 — FQQCOfF31 + FQlcOfF32
8[|CofF||2 —F31Cof F19 + F33Cof F3 + F13Cof F39 — F5Cof Fi3
51 (TF),‘QF =2 FgchfFH—FglcOfFlg — F13COfF31 + F11COfF33 R
—F39Cof F11 + F51Cof F3 + F19Cof F31 — F11Cof Fio
aHCOfF”Q FQ3COfF12 — FQQCOfFlg — F13COfF22 + FmCOfFQg
519 (TF)?; =2 —FggCOfFll + lecOfFlg + F13COfF21 — FHCOngg R
FQQCOfFH — FglcOfF12 — FlchfF21 + FHCongg
odetF
5 = CofF’
520 9F CofF,
8||Cof F||2 | Cot F |2 |Cof F||% ddet F Bdet F
521 ref — 9 £ £ _3 L -9
’ % NTT9F detF3 VM detFt  9F TR
IFIE IFIF OdetF’ IF||% ddetF
522 2 — —
’ T2 etk 2 gE P2 el oF
a3 OdetF OdetF’ 100detF OdetF’
523 — llaydet F —ay——
oy detF2 oF W Tgp THmdett g T AT
525
|Cof F||% 0]|Cof F|| 7, |Cof F|| %
526 =2 -3 Cof F' — 9a1 Cof I
= M et 3 OF N gttt ° aro
. [l IF||%
527 + 4as detF3F — 9a9Cof F' — 3as dotFd Cof F’
58 — 25 CotF + asCof F + 1laydetF'°Cof F — asCof .
530 Since, for all i € {1,--- , M}, Vil pe@umm®)) < @ and [[(Vei) | peo @@y < B, we
531 deduce that
533 IV (07 e ms®)) = (Vi) " 07 Dz am®)) = 1(V90) ™ oo, vy (m)) < B
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534 and
535 IV@ill oo, m(m)) = 1(V07 )™ i) oo, m () = 1(V07 )™ Hl oo (0,015 )
o COfV((pi)_l
a7 ~ vy Tl < o

538 so that ||C0fV(g0i)*l||Loo(Q7M3(R)) < 1852, HdetV(g@i)*lHLm(Q) < 643 and ||Cofv(pi“Loo(Q7M3(R))l

539 < 1802, [|detV;|| peo() = HWJI)(%)HLMQ) = ||W||Lm(g) < 6a3. From these
540 observations, we deduce that O'Zef € L®(Q,M3(R)) C L*(2, M3(R)) and therefore o; €
541 L®(Q, M3(R)) C L*(Q, M3(R)). |

542 We thus propose to perform a Principal Component Analysis on the tensors o; directly since
543 they belong to L?(€2, M3(R))and following [?]. To do so, let V = L?(Q2, M3(R)) and let V be

44 a random variable with values in V. The associated covariance operator is thus defined by
548 Cy(o) =E[(o,V —EV)y(V —EV)|, Vo € V.

547 Then, the corresponding empirical estimation of this operator is given by

1 o 1 o
:)j:: Clo) = M;<U’ oi—0o)v(o;—v),0€V, o= M;Ui.
[SLE 2> — —

We are now looking for the eigenvalues () and eigenvectors (1);) associated to this operator,
and then sort them in a decreasing order, i.e. Ay > Ay > ---, so that (¢;) is the j-th principal
component function. Since the number of observations is small with respect to the size of the
space, an appropriate choice for the base of V is given by the collection of observations o;.
We then aim to solve

iy

v Qv Ot gt Ot
gt Ot Ot Ot Ut

=W N

1 M B M M
555 MZ(‘” = V)Y biil(oi =), (05 = 3))v = Aj)_bjilos — o),
i=1 j=1 i=1
‘ 1
556 — Mij = \;bj,

558 where W = (Wy;)i; = ((0i — 7,05 — 7))v)i; € My (R). It results in finding the eigenvalues
M

559  and eigenvectors of the matrix W. Then the j-th PC function is given by v; = > bji(0; — ).
=1

i=
560 In order to come back to the deformation space and to properly model the loaded configura-
561 tion, we compose the sought deformation with the previous deformations. We then solve the
562 following minimization problem with the last term ensuring that the sought displacements v;
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are Lipschitz continuous so that the chain rule applies:

M
1 -
" {H”” = 372 [ Won(V(d —60)) o 1)) de = 6? [+ Vo e
k=174 0
F L) oo (0 <} (T = 0V;),
1Y
- MZ/QWOP(V(SO;;I) — 5vvi(80;1)Vg0;1) dx
k=1
_ 52/9% : Vojdx + ]l{H,||Loom)ga}(I — 0Vv,),
1 i
=32 /Q detVerWop(V (i ) (k) = 0VuiVey (or)) dy
=1
— 5 /Q Y Vojdr + H{H,”Loom)ga}(l — 0Vv;),
1 & i
22 /Q det Vo Wo((Vipr) ™ = 6Vui(Vipy) ™) dy
k=1
(P1) — 52 /Q V; : Vujdr + ]l{H.||LOO(Q)§a}(I — 5ij)},
WOp is continuous since  lim WOp(ﬁ) = +o00. Let us set Wy = {v e WI’OO(Q,R3) det(I —

deté—0+

ICOf (Vipr) =L =0V e(Vipk) ™

DllE

oVy) > 0ae. on O [[I = 0V peo) < a, Vk € {1,--- , M},

det((Veor) 1 =0V(Ver) ™~

s €

LN(Q), — M=V e o 1) det((Vipr) ™! — 6Vib(px)~!) € L'()}. The mini-

det((Vpr) =t =0Veh(Veor) ~1)
mizer is searched for v; € W.

Theorem SM4.7 (Existence of minimizers). One can prove that this problem (P1) admits

at least one solution.

Proof. We follow the classical steps of the direct method of the calculus of variations.

1. Coercivity inequality :
Let us first derive a coercivity inequality :

Z/ o, NCOE(Vior) ™" = 8V(Veor) D[
M 663 det((Vg) ™t — 0Vu (V) 1)3
I(Ver) ™! = Vo (Ver) %
det((Vr)~t — 0Vu (V) 1)3
— (9a; + 9a2 + a4)36a6 + ]l{||~HL°°(Q,M3(R))§Oé}(I —dVw),

+ ag

since Q is bounded, det((Vg) ™! — dVu(Vir) 1) = det((I— Vo) (Ver) ™)
§Vu)det((Vr)™t) < 36a°, and |[detVr|[ L) < 6a3, HWHLW(Q)

that for all x € Q, # < detVyp(x) < 6a>. Furthermore, by taking v
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F) = 3 foWop(Ver ') de < 400 from what precedes. Thus the functional is
proper and coercive so that the infimum exists and is finite.

. Convergence of a minimizing sequence :

Let (v™) be a minimizing sequence so that hl}_] F(v") = inf F(v) < +o0o from what
n—-+0o0

precedes. So there exists M € N such that Vn € Ny n > M = F(v") <inf F(v) +1 <
+00. From now on, we will consider n > M.
From the previous coercivity inequality, one has:
o (I-6Vu™) (Vi)™ is uniformly bounded according to n in L*(£2, M3(R)) for
all ke {1,--, M}
o (I—-6Vo"™) and so (Vv™) is uniformly bounded according to n in L (€2, M3(R)).
o (Cof((I — 6v™)(Ver)™1)) = (Cof(I — 6Vu™)Cof (V) ™t) = (Cof (I — §Vv™)
(CofVy)~1) is uniformly bounded according to n in L*(Q, M3(R)) for all

ke{l,--- ,M}.
o (det((I — 6Vv™)(Ver)™h)) = (%) is uniformly bounded according to
nin L1Y(Q).

There exists a subsequence still denoted ((I — §Vv™)(Vipy,)™!) such that
([=0Vo™)(Vepr) ™! — o in LH(Q, M3(R)), Vk € {1, , M},
I —6Vo" = Ve in L4(Q, M3(R)), Yk € {1,--- , M},

_ 1
Vo V=<(—-apVe), Yk e {1,---, M}, in LY(Q, M3(R)).

—\
n—-+o0o 5

We thus deduce that (V™) is uniformly bounded according to n in L*(£2, M3(R)) and
by Poincaré’s inequality, we deduce that (v™) is uniformly bounded according to n in
Wh4(Q,R?). We can thus extract a subsequence still denoted (v") such that

v — 7 in WH(QR3).

n—-4o00

Furthermore, we can extract a subsequence still denoted (Vv™) such that :

Vo' A Vo in L°(Q, M3(R)),

n—-+0o

by uniqueness of the weak limit in L*(€2, M3(R)) and the continuous embedding of
L>®(Q, M3(R)) into L*(Q, M3(R)). Besides, using Poincaré-Wirtinger’s inequality,
there exists a constant C' depending only on €2 such that

fQ V" dx <" — fQ v dx

10" | oo m3) — meas(Q) m”m"(ﬂ,u@) < Ol V™| L mss(r)) < Cav,
Jov" dx [0" |1 ore) [v™ | (o3
™| oo < - < B 7 RLTRLRT)
||U ||L (Q,RS) —_— CO[ + meaS(Q) — CO[ meaS(Q) — COZ + meas(Q) 9

!

C n
<Ca+ mllvlf L4 (0,05 (R))
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with C’ a constant depending only on € coming from Poincaré’s inequality. Since,
(Vo™) is uniformly bounded in L*(§, M3(R)), we deduce that (v™) is uniformly bounded]]
according to n in W1°°(Q, R3) and there exists a subsequence still denoted (v™) such
that

o S g in WH(Q,R3),

n—-4o0o

by uniqueness of the weak limit in W4(Q2,R3) and the continuous embedding of
W (Q,R?) into WH4(Q,R?). By continuity of the trace operator, we get v €
Wy (2, R3).

We can also extract subsequences of (Cof(I — §Vv™)(CofVipy,)~t) and (%@Z;n))
still denoted (Cof (I — §Vv™)(Cof Vipr) 1) and (*4ELYY) for all k € {1, , M},
such that

Cof (I — §Vv™)(Cof Vi) ™! = Hein LY, M3(R)),
Cof (I — §Vo™) = HiCof Ve in LY(Q,R)),

det(I—oVo™) .11
detVpy — n—+oo O In L7H(GY),
det(I —oVo™) = SrpdetVipy, in L1H(Q).

By uniqueness of the weak limit, we have that H = HpCofVy and § = dpdetVy, for
allk € {1,---,M}. By [?, Theorem VI.3.3] and Id—6v" — Id—6v in WH4(Q, R3),

n—-+0oo
we have that H = Cof(I — §Vv) and ¢ = det(I — 6Vv).
Lower semi-continuity : Wy, is convex and continuous. Indeed, let f(z,y) =
‘;—; for all (z,y) € (R*)2. Then the Hessian matrix of f is given by H(z,y) =

y3

12z”
yn)

AA+(1-\)B||4 A _ 4

V(A, B) € My(R)?, ¥(c,d) € (RT)2, VA € (0,1), LATG=DBE) < Ol SR -
FOIANF + (1= N Bllp, A+ (1= N)d) < Af(1A]p, )+ (1= A f(IBllp, d) = A12JE

(1= NIBLE g, 0 in WH(QR?) then Vb, — V4 in LY(S, My(R)) and

1 =z
12¢ (_ 2y> and is positive semi-definite : V(a,b) € RQ, (a,b)H (z,y)(a, b)T —
>

(bx — ay)? > 0, for all (z,y) € (RT)2. Besides, |.||r is also convex and we have

a3
we can extract a subsequence still denoted (V4),,) such that Vi), — Vi) almost
n

—>+00
everywhere in Q. If ay, - a in L*(Q, M3(R)) then we can extract a subsequence
n——+0o0
still denoted () such that o, — @& almost everywhere in Q. If §, — & in
n—+oo n—+400
L'Y(Q), then there exists a subsequence still denoted (8,) such that d, =7 0 almost
n—-+0o0

everywhere in ). Then by continuity of Wop, we get

Wop(v¢n, Qp,0pn) —> WOP(V’JJ,@, §) almost everywhere in .

n—-+0o0o
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658 Then, by applying Fatou’s lemma, we have that
659 lim inf / detVorWop (Vb an, 8,) dz > / detVorWo,(Vi, @, 0) da.
660 n—+oo Jo Q
661 Since Wop is convex, so is [, dethokWop(ﬁ ,a,0) dx, and we can apply [?, Corollaire
662 ITL.8] to get that [, det Ve Wo, (€, a, §) d is lower semicontinuous in L*(£2, M3(R)) x
663 LA(Q, M3(R)) x L' (Q). We deduce that
664 +00 > lim jnf / detVpr Wo, (1 — dVu™)(Ver,) ™1, Cof (I — §Vu™) (Cof Vipr) 1),

n oo Q
665 det(I— V™) )) dx

detVy,
666 > / detVr(2)Wop (1 — V) (Vi) 1, Cof (I — §V5)(Cof Vipr) 71,

Q

667 M) dz
668 detVy

By the weak-* lower semi-continuity of the ||.|| Lo (0, a1, (r)), We get that
I =0Vl oo 0, My (y) < HmRE[T = V0" oo (0 M () <
so that

1{“'||L°°(Q,M3(R))§a} (I - V@) =0< lggigg]1{||-HL<><>(Q,M3(R))§0¢}(

I—-6Vo™).

Since 1; € L(2, M3(R)) and Vo™ i Vo in L4(Q, M3(R)) and so in L?($2, M3(R)),

_ 82 . - — : _ 52 . n
we have that —6% [ ¢, : Vodz ngrfoo 6% [« Vo da.
By combining all the results, we get that

liminf F(v™) > F(0).

n—-+00
669 Also 5 € Wy (Q,R3), ”i‘;igg:ggg%gi:ﬁ,ggé e LY(Q), dﬂiiaﬁ%ig’i}g;,'ﬁ e LY(Q)
670 by finiteness of F(7) inducing the finiteness of [, det Ve Wo,((I — 6V5)(Ver) ™,
671 Cof (I — §V)(Ver)™), det((I — dVD)(Vr)™!))dr for all k € {1,---,M}. Since
672 Wop((I—6Vo)(Vr) ™t Cof (I—6V0)(Vipr) ™), det((1— Vo) (Vipr) 1)) = 400 when
673 det((I—0VD)(Vepr)™t) = %W <0 <= det(I—06Vv) < 0 since detVy(z) > 0
674 on (), the set on which it happens must be of null measure otherwise we would have
675 F(v) = +00. So det(I—JVw) > 0 almost everywhere in 2 and there exists a minimizer
676 to our initial problem v € Wi |

677 'This problem is hard to solve in practice and we follow the same strategy as previously by
678 adding additional variables and using an alternative optimisation scheme.
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SM5. Computation of the derivatives.

679 8Wop 2(12]{, 6a |
0 (Y = = — s
8Ib m?} 2 (Ibv—[IvaIIb) (37371)
8W0p 2&1[1,
680 = =06 _
; AT, e 1|1y, 11,,110)=(3.3,1);
8W0p —3&1]15 3&2[5 11 9 as as
681 = — + —as\/III, — +
oIll,  oyTTT,> oJIIL, 2 211,\/TTT, | 2/TTT,°
) 9a1 + 9as + ay
682 — W = —18&1 — 180,2 + 5CL4|([b’[]b7[][b):(3’3,1),
82W0p 2&2
683 = =2 _
D 8Ib2 m3 a2|(Ib,Hb,HIb)_(3,3,1)a
O*W,
684 P )
AIT,01,
68 82W0p —3@2[1, 9 ’
685 = — = —Ya —
85 8[[];,8[;_, Iffgm 2|1y, 11y, I1113)=(3,3,1)»
O*W,
686 9 _ ),
AL,0I1,
82W0p 2a1
687 = =2 _ ,
f oI~ L @11, 11y, 111,)=(3,3,1)
688 62W0p —3CL1]Ib 9 |
e = — = —Ja _
: DITLOIL,  IIIZ/ITI, N [ 1o, 111)=(3,3,1)>
689 OWop __—3axhy__ g, |
DLOIIL,  TIIZJIIL, (e lielI)=@3.1)
690 62W0p —3a1IIb 9 |
0 = = —Ja —
’ DILOIIL,  III2\/ITI, o L5, ITT)=(33,1):
0*W, 151112 15a01?
691 op _ Donlly | 1oaoly - 9as spT
oIl 4yTIT," 4VITI, 4
609 I 3as - as " 9a; + 9as —;— ay
AVIITT,>  AILWIT, AITT,
a
693 = 36&1 + 36a+?3 + 25&4|(]b7][b7[][b):(3,371),
oI,
694 — =]
’ o
oI,
695 oy = Il =0=21e, 1, 11m)=(33.1),
oI, _
696 o = 1TIhb =110y 10, 111,)=(33.1):
ol
697 — =0
605 ob ’
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699
) ob . T
700 = I, Identity tensor of order 4 such that I: A: A =Tr(A" A),
ot I+1

55 = o |l rn)=@s), With T Az A=Tr(4%),
OWop  OWop,dI,  OWo, 0II, 0Wo, OI1I,
- ) = (—12a1 — I _
ab on, ob " arn, ob T orin, op 2= Sar+ e, m pim)=ss),

82V_Vop _ aV_Vop g 82Wop % 32Wop oIl 82W0p oIl

703 =
Y ow o, o e b T arhern, o ' alinol, b
OWop d(I,I — b PWo, oI, 0*°Wo, dII,  8°Wo, OIII
704 op 0Ly )+(IbI—b)®( op 9y <2)p<9 by op 0 by
oIL, b oLOIL, &b ' OIIZ db ' OIILOIL, b
W, I 1 2, I 2 17, Wo, OI11
. OWop O(IIT, )+(Hfbb*1)®( *Wop 0L, *Wop OII, 0 02,,6 b))
oITT, b OLOIIL, b ' OILOIIL, b  OIIIZ b
?*Wo *Wo P?*Wo
706 =1 Pr P (1,1 — —— P bt
" ® orz " ottt ™~V artgon )
8Wop 82I/T/vOp 82I/T/v0p 82WOP -1
707 T —T)+ (LI —b I LI—b)+——9 1rpb
. + g, OO+l =)@ (Gram I+ aII? (bl =)+ 51, 110 )
. Wop ., 1 -1 o~
708 Tiin (07" @ IILb™ + 111,
PWo ?*Wo *Wo
70¢ IInp—1 P P_(,I—b Prrnp!
v e e argarn, 0 G ),
7 - Il -1 IInbtep + 52—
0 ar1, [ O =D+ gy, [T @b+ =)
?*Wo *Wo PWo
7 I Pr P (1,1 — —— P I1nb !
o Il oI +6Hb8[b( b b)+8HIb8[b vb
?*Wo *Wo *Wo
712 I, —b Py P(I ] —b) + —— L TTLb~ !
+ (Bl —b)@ (albanb + AII2 (I = b) + OITLOIL, ° )
PWo ?*Wo *Wo
713 IInp—t P P_(I,I—b PIrnb!
" e et ararn, PO G ),
8W0p 1 8W0p - 8W0p aWOP 0? Wop 82V_Vop
7 - - I+D))+ Il
a Cort, YT 2arm, YT O Gn ar, T e T Yanen,
?*Wo ?*Wo ?*Wo ?*Wo
715 2 L +4 Lt+4 L P -
' " ene1n, T orz T ornorn, T arin Ntin.1)=33.0;
Z%Q = (15a; + 9as — ga4)I + (9a1 + 9ay — 54;4)1 + I ® I(—4a; + 20a2 + 30a4 + %)
1/

718 SM6. Proof of Theorem Theorem 4.2.
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Proof. Let us denote by a the mapping defined by :

H3(Q,R?) x H3(Q,R?) - R
a:| (u,v) = (po(w), po(v))rz N, + 3 (o1 (Vu+ Vul), p1 (Vo + Vol )y myn,
+e(u,v)3 0 r2

with (.,.)5 o g2 denoting the semi-norm in H3(Q,R?), and by L the mapping defined by :

L | BPaR) R
v (po(fr) po(0)r2 Ny + 301 (Ve + VIE + VIV fi), p1 (Vo + VoO ) a,my v

Let us notice that Yo € H3(£, R?),
~
>

Fer(v) = {po(v) — Po(fk:))]%{?,No + 2

+evl3 o pe,

= (po(V))2 v, + (00 (f1)) 2 vy — 2(00(0), po(f1))R2, v, + %(pl(Vv + Vo)) ) n
+ o1V i+ VI + VIV ey

— (P (Vo + V'), o1 (Vi + VI + VIV i) ane),n + €lvl o.pe

2
= a(v,v) = 2L(v) + {po(fr)) 2 N, + %(Pl(vfk + VI VIV ) @) N

p1(Vo + VoT) = p1 (Vi + VIE + VIV )iy

Also problem (4.2) is equivalent to :

Search for u. ) € H3(Q, R?) such that:
Vo € H3(97R2)7 V,u € R’ fe,k(ue,k) < ]:e,k(ue,k + :L“))

Using the bilinearity and symmetry of the mapping a, and the linearity of the mapping L,
one has :

Fepeltes + pv) = a(uep, uer) + 2pa(uck, v) + p*a(v,0) = 2L(uck) = 21L0) + (po(fi))z2 n,
+ {1V e+ VI + VIV )@ e
= Fer(uer) +2ulaucr, v) — L(v)] + p*a(v, v),
which means, using the previous reformulation that :
2ufaluc g, v) — L(v)] + pa(v,v) > 0.

Assuming now that g > 0, and dividing the previous inequality by u, and finally letting p
tend to 0, we get :

a(te,v) — L(v) > 0.
Assuming that i < 0, dividing the inequality by p and letting p tend to 0, we finally obtain :
a(ue,v) — L(v) <O0.

We then deduce that a(ucg,v) = L(v), for all v € H3(Q,R?). The inverse is readily obtained
thanks to the previous relations. |
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SMY7. Proof of Lemma Lemma 4.3.

Proof. Let us take f € H*(Q,R?) such that || f||4,30r2 = 0. It implies that |f|3 o rz =0
and taking into account the connectedness of Q. it yields f € P2%(Q,R?). We also have
that pi(Vf + VfT) = 0 meaning that % (b;) = 0, S2(b;) = 0, ZL(b;) + %2(b:) = 0, for
i=1,---,Nj. Since f € P%(Q,R?), it means that %J;l € PY(Q), and %—1;2 eEP (Q) Since A;
contains a P!(Q, R?)-unisolvent subset, it results that % =0 and %—J;Z = 0. We therefore
have that

Since, %J;l + 3 8f 2 ¢ PY(Q) and A; contains a P*($2, R?) unisolvent subset, we deduce that

of of

1 J / _
=0 = = —— = — x), Vix e .
) + Y 9y gl(y) ) 92( )7 ( ’y)

It thus means that fi(z,y) = ay + b, fo(z,y) = —ax + ¢ and are in PY(Q) with fi(a;) =
fa(a;) =0 for all i = 1,--- , Ny. Since Ag contains a P'(2, R?)-unisolvent subset, we deduce
that f1 = fo = 0. It is now clear that [|.||4, 30r2 is a norm on H?(Q,RR?) associated with a
scalar product. We now prove the equivalence of the norm ||.|| 4, 3 g2 With the norm ||.[|5 o g2.

First, we have Vf € H3(Q,R2), Ya; € Ag,i=1,--+, Ny, Vbj €A,j=1,--- ,Ny:

(flai))rz < ||fllcoor?) < cllfll3,0,r2 thanks to Sobolev’s embedding,
(Vf(b;)+ Vb)) Ma@®) < 2/ fllerorz) < 2¢[| fll3 02 thanks to Sobolev’s embedding,

1
50, | flazare < (1+EN +4%N)2 | fll3.0.r2-

Furthermore, let us take kK = 3 = m, p = 2 in Necas theorem [?, Chapter 2, section 7.1], and
let us take po(f) and p1(Vf+ VfT) as functionals f; (using the same reasoning as previously

!
to show the property (7.1 bis) Vv € P2(Q,R?), 37|f;(v)|?> = 0 < v = 0). Then there exists a
i=1
positive constant ¢; > 0 such that

Cl||f||3QR2<Hf‘3QR2+Z (a:) R2+va )+ Vf(bj) >M2(R)]%’
J=1

=1

which concludes the proof. |

SM8. Proof of Theorem Theorem 4.4.
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785 Proof. The mapping L is a linear and continuous form on H3(2,R?). Indeed,

No
w6 L) = > (frlai), v(ai) R2+Z (Vb)) + V(b)) + V fu(b)TV fr(bs), Vo(bj)
1=1

787 + Vo)) anm);

788 S,Nziufk(ai), v(ai))ze| + Z! VIeb) 4 VIl + VIV felly). Vel
789 + ZV_v(bj)T>Mz(1R) B

90 S,Nziufk(ai»wm (as))gel + Zr V1ie(03) + Vi (0) + Y u(0) "V Seb) aay )|
701 |<v;(b-)+Vv(b~) e,

. <§;\ fu(ai)gelllvlleo o, z2) +721\ Vb)) + Vi) + Vi 0)V 1 (05)) ()|
793 “UH; (QR2)) j

704 < (eNo filleo@.p2) + ¢/ N1y, _max (V£ (b:) + V e (b)) + V fi(0) TV f1(50)) aty (r))
i |

797 Moreover, the mapping a is a symmetric, bilinear form, continuous on H3(Q, R?) x H3(Q, R?).
798 While symmetry and bilinearity are obvious, the continuity of a can be obtained by using the
799 equivalence of norms established in the previous lemma : V(u,v) € H3(Q,R?) x H3(Q,R?),

800 a(u,v)| = \Z v(a;) g2 + Z (Vu(b;) + Vub;)', Vo(b;) + Vo) ") ppm + €(u, v)3.0.p2,
7\
801 < max(1,e, 2)[2“ u(a;), v(a;))re| + Z| Vu(b;) + Vu(b; ) , Vu(b;) + Vv(bj)T>M2(R)|

802+ |(u,v)30r2|],
No

g
803 < 4max(l,e, 5)[2( u(a;))re (v(a;))r2 + Z (Vb)) an @) (Vv () ®) + [uls .0 k2 V)30 R2-
804 i=1

805 This last inequality proves that a is continuous on H3(Q, R?) x H3(Q,R?).
806 To finish with, we prove that a is H3(£2, R?)-elliptic. Let v € H3(Q, R?),

- v
807 a(v,0) = {po())gz ny, + 51 (Vo + V)i @) v, + €lv]3 o 2

) . Y 2
808 > min(1,e¢, §)HUHA,3,9,R2-
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Using again the equivalence of norms established above, we deduce that a is H3(£2, R?)-elliptic.
The Lax-Milgram theorem enables us to conclude that the variational problem (4.3) has a
unique solution denoted by u . |

SM9. Proof of Lemma Lemma 4.5.
Proof. The Sobolev’s embedding gives that

3C, >0, Vd € D,Vf € H*(Q,R?), ”fHAg,?,,Q,R? < Chl|fllz,0,r2,

by using the same arguments as previously, with C] independent of d and depending only
on N. Let us now find a constant C independent of d such that the inequality || f||5 o r2 <
CQHfHAg,g,QRg holds. For f € H3(Q,R?), we have

N

fz (b0s))2e = 5 4 (boy) — Flaly) + Flafy)er

=1

%Z F(bog) = Flaf)3a + (flal)Ee + 20 (bog) — Flady). £ (el )z,
i=1

N
< S (f(bog) — flal))Ze + (Flad))2e.

=1

The open subset Q having a Lipschitz continuous boundary, the space H?> (Q,R%) verifies the
Sobolev’s Hélder embedding theorem namely JA €]0, 1], H3(Q,R?) — CY*Q,R?). Thus
f€CoMQ,R?), and 3C >0,Vj=1,--- ,N, Vd € D,

(f(boj) — f(agj»]%gz < ”f”(QjO,A(Q,R2)<b0J a&)f@,
< C?|If s (6o.m2) (boj — afy) &
Besides, from the hypotheses, it comes that Vj =1,--- | N
VB; >0, 3ng, >0, Vd € D, (d < ng, = (ad; — boj)rz < By,)-
ThenVj=1,--- , N,
¥B; > 0, Ing,, ¥d € D, (d < g, = (f(bo;) = flai;)te < C*lf I Fpame)

Let 8 > 0 and let us take §; = B for all j =1,--- ,N, and = min{ng,,--- , 73, }, then
d<n= Z (bog) — f(af;)ge < C* BN £l s 02y
This implies that V3 > 0, 3n > 0, Vd € D, Vf € H3(Q, R?),

d < n = Z bO] aO])>R2 < 02ﬁ2>\N||f||H3(Q R2)"
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This implies that V3 > 0, 3n > 0, Vd € D, Vf € H3(Q,R?),

N N
1
d< n= 5 <f(b01)>12[§2 + |f|§,Q,R2 — 02/82)\/\/||f||%{3(Q7R2 Z aO] ]RQ + |f|3 Q,R2>
1

Jj=

N
1
d<n= 5> (Fboj))e + Z V) + V) w3 ame — CBP Nl m2)

j=1

”MZ

flag;)) e + Z Vi) + V) ) inm + 1oz

=1

N N
As previously shown, the mapping f € H3(Q,R?) — (3> (f(boj))zs + i(Vf(bl) + Vfb)T
j=1 i=1

>?\42(R) +f13 QRQ)% is a norm on H?(Q,R?) equivalent to the norm ||.||3 o g2, so V3 > 0, I >
0,Vvd € D, Vf € H3(Q,R?),

d<n=(C" - 0252/\/\/')||f||%{3(9,]1§2) < ||f||A2Ag,37Q’R2‘

By choosing 5 adequately, the norm equivalence is obtained. |
SM10. Proof of Theorem Theorem 4.6.

Proof. The proof is divided into 3 steps that we detail hereafter :
e First step : We start by proving that the sequence (u)gc Dnjo,y) 18 bounded in
H3(2,R?) for fixed N7, and e. In the minimisation problem (4.4), let us take v = fy.
Then we have

(oWl = fi))be gy + %<pl<w§ + (Vu)" =V = VI = VAV ) inmym + €ull3 ope

Ny
g
< dfifiame + 3 (Vb Vb)) i (e
=1
Ny

< el fulzare + 27D (VIR0 @)
=1

S e‘fklg,Q,R2 + 2PYN1kaH(2jl(Q7R2)7 I

from which we deduce that

‘ug@,Q,RQ < |fk|§7Q’R2 + Q%kaH(Q;l(Q’Rz)NL
<pd(ug - fk)>[%g27]v < €|fk|§’Q7R2 + 2’7N1||fk‘|(2jl(Q’R2)a
(P (Vul + (Vu)! =V fir, =V fF - VIV ) i@ < 2 frl3 o pe + 4N1||fk||gll()7R2)-

As Ag c A4 with Ag containing A/ elements forming a P'-unisolvent set. So one has

> (wia) = fula)ie < D (ul(a) = fula))fe < elfilfome + 27N fillr op2)-

acAd acAd
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869 Moreover
870 D (wl@)ge = Y (ul(a) = frla) + fu(a))Fe,

acAg acAg
871 <2% " (ul(a) = fu(a)Fe + (fx(a))Fe,
aeAg
873 < 26|fk’§,Q,R2 + 4N1’Y‘|fk”gl(QR2) + QNkallgo@,Rg),
871
875 > (Vug(a) + (Vul(@) i@ = Y (Vul(a) + Vul(a)" = Vfi(a) = Vfi(a)"
a€A; a€A;
876 — V@)V fi(a) + V fr(@) + V(@) + V fr(a) "V fr(@) 3, m):
877 <2) (Vul(a) + Vul(a)" = Vfila) = VSi(a)" =V fiu(a)V fu(0)3s, )
acAq
878 + (Vi) + Vir(@)" + Vfi(@) Vi(a) i),
2e
:;8 < ;|fk|§,ﬂ,]1{2 + 8N1ka||§1(9,Rz) + 32N1||fk||(231(97]1g2)'
881 Finally, using the equivalence of norm from the previous lemmas, and the previous
882 inequalities, we obtain that
883 v >0,Vde D, d<n=|lullfsqpe <V
885 The sequence (u)yeprjo,, is bounded in H3(€2,R?) independently of d so one can
886 extract a subsequence (ud);cy with hrn dl = 0 (since 0 is an accumulation point of
887 D) that weakly converges to an element of H3(Q,R?) denoted by f; : u l — ffin
—+00
888 H3(Q,R?).
889 e Second step : In the second step, we prove that f; = fi.. Let us assume that f # fi
890 that is, there exists a non-empty open set w included in €2 and a positive real « such
891 that
893 Vo € w, (fi(r) — fi(2))r2 > o
i3 ¢ g2 20Nl fill2

894 Let us now set £ = 1+ F T a2 121 Fel@E) | where E].] denotes the integer
895 part of the argument. Let By = {po1,po2,--- ,poc} be a subset of £ distinct points
896 from w. One has :
. . d d d d _ 1o d
897 Vi=1,---,& 3(pyi)dep, Vd € D, pg; € A* and pp; = limpg;.
898 d—0
899 For any d € D, let Bg be the set {pgl, e pgg}. As previously proved and taking into
900 account that Bg C A%, we have
901 Zud’ poz pOz)>R2 < 6’fk|3QR2 + 29N frllZs (Q,R2)"

902
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903 Besides, Vi =1,--- &,
o d d
904 (ug (p65) — i (poi) e = (ut () — ud (pos) + w (poi) — £ (poi)) ze
d
905 < (ud (pgh) — ud (poi)me + (ud (poi) — i (poi)ee
907 Since u® € H3(2,R?) — C%(Q, R?), there exists C3 > 0 such that
d d
905 (ud (pht) — ug (poi))ee < C3(pj: — poi)ge.
910 But lim d; =0, and pg; = lim pgé, we thus deduce that
l—+o00 l—+o00
911 lim (ud (pgt) — ud (poi))m2 = 0.
912 l—+o00
913 The Rellisch-Kondrachov compact embedding theorem gives that H?3(2, R?)
914 — COANQ,R?). Thus, (ud);ey uniformly converges to f; and then
(&
915 lim (ufl (poi) — fx(poi))r2 = 0.
916 l=+0c0
917 Therefore, we can conclude that
T : dy ¢, di * _ : : dy diy _ px
918 lim (u(pyt) — fr(poi))rz = 0, that is lim ug(pyt) = fr (Pos)-
919 =00 l—+00
920 Letting [ tend to infinity in the first inequality, we get
£
021 S o) — Feo)e < el fillage + 2N il 2 gz
922 =1
923 and so
93 £a” < el fil qre + 2YN1ll fill:
gﬁ—% " = €| Jkl3,0,R2 YV JE C1(Q,R2)?
926 which is in contradiction with the choice of £. Then f; = f;.
927 e Third step : In the last step, we come back to the initial displacements in W1>°(Q, R?) J]
928 We have
929 li A _ < i li 4 _ —
: et = ulleo < Tim ( lim et = fifl,oo + [ fe = tll1,00),
439 <0, |
932 since ||fx — ull1.0 — O by construction and for all k € N, lim [[u® — fi||1.00 as
k—4o00 l—+o00
933 H3(Q,R?) — WL>(Q,R?).
(&
934
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SM11. Alternative convergence analysis for the third method. Let us now consider the
following problem :
(SM11.1)
Search for u? € H3(Q) such that Vt € H3(Q,]R2),
<p0( fk>]R2 N0 < (Vu + (VU ) — Vi — vf}? - kaTka)ﬁuQ(R),N + 5‘“?‘3,7@7]1{2 .
< {po(v fk)>R2,N0 + 3p (Vo + Vol =V fi, =Vl - vfgvfk>?\42(R),N + 6|v’§,Q,RQ

In this case, the norm ||.|| 4 5 o g2 is defined by

1fllaa g0 = {po(fi) e n, + PV F + VI nmn + 113 ame]?

As shown in the previous lemma, this norm ||.|| 4a 3 o g2 is equivalent to the norm |.||3 o g2 on
H3(,R?). We first derive the following lemma.

Lemma SM11.1. Let By = {bo1,--- ,bon'} be a fized P'-unisolvent subset of Q). By hypoth-

esis, 0 € D and hm sup 0(x, A%) = 0 holds so
0zcq

Vi=1,--- N, El(agj)deD, vd e D, agj e A and bo; = lim agj.
d—0

For any d € D, let AS be the set {agj,--- ,ad\} and let H.HA3737Q7R2 be the sum defined by
Vf e H3(Q,R?),
No N 2
1fllag e = | D_(F(@i)ie + > _(VF(al)) + VI(a§) N inm
j=1 j=1

Then, there exists n > 0 such that for any d < n, the norm ||~||A§,3,Q,R2 is uniformly equivalent
over D)0, 7] to the norm ||.|[3 qge in H3(2,R?).
Proof. The Sobolev’s embedding gives that
Je1 >0, Vd € D, Vf € H*(Q,R?), 1f1lag 5.0 < C1llfll3,0,r2,

by using similar arguments as previously. The constant C is independent of d and only
depends on Ny and N.
Let us now find a constant Co independent of d such that the inequality

1 flls,0r2 < C2”fHAg,3,Q,R27

holds. For f € H3(Q,R?),

N | =
™M=

J\f
Z (Vf(bog) + V£ (boj)Vge = 5> (V. f(bo;) + V f(boj)" = V(af;) — Vf(ag;)"

7j=1

+ Vf(%j) + Vf(agj)Tﬁvb(R)’

N
Zw boj) + V£ (boj)" — Vf(ag;) = Vf(ag)") i@ + (VF(ad) + V(a5) )i m)-
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The open subset © having a Lipschitz-continuous boundary and the space H3(Q, R?) verifies
the Sobolev’s Holder embedding theorem, namely

3 €]0,1], H3(Q,R?) — CcMQ, R?).
Thus f € CYQ,R?) and 3C >0,Vj=1,--- ,N,Vd € D,
(Vf(boj) + V f(boj)" = Vf(ag;) = VF(a§) ) my < 20F 130 qre) (boj — ad;) i3,
< 2C2Hf||3QR2 (boj — aO])]%é
Besides, we also have from the assumptions that for all j =1,--- , N,
VB; >0, Ing, >0,Vd € D, (d < ng, = (al; — boj)r2 < ).
ThenVj=1,--- N
¥3j >0, Ing, > 0,¥d € D, (d < ng; =(Vf(boj) + Vf(bos)" — Vf(a) = VF(ai;)")ipm
<207 f13 o283
Let § > 0 and let us take §; = 3, Vj =1--- N, n =min{ng,, -+ ,ng, }, then

N
Vd e D, (d<n="Y (Vf(bo,)+ VI(boy)" = Vflag;) — VI (ai) @ < NC B3 0pe-

=1 B |

Finally,
VY8 >0,3n>0,¥d e D, Vf e H}(Q,R?),
N
d<n=Y (Vf(boy)+ Vf(boy)" = Vf(ag;) = VI(ag) Vanm < C*BNIFI3 052
7j=1

This implies that
VB>0 3n>0,V¥d e D, Vf € H3Q, RQ) d<n

1

52 V f(boj) + V £ (b5,) Mz )+Z (ai)) R2+’f‘3QR2_0252)\N||f”39R2<HfHAd3QR2

No
As previously shown, the mapping f € H3(Q,R?) [Z (flai)d+3 Z (Vf(boj)+V f(boj) >M2(R)I
Jj=1

N[

+|f\§7Q’R2] is a norm on H3(2, R?) equivalent to the norm |[|.|[3 o g2 so

VB >0,3n>0,Yd e D,Vf e H3(Q,R?),
d<n=(C”—-C*BN))|

By choosing 5 adequately, the norm equivalence is obtained. |
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999 Before considering a convergence result, let us first introduce the following problem

1000 (SM11.2 inf ,
( ) werh ) |ul3,0,r2

1001 st. Vu+ Vul =V, + VL + VIV f everywhere on Q,
1663 po(u) = po(fr),
1004 and prove the existence of minimisers.
1005 Theorem SM11.2 (Existence of minimisers). Let us assume that there exists ug € H3(Q, R?)
1006 such that

Ouon  Ofkn | O0fkaya | Ofk2.0
1007 = = . : :

’ Ox 8m+(8m)+(8m)’

0 0 0 0

008 uo2 _ Ofre y fk,2)2 y fk,l)g,
Ay Iy Iy Iy

0 0 0 Ofx10 Ofko 0
o0 Ut uoz _ 9fka . fr2 n fr1 Ofka n fr2 fk,Q,
1010 oy ox oy oz or Oy or Oy
1011 everywhere on Q and for all i =1,--- | Ny, ug(a;) = fr(a;). (This shouldn’t be too restrictive
1012 if Ng is small enough). Then there s at least one minimiser of the problem (SM11.2).
1013 Proof. Let (uj) be a minimising sequence of the problem such that Vj € N,
1014 uj € H*(Q,R?),
1015 Vuj+ Vul =Vfi+ VL + VIV fi, everywhere on
161¢ p(us) = p(fr)-

1018  For j large enough, we have the following coercivity inequality

1019 |ujlz ore < [uolzor2, and so

e T\\2 2 2 T\\2 2 2

1020 (p(Vuj + Vui gy + (0(ui)ge + [ujl5 o re < (0(Vuo + Vug )iy, m) + (p(0))re + |uol3 0 k2|
1022 Thanks to the previous lemma that gives an equivalence of norms, we get that (u;) is uniformly

1023 bounded according to j in H3(£2,R?). We thus can extract a sub-sequence still denoted by
1024 (uj) such that

1025 uj — ain H*(Q,R?),
1026 Jmreo

1027 with u € H3(Q,R?). Since H3(2,R?) — CY(Q,R?), we deduce that uj, — @ in C}(Q,R?), and
C
1028 therefore

1029 u; — u everywhere in €2,
j—+o0
1030 Vu; — Vu everywhere in (2,
Jj—+oo
1031 Vul — Va' everywhere in Q.
1032 j—++oo
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Hence we have that
plu) = lim p(u;) = lim p(fr) = p(fe).
Vi(r) + Val (z) = lim Vuj(z) + Vui(z)! = jggloo V(@) + VI (z) + VL (2)V fe(z)

j—+oo
= V(@) + VL (x) + VI (@)V fu(z), for every z € Q.
Finally, by the semi-continuity of |.|5 o g2, we get that
|ul3 o2 < 1;&&25 |ujl3.0R2;

and 4 is a minimiser of the problem (SM11.2). [ ]
We now establish the following convergence result

Theorem SM11.3 (Convergence). Let fi be a minimiser of problem (SM11.2). For any

d € D, and € €]0, €], we denote by uf’k the unique solution of problem (SM11.1). Then under

the above assumptions, there exists a subsequence (ugl p) with lim d; = lim ¢ = 0, such that
. =400 l—+o00

ud‘ — fk

ek =400

in H3(Q,R?) with lim lim [|Vu®, + (Vud )T = Vu - Vul = Vol Vu oo (o m)) = 0.

k—4o00 l—+00
Proof. The proof is divided into four steps that we detail hereafter.
e First step : We start by proving that the sequence (Uik)deDm}O,n},ee]O,eo] is bounded

in H3(2,R?). In the minimisation problem (SM11.1), let us take v = f;. Then we
have
7

(p(uly = i)z o + 5 (0" (VU + (V)" = Vi = VI = VIV i)y m) + eluds

< e filkar, I

from which we deduce that

2
3,Q,R

’“g,k|3,Q,R2 < |fk 3,Q,R2> )
%<pd(vuik T (v“g,k)TA — Vi~ kaT - kaTkaﬁuz(R) < €|fk‘§7Q’R27
<PO(“§,1¢ — fi))ge < €|fk|§7QR < 60|fk|;2),797R.

As Ag C A%, one has

Z (Vul y(a) + Vui (a)" = V fr(a) — vfk(a)T>%/12(]R) < €O|fk’§,Q,R2'

acAd
Moreover
Z <Vug,k;(a) + V“?,k(a)Tﬁvfg(R) <2 Z <Vug,k(a) + Vuik(a)T - ka(a) - vfk(a)Tﬁ\/lg(R)
acAd acAd
+2> (Vi) + Vi) )i,
aGAg
< 2€O|fk‘:2;7ﬂ,]12<2 + w”ka(Q,’l(Q,R2)' |
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1067 Finally, using the equivalence of norm previously established, and the inequalities
1068 above, we obtain that
1859 v >0,Vd € D, Ve €]0,60), d <1 = |Juf||l30r < v
1071 The sequence (uf}) e DAj0],c€]0,e] 18 bounded in H3(€2,R?) so one can extract a sub-
1072 sequence (u‘:l ) with lim d; = lim ¢ = 0 that weakly converges to f; in H?(2, R?).

b l—4o00 =400 .
1073 e Second step: We now prove that f; = fz. Let us assume that Vf; + (V)T #
1074 \ fk +V fkT , that is, there exists a non-empty open set w included in €2 and a positive
1075 real « such that
1076 Vo € w, (Vfi (@) + (V)T (@) - V(@) - V@) > o
elf
1078 Let usset ¢ =F M , where E[.] denotes te integer part of the argument. Let
1079 Bo = {po1,- - ,poc} be a subset of { distinct points from w. One has
1080 Vi=1,---,&, H(pgi)deD, (Vd € D, py; € A) and py; = limpgi.
1081 d—0
1082 For any d € D, let Bg be the set {pgl, e pgg}. As previously proved and taking into
1083 account that B¢ C A, we have
S £ d £orod £
1084 Z<qu k(pOz) + qu k(pOz) = Vfi(poi) — ka(Poé)Tﬁwg(R) = 6|fk’§,Q,R2'
1085 =1
1086 Besides, for alli =1,--- &,
1087 <Vuel k:(pO’L) + Vuel k(pOz) vfl;k (pOl) - vfl::( (pOi)T>M2(R)
e d T d d T
1088 <V“el (i) 4 qu L (P — qu k(P0i) — Vul 1 (poi)" + Vg (poi) + Vg (poi)
1089 = Vfipoi) = V@) ") vy (m)»
, d d T d
1090 <Vu6 k;(pOz) + qu R0 — Vg 1 (poi) — Vg 4. (poi) ) anm®) + (Vg (Poi)
1993 + VUq,k(POi) — Vi (poi) = VI Poi) ") M () -
1093 But ui’k € H3(Q,R?) — CY*Q,R?) for A € [0,1] and so there exists C3 > 0 such
) c
1094 that
Tnos <v v vdl ~—le N\NT <20 dp AA
{8(}6 uel k(p()z) + uel k;(p[)z) uehk(pOl) uel’k;(pOl) >M2(R) = 3<p0@ p07/>R2
1097 But lim d; =0 and pg; = lim pgi, and we deduce that
=400 —+00
L . d d T

1095 Jim (Vugy  (04)) + Vg, (040) = Vi) (b0i) — Vg4 (poi) ) aaey = 0.
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The Rellisch-Kondrachov compact embedding theorem gives that H?3(2,R?)
— CY(Q,R?), and thus

z_lj-rﬁloo<vu?llvk(p0i) + Vufllvk(pOi)TVfJ: (poi) — V fi (poi) ") Ao (m) = 0.

Therefore, we can conclude that

lim <V“e k(p(n) + Vuel k(pOz) V fi (poi) — vfl:(pOi)T>M2(R) =0,

=400

and so lim VuE k(pol) + qu k(pm) = Vfi(poi) + Vfi(poi)T. Letting [ tend to

l—+o00
infinity, it comes

¢
> AV Fi(poi) + V(o) = V(o) = Vrpo) Dinw < el fsl3 oz

i=1

and so a?¢ < ¢ fk\gﬂRQ which is in contradiction with the definition of ¢&. Con-
sequently, Vfi + (VfH)T = Ve + Vf,;r = Vfi + VIl + VfIVfi everywhere on
Q. Also, since H3(Q,R?) = C°(Q,R?), we have that ziiﬁloo@o(“?f,k — fk))%g?,No =

(po(fi — fr))ze e and by letting [ tend to infinity in the last inequality we get that
< i fel2 qm2 = 0.
(po(fr fk)%&2hm “l;iﬁlo€”jk‘3JLR2
Finally, by weak lower semicontinuity of the seminorm in H3(£2,R?), we get that
. . d, £
| filsore < Uminf|ul |30k < [fels 0k
=400 )

Thus f; is a minimiser of problem (SM11.2). Without loss of generality, we say
£t = -

Third step: We then have

||qu g+ (qu O = Vu—vul - VUTVUHLOO((LMQ(R))

<[Vl + (Vul )7 = Vi = VI e @anm) + IV i+ VA = Vu— Vo'

— V'V e (0,0 (R))

<|Vud, + (Vul )7 = Vi = VI @) + IV fx + VI + VIV fi = Vu
— Vu" = Vu" Vul| oo (0, 115())

with lim  lim HVu + (Vufll’k)T —Vfp— VfAEHLoo(QyMQ( Rr)) = 0 from what precedes

k—4o00 l—+00

and the Sobolev embeddlng H3(Q,R?) — W1H>(Q,R?), and i hlf l liin IV fet+V £+
c —+00 l—+00

VIV fr — Vu— Vul — VUTVUHLOO(Q,MQ(R)) = 0, by construction of the sequence f%.
We thus have lim lim ||Vu + (Vu‘:ll,k)T — Vu—Vul =Vl Vul| oo m,r) = 0.

k—+o00 =400
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e Fourth step : We aim at proving that the sequence (ugl’ ) strongly converges to fk
in H3(Q,R?). The Rellisch-Kondrachov compact embedding theorem gives that

v € R, r > 1!, H'(Q,R?) < H" (Q,R?).
4

In our case, it means that the sequence (ugll «) that weakly converges to frin H 3(Q,R?),

strongly converges to fi, in H 2(Q, R?). We thus just need to prove that

. d ~
l—lg.rﬁloo‘uezl,k — frlsor2 = 0.

One has

d 2 d 2 4
lue, 1k — Trls.ore = |ug 1lzore + [ frlzore — 2(ug 4o fr)3.0r2,

! PR
< 2[fklz0re — 2(ug 4o fr)3,0R2,

so lim |udl p — felsore = 0, and finally lim ||udlk — f&ll3.or2 = 0 which concludes
l—>+OO €], IRt l—)+OO €, 8,
the proof. |

SM12. Numerical Resolution of the Third Approach. We now turn to the discretisation
of the variational problem associated with Theorem 4.4 in which w is a substitute for fx. To
do so, we use standard notations of the finite element theory similar to those in [?, ?]. Let H
be an open bounded subset of |0, +oo[ admitting 0 as accumulation point. Let us recall that
the elements of class C¥' can be used for the computation of discrete D™-splines (in our case,
m = 3) with m < k¥ 4+ 1. As a consequence, (k',;m) = (2,3) is a suitable combination. For
all n € N and for all subsets E of R?, Q;(E) denotes the space of the restrictions of E of the
polynomial functions over R? of degree < | with respect to each variable. Yh € H, let (V},)?
be the subspace of H3($, R?) of finite dimension with (V},)2<C'(€2,R?). The reference finite
element is the Bogner-Fox-Schmit C? rectangle denoted by (K, Px, Yk ).
Let (v?)4=12 be the components of v € H3*(Q,R?) and w; = wi_’n wi’w) =

Wi21 = Wi 12 W22
Vu(a;) + Vu(a)T + Vu(a;)TVu(a;), Vi € {1,---,N}. Let also (z¥),=12 be the compo-
nents of u(a;), Vi € {1,---,N}. Now let M} be the dimension of V}, and {Pfh}jﬂ " be
—1, M),
basis functions. If we denote by u! the solution of the variational problem associated with

Theorem 4.4 and approximated in (Vh)z, we can thus decompose u* = (u? ’q> s into:
q: b

My
vg=1,2, 3(af) R, uh1 =3 ol Ph
1 ) e, © e z;a] ’
‘77
opp op )
Denoting by A" = [ —L(a;) , BM = [ —L(a;) € (Myxu, (R))?, C" =
0 1<i<N dy 1<i<N
1<5<My, 1<5<My,
(Pjh(ai)) rcien € My, (R) and RM = ((Pjh,Pih) > and taking successively
1<5<M,), 3SR/ 1< i<,
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h
in the variational problem v = (}8 ), l=1,---, My and then v = <£h>, l=1,---, My, the
l
problem amounts to solving the following linear system
My, My,
2y (AMT Al 4~ (BT B! v (AM) w1+ (BM)Tw
Mh ’y_(i_(c)h)TCJ}:z_E Rh) Y (Bh)TAh al —I—(lCl'h)Tml "
AM)T Ah 42~ (Bh)T Bh 2 (AT w1ty (BT
My, k 'Y(Ah)TBh 7(+(é‘h)T§h1£Rh) ) @ kfy _:_U(lcth)’);‘w2 wm)
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