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SM1. Detailed proof of Theorem 2.6.6

Proof. The proof follows the calculus of variations arguments. We first have that F1 is7

bounded below by 0 and that F1(θR, {θTi , ϕi}Mi=1) = 1
M

M∑
i=1

(
‖Ti − T̄i‖2L2(Ω) + ‖Ti − T̄‖2L2(Ω)

)
<8

+∞ for θR = (1, 0, · · · , 0), θTi = (1, 0, · · · , 0), ∀i = 1, · · · ,M , ϕi = Id, ∀i = 1, · · · ,M and9

with T̄i =
∫
Ω Ti dx

meas(Ω) and T̄ = 1
M

M∑
i=1

∫
Ω Ti dx

meas(Ω) . Therefore, the infimum exists and is finite.10

Let (θkR, {θkTi , ϕ
k
i }Mi=1)k ∈ U × UM × ŴM such that θkTi,l ◦ ϕ

k
i − θkR,l ∈ BV (Ω) for all l ∈11

{1, · · · , N}, and for all i ∈ {1, · · · ,M} be a minimizing sequence such that lim
k→+∞

F1(θkR,12

{θkTi , ϕ
k
i }Mi=1) = inf F1(θR, {(θTi , ϕi}Mi=1) < +∞. Hence there exists K ∈ N such that ∀k ∈ N,13

k ≥ K ⇒ F1(θkR, {θkTi , ϕ
k
i }Mi=1) ≤ inf F1(θR, {θTi , ϕi}Mi=1)+1 < +∞. From now on, we consider14

k ≥ K.15

One thus has16

1

M

M∑
i=1

(
γT
2

N∑
l=1

TV (θkTi,l) +
γR
2

N∑
l=1

TV (θkR,l) + a1‖∇ϕi‖4L4(Ω,M3(R)) − 9a1meas(Ω)17

+ a2‖Cof∇ϕi‖4L4(Ω,M3(R)) − 9a2meas(Ω) +
a3

2
‖det∇ϕi‖2L2(Ω) − (a3 + a4)meas(Ω)18

+1{‖.‖L∞(Ω,M3(R))≤α}(∇ϕi) + 1{‖.‖L∞(Ω,M3(R))≤β}((∇ϕi)
−1)

)
19

≤ F1(θkR, {θkTi , ϕ
k
i }Mi=1) ≤ inf F1(θR, {θTi , ϕi}Mi=1) + 1 < +∞.2021

We deduce from this inequality that ∀i = 1, · · · ,M ,22
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• (ϕki ) is uniformly bounded according to k inW 1,4(Ω) by using the generalized Poincaré’s23

inequality and the fact that ϕki = Id on ∂Ω.24

• (∇ϕki ) is uniformly bounded according to k in L∞(Ω,M3(R)).25

• ((∇ϕki )−1) is uniformly bounded according to k in L∞(Ω,M3(R)).26

• (Cof∇ϕki ) is uniformly bounded according to k in L4(Ω,M3(R)).27

• (det∇ϕki ) is uniformly bounded according to k in L2(Ω).28

• ∀l = 1, · · · , N , (θkTi,l) is uniformly bounded according to k in BV (Ω) since (TV (θkTi,l))29

is uniformly bounded according to k and ‖θkTi,l‖L1(Ω) ≤ meas(Ω) for all k ∈ N.30

• ∀l = 1, · · · , N , (θkR,l) is uniformly bounded according to k in BV (Ω) since (TV (θkR,l))31

is uniformly bounded according to k and ‖θkR,l‖L1(Ω) ≤ meas(Ω) for all k ∈ N.32

Since we have assumed enough regularity on the boundary of Ω, we can apply [?, Theorem33

136] and extract subsequences still denoted (θkTi,l) and (θkR,l) such that34

θkTi,l −→k→+∞
θ̄Ti,l ∈ BV (Ω) in L1(Ω),35

θkR,l −→
k→+∞

θ̄R,l ∈ BV (Ω) in L1(Ω).36
37

As the convergence is strong in L1(Ω), then we can extract subsequences of (θkTi,l)k and

(θkR,l)k still denoted (θkTi,l)k and (θkR,l)k such that θkTi,l −→k→+∞
θ̄Ti,l almost everywhere in Ω

and θkR,l −→
k→+∞

θ̄R,l almost everywhere in Ω and thus θ̄Ti,l ∈ BV (Ω, {0, 1}) and θ̄R,l ∈

BV (Ω, {0, 1}). Besides,
N∑
l=1

θkTi,l(x) = 1 −→
k→+∞

N∑
l=1

θ̄Ti,l(x) = 1 almost everywhere in Ω and

N∑
l=1

θkR,l(x) = 1 −→
k→+∞

N∑
l=1

θ̄R,l(x) = 1 so that θ̄Ti ∈ U and θ̄R ∈ U .

There also exist subsequences still denoted (ϕki )k such that

ϕki ⇀
k→+∞

ϕ̄i in W 1,4(Ω,R3).

By continuity of the trace operator, we deduce that ϕ̄i ∈ Id + W 1,4
0 (Ω,R3). We can also38

extract subsequences still denoted (Cof∇ϕki )k and (det∇ϕki )k such that39

Cof∇ϕki ⇀
k→+∞

X̄i in L4(Ω,M3(R)),40

det∇ϕki ⇀
k→+∞

δ̄i in L2(Ω),41
42

and by [?, Theorem VI.3.3], we deduce that X̄i = Cof∇ϕ̄i and δ̄i = det∇ϕ̄i.43

There exist subsequences still denoted (∇ϕki ) and ((∇ϕki )−1) such that44

(∇ϕki )−1 ∗
⇀

k→+∞
ui in L∞(Ω,M3(R)),45

∇ϕki
∗
⇀

k→+∞
∇ϕ̄i in L∞(Ω,M3(R)),46

47
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by uniqueness of the weak limit in L4(Ω,M3(R)) and the continuous embedding of L∞(Ω,M3(R))48

into L4(Ω,M3(R)), and thus ϕ̄i ∈ Id +W 1,∞
0 (Ω,R3).49

Let us now prove that ui = (∇ϕ̄i)−1 for each i. For all p ∈ L1(Ω,M3(R)), we have that50 ∫
Ω

((∇ϕki )−1∇ϕ̄i − I3) : p dx =

∫
Ω

((∇ϕki )−1∇ϕ̄i − ui∇ϕ̄i + ui∇ϕ̄i − ui∇ϕki51

+ ui∇ϕki − (∇ϕki )−1∇ϕki ) : p dx,52

=

∫
Ω

(((∇ϕki )−1 − ui)∇ϕ̄i) : p dx+

∫
Ω

(ui(∇ϕ̄i −∇ϕki )) : p dx53

+

∫
Ω

((ui − (∇ϕki )−1)∇ϕki ) : p dx,54

=

∫
Ω

((∇ϕki )−1 − ui) : p(∇ϕ̄i)T dx+

∫
Ω

(∇ϕ̄i −∇ϕki ) : uTi p dx55

+

∫
Ω

(ui − (∇ϕki )−1) : p(∇ϕki )T dx.56
57

Since ∇ϕ̄i ∈ L∞(Ω,M3(R)), ui ∈ L∞(Ω,M3(R)) and for all k ∈ N, ‖∇ϕki ‖L∞(Ω,M3(R)) ≤58

α, then we have that p(∇ϕ̄i)T ∈ L1(Ω,M3(R)) so
∫

Ω((∇ϕki )−1 − ui) : p(∇ϕ̄i)T dx −→
k→+∞

59

0, uTi p ∈ L1(Ω,M3(R)) so
∫

Ω(∇ϕ̄i − ∇ϕki ) : uTi p dx −→
k→+∞

0, and |
∫

Ω(ui − (∇ϕki )−1) :60

p(∇ϕki )T dx| ≤ α|
∫

Ω(ui − (∇ϕki )−1) : p′ dx| −→
k→+∞

0 with p′ ∈ L1(Ω,M3(R)). Therefore,61

we get (∇ϕki )−1∇ϕ̄i
∗
⇀

k→+∞
I3 in L∞(Ω,M3(R)). But we know that (∇ϕki )−1 ∗

⇀
k→+∞

ui in62

L∞(Ω,M3(R)), so that (∇ϕki )−1∇ϕ̄i
∗
⇀

k→+∞
ui∇ϕ̄i = I3 in L∞(Ω,M3(R)) and ui = (∇ϕ̄i)−1.63

Since θkTi,l −→k→+∞
θ̄Ti,l almost everywhere in Ω, then Tiθ

k
Ti,l

−→
k→+∞

Tiθ̄Ti,l almost everywhere64

in Ω. Furthermore, |θkTi,l| ≤ 1 ∈ L1(Ω) almost everywhere in Ω as Ω is bounded, and65

|TiθkTi,l| ≤ ‖Ti‖L∞(Ω) ∈ L1(Ω) almost everywhere in Ω. We can thus apply the dominated66

convergence theorem and get67 ∫
Ω
θkTi,l dx −→k→+∞

∫
Ω
θ̄Ti,l dx,68 ∫

Ω
θkTi,lTi dx −→k→+∞

∫
Ω
θ̄Ti,lTi dx,69

ckTi,l −→k→+∞
c̄Ti,l.70

71

As Ti ∈ W 1,∞(Ω), we denote κi the Lipschitz constant related to Ti. Then the chain rule72

applies and we have that Ti ◦ϕki ∈W 1,∞(Ω), Ti ◦ ϕ̄i ∈W 1,∞(Ω) and ‖Ti ◦ϕki −Ti ◦ ϕ̄i‖C0(Ω) ≤73

κi‖ϕki−ϕ̄i‖C0(Ω) −→
k→+∞

0 using the Sobolev compact embeddingW 1,∞(Ω) ↪→
c
C0(Ω). Therefore,74

up to a subsequence, θkR,lTi ◦ ϕki −→
k→+∞

θ̄R,lTi ◦ ϕ̄i almost everywhere in Ω, θkR,l −→
k→+∞

θ̄R,l75

almost everywhere in Ω with |θkR,lTi ◦ϕki | ≤ ‖Ti‖L∞(Ω) ∈ L1(Ω) and |θkR,l| ≤ 1 ∈ L1(Ω) almost76
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everywhere in Ω. Thus the dominated convergence theorem applies and we get77

1

M

M∑
i=1

∫
Ω
θkR,lTi ◦ ϕki dx −→

k→+∞

1

M

M∑
i=1

∫
Ω
θ̄R,lTi ◦ ϕ̄i dx,78 ∫

Ω
θkR,l dx −→

k→+∞

∫
Ω
θ̄R,l dx,79

ckR,l −→
k→+∞

c̄R,l.80
81

We also know that WOp is continuous and convex. If ψn −→
n→+∞

ψ in W 1,4(Ω,R3), then82

∇ψn −→
n→+∞

∇ψ in L4(Ω,M3(R)) and one can extract a subsequence still denoted (∇ψn) such83

that ∇ψn −→
n→+∞

∇ψ almost everywhere in Ω. If αn −→
n→+∞

α in L4(Ω,M3(R)), then one can84

extract a subsequence still denoted (αn) such that αn −→
n→+∞

α almost everywhere in Ω. If85

δn −→
n→+∞

δ in L2(Ω) then one can extract a subsequence still denoted (δn) such that δn −→
n→+∞

δ86

almost everywhere in Ω. Then by continuity of WOp, we get that WOp(∇ψn(x), αn(x), δn(x))87

−→
n→+∞

WOp(∇ψ(x), α(x), δ(x)) almost everywhere in Ω. We then apply Fatou’s lemma and get88

lim inf
n→+∞

∫
ΩWOp(∇ψn(x), αn(x), δn(x)) dx ≥

∫
ΩWOp(∇ψ(x), α(x), δ(x)) dx. As WOp is convex,89

so is
∫

ΩWOp(ξ(x), α(x), δ(x)) dx and we can apply [?, Corollaire III.8]. Therefore
∫

ΩWOp(ξ(x),90

α(x), δ(x)) dx is also weakly lower semicontinuous in L4(Ω,M3(R))× L4(Ω,M3(R)) ×L2(Ω).91

We then deduce that92

+∞ > lim inf
k→+∞

∫
Ω
WOp(∇ϕki ,Cof∇ϕki , det∇ϕki ) dx ≥

∫
Ω
WOp(∇ϕ̄i,Cof∇ϕ̄i,det∇ϕ̄i) dx.93

94

Let q̄ = q 1+s
q+s = 41+10

4+10 = 44
14 > 3. We then compute95 ∫

Ω
‖(∇ϕ̄i)−1‖q̄Fdet∇ϕ̄i dx =

∫
Ω

∥∥∥∥Cof∇ϕ̄Ti
det∇ϕ̄i

∥∥∥∥q̄
F

det∇ϕ̄i dx,96

=

∫
Ω
‖Cof∇ϕ̄i‖q̄F (det∇ϕ̄i)1−q̄ dx,97

≤ ‖Cof∇ϕ̄i‖q̄L4(Ω)
‖(det∇ϕ̄i)−1‖1−q̄

L10(Ω)
< +∞,98

99

from Hölder’s inequality and the finiteness of
∫

ΩWOp(∇ϕ̄i,Cof∇ϕ̄i,det∇ϕ̄i) dx. Thus Ball’s100

conditions are satisfied [?, Theorems 1 and 2] and ϕ̄i are bi-Hölder homeomorphisms.101

By the weak-∗ lower semicontinuity of ‖.‖L∞(Ω,M3(R)), we have that ‖∇ϕ̄i‖L∞(Ω,M3(R)) ≤102

lim inf
k→+∞

‖∇ϕki ‖L∞(Ω,M3(R)) ≤ α and ‖(∇ϕ̄i)−1‖L∞(Ω,M3(R)) ≤ lim inf
k→+∞

‖(∇ϕki )−1‖L∞(Ω,M3(R)) ≤ β103

so that 1{‖.‖L∞(Ω,M3(R))≤α}(∇ϕ̄i) = 0 ≤ lim inf
k→+∞

1{‖.|L∞(Ω,M3(R))≤α}(∇ϕ
k
i ) and 1{‖.‖L∞(Ω,M3(R))≤β}104

((∇ϕ̄i)−1) = 0 ≤ lim inf
k→+∞

1{‖.|L∞(Ω,M3(R))≤β}((∇ϕ
k
i )
−1). The same reasoning applies for each105

i = 1, · · · ,M .106

We also have107

‖∇(ϕ̄−1
i )‖L∞(Ω,M3(R)) = ‖(∇ϕ̄i)−1(ϕ̄−1

i )‖L∞(Ω,M3(R)) = ‖(∇ϕ̄i)−1‖L∞(Ω,M3(R)) ≤ β < +∞,108109
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since ϕ̄i is an homeomorphism from Ω to Id(Ω) = Ω, according to Ball’s results, meaning that110

ϕ̄−1
i is a one to one mapping from Ω to Ω. So, using Poincaré-Wirtinger inequality, we deduce111

that ϕ̄i is a bi-Lipschitz homeomorphism. The same reasoning applies for the sequence (ϕki )k.112

We now have that ∀i ∈ {1, · · · ,M}, ∀l ∈ {1, · · · , N},113

• θkTi,l −→k→+∞
θ̄Ti,l in L1(Ω) with θ̄T,l ∈ BV (Ω, {0, 1}).114

• ϕki ⇀
k→+∞

ϕ̄i in W 1,4(Ω,R3) with (ϕki ) bi-Lipschitz homeomorphisms (ϕki ∈ C0,α(Ω,R3),115

(ϕki )
−1 ∈ C0,α′(Ω,R3)), ϕ̄i bi-Lipschitz homeomorphisms (ϕ̄i ∈ C0,α(Ω,R3), (ϕ̄i)

−1 ∈116

C0,α′(Ω,R3)) and ϕki −→
k→+∞

ϕ̄i in C0,α(Ω,R3), α < 1
4 and α′ < 1− 3

q̄ using the Sobolev117

embeddings properties.118

We then can prove that ϕki ◦ϕ̄
−1
i −→

k→+∞
Id in C0,α′′(Ω,R3) with α′′ = αα′ for all i ∈ {1, · · · ,M}119

and all l ∈ {1, · · · , N}. Indeed one has120

sup
x∈Ω
|ϕki ◦ ϕ̄−1

i (x)− ϕ̄i ◦ ϕ̄−1
i (x)|+ sup

x 6=y

|ϕki ◦ ϕ̄
−1
i (x)− ϕki ◦ ϕ̄

−1
i (y)− ϕ̄i ◦ ϕ̄−1

i (x) + ϕ̄i ◦ ϕ̄−1
i (y)|

|x− y|α′′
121

≤ sup
x∈Ω
|ϕki (x)− ϕ̄i(x)|+ sup

x 6=y

|ϕki ◦ ϕ̄
−1
i (x)− ϕki ◦ ϕ̄

−1
i (y)− ϕ̄i ◦ ϕ̄−1

i (x) + ϕ̄i ◦ ϕ̄−1
i (y)|

|ϕ̄−1
i (x)− ϕ̄−1

i (y)|α
122

.
|ϕ̄−1
i (y)− ϕ̄−1

i (x)|α

|x− y|α′′
as ϕ̄−1

i is a one to one mapping from Ω to Ω,123

≤ sup
x∈Ω
|ϕki (x)− ϕ̄i(x)|+ sup

x 6=y

|ϕki (x)− ϕki (y)− ϕ̄i(x) + ϕ̄i(y)|
|x− y|α

.sup
x6=y

|ϕ̄−1
i (y)− ϕ̄−1

i (x)|α

|x− y|α′′
,124

≤ (1 + ‖ϕ̄−1
i ‖

α
C0,α′ (Ω,R3)

)‖ϕki − ϕ̄i‖C0,α(Ω,R3) −→
k→+∞

0.125
126

Let us now prove that θkTi,l ◦ϕ
k
i −→
k→+∞

θ̄Ti,l ◦ ϕ̄i in L1(Ω) based on the proof of [?, Lemma 5.1].127

Since ϕki ◦ ϕ̄
−1
i −→

k→+∞
Id in C0,α′′(Ω) and so uniformly, we can write128

∀ε > 0,∃K ∈ N, ∀k ∈ N, k ≥ K ⇒ sup
x∈Ω
|ϕki ◦ ϕ̄−1

i (x)− x| ≤ ε.129
130

Also, given η > 0, by Egorov’s theorem, there exists a set Sη with Lebesgue measure131

meas(Sη) ≤ η such that θkTi,l −→k→+∞
θ̄Ti,l uniformly in Ω \ Sη.132

Now, we choose K large enough such that ∀k ∈ N, k ≥ K then133

|ϕki ◦ ϕ̄i(x)− x| ≤ η in Ω,134

|θkTi,l(x)− θ̄Ti,l(x)| ≤ η in Ω \ Sη.135136

We also denote O = {x ∈ Ω | θ̄Ti,l(x) = 1}, (O \ Sη)η = {x ∈ O \ Sη |dist(x, ∂(O \ Sη)) > η},137

Oη = {x ∈ Ω | dist(x, ∂O) ≤ η}. Then ∀x ∈ (O \ Sη)η, ϕki ◦ ϕ̄
−1
i (x) ∈ O \ Sη and ∀x ∈138

(Ω \ (Sη ∪ O))η, ϕ
k
i ◦ ϕ̄

−1
i (x) ∈ Ω \ (Sη ∪ O). We then have139 ∫

Ω
|θkTi,l ◦ ϕ

k
i − θ̄Ti,l ◦ ϕ̄i| dx =

∫
Ω

|θkTi,l ◦ ϕ
k
i ◦ ϕ̄

−1
i (x)− θ̄Ti,l(x)|

det∇ϕ̄i(ϕ̄−1
i (x))

dx,140

141
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142

≤
∫

(O\Sη)η

|θkTi,l ◦ ϕ
k
i ◦ ϕ̄

−1
i (x)− 1|

det∇ϕ̄i(ϕ̄−1
i (x))

dx+

∫
(Ω\(O∪Sη))η

|θkTi,l ◦ ϕ
k
i ◦ ϕ̄

−1
i (x)|

det∇ϕ̄i(ϕ̄−1
i (x))

dx143

+

∫
Sη∪Sηη∪Oη∪Ωη

|θkTi,l ◦ ϕ
k
i ◦ ϕ̄

−1
i (x)− θ̄Ti,l(x)|

det∇ϕ̄i(ϕ̄−1
i (x))

dx,144

≤ η
∫

(O\Sη)η

1

det∇ϕ̄i(ϕ̄−1
i (x))

dx+ η

∫
(Ω\(O∪Sη))η

1

det∇ϕ̄i(ϕ̄−1
i (x))

dx145

+ 2

∫
Sη∪Sηη∪Oη∪Ωη

1

det∇ϕ̄i(ϕ̄−1
i (x))

dx,146

≤ (ηmeas(Ω)
10
11 + ηmeas(Ω)

10
11 + 2(meas(Sη) + meas(Sηη ) + meas(Oη) + meas(Ωη))

10
11 )147

(

∫
Ω

(det∇ϕ̄i(x))−10 dx)
1
11 ,148

≤ (2ηmeas(Ω)
10
11 + 2(

4π

3
η3(meas(∂Sη) + meas(∂O) + meas(∂Ω)) + η)

10
11 )‖det∇ϕ̄i(x)−1‖

10
11

L10(Ω)
,149

150151

with ‖det∇ϕ̄i(x)−1‖
10
11

L10(Ω)
< +∞. By letting η tend to 0, we obtain that θkTi,l ◦ ϕ

k
i −→
k→+∞

152

θ̄Ti,l ◦ ϕ̄i in L1(Ω), for all i ∈ {1, · · · ,M} and for all l ∈ {1, · · · , N}.153

Since θkTi,l −→k→+∞
θ̄Ti,l in L1(Ω) and θkR,l −→

k→+∞
θ̄R,l in L1(Ω) and θkTi,l ◦ ϕ

k
i − θkR,l −→

k→+∞
154

θ̄Ti,l ◦ ϕ̄i − θ̄R,l for all l ∈ {1, · · · , N} and for all i ∈ {1, · · · ,M}, we deduce by the lower155

semicontinuity of the total variation that 1
M

M∑
i=1

N∑
l=1

γT
2 TV (θ̄Ti,l)+ γR

2 TV (θ̄R,l)+ λ
2TV (θ̄Ti,l ◦ ϕ̄i−156

θ̄R,l) ≤ lim inf
k→+∞

1
M

M∑
i=1

N∑
l=1

γT
2 TV (θkTi,l) + γR

2 TV (θkR,l) + λ
2TV (θkTi,l ◦ ϕ

k
i − θkR,l).157

Since from what precedes θkTi,l(c
k
Ti,l
− Ti)2 −→

k→+∞
θ̄Ti,l(c̄Ti,l − Ti)2 almost everywhere in Ω and158

θkR,l(c
k
R,l−Ti ◦ϕki )2 −→

k→+∞
θ̄R,l(c̄R,l−Ti ◦ ϕ̄i)2 almost everywhere in Ω with |θkTi,l(c

k
Ti,l
−Ti)2| ≤159

4‖Ti‖2L∞(Ω) and |θkR,l(ckR,l−Ti◦ϕki )2| ≤ 4
M∑
i=1
‖Ti‖2L∞(Ω), we can apply the dominated convergence160

theorem and get
∫

Ω θ
k
Ti,l

(ckTi,l − Ti)
2 dx −→

k→+∞

∫
Ω θ̄Ti,l(c̄Ti,l − Ti)

2 dx and
∫

Ω θ
k
R,l(c

k
R,l − Ti ◦161

ϕki ) dx −→
k→+∞

∫
Ω θ̄R,l(c̄R,l − Ti ◦ ϕ̄i)

2 dx.162

By combining all the results, we get that163

F1(θ̄R, {θ̄Ti , ϕ̄i}Mi=1) ≤ lim inf
k→+∞

F1(θkR, {θkT,i, ϕki }Mi=1) < +∞.164
165

By finiteness of the functional, we deduce that θ̄R ∈ U , θ̄Ti ∈ U for all i ∈ {1, · · · ,M} and166

ϕ̄i ∈ Ŵ for all i ∈ {1, · · · ,M} with θ̄Ti,l ◦ ϕ̄i − θ̄R,l ∈ BV (Ω) for all l ∈ {1, · · · , N} and for all167

i ∈ {1, · · · ,M} and there exists a minimizer to our problem.168
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SM2. Detailed proof of Theorem 3.1.169

Proof. Let (γj)j≥0 be an increasing sequence of positive real numbers such that lim
j→+∞

γj =170

+∞. Let ({ϕi,kj , θTi,kj , Vi,kj ,Wi,kj}Mi=1, (θT̃i,l,kj ) i=1,··· ,M
l=1,··· ,N

, θR,kj ) be a minimizing sequence of this171

problem F1,γ for γ = γj . By definition, there exists ((θR,n, {θTi,n, ϕi,n}Mi=1) ∈ U × UM × ŴM172

such that θTi,l,n ◦ϕi,n−θR,l,n ∈ BV (Ω, {−1, 0, 1}) for any l ∈ {1, · · · , N} and all i = 1, · · · ,M ,173

and174

F1(θR,n, {ϕi,n, θTi,n}Mi=1)175

= F1,γj ({ϕi,n, θTi,n,∇ϕi,n, (∇ϕi,n)−1}Mi=1, (θTi,l,n ◦ ϕi,n − θR,l,n) i=1,··· ,M
l=1,··· ,N

, θR,n)176

≤ inf F1(θR, {θTi , ϕi}Mi=1) +
1

n
< +∞.177

178

Then by definition of a minimizing sequence we get that179

∀ε > 0, ∃N(ε, γj) ∈ N, ∀k ∈ N, k ≥ N(ε, γj)⇒ F1,γj ({ϕi,kj , θTi,kj , Vi,kj ,Wi,kj}
M
i=1,180

(θT̃i,l,kj ) i=1,··· ,M
l=1,··· ,N

, θR,kj ) ≤ inf F1,γj ({ϕi, θTi , Vi,Wi}Mi=1, (θT̃i,l) i=1,··· ,M
l=1,··· ,N

, θR) + ε,181

≤ F1(θR,n, {θTi,n, ϕi,n}Mi=1) + ε,182

= F1,γj ({ϕi,n, θTi,n,∇ϕi,n, (∇ϕi,n)−1}Mi=1, (θTi,l,n ◦ ϕi,n − θR,l,n) i=1,··· ,M
l=1,··· ,N

, θR,n) + ε,183

≤ inf F1(θR, {θTi , ϕi}Mi=1) +
1

n
+ ε < +∞.184

185

Let us set in particular ε = 1
γj

, then there exists Nj ∈ N such that for all k ∈ N, k ≥ Nj ⇒186

F1,γj ({ϕi,kj , θTi,kj , Vi,kj ,Wi,kj}
M
i=1, (θT̃i,l,kj ) i=1,··· ,M

j=1,··· ,N
, θR,kj ) ≤ inf F1(θR, {θTi , ϕi}Mi=1) +

1

n
+

1

γj
187

≤ inf F1(θR, {θTi , ϕi}Mi=1) +
1

n
+

1

γ0
188

< +∞.189190

So according to the previous inequality and by setting, for the sake of simplicity, for all191

i = 1, · · · ,M ,192

ϕi,j = ϕi,Nj ,j ,193

Vi,j = Vi,Nj ,j ,194

θTi,j = θTi,Nj ,j ,195

θR,j = θR,Nj ,j ,196

θT̃i,l,j = θT̃i,l,Nj ,j ,197

Wi,j = Wi,Nj ,j ,198199

we get that200
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• (ϕi,j) is uniformly bounded according to j inW 1,4(Ω) by using the generalized Poincaré’s201

inequality since (Vi,j) is uniformly bounded according to j in L4(Ω,M3(R)), for all202

i = 1, · · · ,M .203

• (Vi,j) is uniformly bounded according to j in L4(Ω,M3(R)) and in L∞(Ω,M3(R)), for204

all i = 1, · · · ,M .205

• (θTi,l,j) is uniformly bounded according to j in BV (Ω) since ‖θTi,l,j‖L1(Ω) ≤ meas(Ω) <206

+∞ and (TV (θTi,l,j)) is uniformly bounded according to j for all l ∈ {1, · · · , N}, and207

for all i = 1, · · · ,M .208

• (θR,l,j) is uniformly bounded according to j in BV (Ω) since ‖θR,l,j‖L1(Ω) ≤ meas(Ω) <209

+∞ and (TV (θR,l,j)) is uniformly bounded according to j for all l ∈ {1, · · · , N}.210

• (θT̃i,l,j) is uniformly bounded according to j in BV (Ω) since ∀l ∈ {1, · · · , N} and211

all i = 1, · · · ,M , ‖θT̃i,l,j‖L1(Ω) ≤ meas(Ω) and (TV (θT̃i,l,j)) is uniformly bounded212

according to j.213

• (CofVi,j) is uniformly bounded according to j in L4(Ω,M3(R)) for all i = 1, · · · ,M .214

• (detVi,j) is uniformly bounded according to j in L2(Ω) for all i = 1, · · · ,M .215

• (Wi,j) is uniformly bounded according to j in L∞(Ω,M3(R)) and in L2(Ω,M3(R)) since216

(Vi,j) is uniformly bounded according to j in L4(Ω,M3(R)) and thus in L2(Ω,M3(R)),217

for all i = 1, · · · ,M .218

So, up to subsequences, we get that219

ϕi,j ⇀
j→+∞

ϕ̄i in W 1,4(Ω,R3), for all i = 1, · · · ,M ,220

Vi,j ⇀
j→+∞

V̄i in L4(Ω,M3(R)), and Vi,j
∗
⇀

j→+∞
V̄i in L∞(Ω,M3(R)), for all i = 1, · · · ,M,221

by uniqueness of the weak limit in L4(Ω,M3(R)) and by the continuous embedding of222

L∞(Ω,M3(R)) ⊂ L4(Ω,M3(R)),223

CofVi,j ⇀
j→+∞

X̄i in L4(Ω,M3(R)), for all i = 1, · · · ,M,224

detVi,j ⇀
j→+∞

δ̄i in L2(Ω), for all i = 1, · · · ,M,225

Wi,j ⇀
j→+∞

W̄i in L2(Ω,M3(R)), and Wi,j
∗
⇀

j→+∞
W̄i in L∞(Ω,M3(R)), for all i = 1, · · · ,M,226

by uniqueness of the weak limit in L2(Ω,M3(R)) and by the continuous embedding of227

L∞(Ω,M3(R)) ⊂ L2(Ω,M3(R)),228

θTi,l,j −→
j→+∞

θ̄Ti,l in L1(Ω), with θ̄Ti,l ∈ BV (Ω), ∀l ∈ {1, · · · , N}, ∀i ∈ {1, · · · ,M},229

θR,l,j −→
j→+∞

θ̄R,l in L1(Ω), with θ̄R,l ∈ BV (Ω), ∀l ∈ {1, · · · , N},230

θT̃i,l,j −→j→+∞
θ̄T̃i,l in L1(Ω), with θ̄T̃i,l ∈ BV (Ω), ∀l ∈ {1, · · · , N}, ∀i ∈ {1, · · · ,M}.231

232

Since the convergence is strong in L1(Ω) then it is also almost everywhere up to subsequences
and we deduce that θ̄Ti,l ∈ BV (Ω, {0, 1}), θ̄R,l ∈ BV (Ω, {0, 1}) and θ̄T̃i,l ∈ BV (Ω, {−1, 0, 1})

for all l ∈ {1, · · · , N} and all i ∈ {1, · · · ,M} and
M∑
l=1

θ̄R,l(x) = 1 almost everywhere in Ω,
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M∑
l=1

θ̄Ti,l(x) = 1 almost everywhere in Ω for all i = 1, · · · ,M , so that θ̄R ∈ U and θ̄Ti ∈ U for

each i = 1, · · · ,M .
Let us set zi,j,l = θT̃i,l,j − (θTi,l,j ◦ ϕi,j − θR,l,j) −→

j→+∞
0 in L1(Ω) for all l ∈ {1, · · · , N} and

all i ∈ {1, · · · ,M}, wi,j = Vi,j − ∇ϕi,j −→
j→+∞

0 in L4(Ω,M3(R)) for all i = 1, · · · ,M , and

yi,j = Wi,j − V −1
i,j −→

j→+∞
0 in L2(Ω,M3(R)), for all i = 1, · · · ,M .

Since strong convergence implies weak convergence, we have that

∀i = 1, · · · ,M, ∀Φ ∈ L
4
3 (Ω,M3(R)),

∫
Ω

(Vi,j −∇ϕi,j) : Φ dx −→
j→+∞

0.

But we also know that
∫

Ω Vi,j : Φ dx −→
j→+∞

∫
Ω V̄i : Φ dx, and we get ∇ϕi,j ⇀

j→+∞
V̄i in

L4(Ω,M3(R)), for all i = 1, · · · ,M . By uniqueness of the weak limit in L4(Ω,M3(R)), we
have that ∇ϕ̄i = V̄i ∈ L∞(Ω,M3(R)) for each i = 1, · · · ,M .
We also have that

∀i ∈ {1, · · · ,M}, ∀Φ ∈ L2(Ω,M3(R)),

∫
Ω
Wi,j − V −1

i,j : Φ dx →
j→+∞

0.

But we know that
∫

ΩWi,j : Φ dx −→
j→+∞

∫
Ω W̄i : Φ dx, and we get V −1

i,j ⇀
j→+∞

W̄i in L2(Ω,M3(R)).233

Let us now show that W̄i = V̄ −1
i = ∇ϕ̄−1

i , for all i = 1, · · · ,M . We have that ∀Φ ∈234

L2(Ω,M3(R)):235 ∫
Ω
V −1
i,j V̄i − I : Φ dx =

∫
Ω
V −1
i,j V̄i − W̄iV̄i + W̄iV̄i − W̄iVi,j + W̄iVi,j − V −1

i,j Vi,j : Φ dx,236

=

∫
Ω

(V −1
i,j − W̄i)V̄i : Φ dx+

∫
Ω
W̄i(V̄i − Vi,j) : Φ dx+

∫
Ω

(W̄i − V −1
i,j )Vi,j : Φ dx,237

=

∫
Ω

(V −1
i,j − W̄i) : ΦV̄ T

i dx+

∫
Ω

(V̄i − Vi,j) : W̄ T
i Φ dx+

∫
Ω

(W̄i − V −1
i,j ) : ΦV T

i,j dx,238
239

with ΦV̄ T
i ∈ L2(Ω,M3(R)) since V̄i ∈ L∞(Ω,M3(R)) so that

∫
Ω(V −1

i,j − W̄ ) : ΦV̄ T
i dx −→

j→+∞
0,240

W̄ T
i Φ ∈ L2(Ω,M3(R)) ⊂ L

4
3 (Ω,M3(R)) since W̄i ∈ L∞(Ω,M3(R)) so that

∫
Ω(Vi,j − V̄i) :241

W̄ T
i Φ dx −→

j→+∞
0, and

∫
Ω(W̄i − V −1

i,j ) : ΦV T
i,j dx ≤ α

∫
Ω(W̄i − V −1

i,j ) : Φ′ dx with Φ′ ∈ L2(Ω)242

since ∀j ∈ N, ∀i ∈ {1, · · · ,M}, ‖Vi,j‖L∞(Ω,M3(R)) ≤ α so that
∫

Ω(W̄i − V −1
i,j ) : ΦV T

i,j dx −→
j→+∞

243

0. We therefore obtain that V −1
i,j V̄i ⇀

j→+∞
I3 in L2(Ω,M3(R)) and since V −1

i,j ⇀
j→+∞

W̄i244

in L2(Ω,M3(R)), we deduce that W̄iV̄i = I3 and consequently W̄i = V̄ −1
i = (∇ϕ̄i)−1 ∈245

L∞(Ω,M3(R)), for all i = 1, · · · ,M .246

Now, we consider Vi,j = wi,j +∇ϕi,j and CofVi,j = Cof(wi,j +∇ϕi,j).247

For the purpose of illustration since the same reasoning applies to other indices, we focus on248
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the component of the first row, first column :249

(CofVi,j)11 =

(
wi,22 +

∂ϕi,2
∂x2

)(
wi,33 +

∂ϕi,3
∂x3

)
−
(
wi,23 +

∂ϕi,2
∂x3

)(
wi,32 +

∂ϕi,3
∂x2

)
,250

= wi,22wi,33 − wi,23wi,32 +
∂ϕi,3
∂x3

∂ϕi,2
∂x2

− ∂ϕi,3
∂x2

∂ϕi,2
∂x3

+ wi,22
∂ϕi,3
∂x3

+ wi,33
∂ϕi,2
∂x2

251

− wi,23
∂ϕi,3
∂x2

− wi,32
∂ϕi,2
∂x3

,252

= (Cofwi,j)11 + (Cof∇ϕi,j)11 + wi,22
∂ϕi,3
∂x3

+ wi,33
∂ϕi,2
∂x2

− wi,23
∂ϕi,3
∂x2

− wi,32
∂ϕi,2
∂x3

.253
254

Let us set di,j = (Cofwi,j)11 + wi,22
∂ϕi,3
∂x3

+ wi,33
∂ϕi,2
∂x2
− wi,23

∂ϕi,3
∂x2
− wi,32

∂ϕi,2
∂x3

∈ L2(Ω) by255

generalized Hölder’s inequality. Then using Hölder’s inequality, one can prove that256

‖di,j‖L2(Ω) ≤ ‖wi,22‖L4(Ω)‖
∂ϕi,3
∂x3
‖L4(Ω) + ‖wi,33‖L4(Ω)‖

∂ϕi,2
∂x2
‖L4(Ω)257

+ ‖wi,23‖L4(Ω)‖
∂ϕi,3
∂x2
‖L4(Ω) + ‖wi,32‖L4(Ω)‖

∂ϕi,2
∂x3
‖L4(Ω)258

+ ‖wi,22‖L4(Ω)‖wi,33‖L4(Ω) + ‖wi,23‖L4(Ω)‖wi,32‖L4(Ω),259

≤ (‖wi,22‖4L4(Ω) + ‖wi,33‖4L4(Ω) + ‖wi,23‖4L4(Ω) + ‖wi,32‖4L4(Ω))
1
4260

(‖∂ϕi,2
∂x3
‖

4
3

L4(Ω)
+ ‖∂ϕi,3

∂x3
‖

4
3

L4(Ω)
+ ‖∂ϕi,2

∂x2
‖

4
3

L4(Ω)
+ ‖∂ϕi,3

∂x2
‖

4
3

L4(Ω)
)

3
4261

+ (‖wi,22‖4L4(Ω) + ‖wi,33‖4L4(Ω) + ‖wi,23‖4L4(Ω) + ‖wi,32‖4L4(Ω))
1
4262

(‖wi,22‖
4
3

L4(Ω)
+ ‖wi,33‖

4
3

L4(Ω)
+ ‖wi,23‖

4
3

L4(Ω)
+ ‖wi,32‖

4
3

L4(Ω)
)

3
4 ,263

≤ c4c
2
2‖wi,j‖L4(Ω,M3(R))‖∇ϕi,j‖L4(Ω,M3(R)) + c4c

2
2‖wi,j‖2L4(Ω,M3(R)).264

265

Indeed, thanks to the property of equivalence of norms in finite dimension, there exist (c1, c2,
c3, c4) ∈ R4 such that ∀x ∈ R9, c1‖x‖2 ≤ ‖x‖4 ≤ c2‖x‖2 and c3‖x‖4 ≤ ‖x‖ 4

3
≤ c4‖x‖4 ≤

c4c2‖x‖2.
As (ϕi,j) is uniformly bounded according to j in W 1,4(Ω,R3) and as wi,j −→

j→+∞
0 strongly in

L4(Ω), then

‖di,j‖L2(Ω) −→
j→+∞

0,

and∫
Ω

(CofVi,j)11Φ dx =

∫
Ω
di,jΦ dx+

∫
Ω

(Cof∇ϕi,j)11Φ dx −→
j→+∞

∫
Ω

(Cof∇ϕ̄i)11Φ dx, ∀Φ ∈ L2(Ω),

∀i ∈ {1, · · · ,M}. Indeed, from [?, Theorem 8.20], as ϕi,j ⇀
j→+∞

ϕ̄i in W 1,4(Ω,R3), then266

Cof∇ϕi,j ⇀
j→+∞

Cof∇ϕ̄i in L2(Ω,M3(R)). Thus CofVi,j ⇀
j→+∞

Cof∇ϕ̄i in L2(Ω) and by267

uniqueness of the weak limit in L2(Ω), X̄i = Cof∇ϕ̄i and CofVi,j ⇀
j→+∞

Cof∇ϕ̄i in L4(Ω).268
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We then have from the generalized Hölder’s inequality :269

detVi,j = Vi,11(CofVi,j)11 + Vi,21(CofVi,j)21 + Vi,31(CofVi,j)31 ∈ L
4
3 (Ω),270

= (wi,11 +
∂ϕi,1
∂x1

)((Cof∇ϕi,j)11 + di,j) + similar components .271
272

Then ∀Φ ∈ L4(Ω), and for all i = 1, · · · ,M ,273 ∫
Ω

detVi,j : Φ dx =

∫
Ω
wi,11(Cof∇ϕi,j)11Φ dx+

∫
Ω
wi,11di,jΦ dx+

∫
Ω

∂ϕi,1
∂x1

di,jΦ dx274

+

∫
Ω

∂ϕi,1
∂x1

(Cof∇ϕi,j)11Φ dx+ similar components.275
276

But we have for all i = 1, · · · ,M ,277 ∣∣∣∣∫
Ω
wi,11(Cof∇ϕi,j)11Φ dx

∣∣∣∣ ≤ ‖wi,11‖L4(Ω)‖Cof∇ϕi,j‖L2(Ω)‖Φ‖L4(Ω),278 ∣∣∣∣∫
Ω
wi,11di,jΦ dx

∣∣∣∣ ≤ ‖wi,11‖L4(Ω)‖di,j‖L2(Ω)‖Φ‖L4(Ω),279 ∣∣∣∣∫
Ω

∂ϕi,1
∂x1

di,jΦ dx

∣∣∣∣ ≤ ‖∂ϕi,1∂x1
‖L4(Ω)‖di,j‖L2(Ω)‖Φ‖L4(Ω),280

281

with ‖wi,11‖L4(Ω) −→
j→+∞

0, ‖di,j‖L2(Ω) −→
j→+∞

0 and ‖Cof∇ϕi,j‖L2(Ω) uniformly bounded since282

Cof∇ϕi,j ⇀
j→+∞

Cof∇ϕ̄i in L4(Ω,M3(R)) and thus in L2(Ω,M3(R)), ‖∂ϕi,1∂x1
‖L4(Ω) uniformly283

bounded since ϕi,j ⇀
j→+∞

ϕ̄i in W 1,4(Ω) and ‖Φ‖L4(Ω) uniformly bounded.284

Since ϕi,j ⇀
j→+∞

ϕ̄i in W 1,4(Ω,R3), then det∇ϕi,j ⇀
j→+∞

det∇ϕ̄i in L
4
3 (Ω) and

∫
Ω
∂ϕi,1
∂x1

285

(Cof∇ϕi,j)11Φ dx −→
j→+∞

∫
Ω
∂ϕ̄i,1
∂x1

(Cof∇ϕ̄i)11Φ dx, for all i = 1, · · · ,M .286

Finally,
∫

Ω detVi,jΦ dx −→
j→+∞

∫
Ω det∇ϕ̄iΦ dx, ∀Φ ∈ L4(Ω) and so detVi,j ⇀

j→+∞
det∇ϕ̄i in287

L
4
3 (Ω) and by uniqueness of the weak limit, δ̄i = det∇ϕ̄i and detVi,j ⇀

j→+∞
det∇ϕ̄i in L2(Ω),288

for all i = 1, · · · ,M .289

290

We know that WOp is convex and continuous. If ψn −→
n→+∞

ψ in L4(Ω,M3(R)) and we can

extract a subsequence still denoted (ψn) such that ∇ψn −→
n→+∞

∇ψ almost everywhere on Ω.

If αn −→
n→+∞

ᾱ in L4(Ω,M3(R)), then we can extract a subsequence still denoted (αn) such

that αn −→
n→+∞

ᾱ almost everywhere on Ω. If δn −→
n→+∞

δ̄ in L2(Ω), then we can extract a

subsequence still denoted (δn) such that δn −→
n→+∞

δ̄ almost everywhere on Ω. Then by conti-

nuity of WOp, we get that WOp(ψn, αn, δn) −→
j→+∞

WOp(ψ, ᾱ, δ̄) almost everywhere on Ω. Then

by applying Fatou’s lemma, we have that lim inf
n→+∞

∫
ΩWOp(ψn, αn, δn) dx ≥

∫
ΩWOp(ψ, ᾱ, δ̄) dx.

Since WOp is convex, so is
∫

ΩWOp(ξ, α, δ) dx and [?, Corollaire III.8 p.38] applies. Therefore
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ΩWOp(ξ, α, δ) dx is also weakly lower semicontinuous in L4(Ω,M3(R))×L4(Ω,M3(R))×L2(Ω)
and we deduce that +∞ > lim inf

j→+∞

∫
ΩWOp(Vi,j , CofVi,j , detVi,j) dx ≥

∫
ΩWOp(∇ϕ̄i,Cof∇ϕ̄i,

det∇ϕ̄i) dx.
Using the same arguments as in the previous proof, we get more regularity of ϕ̄i, that is to
say, ϕ̄i is a bi-Lipschitz homeomorphism for each i = 1, · · · ,M .
By the weak-∗ lower semicontinuity of ‖.‖L∞(Ω,M3(R)), we have that ‖∇ϕ̄i‖L∞(Ω,M3(R)) ≤
lim inf
j→+∞

‖Vi,j‖L∞(Ω,M3(R)) ≤ α, ‖(∇ϕ̄i)−1‖L∞(Ω,M3(R)) ≤ lim inf
j→+∞

‖Wi,j‖L∞(Ω,M3(R)) ≤ β and

1{‖.‖L∞(Ω,M3(R))≤α}(∇ϕ̄i) ≤ lim inf
j→+∞

1{‖.‖L∞(Ω,M3(R))≤α}(Vi,j), 1{‖.‖L∞(Ω,M3(R))≤β}((∇ϕ̄i)
−1) ≤ lim inf

j→+∞
1{‖.‖L∞(Ω,M3(R))≤β}(Wi,j).

We also know that ϕi,j −→
j→+∞

ϕ̄i in C0,α(Ω), ϕ̄−1
i ∈ C0,α′(Ω) and ϕi,j ◦ ϕ̄−1

i −→
j→+∞

Id in C0,α′′(Ω)

with α′′ = α′α, α < 1
4 and α′ < 1− 3

q̄ , using the same arguments as in the previous proof. Let

us prove that θTi,l,j ◦ ϕi,j −→
j→+∞

θ̄Ti,l ◦ ϕ̄i in L1(Ω) for all i = 1, · · · ,M .

Since ϕi,j ◦ ϕ̄−1
i −→

j→+∞
Id in C0,α′′(Ω), then it converges uniformly and so

∀ε > 0, ∃k ∈ N, ∀j ∈ N, j ≥ k ⇒ sup
x∈Ω
|ϕi,j ◦ ϕ̄−1

i (x)− x| ≤ ε.

Also given η > 0, by Egorov’s theorem, there exists a set Sη with Lebesgue measure meas(Sη) ≤291

η such that θTi,l,j −→
j→+∞

θ̄Ti,l uniformly on Ω \ Sη.292

Now we choose K ∈ N large enough such that ∀j ∈ N, if j ≥ K, then293

|ϕi,j ◦ ϕ̄−1
i (x)− x| ≤ η, on Ω,294

|θTi,l,j(x)− θ̄Ti,l(x)| ≤ η, on Ω \ Sη.295296

Then by denoting Oi = {x ∈ Ω : θ̄Ti,l(x) = 1},297

‖θTi,l,j ◦ ϕi,j − θ̄Ti,l ◦ ϕ̄i‖L1(Ω) =

∫
ϕ̄−1
i (Oi)

|θTi,l,j ◦ ϕi,j(x)− θ̄Ti,l ◦ ϕ̄i(x)| dx298

+

∫
ϕ̄−1
i (Ω\Oi)

|θTi,l,j ◦ ϕi,j(x)− θ̄Ti,l ◦ ϕ̄i(x)| dx,299

=

∫
Oi

|θTi,l,j ◦ ϕi,j ◦ ϕ̄
−1
i (x)− 1|

det∇ϕ̄i(ϕ̄−1
i (x))

dx+

∫
Ω\Oi

|θTi,l,j ◦ ϕi,j ◦ ϕ̄
−1
i (x)|

det∇ϕ̄i(ϕ̄−1
i (x))

dx,300

≤
∫

(Oi\(Sη))η

|θTi,l,j ◦ ϕi,j ◦ ϕ̄
−1
i (x)− 1|

det∇ϕ̄i(ϕ̄−1
i (x))

dx+

∫
((Ω\Oi)\(Sη))η

|θTi,l,j ◦ ϕi,j ◦ ϕ̄
−1
i (x)|

det∇ϕ̄i(ϕ̄−1
i (x))

dx301

+

∫
Sη

|θTi,l,j ◦ ϕi,j ◦ ϕ̄
−1
i (x)− θ̄Ti,l(x)|

det∇ϕ̄i(ϕ̄−1
i (x))

dx+

∫
Oηi ∪S

η
η∪Ωη

|θTi,l,j ◦ ϕi,j ◦ ϕ̄
−1
i (x)− θ̄Ti,l(x)|

det∇ϕ̄i(ϕ̄−1
i (x))

dx,302

303

with (Oi \ Sη)η = {x ∈ Oi \ Sη |dist(x, ∂(Oi \ Sη)) > η}, Sηη = {x ∈ Ω |dist(x, ∂Sη) ≤ η}. So304

∀x ∈ (Oi\(Sη))η, ϕi,j ◦ϕ̄−1
i (x) ∈ Oi\Sη, and ∀x ∈ ((Ω\Oi)\Sη)η, ϕi,j ◦ϕ̄−1

i (x) ∈ (Ω\Oi)\Sη.305
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Then306

‖θTi,l,j ◦ ϕi,j − θ̄Ti,l ◦ ϕ̄i‖L1(Ω) ≤
∫

(Oi\Sη)η

η

det∇ϕ̄i(ϕ̄−1
i (x))

dx307

+

∫
((Ω\Oi)\Sη)η

η

det∇ϕ̄i(ϕ̄−1
i (x))

dx308

+

∫
Sη

1

det∇ϕ̄i(ϕ̄−1
i (x))

dx309

+

∫
Oηi ∪S

η
η∪Ωη

1

det∇ϕ̄i(ϕ̄−1
i (x))

dx,310

311

taking into account that θTi,l,j ∈ BV (Ω, {0, 1}) and θ̄Ti,l ∈ BV (Ω, {0, 1}). Using Hölder’s312

inequality, we get313

‖θTi,l,j ◦ ϕi,j − θ̄Ti,l ◦ ϕ̄i‖L1(Ω) ≤ η
(∫

Ω
dx

) s
s+1
(∫

Ω

1

det∇ϕ̄i(ϕ̄−1
i (x))s+1

dx

) 1
s+1

314

+ η

(∫
Ω
dx

) s
s+1
(∫

Ω

1

det∇ϕ̄i(ϕ̄−1
i (x))s+1

dx

) 1
s+1

315

+

(∫
Sη

dx

) s
s+1 (∫

Ω

1

det∇ϕ̄i(ϕ̄−1
i (x))s+1

dx

) 1
s+1

316

+

(∫
Sηη∪Oηi ∪Ωη

dx

) s
s+1 (∫

Ω

1

det∇ϕ̄i(ϕ̄−1
i (x))s+1

dx

) 1
s+1

,317

‖θTi,l,j ◦ ϕi,j − θ̄Ti,l ◦ ϕ̄i‖L1(Ω) ≤ η (meas(Ω))
s
s+1

(∫
Ω

1

det∇ϕ̄i(x)s
dx

) 1
s+1

318

+ η (meas(Ω))
s
s+1

(∫
Ω

1

det∇ϕ̄i(x)s
dx

) 1
s+1

319

+ (meas(Sη))
s
s+1

(∫
Ω

1

det∇ϕ̄i(x)s
dx

) 1
s+1

320

+
(
meas(Sηη ) + meas(Oηi ) + meas(Ωη)

) s
s+1

(∫
Ω

1

det∇ϕ̄i(x)s
dx

) 1
s+1

.321

322323

With s = 10 and the finiteness of
∫

ΩWOp(∇ϕ̄i,Cof∇ϕ̄i,det∇ϕ̄i) dx, there exists C ∈ R+
∗ such324

that325

‖θTi,l,j ◦ ϕi,j − θ̄Ti,l ◦ ϕ̄i‖L1(Ω) ≤ η (meas(Ω)))
s
s+1 C

1
s+1 + η (meas(Ω))

s
s+1 C

1
s+1 + (meas(Sη))

s
s+1326

C
1
s+1 +

(∫
∂Sη

∫
B(x,η)

dy dx+

∫
∂Oi

∫
B(x,η)

dy dx+

∫
∂Ω

∫
B(x,η)

dy dx

) s
s+1

327

C
1
s+1 ,328329
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330

‖θTi,l,j ◦ ϕi,j − θ̄Ti,l ◦ ϕ̄i‖L1(Ω) ≤ η (meas(Ω))
s
s+1 C

1
s+1331

+ η (meas((Ω))
s
s+1 C

1
s+1332

+ (η)
s
s+1C

1
s+1333

+

(
4π

3
η3(meas(∂Sη) + meas(∂Oi) + meas(∂Ω))

) s
s+1

C
1
s+1 .334

335

By letting η tend to 0 and so j to infinity, we finally get for all i = 1, · · · ,M336

‖θTi,l,j ◦ ϕi,j − θ̄Ti,l ◦ ϕ̄i‖L1(Ω) −→
j→+∞

0.337
338

This is true for all l ∈ {1, · · · , N}.339

Finally, for all i = 1, · · · ,M and all l = 1, · · · , N :340

‖θ̄T̃i,l − θ̄Ti,l ◦ ϕ̄i + θ̄R,l‖L1(Ω) ≤ ‖θT̃i,l,j − θTi,l,j ◦ ϕi,j + θR,l,j‖L1(Ω)341

+ ‖θ̄T̃i,l − θT̃i,l,j‖L1(Ω) + ‖θ̄Ti,l ◦ ϕ̄i − θTi,l,j ◦ ϕi,j‖L1(Ω)342

+ ‖θ̄R,l − θR,l,j‖L1(Ω),343

−→
j→+∞

0,344
345

from what precedes. We deduce that θ̄T̃i,l = θ̄Ti,l ◦ ϕ̄i− θ̄R,l in L1(Ω) and so almost everywhere346

in Ω and θT̃i,l,j −→j→+∞
θ̄Ti,l ◦ ϕ̄i − θ̄R,l in L1(Ω) for all i = 1, · · · ,Mand all l = 1, · · · , N . By347

the semicontinuity of the total variation we get that348

λ

2

N∑
l=1

TV (θ̄Ti,l ◦ ϕ̄i − θ̄R,l) ≤
λ

2
lim inf
j→+∞

N∑
l=1

TV (θT̃i,l,j).349

350

Furthermore, we have that θTi,l,j −→
j→+∞

θ̄Ti,l in L1(Ω) and so almost everywhere in Ω up351

to a subsequence. Then θTi,l,jTi −→
j→+∞

θ̄Ti,lTi almost everywhere in Ω with |θTi,l,jTi| ≤352

‖Ti‖L∞(Ω) ∈ L1(Ω) since Ω is bounded, and by the dominated convergence theorem one353

gets
∫

Ω θTi,l,jTi dx −→
j→+∞

∫
Ω θ̄Ti,lTi dx. Using the same reasoning, we get

∫
Ω θTi,l,j dx −→

j→+∞
354 ∫

Ω θ̄Ti,l dx. As Ti ∈W 1,∞(Ω), we denote κi the Lipschitz constant related to Ti. Then the chain355

rule applies and we have that Ti◦ϕki ∈W 1,4(Ω), Ti◦ϕ̄i ∈W 1,4(Ω) and ‖Ti◦ϕi,j−Ti◦ϕ̄i‖C0(Ω) ≤356

κi‖ϕi,j−ϕ̄i‖C0(Ω) −→
j→+∞

0 using the Sobolev compact embeddingW 1,4(Ω) ↪→
c
C0(Ω). Therefore,357

up to a subsequence θR,l,jTi ◦ ϕi,j −→
j→+∞

θ̄R,lTi ◦ ϕ̄i almost everywhere in Ω, θR,l,j −→
j→+∞

θ̄R,l358

almost everywhere in Ω with |θR,l,jTi ◦ ϕi,j | ≤ ‖Ti‖L∞(Ω) ∈ L1(Ω) and |θR,l,j | ≤ 1 ∈ L1(Ω)359
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almost everywhere in Ω. Thus the dominated convergence theorem applies and we get360

1

M

M∑
i=1

∫
Ω
θR,l,jTi ◦ ϕi,j dx −→

j→+∞

1

M

M∑
i=1

∫
Ω
θ̄R,lTi ◦ ϕ̄i dx,361 ∫

Ω
θR,l,j dx −→

k→+∞

∫
Ω
θ̄R,l dx,362

cR,l,j −→
k→+∞

c̄R,l.363
364
365

Then ∀l ∈ {1, · · · , N} and for all i = 1, · · · ,M ,366

θTi,l,j(cTi,l,j − Ti)
2 −→
j→+∞

θ̄Ti,l(c̄Ti,l − Ti)
2,367

θR,l,j(cR,l,j −R)2 −→
j→+∞

θ̄R,l(c̄R,l −R)2,368
369

almost everywhere on Ω with |θTi,l,j(cTi,l,j − Ti)2| ≤ 4‖Ti‖2L∞(Ω) ∈ L
1(Ω) and |θR,l,j(cR,l,j −370

R)2| ≤ 4‖Ti‖2L∞(Ω) ∈ L
1(Ω). By applying the dominated convergence theorem, we have for371

all l ∈ {1, · · · , N}:372

‖θTi,l,j(cTi,l,j − Ti)
2‖L1(Ω) −→

j→+∞
‖θ̄Ti,l(c̄Ti,l − Ti)

2‖L1(Ω),373

‖θR,l,j(cR,l,j −R)2‖L1(Ω) −→
j→+∞

‖θ̄R,l(c̄R,l −R)2‖L1(Ω).374
375

By combining all the results, we finally get376

1

M

M∑
i=1

γT
2

N∑
l=1

TV (θ̄Ti,l) +

∫
Ω

N∑
l=1

θ̄Ti,l(c̄Ti,l − Ti)
2 dx377

+
γR
2

N∑
l=1

TV (θ̄R,l) +

∫
Ω

N∑
l=1

θ̄R,l(c̄R,l −R)2 dx378

+
λ

2

N∑
l=1

TV (θ̄Ti,l ◦ ϕ̄i − θ̄R,l) +

∫
Ω
WOp(∇ϕ̄i,Cof∇ϕ̄i, det∇ϕ̄i) dx379

+ 1{‖.‖L∞(Ω,M3(R))≤α}(∇ϕ̄i) + 1{‖.‖L∞(Ω,M3(R≤β}((∇ϕ̄i)
−1)380

≤ lim inf
j→+∞

F1,γj ({ϕi,j , θTi,j , Vi,j ,Wi,j}Mi=1, (θT̃i,l,j) i=1,··· ,M
l=1,··· ,N

, θR,j),381

≤ lim sup
j→+∞

F1,γj ({ϕi,j , θTi,j , Vi,j ,Wi,j}Mi=1, (θT̃i,l,j) i=1,··· ,M
l=1,··· ,N

, θR,j),382

≤ lim sup
j→+∞

inf F1(θR, {θTi , ϕi}Mi=1) +
2

γj
= inf Fi(θR, {θTi , ϕi}Mi=1).383

384

By finiteness of
∫

ΩWOp(∇ϕ̄i,Cof∇ϕ̄i,det∇ϕ̄i) dx and by continuity of the trace operator, we385

have that ϕ̄i ∈ Ŵ. By strong convergence in L1(Ω) and so almost everywhere, we get that386

θ̄Ti ∈ U and θ̄R ∈ U with θ̄Ti,l ◦ ϕ̄i − θ̄R,l ∈ BV (Ω, {−1, 0, 1}) for all l ∈ {1, · · · , N}and all387

i ∈ {1, · · · , N}. Therefore our decoupled problem (DP) converges to the initial problem (P)388

as γ tends to infinity.389
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Algorithm SM3.1 Alternating scheme of resolution.

1. Define k := 1, Ti := i-th template image, θTi := Potts segmentation of Ti,

θR := Potts segmentation of 1
M

M∑
i=1

Ti, θT̃i := θTi − θR, Vi =

(
Vi,11 Vi,12

Vi,21 Vi,22

)
:= I, Wi :=(

Wi,11 Wi,12

Wi,21 Wi,22

)
:= I, a1, a2, a3, λT , λR, γT , γR, γ1, γ2, γ3, nbIter, α, β, Ui = (Ui,1, Ui,2) :=

0, displacements associated to the deformation ϕi, for i = 1, · · · ,M .
while k < nbIter do

if k%10==0 then
2.1. Compute for i = 1, · · · ,M the inverse deformation ϕ−1

i using a Delaunay triangu-
lation and linear interpolation.

2.2. For i = 1, · · · ,M , update θTi by solving the Potts model with algorithm in [?]:

inf
u
γT ‖∇u‖L0(Ω) + ‖

√
λT + (det∇ϕi)−1 γ1

2 u −
λTTi+

γ1
2

(det∇ϕi)−1(θT̃i
◦ϕ−1
i +θR◦ϕ−1

i )√
λT+(det∇ϕi)−1 γ1

2

‖2L2(Ω) end

for 2.2.
2.3. For i = 1, · · · ,M , update θT̃i by solving the Potts model with algorithm in [?]:

inf
u
γT̃ ‖∇u‖L0(Ω) + γ1

2 ‖(θTi ◦ ϕi − θR)− u‖2L2(Ω) end for 2.3.

2.4. Update θR by solving the Potts model with algorithm in [?]: inf
u
γR‖∇u‖L0(Ω) +

(λR +
γ1

2
) ‖u−

λR
M

∑M
i=1 Ti ◦ ϕi + γ1

2M

∑M
i=1

(
θTi ◦ ϕ− θT̃i

)
λR +

γ1

2

‖2L2(Ω).

end if
2.5. For each i = 1, · · · ,M , for each pixel (l, j), —c playing a role similar to the

one of a step size in a gradient method— update Vi using the following equations:

temp1(l, j) = Vi,11(l, j) + c

(
10a3

(detVi(l,j))11 Vi,22(l, j)− 4a1 Vi,11(l, j)

‖Vi(l, j)‖2 − 2a2(detVi(l, j)− 1)Vi,22(l, j) + γ2(
∂ϕi,1
∂x (l, j)

−Vi,11(l, j))− γ3(Wi,11(l, j)− Vi,22(l,j)
detVi(l,j)

)(
Vi,22(l,j)2

(detVi(l,j))2 )

+γ3(Wi,12(l, j) +
Vi,12(l,j)
detVi(l,j)

)(
Vi,22(l,j)Vi,12(l,j)

(detVi(l,j))2 )

+γ3(Wi,21(l, j)+
Vi,21(l,j)
detVi(l,j)

)(
Vi,22(l,j)Vi,21(l,j)

(detVi(l,j))2 )

−γ3(Wi,22(l, j)− Vi,11(l,j)
detVi(l,j)

)(− 1
detVi(l,j)

+
Vi,11(l,j)Vi,22(l,j)

(detVi(l,j))2 )

)
,

Vi,11(l, j) =


−α if temp1(l, j) < −α,
temp1(l, j) if |temp1(l, j)| ≤ α,
α if temp1(l, j) > α

,

temp2(l, j) = Vi,12(l, j) + c

(
10a3

(detVi(l,j))11 (−Vi,21(l, j))− 4a1(Vi,12(l, j))

‖Vi(l, j)‖2 + 2a2(detVi(l, j)− 1)(Vi,21(l, j)) + γ2(
∂ϕi,1
∂y (l, j)

−Vi,12(l, j)) + γ3(Wi,11(l, j)− Vi,22(l,j)
detVi(l,j)

)(
Vi,22(l,j)Vi,21(l,j)

(detVi(l,j))2 )

−γ3(Wi,12(l, j) +
Vi,12(l,j)
detVi(l,j)

)( 1
detVi(l,j)

+
Vi,21(l,j)Vi,12(l,j)

(detVi(l,j))2 )

−γ3(Wi,21(l, j)+
Vi,21(l,j)
detVi(l,j)

)(
Vi,21(l,j)2

(detVi(l,j))2 )

+γ3(Wi,22(l, j)− Vi,11(l,j)
detVi(l,j)

)(
Vi,11(l,j)Vi,21(l,j)

(detVi(l,j))2 )

)
,

Vi,12(l, j) =


−α if temp2(l, j) < −α,
temp2(l, j) if |temp2(l, j)| ≤ α,
α if temp2(l, j) > α

,
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2.5.



temp3(l, j) = Vi,21(l, j) + c

(
10a3

(detVi(l,j))11 (−Vi,12(l, j))− 4a1(Vi,21(l, j))

‖Vi(l, j)‖2 − 2a2(detVi(l, j)− 1)(−Vi,12(l, j)) + γ2(
∂ϕi,2
∂x (l, j)

−Vi,21(l, j))+γ3(Wi,11(l, j)− Vi,22(l,j)
detVi(l,j)

)

(
Vi,22(l,j)Vi,12(l,j)

(detVi(l,j))2 )− γ3(Wi,12(l, j) +
Vi,12(l,j)
detVi(l,j)

)(
Vi,12(l,j)2

(detVi(l,j))2 )

−γ3(Wi,21(l, j)+
Vi,21(l,j)
detVi(k,j)

)( 1
detVi(l,j)

+
Vi,12(l,j)Vi,21(l,j)

(detVi(l,j))2 )

+γ3(Wi,22(l, j)− Vi,11(l,j)
detVi(l,j)

)(
Vi,11(l,j)(Vi,12(l,j))

(detVi(l,j))2 )

)
,

Vi,21(l, j) =


−α if temp3(l, j) < −α,
temp3(l, j) if |temp3(l, j)| ≤ α,
α if temp3(l, j) > α

temp4(l, j) = Vi,22(l, j) + c

(
10a3

(detVi(l,j))11Vi,11(l, j)− 4a1(Vi,22(l, j))

‖Vi(l, j)‖2 − 2a2(detVi(l, j)− 1)Vi,11(l, j)

+γ2(
∂ϕi,2
∂y (l, j)− Vi,22(l, j))− γ3(Wi,11(l, j)− Vi,22(l,j)

detVi(l,j)
)

(− 1
detVi(l,j)

+
Vi,22(l,j)Vi,11(l,j)

(detVi(l,j))2 ) + γ3(Wi,12(l, j)

+
Vi,12(l,j)
detVi(l,j)

)(
Vi,11(l,j)Vi,12(l,j)

(detVi(l,j))2 ) + γ3(Wi,21(l, j)+
Vi,21(l,j)
detVi(l,j)

)

(
Vi,11(l,j))Vi,21(l,j)

(detVi(l,j))2 )− γ3(Wi,22(l, j)− Vi,11(l,j)
detVi(l,j)

)

(
(Vi,11(l,j))2

(detVi(l,j))2 )

)
,

Vi,22(l, j) =


−α if temp4(l, j) < −α,
temp4(l, j) if |temp4(l, j)| ≤ α,
α if temp4(l, j) > α

.

end for 2.5.
2.6. For each i = 1, · · · ,M , for each pixel (l, j), update Wi with this closed form:

Wi,11(l, j) =


−β if

Vi,22(l,j)
detVi(l,j)

< −β
Vi,22(l,j)
detVi(l,j)

if | Vi,22(l,j)
detVi(l,j)

| ≤ β
β if

Vi,22(l,j)
detVi(l,j)

> β

Wi,12(l, j) =


−β if

−Vi,12(l,j)
detVi(l,j)

< −β
−Vi,12(l,j)
detVi(l,j)

if |−Vi,12(l,j)
detVi(l,j)

| ≤ β
β if

−Vi,12(l,j)
detVi(l,j)

> β

Wi,21(l, j) =


−β if

−Vi,21(l,j)
detVi(l,j)

< −β
−Vi,21(l,j)
detVi(l,j)

if |−Vi,21(l,j)
detVi(l,j)

| ≤ β
β if

−Vi,21(l,j)
detVi(l,j)

> β

Wi,22(l, j) =


−β if

Vi,11(l,j)
detVi(l,j)

< −β
Vi,11(l,j)
detVi(l,j)

if | Vi,11(l,j)
detVi(l,j)

| ≤ β
β if

Vi,11(l,j)
detVi(l,j)

> β

end for 2.6.

2.7. Solve for all i = 1, · · · ,M , the Euler-Lagrange equation in Ui using an implicit finite

difference scheme: 0 = γ1∇θTi◦ϕi(θTi◦ϕi−θR−θT̃i)+λR (Ti◦ϕi−θR)∇Ti◦ϕi+γ2

(
divVi,1
divVi,2

)
,

where Vi,j stands for the jth row of Vi, and ϕi = Id+ Ui. end for 2.7.
2.8. k := k + 1.

end while

This manuscript is for review purposes only.



SM18 N. DEBROUX, J. ASTON, F. BONARDI, A. FORBES, C. LE GUYADER, M. ROMANCHIKOVA,
AND C.-B. SCHÖNLIEB

SM3. Overall algorithm.390

SM4. Detailed presentation of the first two methods to perform PCA.391

SM4.1. First Approach : Linearisation around the Identity. Let us recall the definition392

of the Cauchy-stress tensors and the Cauchy axiom relating, in a hyperelastic framework, the393

deformations and the forces applied on the material.394

Definition SM4.1 (Cauchy-stress tensor). In a hyperelastic framework, the Cauchy stress
tensor in the reference configuration, is defined by

σref (x) =
∂W

∂F
(x, F ),

where W is the stored energy function of the material. In a deformed configuration (char-395

acterised by the transformation ϕ), the first Piola-Kirchhoff tensor is defined by σ(x) =396

σref (ϕ−1(x))Cof∇ϕ−1(x).397

Axiom SM4.2 (Cauchy axiom). In an equilibrium position the following relations hold398

∀y ∈ Γ1 ⊂ ∂Ω, t(y, ~n) = σref (y)~n,399

∀y ∈ Ω, f(y) = −div σref (y),400401

where t(y, ~n) is the pressure applied to the material at the boundary point y in the normal402

direction ~n, f(y) is the inner volumetric force applied at y ∈ Ω.403

Remark SM4.3. In our model, we aim at having θTi ◦ ϕi close to θR, and therefore ϕi is404

the deformation from θR to θTi . The deformation from θTi to θR is ϕ−1
i and thanks to Ball’s405

results [?], we have that406 ∫
Ω
WOp(∇ϕi) dx =

∫
Ω
W̃ (∇ϕi,Cof∇ϕi,det∇ϕi) dx,407

=

∫
Ω
W̃ (

Cof∇(ϕ−1
i )(ϕi)

T

det∇(ϕ−1
i )(ϕi)

,
∇(ϕ−1

i )(ϕi)
T

det∇(ϕ−1
i )(ϕi)

,
1

det∇(ϕ−1
i )(ϕi)

) dx,408

=

∫
Ω

det∇(ϕ−1
i )W̃ (

Cof∇(ϕ−1
i )T

det∇(ϕ−1
i )

,
∇(ϕ−1

i )T

det∇(ϕ−1
i )

,
1

det∇(ϕ−1
i )

) dx,409

=

∫
Ω
W̃Op(∇(ϕ−1

i )) dx,410
411

with W̃ (ψ, φ, δ) =

{
a1‖ψ‖4 + a2‖φ‖4 + a3(δ − 1)2 + a4

δ10 − 3a1 − 3a2 − a4 if δ > 0,
+∞ otherwise

. There-412

fore, the Cauchy-stress tensor applied to the reference configuration θTi associated to the413

deformation ϕ−1
i to transform θTi into θR is σrefi (x) =

∂W̃Op

∂F (∇ϕ−1
i (x)). The correspond-414

ing first Piola-Kirchhoff tensor applied to the deformed configuration θR is given by σi =415
∂W̃Op

∂F (∇ϕ−1
i (ϕi))Cof∇ϕi. The inner volumetric forces applied to θR that are necessary to416

deform θTi into θR are given by −divσi.417

This manuscript is for review purposes only.



SUPPLEMENTARY MATERIALS: A VARIATIONAL MULTITASKING FRAMEWORK FOR SHAPE ANAL-
YSIS SM19

Equipped with this material and the previous observation, we consider our mean configuration418

θR as a free material (not pre-stressed) and look for the displacements vi induced by a small419

increase of the impact of θTi parameterised by δ and minimising the following energy for each420

i = 1, · · · ,M :421

inf
vi∈V

{
Fδi (vi) =

∫
Ω
W̃Op((I + δ∇vi)) dx− δ2

∫
Ω

divσi : vi dx,422

=

∫
Ω
W̃Op((I + δ∇vi)) dx+ δ2

∫
Ω
σi : ∇vi dx− δ2

∫
∂Ω
σivi~n∂Ω ds,423

=

∫
Ω
W̃Op((I + δ∇vi)) dx+ δ2

∫
Ω
σi : ∇vi dx

}
,424

425

with V := {ψ ∈W 1,4
0 (Ω,R3) |Cof(I+δ∇ψ) ∈ L4(Ω,M3(R)), det(I+δ∇ψ) ∈ L2(Ω), 1

det(I+δ∇ψ)426

∈ L10(Ω), det(I + δψ) > 0 a.e. on Ω}. The first term corresponds to the stored energy of the427

chosen Ogden material, while the second component represents the work of the applied forces428

with the following boundary conditions: vi = 0 on ∂Ω. However, the solution of this problem429

still lives in a nonlinear space and we thus propose to linearise the stored energy function W̃Op430

around the identity. Before linearising the functional using a Taylor development, we introduce431

the deformation Cauchy-Green tensor bi = (I+δvi)
T (I+δvi) = I+δ(∇vTi +∇vi)+δ2∇vTi ∇vi =432

I+2δε(vi)+δ2∇vTi ∇vi ≈ I+2δε(vi). We first linearise the deformation tensor then the stored433

energy function and will see that we come back to the linearised elasticity problem.434

Fδi (vi) =

∫
Ω
W̃Op(I + δ∇vi) dx+ δ2

∫
Ω
∇vi : σi dx,435

=

∫
Ω
W̄Op(bi) + δ2

∫
Ω
∇vi : σi dx,436

=

∫
Ω
W̄Op(I + 2δε(vi)) + δ2

∫
Ω
∇vi : σi dx,437

=

∫
Ω
W̄Op(I) dx+ 2δ

∫
Ω

∂W̄Op

∂b
(I) : ε(vi) dx+ 2δ2

∫
Ω

∂2W̄Op

∂b2
(I) : ε(vi) : ε(vi) dx438

+ δ2

∫
Ω
∇vi : σi dx,439

440

with W̄Op(b) = a1
II2
b√

IIIb
3 +a2

I2
b√

IIIb
3 +a4

√
IIIb

11
+ a3√

IIIb
−2a3+a3

√
IIIb−(9a1+9a2+a4)

√
IIIb,441

Ib = Tr(b) = ‖I + δvi‖2F , IIb = Tr(b)2−Tr(b2)
2 = ‖Cof(I + δvi)‖2F and IIIb = detb = det(I + δvi)

2.442

The detailed computations of the derivatives are given in section SM5. For our configuration443

to be in equilibrium, we need
∂W̄Op

∂b |(Ib,IIb,IIIb)=(3,3,1) = 0, implying a4 = 12a2+6a1
5 . We also444

set µ = 12a1 + 12a2 > 0 and λ = 4(32a1 + 74a2 + a3
2 ) > 0. Since I ⊗ I : ε(v) : ε(v) = Tr(ε)2,445

I : ε(v) : ε(v) = Ī : ε(v) : ε(v) = Tr(ε2) by symmetry of ε(v), we finally obtain a linearised446
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elasticity functional with vi ∈ H1
0 (Ω,R3):447

Fδi (vi) =

∫
Ω
W̃Op(I + δvi) dx+ δ2

∫
Ω
∇vi : σi dx,448

=

∫
Ω
W̄Op(I) dx+ 2δ

∫
Ω

∂W̄Op

∂b
(I) : ε(vi) dx+ 2δ2

∫
Ω

∂2W̄Op

∂b2
(I) : ε(vi) : ε(vi) dx449

+ δ2

∫
Ω
∇vi : σi dx,450

= 2δ2

∫
Ω
µTr(ε(vi)

2) +
λ

2
Tr(ε(vi))

2 dx+ δ2

∫
Ω
σi : ∇vi dx.451

452

We now consider the following linearised elasticity problem (LEP)453

inf
vi∈H1

0 (Ω,R3)
{F δi (vi) = 2δ2

∫
Ω
µTr(ε(vi)

2) +
λ

2
Tr(ε(vi))

2 dx+ δ2

∫
Ω
σi : ∇vi dx}.(LEP)454

455

By using the Lax-Milgram theorem, one can prove the following theorem.456

Theorem SM4.4 (Existence and uniqueness of a solution to problem (LEP)). There exists a457

unique solution of (LEP) in the linear space H1
0 (Ω,R2).458

Proof. In order to prove the existence and uniqueness of a minimizer in H1
0 (Ω), we recall459

the Lax-Milgram theorem :460

Theorem SM4.5 (Lax-Milgram). Let H be a Hilbert space. Let a(., .) be a continuous bilinear461

form on H ×H and coercive on H. Let L(.) be a linear continuous form on H. Then there462

exists a unique element of H, u, such that for all v ∈ H, a(u, v) = L(v).463

Furthermore, if a(., .) is symmetric, then u minimizes J(v) = 1
2a(v, v) − L(v), that is to say464

there exists a unique u ∈ H such that J(u) = min
v∈H

J(v).465

We now set H = H1
0 (Ω,R3), a(u, v) =

∫
Ω 4δ2(µε(u) : ε(v) + λ

2Tr(ε(u))Tr(ε(v))) dx for all466

(u, v) ∈ H1
0 (Ω,R3) × H1

0 (Ω,R3), and L(v) = −δ2
∫

Ω σi : ∇vi dx for all v ∈ H1
0 (Ω,R3). L is467

linear on H1
0 (Ω,R3) by linearity of the gradient operator and the scalar product in M3(R).468

It is also continuous on H1
0 (Ω,M3(R)) by using Cauchy-Schwartz inequality and Poincaré’s469

inequality, ∀v ∈ H1
0 (Ω,R3):470

L(v) =

∫
Ω
σi : ∇v dx ≤ ‖σi‖L2(Ω,M3(R))‖∇v‖L2(Ω,M3(R)) ≤ ‖σi‖L2(Ω,M3(R))‖v‖H1(Ω,R3),471

472

with ‖σi‖L2(Ω,M3(R)) < +∞ since we have proved earlier that σi ∈ L2(Ω,M3(R)).473

a(., .) is bilinear on H1
0 (Ω,R3) ×H1

0 (Ω,R3) by linearity of ε coming from the linearity of the474

gradient operator and the linearity of the scalar product in M3(R) and the trace operator.475

a(., . is also symmetric by symmetry of ε(u) and ε(v). a(., .) is also continuous on H1
0 (Ω,R3)×476
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H1
0 (Ω,R3) since we have :477

∀(u, v) ∈ H1
0 (Ω,R3)×H1

0 (Ω,R3), a(u, v) =

∫
Ω

4δ2(µε(u) : ε(v) +
λ

2
Tr(ε(u))Tr(ε(v))) dx,478

≤ 4δ2µ‖ε(u)‖L2(Ω,M3(R))‖ε(v)‖L2(Ω,M3(R)) + 2δ2λ‖Tr(ε(u)‖L2(Ω)‖Tr(ε(v))‖L2(Ω),479

≤ 4δ2µ‖∇u‖L2(Ω,M3(R))‖∇v‖L2(Ω,M3(R)) + 2δ2λ‖∇u‖L2(Ω,M3(R))‖∇v‖L2(Ω,M3(R)),480

≤ (4δ2µ+ 2δ2λ)‖u‖H1(Ω)‖v‖H1(Ω), Poincaré’s inequality.481482

We now need to prove that a(., .) is coercive. Let v ∈ H1
0 (Ω,R3), then we have483

a(v, v) =

∫
Ω

4δ2(µε(v) : ε(v) +
λ

2
Tr(ε(v))2 dx ≥ 4δ2µ‖ε(v)‖2L2(Ω,M3(R)).484

485

Since 4δ2µ > 0, we just need to prove the coercivity of ‖ε(v)‖L2(Ω,M3(R)). To do so, we486

use a reductio ad absurdum reasoning as in [?] and assume there exists a sequence (vn) ∈487

H1
0 (Ω,M3(R)) such that ‖ε(vn)‖L2(Ω,M3(R)) −→

n→+∞
0 and ‖vn‖H1

0 (Ω,R3) = 1. As (vn) is uniformly488

bounded according to n in H1(Ω,R3), we can extract a subsequence still denoted (vn) such489

that vn ⇀
n→+∞

v∗ in H1(Ω,R3) and by continuity of the trace operator, we get that v∗ ∈490

H1
0 (Ω). We also have that ε(vn) ⇀

n→+∞
ε(v∗) in L2(Ω,M3(R)). However, we have assumed491

that ε(vn) −→
n→+∞

0 in L2(Ω,M3(R)) and so by uniqueness of the weak limit, we get that492

ε(v∗) = 0. Then by [?, Lemma IV.3.3], it comes that v∗ is an infinitesimal rigid displacement.493

But a rigid displacement can only be null on a straight line if a 6= 0, nowhere if a 6= 0, b 6= 0494

or everywhere if a = b = 0. Since v∗ is null on ∂Ω with meas(∂Ω) > 0, then we are necessary495

in the last case and so v∗ = 0. Then Rellich theorem allows us to deduce that vn → 0 in496

L2(Ω,R3). Then by using Korn’s inequality ([?, Theorem IV.3.2]), we get that ∇vn −→
n→+∞

0497

in L2(Ω,M3(R)) so that vn −→
n→+∞

0 in H1(Ω,R3) which contradicts our second hypothesis.498

Therefore, a(., .) is coercive on H1
0 (Ω,R3). Lax Milgram’s theorem applies and there exists a499

unique solution to our linearised elasticity problem (LEP) in H1
0 (Ω).500

This problem can be solved in the finite element approximation framework which results in501

the resolution of a sparse high-dimensional linear system. A classical PCA is then performed502

on the obtained displacement fields using the L2(Ω,R3) scalar product for the covariance503

operator. We now address the second method based on the Cauchy-stress tensors.504

SM4.2. Second Approach : PCA on the Cauchy-stress Tensors. This approach relies505

on the following lemma.506

Lemma SM4.6. The Cauchy-stress tensors σrefi and σi are in L∞(Ω,M3(R)) ⊂ L2(Ω,M3(R)).507

Proof. Let us compute σrefi and σi and make sure they belong to L∞(Ω,M3(R)). We first508

recall that σrefi =
∂W̃Op

∂F (∇(ϕ−1
i )) = ∂

F (detF (a1
‖CofF‖4F

detF 4 +a2
‖F‖4F
detF 4 +a4detF 10−a3( 1

detF −1)2−509
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9a1 − 9a2 − a4)(∇(ϕ−1
i )). We compute the following terms :510

F =

F11 F12 F13

F21 F22 F23

F31 F32 F33

 ,511

CofF =

F22F33 − F32F23 F31F23 − F21F33 F21F32 − F31F22

F32F13 − F12F33 F11F33 − F13F31 F31F12 − F11F32

F12F23 − F22F13 F21F13 − F11F23 F11F22 − F21F12

 ,512

detF = F11(F22F33 − F32F23) + F12(F31F23 − F21F33) + F13(F21F32 − F31F22),513

= F21(F32F13 − F12F33) + F22(F11F33 − F13F31) + F23(F31F12 − F11F32),514

= F31(F12F23 − F22F13) + F32(F21F13 − F11F23) + F33(F11F22 − F21F12),515

∂‖F‖2F
∂F

= 2F,516

(
∂‖CofF‖2F

∂F
)T1 = 2

 F33CofF22 − F32CofF23 − F23CofF32 + F22CofF33

−F33CofF21 + F31CofF23 + F23CofF31 − F21CofF33

F32CofF21 − F31CofF22 − F22CofF31 + F21CofF32

 ,517

(
∂‖CofF‖2F

∂F
)T2 = 2

−F31CofF12 + F32CofF13 + F13CofF32 − F12CofF33

F33CofF11−F31CofF13 − F13CofF31 + F11CofF33

−F32CofF11 + F31CofF12 + F12CofF31 − F11CofF32

 ,518

(
∂‖CofF‖2F

∂F
)T3 = 2

 F23CofF12 − F22CofF13 − F13CofF22 + F12CofF23

−F23CofF11 + F21CofF13 + F13CofF21 − F11CofF23

F22CofF11 − F21CofF12 − F12CofF21 + F11CofF22

 ,519

∂detF

∂F
= CofF,520

σrefi = 2a1
∂‖CofF‖2F

∂F

‖CofF‖2F
detF 3

− 3a1
‖CofF‖4F

detF 4

∂detF

∂F
− 9a1

∂detF

∂F
521

+ 2a2
∂‖F‖2F
∂F

‖F‖2F
detF 3

− 9a2
∂detF

∂F
− 3a2

‖F‖4F
detF 4

∂detF

∂F
522

− a3

detF 2

∂detF

∂F
+ a3

∂detF

∂F
+ 11a4detF 10∂detF

∂F
− a4

∂detF

∂F
,523

524
525

= 2a1
‖CofF‖2F

detF 3

∂‖CofF‖2F
∂F

− 3a1
‖CofF‖4F

detF 4
CofF − 9a1CofF526

+ 4a2
‖F‖2F
detF 3

F − 9a2CofF − 3a2
‖F‖4F
detF 4

CofF527

− a3

detF 2
CofF + a3CofF + 11a4detF 10CofF − a4CofF.528

529

Since, for all i ∈ {1, · · · ,M}, ‖∇ϕi‖L∞(Ω,M3(R)) ≤ α and ‖(∇ϕi)−1‖L∞(Ω,M3(R)) ≤ β, we530

deduce that531

‖∇(ϕ−1
i )‖L∞(Ω,M3(R)) = ‖(∇ϕi)−1(ϕ−1

i )‖L∞(Ω,M3(R)) = ‖(∇ϕi)−1‖L∞(Ω,M3(R)) ≤ β532533
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and534

‖∇ϕi‖L∞(Ω,M3(R)) = ‖(∇ϕ−1
i )−1(ϕi)‖L∞(Ω,M3(R)) = ‖(∇ϕ−1

i )−1‖L∞(Ω,M3(R))535

= ‖Cof∇(ϕi)
−1

det∇(ϕi)−1
‖L∞(Ω,M3(R)) ≤ α536

537

so that ‖Cof∇(ϕi)
−1‖L∞(Ω,M3(R)) ≤ 18β2, ‖det∇(ϕi)

−1‖L∞(Ω) ≤ 6β3 and ‖Cof∇ϕi‖L∞(Ω,M3(R))538

≤ 18α2, ‖det∇ϕi‖L∞(Ω) = ‖ 1
det∇(ϕ−1

i )(ϕi)
‖L∞(Ω) = ‖ 1

det∇(ϕi)−1 ‖L∞(Ω) ≤ 6α3. From these539

observations, we deduce that σrefi ∈ L∞(Ω,M3(R)) ⊂ L2(Ω,M3(R)) and therefore σi ∈540

L∞(Ω,M3(R)) ⊂ L2(Ω,M3(R)).541

We thus propose to perform a Principal Component Analysis on the tensors σi directly since542

they belong to L2(Ω,M3(R))and following [?]. To do so, let V = L2(Ω,M3(R)) and let V be543

a random variable with values in V . The associated covariance operator is thus defined by544

CV(σ) = E[〈σ,V − EV〉V (V − EV)], ∀σ ∈ V.545546

Then, the corresponding empirical estimation of this operator is given by547

Ĉ(σ) =
1

M

M∑
i=1

〈σ, σi − σ̄〉V (σi − v̄), σ ∈ V, σ̄ =
1

M

M∑
i=1

σi.548

549

We are now looking for the eigenvalues (λj) and eigenvectors (ψj) associated to this operator,550

and then sort them in a decreasing order, i.e. λ1 ≥ λ2 ≥ · · · , so that (ψj) is the j-th principal551

component function. Since the number of observations is small with respect to the size of the552

space, an appropriate choice for the base of V is given by the collection of observations σi.553

We then aim to solve554

1

M

M∑
i=1

(σi − V̄ )
M∑
j=1

bji〈(σi − σ̄), (σj − σ̄)〉V = λj

M∑
i=1

bji(σi − σ̄),555

⇐⇒ 1

M
Wbj = λjbj ,556

557

where W = (Wij)i,j = (〈σi − σ̄, σj − σ̄)〉V )i,j ∈ MM (R). It results in finding the eigenvalues558

and eigenvectors of the matrix W . Then the j-th PC function is given by ψj =
M∑
i=1
bji(σi− σ̄).559

In order to come back to the deformation space and to properly model the loaded configura-560

tion, we compose the sought deformation with the previous deformations. We then solve the561

following minimization problem with the last term ensuring that the sought displacements vj562
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are Lipschitz continuous so that the chain rule applies:563

inf

{
F(vj) =

1

M

M∑
k=1

∫
Ω
W̃Op(∇((Id− δvj)−1 ◦ ϕ−1

k )) dx− δ2

∫
Ω
ψj : ∇vj dx564

+ 1{‖.‖L∞(Ω)≤α}(I− δ∇vj),565

=
1

M

M∑
k=1

∫
Ω
W̃Op(∇(ϕ−1

k )− δ∇vi(ϕ−1
k )∇ϕ−1

k ) dx566

− δ2

∫
Ω
ψj : ∇vj dx+ 1{‖.‖L∞(Ω)≤α}(I− δ∇vj),567

=
1

M

M∑
k=1

∫
Ω

det∇ϕkW̃Op(∇(ϕ−1
k )(ϕk)− δ∇vi∇ϕ−1

k (ϕk)) dy568

− δ2

∫
Ω
ψj : ∇vj dx+ 1{‖.‖L∞(Ω)≤α}(I− δ∇vj),569

=
1

M

M∑
k=1

∫
Ω

det∇ϕkW̃Op((∇ϕk)−1 − δ∇vi(∇ϕk)−1) dy570

− δ2

∫
Ω
ψj : ∇vj dx+ 1{‖.‖L∞(Ω)≤α}(I− δ∇vj)

}
.(P1)571

572

W̃Op is continuous since lim
detξ→0+

W̃Op(ξ) = +∞. Let us set Ŵ1 = {ψ ∈ W 1,∞
0 (Ω,R3), det(I −573

δ∇ψ) > 0 a.e. on Ω, ‖I − δ∇ψ‖L∞(Ω) ≤ α, ∀k ∈ {1, · · · ,M}, ‖Cof((∇ϕk)−1−δ∇ψ(∇ϕk)−1)‖4F
det((∇ϕk)−1−δ∇ψ(∇ϕk)−1)3 ∈574

L1(Ω),
‖(I−δ∇ψ)(∇ϕk)−1‖4F

det((∇ϕk)−1−δ∇ψ(∇ϕk)−1)3 ∈ L1(Ω), det((∇ϕk)−1 − δ∇ψ(ϕk)
−1) ∈ L11(Ω)}. The mini-575

mizer is searched for vj ∈ Ŵ.576

Theorem SM4.7 (Existence of minimizers). One can prove that this problem (P1) admits577

at least one solution.578

Proof. We follow the classical steps of the direct method of the calculus of variations.579

1. Coercivity inequality :580

Let us first derive a coercivity inequality :581

F(v) ≥ 1

M

M∑
k=1

∫
Ω

1

6β3
(a1
‖Cof((∇ϕk)−1 − δ∇v(∇ϕk)−1)‖4F

det((∇ϕk)−1 − δ∇v(∇ϕk)−1)3
582

+ a2
‖(∇ϕk)−1 − δ∇v(∇ϕk)−1‖4F

det((∇ϕk)−1 − δ∇v(∇ϕk)−1)3
+ a4det(∇ϕ−1

k − δ∇vi(∇ϕk)
−1)11

583

− (9a1 + 9a2 + a4)36α6 + 1{‖.‖L∞(Ω,M3(R))≤α}(I− δ∇v),584
585

since Ω is bounded, det((∇ϕk)−1− δ∇v(∇ϕk)−1) = det((I− δ∇v)(∇ϕk)−1) = det(I−586

δ∇v)det((∇ϕk)−1) ≤ 36α6, and ‖det∇ϕk‖L∞(Ω) ≤ 6α3, ‖ 1
det∇ϕk ‖ L∞(Ω) ≤ 6β3 so587

that for all x ∈ Ω, 1
6β3 ≤ det∇ϕk(x) ≤ 6α3. Furthermore, by taking v = 0, then588
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F(v) = 1
M

∫
Ω W̃Op(∇ϕ−1

k ) dx < +∞ from what precedes. Thus the functional is589

proper and coercive so that the infimum exists and is finite.590

2. Convergence of a minimizing sequence :591

Let (vn) be a minimizing sequence so that lim
n→+∞

F(vn) = inf F(v) < +∞ from what592

precedes. So there exists M ∈ N such that ∀n ∈ N, n ≥M ⇒ F(vn) ≤ inf F(v) + 1 <593

+∞. From now on, we will consider n ≥M .594

From the previous coercivity inequality, one has:595

• ((I− δ∇vn)(∇ϕk)−1) is uniformly bounded according to n in L4(Ω,M3(R)) for596

all k ∈ {1, · · · ,M}.597

• (I−δ∇vn) and so (∇vn) is uniformly bounded according to n in L∞(Ω,M3(R)).598

• (Cof((I − δvn)(∇ϕk)−1)) = (Cof(I − δ∇vn)Cof((∇ϕk)−1) = (Cof(I − δ∇vn)599

(Cof∇ϕk)−1) is uniformly bounded according to n in L4(Ω,M3(R)) for all600

k ∈ {1, · · · ,M}.601

• (det((I − δ∇vn)(∇ϕk)−1)) = (det(I−δ∇vn)
det∇ϕk ) is uniformly bounded according to602

n in L11(Ω).603

There exists a subsequence still denoted ((I− δ∇vn)(∇ϕk)−1) such that604

(I− δ∇vn)(∇ϕk)−1 ⇀
n→+∞

αk in L4(Ω,M3(R)), ∀k ∈ {1, · · · ,M},605

I − δ∇vn ⇀
n→+∞

αk∇ϕk in L4(Ω,M3(R)), ∀k ∈ {1, · · · ,M},606

∇vn ⇀
n→+∞

V̄ =
1

δ
(I − αk∇ϕk), ∀k ∈ {1, · · · ,M}, in L4(Ω,M3(R)).607

608

We thus deduce that (∇vn) is uniformly bounded according to n in L4(Ω,M3(R)) and609

by Poincaré’s inequality, we deduce that (vn) is uniformly bounded according to n in610

W 1,4(Ω,R3). We can thus extract a subsequence still denoted (vn) such that611

vn ⇀
n→+∞

v̄ in W 1,4(Ω,R3).612
613

Furthermore, we can extract a subsequence still denoted (∇vn) such that :614

∇vn ∗
⇀

n→+∞
∇v̄ in L∞(Ω,M3(R)),615

616

by uniqueness of the weak limit in L4(Ω,M3(R)) and the continuous embedding of617

L∞(Ω,M3(R)) into L4(Ω,M3(R)). Besides, using Poincaré-Wirtinger’s inequality,618

there exists a constant C depending only on Ω such that619

‖vn‖L∞(Ω,R3) −
∫

Ω v
n dx

meas(Ω)
≤ ‖vn −

∫
Ω v

n dx

meas(Ω)
‖L∞(Ω,R3) ≤ C‖∇vn‖L∞(Ω,M3(R)) ≤ Cα,620

‖vn‖L∞(Ω,R3) ≤ Cα+

∫
Ω v

n dx

meas(Ω)
≤ Cα+

‖vn‖L1(Ω,R3)

meas(Ω)
≤ Cα+

‖vn‖L4(Ω,R3)

meas(Ω)
,621

≤ Cα+
C ′

meas(Ω)
‖∇vn‖L4(Ω,M3(R)),622

623
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with C ′ a constant depending only on Ω coming from Poincaré’s inequality. Since,624

(∇vn) is uniformly bounded in L4(Ω,M3(R)), we deduce that (vn) is uniformly bounded625

according to n in W 1,∞(Ω,R3) and there exists a subsequence still denoted (vn) such626

that627

vn
∗
⇀

n→+∞
v̄ in W 1,∞(Ω,R3),628

629

by uniqueness of the weak limit in W 1,4(Ω,R3) and the continuous embedding of630

W 1,∞(Ω,R3) into W 1,4(Ω,R3). By continuity of the trace operator, we get v̄ ∈631

W 1,∞
0 (Ω,R3).632

We can also extract subsequences of (Cof(I − δ∇vn)(Cof∇ϕk)−1) and (det(I−δ∇vn)
det∇ϕk )633

still denoted (Cof(I − δ∇vn)(Cof∇ϕk)−1) and (det(I−δ∇vn)
det∇ϕk ) for all k ∈ {1, · · · ,M},634

such that635

Cof(I− δ∇vn)(Cof∇ϕk)−1 ⇀
n→+∞

Hk in L4(Ω,M3(R)),636

Cof(I− δ∇vn) ⇀
n→+∞

HkCof∇ϕk in L4(Ω,R)),637

det(I− δ∇vn)

det∇ϕk
⇀

n→+∞
δk in L11(Ω),638

det(I− δ∇vn) ⇀
n→+∞

δkdet∇ϕk in L11(Ω).639
640

By uniqueness of the weak limit, we have that H = HkCof∇ϕk and δ = δkdet∇ϕk for641

all k ∈ {1, · · · ,M}. By [?, Theorem VI.3.3] and Id−δvn ⇀
n→+∞

Id−δv̄ in W 1,4(Ω,R3),642

we have that H = Cof(I− δ∇v̄) and δ = det(I− δ∇v̄).643

3. Lower semi-continuity : W̃Op is convex and continuous. Indeed, let f(x, y) =644
x4

y3 for all (x, y) ∈ (R+)2. Then the Hessian matrix of f is given by H(x, y) =645

12x2

y3

(
1 −x

y

−x
y

x2

y2

)
and is positive semi-definite : ∀(a, b) ∈ R2, (a, b)H(x, y)(a, b)T =646

12x2

y5 (bx − ay)2 ≥ 0, for all (x, y) ∈ (R+)2. Besides, ‖.‖F is also convex and we have647

∀(A,B) ∈M3(R)2, ∀(c, d) ∈ (R+)2, ∀λ ∈ (0, 1),
(‖λA+(1−λ)B‖4F )

(λc+(1−λ)d)3 ≤ (λ‖A‖F+(1−λ)‖B‖F )4

(λc+(1−λ)d)3 =648

f(λ‖A‖F + (1−λ)‖B‖F , λc+ (1−λ)d) ≤ λf(‖A‖F , c) + (1−λ)f(‖B‖F , d) = λ
‖A‖4F
c3

+649

(1− λ)
‖B‖4F
d3 . If ψn −→

n→+∞
ψ̄ in W 1,4(Ω,R3) then ∇ψn −→

n→+∞
∇ψ̄ in L4(Ω,M3(R)) and650

we can extract a subsequence still denoted (∇ψn) such that ∇ψn −→
n→+∞

∇ψ̄ almost651

everywhere in Ω. If αn −→
n→+∞

ᾱ in L4(Ω,M3(R)) then we can extract a subsequence652

still denoted (αn) such that αn −→
n→+∞

ᾱ almost everywhere in Ω. If δn −→
n→+∞

δ̄ in653

L11(Ω), then there exists a subsequence still denoted (δn) such that δn −→
n→+∞

δ̄ almost654

everywhere in Ω. Then by continuity of W̃Op, we get655

W̃Op(∇ψn, αn, δn) −→
n→+∞

W̃Op(∇ψ̄, ᾱ, δ̄) almost everywhere in Ω.656
657

This manuscript is for review purposes only.



SUPPLEMENTARY MATERIALS: A VARIATIONAL MULTITASKING FRAMEWORK FOR SHAPE ANAL-
YSIS SM27

Then, by applying Fatou’s lemma, we have that658

lim inf
n→+∞

∫
Ω

det∇ϕkW̃Op(∇ψn, αn, δn) dx ≥
∫

Ω
det∇ϕkW̃Op(∇ψ̄, ᾱ, δ̄) dx.659

660

Since W̃Op is convex, so is
∫

Ω det∇ϕkW̃Op(ξ, α, δ) dx, and we can apply [?, Corollaire661

III.8] to get that
∫

Ω det∇ϕkW̃Op(ξ, α, δ) dx is lower semicontinuous in L4(Ω,M3(R))×662

L4(Ω,M3(R))× L11(Ω). We deduce that663

+∞ > lim inf
n→+∞

∫
Ω

det∇ϕkW̃Op((I− δ∇vn)(∇ϕk)−1,Cof(I− δ∇vn)(Cof∇ϕk)−1),664

det(I− δ∇vn)

det∇ϕk
) dx665

≥
∫

Ω
det∇ϕk(x)W̃Op((I− δ∇v̄)(∇ϕk)−1,Cof(I− δ∇v̄)(Cof∇ϕk)−1,666

det(I− δ∇v̄)

det∇ϕk
) dx.667

668

By the weak-∗ lower semi-continuity of the ‖.‖L∞(Ω,M3(R)), we get that

‖I− δ∇v̄‖L∞(Ω,M3(R)) ≤ lim inf
n→+∞

‖I−∇vn‖L∞(Ω,M3(R)) ≤ α,

so that

1{‖.‖L∞(Ω,M3(R))≤α}(I−∇v̄) = 0 ≤ lim inf
n→+∞

1{‖.‖L∞(Ω,M3(R))≤α}(I− δ∇v
n).

Since ψj ∈ L2(Ω,M3(R)) and ∇vn ⇀
n→+∞

∇v̄ in L4(Ω,M3(R)) and so in L2(Ω,M3(R)),

we have that −δ2
∫

Ω ψj : ∇v̄ dx = lim
n→+∞

− δ2
∫

Ω ψj : ∇vn dx.

By combining all the results, we get that

lim inf
n→+∞

F(vn) ≥ F(v̄).

Also v̄ ∈ W 1,∞
0 (Ω,R3),

‖Cof((I−δ∇v̄)(∇ϕk)−1)‖4F
det((I−δ∇v̄)(∇ϕk)−1)3 ∈ L1(Ω),

‖(I−δ∇v̄)(∇ϕk)−1‖4F
det((I−δ∇v̄)(∇ϕk)−1)3 ∈ L1(Ω)669

by finiteness of F(v̄) inducing the finiteness of
∫

Ω det∇ϕkW̃Op((I − δ∇v̄)(∇ϕk)−1,670

Cof((I − δ∇v̄)(∇ϕk)−1), det((I − δ∇v̄)(∇ϕk)−1)) dx for all k ∈ {1, · · · ,M}. Since671

W̃Op((I− δ∇v̄)(∇ϕk)−1,Cof((I− δ∇v̄)(∇ϕk)−1),det((I− δ∇v̄)(∇ϕk)−1)) = +∞ when672

det((I− δ∇v̄)(∇ϕk)−1) = det(I−δ∇v̄)(x)
det∇ϕk(x) ≤ 0⇐⇒ det(I− δ∇v̄) ≤ 0 since det∇ϕk(x) > 0673

on Ω, the set on which it happens must be of null measure otherwise we would have674

F(v̄) = +∞. So det(I−δ∇v̄) > 0 almost everywhere in Ω and there exists a minimizer675

to our initial problem v̄ ∈ Ŵ1.676

This problem is hard to solve in practice and we follow the same strategy as previously by677

adding additional variables and using an alternative optimisation scheme.678
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SM5. Computation of the derivatives.

∂W̄Op

∂Ib
=

2a2Ib√
IIIb

3 = 6a2|(Ib,IIb,IIIb)=(3,3,1),679

∂W̄Op

∂IIb
=

2a1Ib√
IIIb

3 = 6a1|(Ib,IIb,IIIb)=(3,3,1),680

∂W̄Op

∂IIIb
=
−3a1II

2
b

2
√
IIIb

5 −
3a2I

2
b

2
√
IIIb

5 +
11

2
a4

√
IIIb

9
− a3

2IIIb
√
IIIb

+
a3

2
√
IIIb

3681

− 9a1 + 9a2 + a4

2
√
IIIb

= −18a1 − 18a2 + 5a4|(Ib,IIb,IIIb)=(3,3,1),682

∂2W̄Op

∂I2
b

=
2a2√
IIIb

3 = 2a2|(Ib,IIb,IIIb)=(3,3,1),683

∂2W̄Op

∂IIb∂Ib
= 0,684

∂2W̄Op

∂IIIb∂Ib
= − −3a2Ib

III2
b

√
IIIb

= −9a2|(Ib,IIb,IIIb)=(3,3,1),685

∂2W̄Op

∂Ib∂IIb
= 0,686

∂2W̄Op

∂II2
b

=
2a1√
IIIb

3 = 2a1|(Ib,IIb,IIIb)=(3,3,1),687

∂2W̄Op

∂IIIb∂IIb
= − −3a1IIb

III2
b

√
IIIb

= −9a1|(Ib,IIb,IIIb)=(3,3,1),688

∂2W̄Op

∂Ib∂IIIb
=
−3a2Ib

III2
b

√
IIIb

= −9a2|(Ib,IIb,IIIb)=(3,3,1),689

∂2W̄Op

∂IIb∂IIIb
=
−3a1IIb
III2

b

√
IIIb

= −9a1|(Ib,IIb,IIIb)=(3,3,1),690

∂2W̄Op

∂III2
b

=
15a1II

2
b

4
√
IIIb

7 +
15a2I

2
b

4
√
IIIb

7 +
99a4

4

√
IIIb

7
691

+
3a3

4
√
IIIb

3 −
a3

4IIIb
√
IIIb

+
9a1 + 9a2 + a4

4
√
IIIb

3 ,692

= 36a1 + 36a+
a3

2
+ 25a4|(Ib,IIb,IIIb)=(3,3,1),693

∂Ib
∂b

= I,694

∂IIb
∂b

= IbI − b = 2I|(Ib,IIb,IIIb)=(3,3,1),695

∂IIIb
∂b

= IIIbb
−1 = I|(Ib,IIb,IIIb)=(3,3,1),696

∂I

∂b
= 0,697

698
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699

∂b

∂b
= I, Identity tensor of order 4 such that I : A : A = Tr(ATA),700

∂b−1

∂b
=

I + Ī

2
|(Ib,IIb,IIIb)=(3,3,1), with Ī : A : A = Tr(A2),701

∂W̄Op

∂b
=
∂W̄Op

∂Ib

∂Ib
∂b

+
∂W̄Op

∂IIb

∂IIb
∂b

+
∂W̄Op

∂IIIb

∂IIIb
∂b

= (−12a1 − 6a1 + 5a4)I|(Ib,IIb,IIIb)=(3,3,1),702

∂2W̄Op

∂b2
=
∂W̄Op

∂Ib

∂I

∂b
+ I ⊗ (

∂2W̄Op

∂I2
b

∂Ib
∂b

+
∂2W̄Op

∂IIb∂Ib

∂IIb
∂b

+
∂2W̄Op

∂IIIb∂Ib

∂IIIb
∂b

)703

+
∂W̄Op

∂IIb

∂(IbI − b)
∂b

+ (IbI − b)⊗ (
∂2W̄Op

∂Ib∂IIb

∂Ib
∂b

+
∂2W̄Op

∂II2
b

∂IIb
∂b

+
∂2W̄Op

∂IIIb∂IIb

∂IIIb
∂b

)704

+
∂W̄Op

∂IIIb

∂(IIIbb
−1)

∂b
+ (IIIbb

−1)⊗ (
∂2W̄Op

∂Ib∂IIIb

∂Ib
∂b

+
∂2W̄Op

∂IIb∂IIIb

∂IIb
∂b

+
∂2W̄Op

∂III2
b

∂IIIb
∂b

),705

= I ⊗ (
∂2W̄Op

∂I2
b

I +
∂2W̄Op

∂IIb∂Ib
(IbI − b) +

∂2W̄Op

∂IIIb∂Ib
IIIbb

−1)706

+
∂W̄Op

∂IIb
(I ⊗ I − I) + (IbI − b)⊗ (

∂2W̄Op

∂Ib∂IIb
I +

∂2W̄Op

∂II2
b

(IbI − b) +
∂2W̄Op

∂IIIb∂IIb
IIIbb

−1)707

+
∂W̄Op

∂IIIb
(b−1 ⊗ IIIbb−1 + IIIb

∂b−1

∂b
)708

+ IIIbb
−1 ⊗ (

∂2W̄Op

∂Ib∂IIIb
I +

∂2W̄Op

∂IIb∂IIIb
(IbI − b) +

∂2W̄Op

∂III2
b

IIIbb
−1),709

=
∂W̄Op

∂IIb
(I ⊗ I − I) +

∂W̄Op

∂IIIb
IIIb(b

−1 ⊗ b1 +
∂b−1

∂b
)710

+ I ⊗ (
∂2W̄Op

∂I2
b

I +
∂2W̄Op

∂IIb∂Ib
(IbI − b) +

∂2W̄Op

∂IIIb∂Ib
IIIbb

−1
711

+ (IbI − b)⊗ (
∂2W̄Op

∂Ib∂IIb
I +

∂2W̄Op

∂II2
b

(IbI − b) +
∂2W̄Op

∂IIIb∂IIb
IIIbb

−1)712

+ IIIbb
−1 ⊗ (

∂2W̄Op

∂Ib∂IIIb
I +

∂2W̄Op

∂IIb∂IIIb
(IbI − b) +

∂2W̄Op

∂III2
b

IIIbb
−1),713

= −(
∂W̄Op

∂IIb
I +

1

2

∂W̄Op

∂IIIb
(I + Ī)) + I ⊗ I(

∂W̄Op

∂IIb
+
∂W̄Op

∂IIIb
+
∂2W̄Op

∂I2
b

+ 4
∂2W̄Op

∂Ib∂IIb
714

+ 2
∂2W̄Op

∂Ib∂IIIb
+ 4

∂2W̄Op

∂II2
b

+ 4
∂2W̄Op

∂IIIb∂IIb
+
∂2W̄Op

∂III2
b

)|(Ib,IIb,IIIb)=(3,3,1),715

= (15a1 + 9a2 −
5

2
a4)I + (9a1 + 9a2 −

5a4

2
)Ī + I ⊗ I(−4a1 + 20a2 + 30a4 +

a3

2
).716

717

SM6. Proof of Theorem Theorem 4.2.718
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Proof. Let us denote by a the mapping defined by :719

a :

∣∣∣∣∣∣
H3(Ω,R2)×H3(Ω,R2)→ R
(u, v) 7→ 〈ρ0(u), ρ0(v)〉R2,N0

+ γ
2 〈ρ1(∇u+∇uT ), ρ1(∇v +∇vT 〉M2(R),N1

+ε(u, v)3,Ω,R2

,720

721

with (., .)3,Ω,R2 denoting the semi-norm in H3(Ω,R2), and by L the mapping defined by :722

L :

∣∣∣∣ H3(Ω,R2)→ R
v 7→ 〈ρ0(fk), ρ0(v)〉R2,N0

+ γ
2 〈ρ1(∇fk +∇fTk +∇fTk ∇fk), ρ1(∇v +∇vT )〉M2(R),N1

.723
724

Let us notice that ∀v ∈ H3(Ω,R2),725

Fε,k(v) = 〈ρ0(v)− ρ0(fk)〉2R2,N0
+
γ

2
〈ρ1(∇v +∇vT )− ρ1(∇fk +∇fTk +∇fTk ∇fk)〉2M2(R),N1

726

+ ε|v|23,Ω,R2 ,727

= 〈ρ0(v)〉2R2,N0
+ 〈ρ0(fk)〉2R2,N0

− 2〈ρ0(v), ρ0(fk)〉R2,N0
+
γ

2
〈ρ1(∇v +∇vT )〉2M2(R),N1

728

+
γ

2
〈ρ1(∇fk +∇fTk +∇fTk ∇fk)〉2M2(R),N1

729

− γ〈ρ1(∇v +∇vT ), ρ1(∇fk +∇fTk +∇fTk ∇fk)〉M2(R),N1
+ ε|v|23,Ω,R2 ,730

= a(v, v)− 2L(v) + 〈ρ0(fk)〉2R2,N0
+
γ

2
〈ρ1(∇fk +∇fTk +∇fTk ∇fk)〉2M2(R),N1

.731
732

Also problem (4.2) is equivalent to :733 {
Search for uε,k ∈ H3(Ω,R2) such that:
∀v ∈ H3(Ω,R2), ∀µ ∈ R, Fε,k(uε,k) ≤ Fε,k(uε,k + µv)

.734
735

Using the bilinearity and symmetry of the mapping a, and the linearity of the mapping L,736

one has :737

Fε,k(uε,k + µv) = a(uε,k, uε,k) + 2µa(uε,k, v) + µ2a(v, v)− 2L(uε,k)− 2µL(v) + 〈ρ0(fk)〉2R2,N0
738

+ 〈ρ1(∇fk +∇fTk +∇fTk ∇fk)〉2M2(R),N1
,739

= Fε,k(uε,k) + 2µ[a(uε,k, v)− L(v)] + µ2a(v, v),740741

which means, using the previous reformulation that :742

2µ[a(uε,k, v)− L(v)] + µ2a(v, v) ≥ 0.743744

Assuming now that µ > 0, and dividing the previous inequality by µ, and finally letting µ745

tend to 0, we get :746

a(uε,k, v)− L(v) ≥ 0.747748

Assuming that µ < 0, dividing the inequality by µ and letting µ tend to 0, we finally obtain :749

a(uε,k, v)− L(v) ≤ 0.750751

We then deduce that a(uε,k, v) = L(v), for all v ∈ H3(Ω,R2). The inverse is readily obtained752

thanks to the previous relations.753
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SM7. Proof of Lemma Lemma 4.3.754

Proof. Let us take f ∈ H3(Ω,R2) such that ‖f‖A0,3,Ω,R2 = 0. It implies that |f |3,Ω,R2 = 0755

and taking into account the connectedness of Ω, it yields f ∈ P 2(Ω,R2). We also have756

that ρ1(∇f + ∇fT ) = 0 meaning that ∂f1

∂x (bi) = 0, ∂f2

∂y (bi) = 0, ∂f1

∂y (bi) + ∂f2

∂x (bi) = 0, for757

i = 1, · · · , N1. Since f ∈ P 2(Ω,R2), it means that ∂f1

∂x ∈ P
1(Ω), and ∂f2

∂y ∈ P
1(Ω). Since A1758

contains a P 1(Ω,R2)-unisolvent subset, it results that ∂f1

∂x ≡ 0 and ∂f2

∂y ≡ 0. We therefore759

have that760

f1(x, y) = g1(y),761

f2(x, y) = g1(x).762763

Since, ∂f1

∂y + ∂f2

∂x ∈ P
1(Ω) and A1 contains a P 1(Ω,R2) unisolvent subset, we deduce that764

∂f1

∂y
+
∂f2

∂x
≡ 0⇔ ∂f1

∂y
= g′1(y) ≡ −∂f2

∂x
= −g′2(x), ∀(x, y) ∈ Ω.765

766

It thus means that f1(x, y) = ay + b, f2(x, y) = −ax + c and are in P 1(Ω) with f1(ai) =767

f2(ai) = 0 for all i = 1, · · · , N0. Since A0 contains a P 1(Ω,R2)-unisolvent subset, we deduce768

that f1 ≡ f2 ≡ 0. It is now clear that ‖.‖A0,3,Ω,R2 is a norm on H3(Ω,R2) associated with a769

scalar product. We now prove the equivalence of the norm ‖.‖A0,Ω,3,R2 with the norm ‖.‖3,Ω,R2 .770

771

First, we have ∀f ∈ H3(Ω,R2), ∀ai ∈ A0, i = 1, · · · , N0, ∀bj ∈ A1, j = 1, · · · , N1 :772

〈f(ai)〉R2 ≤ ‖f‖C0(Ω,R2) ≤ c‖f‖3,Ω,R2 thanks to Sobolev’s embedding,773

〈∇f(bj) +∇f(bj)
T 〉M2(R) ≤ 2‖f‖C1(Ω,R2) ≤ 2c′‖f‖3,Ω,R2 thanks to Sobolev’s embedding,774

so, ‖f‖A,3,Ω,R2 ≤ (1 + c2N + 4c′2N)
1
2 ‖f‖3,Ω,R2 .775776

Furthermore, let us take k = 3 = m, p = 2 in Nečas theorem [?, Chapter 2, section 7.1], and777

let us take ρ0(f) and ρ1(∇f +∇fT ) as functionals fi (using the same reasoning as previously778

to show the property (7.1 bis) ∀v ∈ P 2(Ω,R2),
l∑

i=1
|fi(v)|2 = 0⇔ v ≡ 0). Then there exists a779

positive constant c1 > 0 such that780

c1‖f‖3,Ω,R2 ≤ [|f |23,Ω,R2 +

N0∑
i=1

〈f(ai)〉2R2 +

N1∑
j=1

〈∇f(bj) +∇f(bj)
T 〉2M2(R)]

1
2 ,781

782

which concludes the proof.783

SM8. Proof of Theorem Theorem 4.4.784
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Proof. The mapping L is a linear and continuous form on H3(Ω,R2). Indeed,785

|L(v)| = |
N0∑
i=1

〈fk(ai), v(ai)〉R2 +

N1∑
j=1

γ

2
〈∇fk(bj) +∇fk(bj)T +∇fk(bj)T∇fk(bj),∇v(bj)786

+∇v(bj)
T 〉M2(R)|,787

≤
N0∑
i=1

|〈fk(ai), v(ai)〉R2 |+
γ

2

N1∑
j=1

|〈∇fk(bj) +∇fk(bj)T +∇fk(bj)T∇fk(bj),∇v(bj)788

+∇v(bj)
T 〉M2(R)|,789

≤
N0∑
i=1

|〈fk(ai)〉R2 ||〈v(ai)〉R2 |+
γ

2

N1∑
j=1

|〈∇fk(bj) +∇fk(bj)T +∇fk(bj)T∇fk(bj)〉M2(R)|790

|〈∇v(bj) +∇v(bj)
T 〉M2(R)|,791

≤
N0∑
i=1

|〈fk(ai)〉R2 |‖v‖C0(Ω,R2) + γ

N1∑
j=1

|〈∇fk(bj) +∇fk(bj)T +∇fk(bj)T∇fk(bj)〉M2(R)|792

‖v‖C1(Ω,R2),793

≤ (cN0‖fk‖C0(Ω,R2) + c′N1γ max
i=1,··· ,N1

〈∇fk(bi) +∇fk(bi)T +∇fk(bi)T∇fk(bi)〉M2(R))794

‖v‖3,Ω,R2 .795796

Moreover, the mapping a is a symmetric, bilinear form, continuous on H3(Ω,R2)×H3(Ω,R2).797

While symmetry and bilinearity are obvious, the continuity of a can be obtained by using the798

equivalence of norms established in the previous lemma : ∀(u, v) ∈ H3(Ω,R2)×H3(Ω,R2),799

|a(u, v)| = |
N0∑
i=1

〈u(ai), v(ai)〉R2 +
γ

2

N1∑
j=1

〈∇u(bj) +∇u(bj)
T ,∇v(bj) +∇v(bj)

T 〉M2(R) + ε(u, v)3,Ω,R2 ,800

≤ max(1, ε,
γ

2
)[

N0∑
i=1

|〈u(ai), v(ai)〉R2 |+
N1∑
j=1

|〈∇u(bj) +∇u(bj)
T ,∇v(bj) +∇v(bj)

T 〉M2(R)|801

+ |(u, v)3,Ω,R2 |],802

≤ 4 max(1, ε,
γ

2
)[

N0∑
i=1

〈u(ai)〉R2〈v(ai)〉R2 +

N1∑
j=1

〈∇u(bj)〉M2(R)〈∇v(bj)〉M2(R) + |u|3,Ω,R2 |v|3,Ω,R2 .803

804

This last inequality proves that a is continuous on H3(Ω,R2)×H3(Ω,R2).805

To finish with, we prove that a is H3(Ω,R3)-elliptic. Let v ∈ H3(Ω,R2),806

a(v, v) = 〈ρ0(u)〉2R2,N0
+
γ

2
〈ρ1(∇v +∇vT )〉2M2(R),N1

+ ε|v|23,Ω,R2 ,807

≥ min(1, ε,
γ

2
)‖v‖2A,3,Ω,R2 .808

809
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Using again the equivalence of norms established above, we deduce that a is H3(Ω,R2)-elliptic.810

The Lax-Milgram theorem enables us to conclude that the variational problem (4.3) has a811

unique solution denoted by uε,k.812

SM9. Proof of Lemma Lemma 4.5.813

Proof. The Sobolev’s embedding gives that814

∃C1 > 0, ∀d ∈ D, ∀f ∈ H3(Ω,R2), ‖f‖Ad0,3,Ω,R2 ≤ C1‖f‖3,Ω,R2 ,815
816

by using the same arguments as previously, with C1 independent of d and depending only817

on N . Let us now find a constant C2 independent of d such that the inequality ‖f‖3,Ω,R2 ≤818

C2‖f‖Ad0,3,Ω,R2 holds. For f ∈ H3(Ω,R2), we have819

1

2

N∑
j=1

〈f(b0j)〉2R2 =
1

2

N∑
i=1

〈f(b0j)− f(ad0j) + f(ad0j)〉2R2 ,820

=
1

2

N∑
i=1

〈f(b0j)− f(ad0j)〉2R2 + 〈f(ad0j)〉2R2 + 2〈f(b0j)− f(ad0j), f(ad0j)〉R2 ,821

≤
N∑
i=1

〈f(b0j)− f(ad0j)〉2R2 + 〈f(ad0j)〉2R2 .822

823

The open subset Ω having a Lipschitz continuous boundary, the space H3(Ω,R2) verifies the824

Sobolev’s Hölder embedding theorem namely ∃λ ∈]0, 1], H3(Ω,R2) ↪→ C0,λ(Ω̄,R2). Thus825

f ∈ C0,λ(Ω̄,R2), and ∃C > 0, ∀j = 1, · · · ,N , ∀d ∈ D,826

〈f(b0j)− f(ad0j)〉2R2 ≤ ‖f‖2C0,λ(Ω̄,R2)〈b0j − a
d
0j〉2λR2 ,827

≤ C2‖f‖2H3(Ω,R2)〈b0j − a
d
0j〉2λR2828

829

Besides, from the hypotheses, it comes that ∀j = 1, · · · ,N830

∀βj > 0, ∃ηβj > 0, ∀d ∈ D, (d ≤ ηβj ⇒ 〈a
d
0j − b0j〉R2 ≤ βηj ).831832

Then ∀j = 1, · · · ,N ,833

∀βj > 0, ∃ηβj , ∀d ∈ D, (d ≤ ηβj ⇒ 〈f(b0j)− f(ad0j)〉2R2 ≤ C2‖f‖2H3(Ω,R2).834
835

Let β > 0 and let us take βj = β for all j = 1, · · · ,N , and η = min{ηβ1 , · · · , ηβN }, then836

d ≤ η ⇒
N∑
j=1

〈f(b0j)− f(ad0j)〉2R2 ≤ C2β2λN‖f‖2H3(Ω,R2).837

838

This implies that ∀β > 0, ∃η > 0, ∀d ∈ D, ∀f ∈ H3(Ω,R2),839

d ≤ η ⇒
N∑
j=1

〈f(b0j)− f(ad0j)〉2R2 ≤ C2β2λN‖f‖2H3(Ω,R2).840

841
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This implies that ∀β > 0, ∃η > 0, ∀d ∈ D, ∀f ∈ H3(Ω,R2),842

d ≤ η ⇒ 1

2

N∑
j=1

〈f(b0j)〉2R2 + |f |23,Ω,R2 − C2β2λN‖f‖2H3(Ω,R2) ≤
N∑
i=1

〈f(ad0j)〉2R2 + |f |23,Ω,R2 ,843

d ≤ η ⇒ 1

2

N∑
j=1

〈f(b0j)〉2R2 +

N1∑
i=1

〈∇f(bi) +∇f(bi)
T 〉2M2(R)|f |

2
3,Ω,R2 − C2β2λN‖f‖2H3(Ω,R2)844

≤
N∑
i=1

〈f(ad0j)〉2R2 +

N1∑
i=1

〈∇f(bi) +∇f(bi)
T 〉2M2(R) + |f |23,Ω,R2 .845

846

As previously shown, the mapping f ∈ H3(Ω,R2) 7→ (1
2

N∑
j=1
〈f(b0j)〉2R2 +

N1∑
i=1
〈∇f(bi) +∇f(bi)

T847

〉2M2(R) + |f |23,Ω,R2)
1
2 is a norm on H3(Ω,R2) equivalent to the norm ‖.‖3,Ω,R2 , so ∀β > 0, ∃η >848

0, ∀d ∈ D, ∀f ∈ H3(Ω,R2),849

d ≤ η ⇒ (C ′′ − C2β2λN )‖f‖2H3(Ω,R2) ≤ ‖f‖
2
Ad0,3,Ω,R2 .850

851

By choosing β adequately, the norm equivalence is obtained.852

SM10. Proof of Theorem Theorem 4.6.853

Proof. The proof is divided into 3 steps that we detail hereafter :854

• First step : We start by proving that the sequence (udε )d∈D∩]0,η] is bounded in855

H3(Ω,R2) for fixed N1, and ε. In the minimisation problem (4.4), let us take v = fk.856

Then we have857

〈ρd(udε − fk)〉2R2,N(d) +
γ

2
〈ρ1(∇udε + (∇udε )T −∇fk −∇fTk −∇fTk ∇fk)〉2M2(R),N1

+ ε|udε |23,Ω,R2858

≤ ε|fk|23,Ω,R2 +
γ

2

N1∑
i=1

〈∇fk(bi)T∇fk(bi)〉2M2(R),859

≤ ε|fk|23,Ω,R2 + 2γ

N1∑
i=1

〈∇fk(bi)〉2M2(R),860

≤ ε|fk|23,Ω,R2 + 2γN1‖fk‖2C1(Ω̄,R2),861862

from which we deduce that863 
|udε |23,Ω,R2 ≤ |fk|23,Ω,R2 + 2γ

ε ‖fk‖
2
C1(Ω̄,R2)

N1,

〈ρd(udε − fk)〉2R2,N ≤ ε|fk|
2
3,Ω,R2 + 2γN1‖fk‖2C1(Ω,R2),

〈ρ1(∇udε + (∇udε )T −∇fk −∇fTk −∇fTk ∇fk)〉2M2(R),N1
≤ 2ε

γ |fk|
2
3,Ω,R2 + 4N1‖fk‖2C1(Ω̄,R2)

.

864

865

As Ad0 ⊂ Ad with Ad0 containing N elements forming a P 1-unisolvent set. So one has866 ∑
a∈Ad0

〈udε (a)− fk(a)〉2R2 ≤
∑
a∈Ad
〈udε (a)− fk(a)〉2R2 ≤ ε|fk|23,Ω,R2 + 2γN1‖fk‖2C1(Ω,R2).867

868
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Moreover869 ∑
a∈Ad0

〈udε (a)〉2R2 =
∑
a∈Ad0

〈udε (a)− fk(a) + fk(a)〉2R2 ,870

≤ 2
∑
a∈Ad0

〈udε (a)− fk(a)〉2R2 + 〈fk(a)〉2R2 ,871

≤ 2ε|fk|23,Ω,R2 + 4N1γ‖fk‖2C1(Ω̄,R2) + 2N‖fk‖2C0(Ω̄,R2),872
873
874 ∑

a∈A1

〈∇udε (a) + (∇udε (a))T 〉2M2(R) =
∑
a∈A1

〈∇udε (a) +∇udε (a)T −∇fk(a)−∇fk(a)T875

−∇fk(a)T∇fk(a) +∇fk(a) +∇fk(a)T +∇fk(a)T∇fk(a)〉2M2(R),876

≤ 2
∑
a∈A1

〈∇udε (a) +∇udε (a)T −∇fk(a)−∇fk(a)T −∇fk(a)T∇fk(a)〉2M2(R)877

+ 〈∇fk(a) +∇fk(a)T +∇fk(a)T∇fk(a)〉2M2(R),878

≤ 2ε

γ
|fk|23,Ω,R2 + 8N1‖fk‖2C1(Ω̄,R2) + 32N1‖fk‖2C1(Ω̄,R2).879

880

Finally, using the equivalence of norm from the previous lemmas, and the previous881

inequalities, we obtain that882

∃ν > 0, ∀d ∈ D, d ≤ η ⇒ ‖udε‖2H3(Ω,R2) ≤ ν.883
884

The sequence (udε )d∈D∩]0,η] is bounded in H3(Ω,R2) independently of d so one can885

extract a subsequence (udlε )l∈N with lim
l→+∞

dl = 0 (since 0 is an accumulation point of886

D) that weakly converges to an element of H3(Ω,R2) denoted by f∗k : udlε ⇀
l→+∞

f∗k in887

H3(Ω,R2).888

• Second step : In the second step, we prove that f∗k = fk. Let us assume that f∗k 6= fk889

that is, there exists a non-empty open set w included in Ω and a positive real α such890

that891

∀x ∈ w, 〈fk(x)− f∗k (x)〉R2 > α.892893

Let us now set ξ = 1 + E

[
ε|fk|23,Ω,R2+2γN1‖fk‖2C1(Ω,R2)

α2

]
, where E[.] denotes the integer894

part of the argument. Let B0 = {p01, p02, · · · , p0ξ} be a subset of ξ distinct points895

from w. One has :896

∀i = 1, · · · , ξ, ∃(pd0i)d∈D, ∀d ∈ D, pd0i ∈ Ad and pd0i = lim
d→0

pd0i.897
898

For any d ∈ D, let Bd
0 be the set {pd01, · · · , pd0ξ}. As previously proved and taking into899

account that Bd
0 ⊂ Ad, we have900

ξ∑
i=1

udlε (pdl0i − fk(p
dl
0i)〉

2
R2 ≤ ε|fk|23,Ω,R2 + 2γN1‖fk‖2C1(Ω̄,R2).901

902
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Besides, ∀i = 1, · · · , ξ,903

〈udlε (pdl0i)− f
∗
k (p0i)〉R2 = 〈udlε (pdl0i)− u

dl
ε (p0i) + udlε (p0i)− f∗k (p0i)〉R2 ,904

≤ 〈udlε (pdl0i)− u
dl
ε (p0i)〉R2 + 〈udlε (p0i)− f∗k (p0i)〉R2905906

Since udlε ∈ H3(Ω,R2) ↪→ C0,λ(Ω̄,R2), there exists C3 > 0 such that907

〈udlε (pdl0i)− u
dl
ε (p0i)〉R2 ≤ C3〈pdl0i − p0i〉λR2 .908909

But lim
l→+∞

dl = 0, and p0i = lim
l→+∞

pdl0i, we thus deduce that910

lim
l→+∞

〈udlε (pdl0i)− u
dl
ε (p0i)〉R2 = 0.911

912

The Rellisch-Kondrachov compact embedding theorem gives that H3(Ω,R2)913

↪→
c
C0,λ(Ω̄,R2). Thus, (udlε )l∈N uniformly converges to f∗k and then914

lim
l→+∞

〈udlε (p0i)− f∗k (p0i)〉R2 = 0.915
916

Therefore, we can conclude that917

lim
l→+∞

〈udlε (pdl0i)− f
∗
k (p0i)〉R2 = 0, that is lim

l→+∞
udlε (pdl0i) = f∗k (p0i).918

919

Letting l tend to infinity in the first inequality, we get920

ξ∑
l=1

〈f∗k (p0i)− fk(p0i)〉2R2 ≤ ε|fk|23,Ω,R2 + 2γN1‖fk‖2C1(Ω̄,R2),921

922

and so923

ξα2 ≤ ε|fk|23,Ω,R2 + 2γN1‖fk‖2C1(Ω̄,R2),924
925

which is in contradiction with the choice of ξ. Then f∗k = fk.926

• Third step : In the last step, we come back to the initial displacements inW 1,∞(Ω,R2).927

We have928

lim
k→+∞, l→+∞

‖udlε − u‖1,∞ ≤ lim
k→+∞

( lim
l→+∞

‖udlε − fk‖1,∞ + ‖fk − u‖1,∞),929

≤ 0,930931

since ‖fk − u‖1,∞ −→
k→+∞

0 by construction and for all k ∈ N, lim
l→+∞

‖udlε − fk‖1,∞ as932

H3(Ω,R2) ↪→
c
W 1,∞(Ω,R2).933

934
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SM11. Alternative convergence analysis for the third method. Let us now consider the935

following problem :936


Search for udε ∈ H3

0 (Ω) such that ∀t ∈ H3(Ω,R2),
〈ρ0(udε − fk〉2R2,N0

+ γ
2 〈ρ

d(∇udε + (∇udε )T −∇fk −∇fTk −∇fTk ∇fk)〉2M2(R),N + ε|udε |23,Ω,R2

≤ 〈ρ0(v − fk)〉2R2,N0
+ γ

2 〈ρ
d(∇v +∇vT −∇fk −∇fTk −∇fTk ∇fk〉2M2(R),N + ε|v|23,Ω,R2

.

(SM11.1)

937

938

In this case, the norm ‖.‖Ad,3,Ω,R2 is defined by939

‖f‖Ad,3,Ω,R2 = [〈ρ0(fk)〉2R2,N0
+ 〈ρd(∇f +∇fT )〉2M2(R),N + |f |23,Ω,R2 ]

1
2 .940

941

As shown in the previous lemma, this norm ‖.‖Ad,3,Ω,R2 is equivalent to the norm ‖.‖3,Ω,R2 on942

H3(Ω,R2). We first derive the following lemma.943

Lemma SM11.1. Let B1 = {b01, · · · , b0N } be a fixed P 1-unisolvent subset of Ω̄. By hypoth-944

esis, 0 ∈ D̄ and lim
d→0

sup
x∈Ω

δ(x,Ad) = 0 holds so945

∀j = 1, · · · ,N , ∃(ad0j)d∈D, ∀d ∈ D, ad0j ∈ Ad and b0j = lim
d→0

ad0j .946
947

For any d ∈ D, let Ad0 be the set {ad0j , · · · , ad0N } and let ‖.‖Ad0,3,Ω,R2 be the sum defined by948

∀f ∈ H3(Ω,R2),949

‖f‖Ad0,3,Ω,R2 =

 N0∑
j=1

〈f(aj)〉2R2 +

N∑
j=1

〈∇f(ad0j) +∇f(ad0j)
T 〉2M2(R)

 1
2

.950

951

Then, there exists η > 0 such that for any d ≤ η, the norm ‖.‖Ad0,3,Ω,R2 is uniformly equivalent952

over D∩]0, η] to the norm ‖.‖3,Ω,R2 in H3(Ω,R2).953

Proof. The Sobolev’s embedding gives that954

∃c1 > 0, ∀d ∈ D, ∀f ∈ H3(Ω,R2), ‖f‖Ad0,3,Ω,R2 ≤ C1‖f‖3,Ω,R2 ,955
956

by using similar arguments as previously. The constant C1 is independent of d and only957

depends on N0 and N .958

Let us now find a constant C2 independent of d such that the inequality959

‖f‖3,Ω,R2 ≤ C2‖f‖Ad0,3,Ω,R2 ,960
961

holds. For f ∈ H3(Ω,R2),962

1

2

N∑
j=1

〈∇f(b0j) +∇f(b0j)
T 〉2R2 =

1

2

N∑
j=1

〈∇f(b0j) +∇f(b0j)
T −∇f(ad0j)−∇f(ad0j)

T
963

+∇f(ad0j) +∇f(ad0j)
T 〉2M2(R),964

≤
N∑
j=1

〈∇f(b0j) +∇f(b0j)
T −∇f(ad0j)−∇f(ad0j)

T 〉2M2(R) + 〈∇f(ad0j) +∇f(ad0j)
T 〉2M2(R).965

966
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The open subset Ω having a Lipschitz-continuous boundary and the space H3(Ω,R2) verifies967

the Sobolev’s Hölder embedding theorem, namely968

∃λ ∈]0, 1], H3(Ω,R2) ↪→
c
C1,λ(Ω̄,R2).969

970

Thus f ∈ C1,λ(Ω,R2) and ∃C > 0, ∀j = 1, · · · ,N , ∀d ∈ D,971

〈∇f(b0j) +∇f(b0j)
T −∇f(ad0j)−∇f(ad0j)

T 〉2M2(R) ≤ 2‖f‖2C1,λ(Ω,R2)〈b0j − a
d
0j〉2λR2 ,972

≤ 2C2‖f‖23,Ω,R2〈b0j − ad0j〉2λR2 .973
974

Besides, we also have from the assumptions that for all j = 1, · · · ,N ,975

∀βj > 0, ∃ηβj > 0, ∀d ∈ D, (d ≤ ηβj ⇒ 〈a
d
0j − b0j〉R2 ≤ βj).976977

Then ∀j = 1, · · · ,N978

∀βj > 0, ∃ηβj > 0, ∀d ∈ D, (d ≤ ηβj ⇒〈∇f(b0j) +∇f(b0j)
T −∇f(ad0j)−∇f(ad0j)

T 〉2M2(R)979

≤ 2C2‖f‖23,Ω,R2β
2λ
j .980

981

Let δ > 0 and let us take βj = β, ∀j = 1 · · · ,N , η = min{ηβ1 , · · · , ηβN }, then982

∀d ∈ D, (d ≤ η ⇒
N∑
j=1

〈∇f(b0j) +∇f(b0j)
T −∇f(ad0j)−∇f(ad0j)

T 〉2M2(R) ≤ NC
2β2λ‖f‖23,Ω,R2 .983

984

Finally,985

∀β > 0, ∃η > 0, ∀d ∈ D, ∀f ∈ H3(Ω,R2),986

d ≤ η ⇒
N∑
j=1

〈∇f(b0j) +∇f(b0j)
T −∇f(ad0j)−∇f(ad0j)

T 〉2M2(R) ≤ C
2β2λN‖f‖23,Ω,R2 .987

988

This implies that989

∀β > 0, ∃η > 0, ∀d ∈ D, ∀f ∈ H3(Ω,R2), d ≤ η990

⇒ 1

2

N∑
j=1

〈∇f(b0j) +∇f(bT0j)〉2M2(R) +

N0∑
j=1

〈f(ai)〉2R2 + |f |23,Ω,R2 − C2β2λN‖f‖23,Ω,R2 ≤ ‖f‖2Ad0,3,Ω,R2 .991

992

As previously shown, the mapping f ∈ H3(Ω,R2) 7→
[
N0∑
j=1
〈f(ai)〉2R2+1

2

N∑
j=1
〈∇f(b0j)+∇f(b0j)

T 〉2M2(R)993

+|f |23,Ω,R2

] 1
2

is a norm on H3(Ω,R2) equivalent to the norm ‖.‖3,Ω,R2 so994

∀β > 0, ∃η > 0, ∀d ∈ D, ∀f ∈ H3(Ω,R2),995

d ≤ η ⇒ (C ′2 − C2β2λN )‖f‖23,Ω,R2 ≤ ‖f‖23,Ω,R2 .996
997

By choosing β adequately, the norm equivalence is obtained.998
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Before considering a convergence result, let us first introduce the following problem999

inf
u∈H3(Ω,R2)

|u|3,Ω,R2 ,(SM11.2)1000

s.t. ∇u+∇uT = ∇fk +∇fTk +∇fTk ∇fk everywhere on Ω,1001

ρ0(u) = ρ0(fk),10021003

and prove the existence of minimisers.1004

Theorem SM11.2 (Existence of minimisers). Let us assume that there exists u0 ∈ H3(Ω,R2)1005

such that1006

∂u0,1

∂x
=
∂fk,1
∂x

+ (
∂fk,1
∂x

)2 + (
∂fk,2
∂x

)2,1007

∂u0,2

∂y
=
∂fk,2
∂y

+ (
∂fk,2
∂y

)2 + (
∂fk,1
∂y

)2,1008

∂u0,1

∂y
+
∂u0,2

∂x
=
∂fk,1
∂y

+
∂fk,2
∂x

+
∂fk,1
∂x

∂fk,1
∂y

+
∂fk,2
∂x

∂fk,2
∂y

,1009
1010

everywhere on Ω and for all i = 1, · · · , N0, u0(ai) = fk(ai). (This shouldn’t be too restrictive1011

if N0 is small enough). Then there s at least one minimiser of the problem (SM11.2).1012

Proof. Let (uj) be a minimising sequence of the problem such that ∀j ∈ N,1013

uj ∈ H3(Ω,R2),1014

∇uj +∇uTj = ∇fk +∇fTk +∇fTk ∇fk, everywhere on Ω,1015

ρ(uj) = ρ(fk).10161017

For j large enough, we have the following coercivity inequality1018

|uj |3,Ω,R2 ≤ |u0|3,Ω,R2 , and so1019

〈ρ(∇uj +∇uTj )〉2M2(R) + 〈ρ(uj)〉2R2 + |uj |23,Ω,R2 ≤ 〈ρ(∇u0 +∇uT0 )〉2M2(R) + 〈ρ(u0)〉2R2 + |u0|23,Ω,R2 .10201021

Thanks to the previous lemma that gives an equivalence of norms, we get that (uj) is uniformly1022

bounded according to j in H3(Ω,R2). We thus can extract a sub-sequence still denoted by1023

(uj) such that1024

uj ⇀
j→+∞

ū in H3(Ω,R2),1025
1026

with ū ∈ H3(Ω,R2). Since H3(Ω,R2) ↪→
c
C1(Ω̄,R2), we deduce that uk → ū in C1(Ω̄,R2), and1027

therefore1028

uj −→
j→+∞

ū everywhere in Ω,1029

∇uj −→
j→+∞

∇ū everywhere in Ω,1030

∇uTj −→
j→+∞

∇ūT everywhere in Ω.1031
1032
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Hence we have that1033

ρ(ū) = lim
j→+∞

ρ(uj) = lim
j→+∞

ρ(fk) = ρ(fk),1034

∇ū(x) +∇ūT (x) = lim
j→+∞

∇uj(x) +∇uj(x)T = lim
j→+∞

∇fk(x) +∇fTk (x) +∇fTk (x)∇fk(x)1035

= ∇fk(x) +∇fTk (x) +∇fTk (x)∇fk(x), for every x ∈ Ω.10361037

Finally, by the semi-continuity of |.|3,Ω,R2 , we get that1038

|ū|3,Ω,R2 ≤ lim inf
j→+∞

|uj |3,Ω,R2 ,1039
1040

and ū is a minimiser of the problem (SM11.2).1041

We now establish the following convergence result1042

Theorem SM11.3 (Convergence). Let f̂k be a minimiser of problem (SM11.2). For any1043

d ∈ D, and ε ∈]0, ε0], we denote by udε,k the unique solution of problem (SM11.1). Then under1044

the above assumptions, there exists a subsequence (udlεl,k) with lim
l→+∞

dl = lim
l→+∞

εl = 0, such that1045

udlεl,k −→l→+∞
f̂k1046

1047

in H3(Ω,R2) with lim
k→+∞

lim
l→+∞

‖∇udlεl,k + (∇udlεl,k)
T −∇u−∇uT −∇uT∇u‖L∞(Ω,M2(R)) = 0.1048

Proof. The proof is divided into four steps that we detail hereafter.1049

• First step : We start by proving that the sequence (udε,k)d∈D∩]0,η],ε∈]0,ε0] is bounded1050

in H3(Ω,R2). In the minimisation problem (SM11.1), let us take v = f̂k. Then we1051

have1052

〈ρ(udε,k − fk)〉2R2,N0
+
γ

2
〈ρd(∇udε,k + (∇udε,k)T −∇fk −∇fTk −∇fTk ∇fk〉2M2(R) + ε|udε,k|23,Ω,R1053

≤ ε|f̂k|23,Ω,R,10541055

from which we deduce that1056 
|udε,k|3,Ω,R2 ≤ |f̂k|3,Ω,R2 ,
γ
2 〈ρ

d(∇udε,k + (∇udε,k)T −∇fk −∇fTk −∇fTk ∇fk〉2M2(R) ≤ ε|f̂k|
2
3,Ω,R2 ,

〈ρ0(udε,k − fk)〉2R2 ≤ ε|f̂k|23,Ω,R ≤ ε0|f̂k|23,Ω,R.
1057

1058

As Ad0 ⊂ Ad, one has1059 ∑
a∈Ad0

〈∇udε,k(a) +∇udk,ε(a)T −∇f̂k(a)−∇f̂k(a)T 〉2M2(R) ≤ ε0|f̂k|
2
3,Ω,R2 .1060

1061

Moreover1062 ∑
a∈Ad0

〈∇udε,k(a) +∇udε,k(a)T 〉2M2(R) ≤ 2
∑
a∈Ad0

〈∇udε,k(a) +∇udε,k(a)T −∇f̂k(a)−∇f̂k(a)T 〉2M2(R)1063

+ 2
∑
a∈Ad0

〈∇f̂k(a) +∇f̂k(a)T 〉2M2(R),1064

≤ 2ε0|f̂k|23,Ω,R2 + 4N‖f̂k‖2C1(Ω,R2).10651066
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Finally, using the equivalence of norm previously established, and the inequalities1067

above, we obtain that1068

∃ν > 0, ∀d ∈ D, ∀ε ∈]0, ε0], d ≤ η ⇒ ‖udk‖3,Ω,R2 ≤ ν.10691070

The sequence (udε,k)d∈D∩]0,η],ε∈]0,ε0] is bounded in H3(Ω,R2) so one can extract a sub-1071

sequence (udlεl,k) with lim
l→+∞

dl = lim
l→+∞

εl = 0 that weakly converges to f∗k in H3(Ω,R2).1072

• Second step: We now prove that f∗k = f̂k. Let us assume that ∇f∗k + (∇f∗k )T 6=1073

∇f̂k +∇f̂Tk , that is, there exists a non-empty open set ω included in Ω and a positive1074

real α such that1075

∀x ∈ w, 〈∇f∗k (x) + (∇f∗k )T (x)−∇f̂k(x)−∇f̂Tk (x)〉2M2(R) > α.1076
1077

Let us set ξ = E

[
ε|f̂k|23,Ω,R2

α2

]
, where E[.] denotes te integer part of the argument. Let1078

B0 = {p01, · · · , p0ξ} be a subset of ξ distinct points from ω. One has1079

∀i = 1, · · · , ξ, ∃(pd0i)d∈D, (∀d ∈ D, p0i ∈ A) and p0i = lim
d→0

pd0i.1080
1081

For any d ∈ D, let Bd
0 be the set {pd01, · · · , pd0ξ}. As previously proved and taking into1082

account that Bd
0 ⊂ Ad, we have1083

ξ∑
i=1

〈∇udlεl,k(p
dl
0i) +∇udlεl,k(p

dl
0i)

T −∇f̂k(pdl0i)−∇f̂k(p
dl
0i)

T 〉2M2(R) ≤ ε|f̂k|
2
3,Ω,R2 .1084

1085

Besides, for all i = 1, · · · , ξ,1086

〈∇udlεl,k(p
dl
0i) +∇udlεl,k(p

dl
0i)−∇f

∗
k (p0i)−∇f∗k (p0i)

T 〉M2(R)1087

= 〈∇udlεl,k(p
dl
0i) +∇udlεl,k(p

dl
0i)−∇u

dl
εl,k

(p0i)−∇udlεl,k(p0i)
T +∇udlεl,k(p0i) +∇udlεl,k(p0i)

T
1088

−∇f∗k (p0i)−∇f∗k (p0i)
T 〉M2(R),1089

≤ 〈∇udlεl,k(p
dl
0i) +∇udlεl,k(p

dl
0i)−∇u

dl
εl,k

(p0i)−∇udlεl,k(p0i)
T 〉M2(R) + 〈∇udlεl,k(p0i)1090

+∇udlεl,k(p0i)
T −∇f∗k (p0i)−∇f∗k (p0i)

T 〉M2(R).1091
1092

But udlεl,k ∈ H3(Ω,R2) ↪→
c
C1,λ(Ω,R2) for λ ∈ [0, 1] and so there exists C3 > 0 such1093

that1094

〈∇udlεl,k(p
dl
0i) +∇udlεl,k(p

dl
0i)−∇u

dl
εl,k

(p0i)−∇udlεl,k(p0i)
T 〉M2(R) ≤ 2C3〈pdl0i − p0i〉λR2 .1095

1096

But lim
l→+∞

dl = 0 and p0i = lim
l→+∞

pdl0i, and we deduce that1097

lim
l→+∞

〈∇udlεl,k(p
dl
0i) +∇udlεl,k(p

dl
0i)−∇u

dl
εl,k

(p0i)−∇udlεl,k(p0i)
T 〉M2(R) = 0.1098

1099
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The Rellisch-Kondrachov compact embedding theorem gives that H3(Ω,R2)1100

↪→
c
C1(Ω,R2), and thus1101

lim
l→+∞

〈∇udlεl,k(p0i) +∇udlεl,k(p0i)
T∇f∗k (p0i)−∇f∗k (p0i)

T 〉M2(R) = 0.1102
1103

Therefore, we can conclude that1104

lim
l→+∞

〈∇udlεl,k(p
dl
0i) +∇udlεl,k(p

dl
0i)−∇f

∗
k (p0i)−∇f∗k (p0i)

T 〉M2(R) = 0,1105
1106

and so lim
l→+∞

∇udlεl,k(p
dl
0i) + ∇udlεl,k(p

dl
0i) = ∇f∗k (p0i) + ∇f∗k (p0i)

T . Letting l tend to1107

infinity, it comes1108

ξ∑
i=1

〈∇f∗k (p0i) +∇f∗k (p0i)−∇f̂k(p0i)−∇f̂k(p0i)
T 〉2M2(R) ≤ ε|f̂k|

2
3,Ω,R2 ,1109

1110

and so α2ξ ≤ ε|f̂k|23,Ω,R2 which is in contradiction with the definition of ξ. Con-1111

sequently, ∇f∗k + (∇f∗k )T = ∇f̂k + ∇f̂Tk = ∇fk + ∇fTk + ∇fTk ∇fk everywhere on1112

Ω. Also, since H3(Ω,R2) ↪→
c
C0(Ω̄,R2), we have that lim

l→+∞
〈ρ0(udlεl,k − fk)〉2R2,N0

=1113

〈ρ0(f∗k − fk)〉2R2,N0
, and by letting l tend to infinity in the last inequality we get that1114

〈ρ0(f∗k − fk)〉2R2,N0
≤ lim

l→+∞
εl|f̂k|23,Ω,R2 = 0.1115

1116

Finally, by weak lower semicontinuity of the seminorm in H3(Ω,R2), we get that1117

|f∗k |3,Ω,R2 ≤ lim inf
l→+∞

|udlεl,k|3,Ω,R2 ≤ |f̂k|3,Ω,R2 .1118
1119

Thus f∗k is a minimiser of problem (SM11.2). Without loss of generality, we say1120

f∗k = f̂k.1121

• Third step: We then have1122

‖∇udlεl,k + (∇udlεl,k)
T −∇u−∇uT −∇uT∇u‖L∞(Ω,M2(R))1123

≤ ‖∇udlεl,k + (∇udlεl,k)
T −∇f̂k −∇f̂Tk ‖L∞(Ω,M2(R)) + ‖∇f̂k +∇f̂Tk −∇u−∇uT1124

−∇uT∇u‖L∞(Ω,M2(R)),1125

≤ ‖∇udlεl,k + (∇udlεl,k)
T −∇f̂k −∇f̂Tk ‖L∞(Ω,M2(R)) + ‖∇fk +∇fTk +∇fTk ∇fk −∇u1126

−∇uT −∇uT∇u‖L∞(Ω,M2(R)),11271128

with lim
k→+∞

lim
l→+∞

‖∇udlεl,k+(∇udlεl,k)
T −∇f̂k−∇f̂Tk ‖L∞(Ω,M2(R)) = 0 from what precedes1129

and the Sobolev embeddingH3(Ω,R2) ↪→
c
W 1,∞(Ω,R2), and lim

k→+∞
lim
l→+∞

‖∇fk+∇fTk +1130

∇fTk ∇fk −∇u−∇uT −∇uT∇u‖L∞(Ω,M2(R)) = 0, by construction of the sequence fk.1131

We thus have lim
k→+∞

lim
l→+∞

‖∇udlεl,k + (∇udlεl,k)
T −∇u−∇uT −∇uT∇u‖L∞(Ω,M2(R)) = 0.1132

This manuscript is for review purposes only.



SUPPLEMENTARY MATERIALS: A VARIATIONAL MULTITASKING FRAMEWORK FOR SHAPE ANAL-
YSIS SM43

• Fourth step : We aim at proving that the sequence (udlεl,k) strongly converges to f̂k1133

in H3(Ω,R2). The Rellisch-Kondrachov compact embedding theorem gives that1134

∀r, r′ ∈ R, r > r′, Hr(Ω,R2) ↪→
c
Hr′(Ω,R2).1135

1136

In our case, it means that the sequence (udlεl,k) that weakly converges to f̂k inH3(Ω,R2),1137

strongly converges to f̂k in H2(Ω,R2). We thus just need to prove that1138

lim
l→+∞

|udlεl,k − f̂k|3,Ω,R2 = 0.1139
1140

One has1141

|udlεl,k − f̂k|3,Ω,R2 = |udlεl,k|3,Ω,R2 + |f̂k|3,Ω,R2 − 2(udlεl,k, f̂k)3,Ω,R2 ,1142

≤ 2|f̂k|3,Ω,R2 − 2(udlεl,k, f̂k)3,Ω,R2 ,1143
1144

so lim
l→+∞

|udlεl,k − f̂k|3,Ω,R2 = 0, and finally lim
l→+∞

‖udlεl,k − f̂k‖3,Ω,R2 = 0 which concludes1145

the proof.1146

SM12. Numerical Resolution of the Third Approach. We now turn to the discretisation1147

of the variational problem associated with Theorem 4.4 in which u is a substitute for fk. To1148

do so, we use standard notations of the finite element theory similar to those in [?, ?]. Let H1149

be an open bounded subset of ]0,+∞[ admitting 0 as accumulation point. Let us recall that1150

the elements of class Ck′ can be used for the computation of discrete Dm-splines (in our case,1151

m = 3) with m ≤ k′ + 1. As a consequence, (k′,m) = (2, 3) is a suitable combination. For1152

all n ∈ N and for all subsets E of R2, Ql(E) denotes the space of the restrictions of E of the1153

polynomial functions over R2 of degree ≤ l with respect to each variable. ∀h ∈ H, let (Vh)21154

be the subspace of H3(Ω,R2) of finite dimension with (Vh)2↪→C1(Ω̄,R2). The reference finite1155

element is the Bogner-Fox-Schmit C2 rectangle denoted by (K,PK ,ΣK).1156

Let (vq)q=1,2 be the components of v ∈ H3(Ω,R2) and wi =

(
wi,11 wi,12

wi,21 = wi,12 wi,22

)
:=1157

∇u(ai) + ∇u(ai)
T + ∇u(ai)

T∇u(ai), ∀i ∈ {1, · · · , N}. Let also (xqi )q=1,2 be the compo-1158

nents of u(ai), ∀i ∈ {1, · · · , N}. Now let Mh be the dimension of Vh and
{
P hj

}
j=1,··· ,Mh

be1159

basis functions. If we denote by uhε the solution of the variational problem associated with1160

Theorem 4.4 and approximated in (Vh)2, we can thus decompose uhε =
(
uh,qε

)
q=1,2

into:1161

∀q = 1, 2, ∃
(
αqj

)
j=1,··· ,Mh

∈ R, uh,qε =

Mh∑
j=1

αqj P
h
j .1162

1163

Denoting by Ah =

(
∂P hj
∂x

(ai)

)
1≤i≤N

1≤j≤Mh

, Bh =

(
∂P hj
∂y

(ai)

)
1≤i≤N

1≤j≤Mh

∈ (MN×Mh
(R))2, Ch =1164

(
P hj (ai)

)
1≤i≤N

1≤j≤Mh

∈ MN×Mh
(R) and Rh =

((
P hj , P

h
i

)
3,Ω,R

)
1≤i,j≤Mh

and taking successively1165
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in the variational problem v =

(
P hl
0

)
, l = 1, · · · ,Mh and then v =

(
0
P hl

)
, l = 1, · · · ,Mh, the1166

problem amounts to solving the following linear system1167

Mh Mh


Mh

2γ (Ah)TAh+γ (Bh)TBh

+(Ch)TCh+εRh
γ (Bh)TAh

Mh γ (Ah)TBh γ (Ah)TAh+2γ (Bh)TBh

+(Ch)TCh+εRh


α1

α2

 =


γ (Ah)Tw11+γ (Bh)Tw12

+(Ch)T x1

γ (Ah)Tw12+γ (Bh)Tw22

+(Ch)T x2

 .1168

1169

1170
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