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ULTRAFILTERS AND ULTRAMETRIC BANACH ALGEBRAS
OF LIPSCHITZ FUNCTIONS

MONIQUE CHICOURRAT AND ALAIN ESCASSUT

ABSTRACT. The aim of this paper is to examine Banach algebras of bounded
Lipschitz functions from an ultrametric space IE to a complete ultrametric field
IK. Considering them as a particular case of what we call C-compatible algebras
we study the interactions between their maximal ideals or their multiplicative
spectrum and ultrafilters on IE. We study also their Shilov boundary and
topological divisors of zero. Furthermore, we give some conditions on abstract
Banach IK-algebras in order to show that they are algebras of Lipschitz func-
tions on an ultrametric space through a kind of Gelfand transform. Actually,
given such an algebra A, its elements can be considered as Lipschitz functions
from the set of characters on A provided with some distance A4. If A is already
the Banach algebra of all bounded Lipschitz functions on a closed subset IE
of IK, then the two structures are equivalent and we can compare the original
distance defined by the absolute value of IK, with A 4.

1. Introduction and general results in topology

Let IK be an ultrametric complete field and IE be an ultrametric space. It is
well known that the set of maximal ideals of a Banach IK-algebra is not sufficient
to describe its spectral properties: we have to consider the set of continuous
multiplicative semi-norms often called the multiplicative spectrum [1], [6], [L0].

First, we generalize results obtained in [3] and [9] to some Banach algebras
of uniformly continuous bounded functions which we call semi-compatible and
C-compatible and which are related to the contiguity relation yet considered in
these papers. Actually, considering such an algebra S, we describe interactions
between the contiguity relation defined on ultrafilters on IE and maximal ideals
or the multiplicative spectrum of S. We prove that the Shilov boundary of S
is the multiplicative spectrum itself. Next we consider the Stone space of some
Boolean subring of the clopen sets of IE which turns out to be a compactification
of IE homeomorphic to the multiplicative spectrum.

These results particularly apply to the algebra of bounded Lipschitz functions
and also to the algebras of bounded differentiable or strictly differentiable func-
tions when IE is a subset of IK. Furthermore we get some particular properties
in these algebras for example about their topological divisors of zero.

Finally, we define a kind of Gelfand transform and we give conditions in order
to make an ultrametric Banach IK-algebra appear as an algebra of Lipschitz
functions on an ultrametric space.
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2 MONIQUE CHICOURRAT AND ALAIN ESCASSUT

The main results were stated without any proof in a short paper that was
published in the proceedings of a conference [3]. Here we detail them with all the
main proofs.

Notations and definitions: Let IK be a field which is complete with respect
to an ultrametric absolute value | . | and let IE denote a metric space whose
distance ¢ is ultrametric. Given a € IE and r > 0, we denote by dg(a,r~) the
open ball {z € IE | §(a,x) < r} and particularly in IK we denote by d(a,r~) the
open disk {z € IK | |x—a| < r}. In the same way we denote by d(a,r) the closed
ball {x € [E | §(a,z) < r} and by d(a,r) the closed disk {z € IK | |x — a| < r}.
Moreover, in IK, we denote by C(a,r) the set {z € IK | |x —a| =1}.
We denote by | . |» the Archimedean absolute value of IR.

If £ C IE, the function u defined on IE by u(x) = 1 if z € IF and u(z) = 0 if
x ¢ F, is called the characteristic function of F.

Given two subsets A, B of IE, we put §(A, B) = inf{é(x,y) | v € A, y € B}.
Given a subset I of IE such that F # () and F' # IE, we call codiameter of F the
number 0(F,IE\ F). If F =) or F = [E, we say that its codiameter is infinite.
The set F' will be said to be uniformly open if its codiameter is strictly positive.

We will denote by G(IE) the family of uniformly open subsets of IE. In [8] and
[13], dealing with the Banaschewski compactification of IE the authors considered
the Boolean ring of clopen sets of IE (with the usual addition A and multiplica-
tion N). In Section 4 we will consider the Boolean ring of uniformly open sets.
Actually, we have the following lemmas that are easily checked:

Lemma 1.1. Given two uniformly open subsets F', G, then F UG, FNG and
IE\ G are uniformly open.

Corollary 1.2. G(IE) is a Boolean ring with respect to the addition A and the
multiplication N.

Lemma 1.3. Given two subsets A and B of IE, there exists a uniformly open
subset ' such that A C F' and B C IE\ F if and only if 6(A, B) > 0.

Lemma 1.4. Let f be a uniformly continuous function from IE to IK and let
M > 0.

1) If D is a uniformly open subset of IK, then so is the set ' = {x € E | f(z) €
D}.
2) Given M > 0, the sets By = {x € E |f(x)| > M} and By = {z € IE |f(z)| <

M} are uniformly open.
Corollary 1.5. Let f be a uniformly continuous function from IE to IK, let M > 0
and let h > 0. Then {z € IE | ‘]f(x)] - M‘ < h} is uniformly open.

We can easily prove the following:

Lemma 1.6. Let F' be a subset of IE and let u be its characteristic function. The
3 following statements are equivalent:
1) F is uniformly open,
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2) u is Lipschitz,
3) w is uniformly continuous.

Notations: Given a normed IK-algebra whose norm is || . ||, we denote by || . ||sp
1

the spectral semi-norm that is associated and defined as || f||s, = nEI—Poo (H f"H) B

We denote by B the algebra of bounded uniformly continuous functions from IE to
IK and by || . ||o the norm of uniform convergence on IE defined on any subalgebra

of B.

Lemma 1.7. Let A be a commutative unital Banach IK-algebra of bounded func-
tions defined on IE. Then || fllo < ||fllsp < | fll Vf € A. Moreover, given f € A
satisfying || flsp < 1, then lirf "Il = 0.

Proof. The norm || . ||p is power multiplicative and classically it is bounded by the
norm || . || of A, it is then bounded by || . ||sp. The last claim is immediate. O

Definition: We will call semi-compatible algebra a unital Banach IK-algebra S
of uniformly continuous bounded functions f from IE to IK satisfying the two
following properties:
1) every function f € S such that inf,cpg |f(x)| > 0 is invertible in S,
2) for every subset I’ C IE, the characteristic function of F belongs to S if and
only if F' is uniformly open,
Moreover, a semi-compatible algebra S will be said to be C-compatible if it satisfies
3) the spectral semi-norm of S is equal to the norm || . [[.

Given a subset X of S, we call spectral closure of X, denoted by X , the closure
of X with respect to the semi-norm || . ||s,; and X will be said to be spectrally

closedif X = X.

Remark 1.8. B provided with the norm || . ||o is easily seen to be C-compatible.

Throughout the paper, we will denote by S a semi-compatible K-
algebra.

More notations: Let F be a filter on IE. Given a function f from IE to K
admitting a limit along F, we will denote by lijrrn f(z) this limit.

Then we will denote by Z(F,S) the ideal of the f € S such that li]r__n f(z)=0.

Notice that the unity does not belong to Z(F,S), so Z(F,S) # S.

Given a € IE, we will denote by Z(a,S) the ideal of the f € S such that
f(a) = 0 and by Z'(a, S) the ideal of the f € S such that there exists an open
neighborhood L of a such that f(x) =0 Vz € L.

We will denote by Maxz(S) the set of maximal ideals of S and by Mazrg(S)
the set of maximal ideals of S of the form Z(a, S), a € E.

Given a set F', we shall denote by U(F’) the set of ultrafilters on F.

Definition: Ultrafilters U, V on [E are said to be contiguous if for every H €
U, L €V, we have §(H, L) = 0. We shall denote by (R) the relation defined on
U(E) as U(R)V if U and V are contiguous.
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Remark 1.9. The contiguity relation on ultrafilters on IE is a particular case of
the relation on ultrafilters defined by Labib Haddad and in other terms by Pierre
Samuel in a uniform space [11], [12]. This relation on a uniform space actually is
an equivalence relation.

Lemma 1.10 is classical:

Lemma 1.10. Let U be an ultrafilter on IE. Let f be a bounded function from IE
to IK. The function |f| from IE to Ry defined as |f|(xz) = |f(x)| admits a limit
along U. Moreover, if IK is locally compact, then f(x) admits a limit along U.

The following lemmas are immediate:
Lemma 1.11. The spectral closure of an ideal of S is an ideal of S..

Lemma 1.12. If a subset Y of S is spectrally closed, it is closed with respect to
the norm || . || of S.

Lemma 1.13. Every maximal ideal M of S is spectrally closed.

Proof. By Lemma 1.11 the spectral closure M of M is an ideal. If M is not
spectrally closed, then M = S, hence there exists t € S such that 1 —¢t € M and

o0
|t]lsp < 1. Consequently, lim |[|¢"| =0, therefore the series (Z t") converges
n—-+4oo

n=0
and (Z t")(1 —t) =1 and hence the unity belongs to M, a contradiction. [

n=0

Proposition 1.14 now is easy:

Proposition 1.14. Given an ultrafilter U on IE, Z(U, S) is a prime ideal. More-
over, T(U,S) is closed with respect to the norm || . ||o and then is spectrally
closed.

Proof. Since U is an ultrafilter, it is straightforward that Z(U, S) is prime. Let
us now check that Z(U,S) is closed with respect to the norm || . ||p. Indeed let
g belong to the closure of Z(U, S) with respect to || . ||, let b = hLI{Il lg(x)| and

suppose b > 0. There exists f € Z(U, S) such that || f — g|lo < b and then
b= [l /(@) ~ limg(x)], < lim|f(x) — a(x)] < |~ gllo <.

a contradiction showing that Z(U,S) is closed with respect to the norm || . ||o.
Therefore, since || . |lo < || . ||sp, it is closed with respect to the norm || . ||;p. O
By lemma 1.3, we have the following lemma:

Lemma 1.15. Let U, V be ultrafilters on IE. Then U and V are not contiguous
if and only if there exists a uniformly open set H € U such that IE\ H € V.

Corollary 1.16. Let U,V be ultrafilters on I&. Then U and V' are contiguous if
and only if they contain the same uniformly open sets.
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Corollary 1.17. Relation (R) is an equivalence relation on U(IE).
Theorem 1.18. Let U, V be ultrafilters on IE. Then Z(U,S) = Z(V,S) if and

only if U and V are contiguous.

Proof. Suppose that U, V are not contiguous. By Lemma 1.15, there exists a
uniformly open set H € U such that IE\ H € V. Then the characteristic function
u of H belongs to Z(V,S) and does not belong to Z(U, S).

Conversely, suppose that Z(U, S) # Z(V, S). Without loss of generality, we can
assume that there exists f € Z(U, S)\Z(V, S). Then li}l;n | f(z)|is a number { > 0.

[ 21
There exists L € V such that ‘|f(:1:)|—l <3 Va € L and then |f(x)| > 3 Vo €

21
L. Therefore, by Lemma 1.4 the set L' = {z € IE | |f(z)] > g} is a uniformly

[
open set that belongs to V. But the set H = {z € E | |f(x)] < 5} is a uniformly
open set of U since lizjr{n |f(z)| =0 and clearly H N L' = (). Consequently, & and

) are not contiguous. 0

Theorem 1.19 looks like certain Bezout-Corona statements and is obtained
through an adaptation of Theorem 5 in [§] :

Theorem 1.19. Let fy, ..., f, € S satisfy mf(max |fij(x)]) > 0. Then there exists

E 1<j<q

g1, .--s9q € S such that

Zf] )=1Vz € E.

Notation: Let f € S and let ¢ > 0. We set D(f,e) ={z € E | |f(x)] < €}.
Corollary 1.20. Let I be an ideal of S different from S. The family of sets

{D(f.€), fel, e>0}
generates a filter Frg on IE such that I C Z(Frg,S).

2. Maximal and prime ideals of S

Except Theorems 2.8 and 2.10 and their corollaries, most of results of this
section were given in [8] for the algebra of uniformly continuous functions.

Theorem 2.1. Let M be a maximal ideal of S. There exists an ultrafilter U on
IE such that M =Z(U,S). Moreover, M is of codimension 1 if and only if every
element of S converges along U. In particular if U is convergent, then M is of
codimension 1.

Proof. Indeed, by Corollary 1.20, we can consider the filter s and we have
M CI(Fms, S). Let U be an ultrafilter thinner than Fug. So, we have M C
IZ(Fms,S) CI(U,S). But since M is a maximal ideal, either M = Z(U, 5), or
ZU,S) = S. But obviously, Z(U, S) # S, hence M =Z(U,S).
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Now assume that M is of codimension 1 and let x be the IK-algebra homomor-
phism from S to IK admitting M for kernel. Let f € S and let b = x(f). Then
f — b belongs to the kernel of M, hence lilgn f(z) —b =0, hence libr{n f(z) = b and

every element of S converges along U.

Conversely if every element of S admits a limit along ¢/ then the mapping y
which associates to each f € S its limit along U is a IK-algebra homomorphism
from S to IK admitting M for kernel.

In particular if & converges to a point a then each f in S converges to f(a)
along U. O

By Lemma 1.10 and Theorem 2.1, the following corollary is immediate:

Corollary 2.2. Let IK be a locally compact field. Then every mazimal ideal of S
1s of codimension 1.

Remark 2.3. If IK is locally compact, a maximal ideal of codimension 1 of S is
not necessarily of the form Z(U, S) for some Cauchy ultrafilter ¢, as shown in [8].

Notation: We will denote by Y(z)(IE) the set of equivalence classes on U(IE)
with respect to the relation (R).

By Theorem 1.18, we can get Corollary 2.4:

Corollary 2.4. Let M be a maximal ideal of S. There exists a unique H €
Yr)(IE) such that M =TI(U,S) for everyU € H.

Now, the following Theorem together with Theorem 2.1 caracterize all maximal
ideals of S.

Theorem 2.5. Let U be an ultrafilter on IE. Then Z(U, S) is a mazimal ideal of
S.

Proof. Let I =Z(U,S) and let M be a maximal ideal of S containing I. Then by
Theorem 2.1 there exists an ultrafilter V such that M = Z(V,S). Suppose now
ZU,S)#I(V,S). Then, U and V are not contiguous. Consequently, by Lemma
1.15 there exists a uniformly open subset F' € V' that does not belong to &/ and
hence its characteristic function u € S belongs to Z(U, S) but does not belong to
Z(V,S). Thus, u belongs to I but does not belong to M, a contradiction to the
hypothesis. 0

Using Corollary 2.4 and Theorem 2.5, we can prove Corollary 2.6:

Corollary 2.6. The mapping that associates to each maximal ideal M of S the
class with respect to (R) of ultrafilters U, such that M = Z(U,S), is a bijection
from Max(S) onto Yr)(IE).

The following Theorem is quite easy:



ULTRAFILTERS AND ULTRAMETRIC LIPSCHITZ FUNCTIONS 7

Theorem 2.7. Let F be a Cauchy filter on IE and let M = Z(F,S). Then every
function f € S converges to a limit 0(f) along F and M is a maximal ideal of
codimension 1.

Notation: For any subset I’ of IE, we denote by up its characteristic function.
Let M be a maximal ideal of S and let i/ € U(IE) be such that M =Z(U, S). By
Theorem 1.18 and Corollary 1.16 we can define the set O, of all uniformly open
subsets of IE which belong to /. We denote by Caq the set {um\z, | L € Or} and
by Jum the set of all functions f € S which are equal to 0 on some L € O .

Given a € IE, recall that Z'(a, S) is the ideal of the functions f € S equal to 0
on an open subset of IE containing a.

Theorem 2.8. Let M be a maximal ideal of S.
1) Im is an ideal of S containing Cpg,
2) Im is the ideal of S generated by Caq and Ty ={fu | f €S, u € Cpm},
3) If P is a prime ideal of S contained in M, then Ty C P.
4) if M =1I(a,S), then I'(a,S) = Tm.

Proof. 1) Let us check that Ju is an ideal of S. Let f, g € Ju. So, there exist
F, G € Op such that f(x) =0Vz € F, g(x) =0 Vx € G, hence f(z) — g(z) =
0 Ve € FNG. Since F NG belongs to Ony, f — g lies in Jy. And obviously, for
every h € S, we have h(x)f(z) =0 Va € F, hence fh lies in Jum.

Next, Jy contains Cpq because given L € Oy, the set IE\ L is uniformly open
then up\ ; belongs to S and is equal to 0 on L.

2) Notice that if f € S and u € Cyy, then by 1) fu belongs to Ju. Conversely,
if f € Jm and L € Oy are such that f(z) is equal to 0 on L, then ugp) ; belongs
to Cy and f = fum\ . This proves that Ty = {fu | f € S, u € Cp} and that
T is the ideal generated by Cy.

3) It is sufficient to prove that Cpy is included in P. Indeed, let U € U(IE) be
such that M =Z(U,S) and let L € Opy. Then L € U and uy, ¢ M. So, uy, ¢ P.
But up.ug\z = 0. Thus ug\ . belongs to P since P is prime.

4) Each open neighborhood of a contains a disk that also is a uniformly open
neighborhood of a, which ends the proof. Il

Corollary 2.9. LetU be an ultrafilter on IE and let P be a prime ideal included in
ZU,S). Let L € U be uniformly open and let H = IE\ L. Then the characteristic
function u of H belongs to P.

Recall that for any normed IK-algebra (G, || .||), the closure of an ideal of G is
an ideal of G.

Theorem 2.10. The closure of Ja with respect to the norm || . ||o is equal to

M.

Proof. Let f € M =Z(U,S). Then for every € > 0 the set L = D(f,¢) belongs
to U and L is uniformly open. Therefore L belongs to O and the characteristic
function u of IE \ L lies in Cpy, so that fu € Ju. But f(z) —uf(z) =0Vx ¢ L
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and |f(z) —uf(x)| = |f(x)] < eVx € L, so ||f —uf|lo < e and hence M is the
closure of J with respect to the norm || . ||o since, by Proposition 1.14, M is
closed with respect to the norm || . ||o. O

Corollary 2.11. Let P be a prime ideal contained in M. Then M is the closure
of P with respect to || . ||o-

Corollary 2.12. The closure with respect to || . ||o of a prime ideal of S is a
mazimal ideal of S and a prime ideal of S is contained in a unique maximal ideal

of S.

Corollary 2.13. A prime ideal of S is a mazximal ideal if and only if it is closed
with respect to || . ||o-

If M =1Z(a,S), then Ty = Z'(a,S). Therefore we have the following Corol-
lary:

Corollary 2.14. The closure of T'(a, S) with respect to || . ||o is Z(a, S).

Remark 2.15. Z(a, S) is not necessarily the closure of Z'(a, .S) in S with respect
to the norm || . || of S, see Proposition 7.9 of Section 7.

Corollary 2.16. If S is C-compatible then:

1) M is the spectral closure of Ty and the spectral closure of any prime ideal
is contained in M;

2) A prime ideal is maximal if and only if it is spectrally closed.

3. Multiplicative spectrum

The multiplicative spectrum of a Banach IK-algebra was first introduced by B.
Guennebaud [10] and was at the basis of Berkovich’s theory [1].

Notations and definitions: Let G be a normed IK-algebra. We denote by
Mult(G,] . ||) the set of continuous multiplicative algebra semi-norms of G pro-
vided with the topology of pointwise convergence, which means that a basic
neighborhood of some ¢ € Mult(G, | . ||) is a set of the form W (v, fi, ..., fg, €),
with f; € G and € > 0, which is the set of ¢ € Mult(G,|| . ||) such that
[V(f;) — ¢(fi)leo < €Vj = 1,...,q. The topological space Mult(G,]| . ||) is
then compact (see [10], or Theorem 6.2 in [0]).

Given ¢ € Mult(G, || . ||), we call kernel of ¢ the set of the z € S such that
¢(z) = 0 and we denote it by Ker(¢). It is a prime closed ideal of G' with respect
to the norm || . || [6].

We denote by Mult,,(G, || . ||) the set of continuous multiplicative semi-norms
of G whose kernel is a maximal ideal and by Mult; (G, || . ||) the set of continuous
multiplicative semi-norms of G whose kernel is a maximal ideal of codimension 1.
Particularly, considering the algebra S, we denote by Multg(S, | . ||) the set of
continuous multiplicative semi-norms of S whose kernel is a maximal ideal of the
form Z(a, S), a € [E. We denote by T(G) the set of IK-algebra homomorphisms
from G to K.

Theorem 3.1 is classical [5]:
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Theorem 3.1. Let G be a unital commutative ultrametric Banach IK-algebra.
For cach f € G, |[fllop = sup{o(f) | 6 € Mult(G, | . |)}. For cvery y € T(G),
we have [X(f)] < [[flls Vf € G.

More notations: Let us recall that in S, we have || . | < || . ||sp and that if
S is C-compatible, then || . [[o = || . [|sp-

For any ultrafilter Y € U(IE) and any f € S, |f(z)| has a limit along U since f
is bounded (see lemma 1.10.). Then we denote by ¢, the mapping from S to IR
defined by ¢y (f) = lizjr{n |f(z)]. Given a € IE we denote by ¢, the mapping from

S to IR defined by ¢,(f) = |f(a)|. These maps belong to Mult(S, | . ||) since
- llo <l - llsp < I - |- Particularly, the elements of Multg(S, || . ||) are the
©Ya, @ € IE.

Proposition 3.2. Let a € [E. Then Z(a,S) is a maximal ideal of S of codimen-
sion 1 and ¢, belongs to Mult,(S,] . ||).

Moreover, for every algebra homomorphism x from S to IK, its kernel is a
mazximal ideal of codimension 1 of the form T(U,S) with U € U(IE) and x is

defined as x(f) =l f(x), while () = x(£)]

Proof. The first part is clear. The second comes from the proof of theorem 2.1:
actually we proved that if M is of codimension 1 then every f € S has a limit
along U and liLr{n fz) = x(f). O

The following Proposition 3.3 is immediate:

Proposition 3.3. Let U be an ultrafilter on . Then py belongs to the closure
of Multg(S,|| - |-

Remark 3.4. According to Remark 2.3, if IK is locally compact we have Max;(S) #
Mazxg(S) and hence Mult;(S,| . ||) # Multr(S,| . ||) because given a maximal
ideal Z(U, S) which does not belong to Max, we can define ¢ € Mult(S, || . ||)
which does not belong to Multgr(S, | . ).

Given ¢ € Mult(S,||. ||), it is well known that Ker(¢) is a prime closed ideal,
with respect to the norm || . || of S. Actually we have the following proposition:

Proposition 3.5. For each ¢ € Mult(S,|. ||), Ker(¢) is a prime spectrally
closed ideal.

Proof. Let ¢ € Mult(S,|. ||) and let f belong to the spectral closure of Ker(¢p).
There exists a sequence (f,)nen of Ker(¢) such that lim, ... || f, — fllsp = O.
By Theorem 3.1, since ¢(g) < ||g|lsp Vg € S, we have lim ¢(f, — f) =0. But

&(fn) = 0Vn € IN, hence ¢(f, — f) :ﬂf/) and hence ¢(f) = 0. Therefore, f
belongs to Ker(¢), which means that Ker(¢) = Ker(¢). O

By Corollary 2.16, we have the following corollary:
Corollary 3.6. If S is C-compatible, then Mult(S, | . ||) = Mult,(S,] . ||)-
The following Theorem is classical (Theorem 6.15 in [6]).
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Theorem 3.7. Let G be a commutative unital ultrametric Banach IK-algebra.
For every mazimal ideal M of G, there ezists ¢ € Mult,,(S,| . ||) such that
M = Ker(¢).

Definition: Recall that a unital commutative Banach IK-algebra is said to be
multbijective if every maximal ideal is the kernel of only one continuous multi-
plicative semi-norm.

Remark 3.8. There exist some rare cases of ultrametric Banach algebras that are
not multbijective [5].

Theorem 3.9. Suppose S is C-compatible. Then S is multbijective. Precisely if
¥ € Mult(S,] . ||) and Ker(y) = M then i = @y for every ultrafilter U such
that M =1I(U,S).

Proof. Let ¥ € Mult,,(S,] . ||), let M = Ker(y) and U be an ultrafilter such
that M =Z(U, S).

Let f € S. Notice that if f € M then ¥(f) = pu(f) = 0. Now we assume
that f ¢ M. So ¢(f) and ¢y(f) are both strictly positive. We prove that they
are equal.

First let € > 0 and consider the set L = {x € IE : | f(z)| < wu(f) +€}. This set
belongs to U and by Lemma 1.4, it is uniformly open. Therefore its characteristic
function u lies in S. We have ¢ (u) = 1. Consequently, we can derive that 1(u) =
1 because u is idempotent and does not belong to M. Therefore ¥ (uf) = ¥(f)
and @y (uf) = pu(f). By Theorem 3.1, we have ¢(f) = ¥(uf) < ||ufllsp = [[ufllo
because S is C-compatible. But by definition of L we have: ||ufllo < ¢u(f) + €.
Therefore, ¥ (f) < @y (f) + €. This holds for every ¢ > 0. Consequently we may
conclude that ¥(f) < ¢y (f) for every f € S.

We prove now the inverse inequality. We have ¢y (f) > 0, so consider the set
W={zelE:|f(x) > %‘T(f)} Again this is a uniformly open set which belongs
to U. Let w be the characteristic function of W and put ¢ = wf + (1 — w).
We have ¢y (w) = 1 and ¢y(1 —w) = 0sow ¢ M and 1 —w € M. Since
M = Ker(1) we then have ¢(1 —w) = 0 and ¥(w) = 1 because w is idempotent.
Finally v(g) = (f) and ¢u(9) = u(f).

On the other hand, we can check that |g(z)| > min (1, ‘P”T(f)) for all z € IE,

1
hence ¢ is invertible in S. Putting h = —, using the first inequality proved above,
g

we have
1

1
W) = ¥l0) = g 2 oo = #ul) = gl

That concludes the proof. Il

Remark 3.10. It follows from the preceding theorem that for a C-compatible
S, two ultrafilters on IE that are not contiguous define two distinct continuous
multiplicative semi-norms on S, this particularly applies to the algebra B of all
uniformly continuous functions [8].

Corollary 3.11. Suppose S is C-compatible. For every ¢ € Mult(S,|| . ||) there
exists a unique H € Y(g)(IE) such that ¢(f) = liLI{n |[f(z)|VfesS YUeH.
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Moreover, the mapping W that associates to each ¢ € Mult(S,|| . ||) the unique
H € Yr(IE) such that ¢(f) = 112511|f(x)| Vf e S, YU € H, is a bijection from

Mult(S, || . |]) onto Yiry(IE).

Assuming that S is C-compatible, since by Theorem 3.9 each element ¢ €
Mult(S, || . ||) is of the form ¢y, Corollary 3.12 is obvious:

Corollary 3.12. If S is C-compatible, then Multg(S, | . ||) is dense in Mult(S, || .

The following theorem below is given as Theorem 14 in [8] concerning the
algebra B of uniformly continuous functions and we can generalize it through a
similar proof:

Theorem 3.13. The topological space IE, provided with its distance &, is home-
omorphic to Multg(S,|| . ||) provided with the restricted topology from that of
Mult(S, ] . |) -

Corollary 3.14. Mult(S, | . ||) is a compactification of the topological space IE.
Theorem 3.15. Let ¢ = @y € Mult,,(S, || . ||), withU an ultrafilter on IE, let I

be the ﬁeld W

the mapping defined on I by |0(f)| = ¢(f) Vf € S, is the quotient norm || . ||’
of || - |lo defined on T and is an absolute value on I'. Moreover, if Ker(¢) is of
codimension 1, then this absolute value is the one defined on IK and coincides
with the quotient norm of the norm || . || of S.

Proof. Let M = Ker(py). Let t € " and let f € S be such that 6(f) = t.
So, ||t|I" > libr{n|f(s)|. Conversely, take € > 0 and let V = {z € IE : |f(z)] <

liLr{n |f(s)] +€}. By Lemma 1.4, the set V is uniformly open and belongs to U.

The characteristic function u of I \ V belongs to M and so does uf. But by
construction, (f — uf)(z) = 0Ve € IE\V and (f — uf)(z) = f(z) Vx € V.
Consequently, ||f — ufllo < llg{n|f(s)| + ¢ and therefore |[t||" < ||f — uf|lo <

libr{n |f(s)| + €. This finishes proving the equality ||0(f)|" = libr{n |f(s)| and hence

the mapping defined by |0(f)| = ¢(f), f € S is the quotient norm || . || of || . |o.
Then it is multiplicative, hence it is an absolute value on T'.

Now, suppose that M is of codimension 1. Then I" is isomorphic to IK and its
absolute value || . ||" is continuous with respect to the topology of IK, hence it is
equal to the absolute value of IK. Finally consider the quotient norm || . ||, of the
norm || . || of S: that quotient norm of course bounds the quotient norm || . ||’
which is the absolute value of IK. If f € S and b = 0(f), we have f —b € M and
10CHNlq < 1ol = [b] = [6(F)] = 10/, which ends the proof. O

Corollary 3.16. Suppose that S is C-compatible. Let ¢ € Mult(S,| . ||), let T

be the ﬁeld W

the mapping defined on T" by |0(f)| = ¢(f),Yf € S is the quotient norm || . || of
| . llo on I and is an absolute value on I'. Moreover, if Ker(¢) is of codimension

and let 6 be the canonical surjection from S onto I'. Then,

and let 6 be the canonical surjection from S onto I'. Then,
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1, then this absolute value is the one defined on IK and coincides with the quotient
norm of the norm || . || of S.

Remark 3.17. It is not clear whether an algebra S admits a prime closed ideal
P (with respect to the norm || . ||) which is not a maximal ideal. If it admits
such a prime closed ideal, then it is not the kernel of a continuous multiplicative
semi-norm. In such a case, the quotient algebra by P has no continuous absolute
value extending that of IK, although it has no divisors of zero. Such a situation
can happen in certain Banach algebras [2].

Definition and notation: Given a IK-normed algebra G, we call Shilov bound-
ary of G a closed subset F' of Mult(G,| . ||) that is minimum with respect to
inclusion, such that, for every x € G, there exists ¢ € F such that ¢(z) = ||z||sp-

Let us recall the following Theorem given in [7]:

Theorem 3.18. Fvery normed IK-algebra admits a Shilov boundary.

Notation: Given a normed IK-algebra G, we denote by Shil(G) the Shilov
boundary of G.

Lemma 3.19. Let us fir a € IE. For every r > 0, let Z(a,r) be the set of
wu, U € U(IE), such that dg(a,r) belongs to U. The family {Z(a,r) |r €]0,1[}
makes a basis of the filter of neighborhoods of ¢,.

Proof. Let W{(ga, f1,..., fg.€) be a neighborhood of ¢, in Mult(S,|| . ||). There
exists 7 > 0 such that, whenever §(a,z) < r we have |f;(z) — f;(a)] < eVj =
1,...,q and therefore, clearly, |pu(f;) — @a(fi)loc < € V5 = 1,...q for every U
containing dg(a,r). Thus Z(a,r) is included in W (p,, fi, ..., fq, €).

Conversely, consider a set Z(a,r) with r €]0, 1], let u be the characteristic func-
tion of dg(a,r) and consider W (p,, u,r). Given ¢ = ¢y € W(pa,u,r), we have
[9(u) = pa()]oo < 7 But [¢h(u) = ga(u)loe = [th(u) = 1o = [lim [u(z)] = 1|. If
dg(a,r) belongs to U, then li&n |u(x)| = 1 and therefore |1125n |u(z)] — 1]oo = 0. But
if dg(a, r) does not belong to U, then libr[n |u(x)| = 0 and therefore \hbr{n lu(z)] — 1| =

1. Consequently, since r < 1, W (@4, u,7) is included in Z(a,r), which finishes
proving that the family of Z(a,r), r €]0, 1] is a basis of the filter of neighborhoods
of ¢,. O

Theorem 3.20. Suppose S is C-compatible. The Shilov boundary of S is equal
to Mult(S,] . ||).

Proof. We will show that for every a € IE, ¢, belongs to Shil(S). So, let us
fix a € IE and suppose that ¢, does not belong to Shil(S). Since Shil(S) is a
closed subset of Mult(S,| . ||), there exists a neighborhood of ¢, that contains
no element of Shil(S). Therefore, by the preceding lemma, there exists s > 0
such that Z(a, s) contains no element of Shil(S). Now, let D = dg(a, s) and let
u be the characteristic function of D. Since any ¢ € Mult(S, || . ||) satisfies either
d(u) = 1 or ¢(u) = 0, there exists § € Shil(S) be such that 8(u) = ||ulls = 1.
Then, 6 is of the form ¢y, with & € U(IE) and U does not contain D. But since
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u(z) =0 Ve € IE\ D, we have §(u) = 0, a contradiction. Consequently, for every
a € IE, ¢, belongs to Shil(S) which is a closed subset of Mult(S, || . ||) and since,
by Corollary 3.12, Multg(S,|| . ||) is dense in Mult(S, || . ||), Shil(S) is equal to
Mult(S, || . ). O

We finally give the following theorem. It will be useful in section 8. It was
proved in [10] and is also stated with a different proof in [1].

Theorem 3.21. Let G be a unital commutative ultrametric Banach IK-algebra
and let X be a clopen subset of Mult(G,|| . ||). Then there ezists an idempotent
u in G such that ¢p(u) =1Vp € X, ¢(u) =0 Vo ¢ X.

4. The Stone space of G(IE).

It was proved in [8] that for the algebra A of continuous bounded functions
from IE to IK, the Banaschewski compactification of IE is homeomorphic to
Mult(A, || . |lo). Here we get some similar version for C-compatible algebras.

We have defined the Boolean ring G(IE) of uniformly open subsets of IE pro-
vided with the operations A for the addition and N for the multiplication. Let
Y(IE) be the set of non-zero ring homomorphisms from G(IE) onto the field TFy
provided with the topology of pointwise convergence. This is the Stone space of
the Boolean ring G(IE), it is a compact space (see for example [13] for further
details).

For every U € U(IE), we denote by (;, the ring homomorphism from G(IE) onto
IFy defined by (,(O) = 1 for every O € G(IE) that belongs to U and (,(O) =0
for every O € G(IE) that does not belong to U.

Particularly, given a € IE, we denote by (, the ring homomorphism from G(IE)
onto IFy defined by (,(O) =1 for every O € G(IE) that contains a and (,(O) =0
for every O € G(IE) that does not contain a.

Throughout this section, we suppose that S is a C-compatible alge-
bra.

Remark 4.1. Let X'(IE) be the set of (,, a € I[E. The mapping that associates
(, to any a € IE defines a surjective mapping from IE onto '(IE). That mapping

is also injective because given a, b € IE, there exists a uniformly open subset F
such that a € F'and b ¢ F.

By Corollary 3.11, we have a bijection ¥ from Mult(S,|| . ||) onto Y(z)(IE
associating to each ¢ € Mult(S,| . ||) the unique H € Y(z)(IE) such that ¢(f) =
libr{n|f(:v)], UeH, feS, ie ¢= gy forevery € H.

On the other hand, let us take some ‘H € Y(z)(IE) and ultrafilters ¢/, V in H.
Since U,V have the same uniformly open subsets of IE, we have (;; = (, and
hence we can define a mapping = from Yz (IE) into X(FE) which associates to each
H € Yr(IE) the (4 such that U € H.

Lemma 4.2. = is a bijection from Y (IE) onto $(IE).
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Proof. Indeed, = is clearly injective by Corollary 1.16.

Now, let us check that = is surjective. Let 6 € X(IE). Since 6 is a ring
homomorphism for the Boolean operations, the family of uniformly open sets X
satisfying 0(X) = 1 generates a filter F. Let Y € U(IE) be thinner than F and let
H be the class of U with respect to (R). We will check that § = Z(H) = . Let
O be a uniformly open subset that belongs to #. Then IE \ O does not belong to
U and therefore it does not belong to F, so §(IE\ O) = 0, consequently 0(0) = 1.
And now, let O be a uniformly open subset that does not belong to &. Then O
does not belong to F, hence §(O) = 0, which ends the proof. O

We put & = Z o W and hence @ is a bijection from Mult(S,|| . ||) onto 3(IE).
Notice that for every ultrafilter U, V(¢ ) is the class H of U with respect to (R)

and Z(H) = ¢ so P(¢y) = (-

Theorem 4.3. ® is a homeomorphism once 3(IE) and Mult(S, || . ||) are provided
with topologies of pointwise convergence.

Proof. Recall that for any U € U(IE), a neighborhoods basis of ¢y, in Mult(S,]| . ||)
is given by the family of sets of the form W (yy, f1,..., fg,€) with fi,..., f; € S,
e >0 and

W oo f1:6) = {ow | [l @]~ fi@)] | <e =10}

On the other hand, for any U € U(IE), a neighborhood basis for ¢, in X(IE) is
given by the family of sets V' ((y, Oy, ..., O,) where Oy, ..., O, belong to G(£) and
V(G O1,...,0g) = {C | w(O;) = &(05),5 =1,....q}

Notice also that if F' belongs to G(IE) and if w is its characteristic function,

then for any U € U(IE), we have ((F) = 1 if and only if F' € U, i.e. if and only
if lizgn lu(x)| = 1. Otherwise, both ¢, (F') and lig[n |u(x)| are equal to 0. Therefore,

the relation

1
li —1i <=
im fu(z)| - limfu(@)]] <3

holds if and only if ((F) = (u(F). Recall that for every U € U(IE) we have
P (pu) = Qu-

We will show that ® is continuous. Consider Oy, ...,0, € G(IE), Y € U(IE) and
the neighborhood V' ((y, Oy, ..., O,) of (. From the preceding remark, ¢y, belongs
to V(Cu, Ox, ..., Oy) if and only if for every j =1, ..., ¢, u(O;) = (v(0;), i.e. if for
every 7 =1,...,q,

. . 1
iy ()] — i ()] | <
1
i.e. if ¢y belongs to W gy, u, ..., uqg, 5) Consequently, this proves that & is

continuous.

We will now prove that ' is also continuous. Consider fi,...,f, € S,
e >0, U € U(IE) and the neighborhood W (¢y, fi, ..., fy,€) which is obviously
q

ﬂ (Yu, fj,€). Let us fix i € {1,...,q}. Put a; = hbr{n|f2(:c)] and O; = {z €
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E | ’]fz( )| — az‘ < } By Lemma 1.4 O; is uniformly open and of course it

belongs to U. Thus We have V((u, 0;) = {¢v | O; € V}. Now let V € U(IE) be
such that O; € V and put

0= {z € B | | |fi(x)] — lim | fi(x)|
it belongs to V. Therefore 0; N O; belongs to V. Take x € O; N O. We have

@)l = o < 5 and | 1@ = lplfi) | <550 [l Aol - o] <e
and hence ¢y belongs to W (py, fi,€). This holds for every i = 1, ..., q. Therefore
q

< } Then O; is uniformly open also and

we can conclude that if ¢, belongs to V((y, Oy, ..., O,), which is m V(Cy, O;), then

i=1

q

©y belongs to ﬂ W (eu, fi,€) which is W (py, f1,..., fg,€). This finishes proving
i=1

that ®~! is continuous too, and hence it is a homeomorphism. OJ

Corollary 4.4. The space %(IE) is a compactification of IE which is equivalent
to the compactification Mult(S, || . ||).

Remark 4.5. For a C-compatible algebra S, the compactification X (IE) coincides
with the Guennebaud-Berkovich multiplicative spectrum of S. This is not the
Banaschewski compactification, which corresponds to the Stone space associated
to the Boolean ring of clopen sets of IE.

5. About the completion of [E

Notations: = We denote by [E the completion of I and by § the continuation
of § to IE. We then identify IE with a dense subset of IE. The following theorem
is well known:

Theorem 5.1. Fvery uniformly continuous function f from IE to IK has a unique
extension to a uniformly continuous function f from IE to IK and we have || f||o =

1/lo-

Notations: = We denote by S the set of functions ]?, fesS. Given f €85, we
put || f][ =[£I

We have the following proposition:

Proposition 5.2. The normed K-algebra (S, | . ||) is isomorphic to (S| . ||)
and it is semi-compatible with respect to IE. Moreover, if S is C-compatible, so
s S.

Proof. Obviously (S, ]| . ||) is isomorphic to (S, ]| . |) and therefore it is a Banach

IK-algebra. Now we prove that it is semi-compatible.
1) Take f € S such that inf{|f(z)| | z € IE} > 0. Then 1%f{|f(a:)\ |z e E} >0
B

and hence f is invertible in S. Now, if g € S and fg = 1, then fAﬁ =1 hence fis
invertible in S.
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2) Let F be a subset of IE and let u be its characteristic functlon Obviously, if

u € S then, using Lemma 1.6, F is uniformly open in IE since u is uniformly
continuous.

Assume now that F is unlformly open in E.PutF=FNE. IfF = (), then
F =0 and u=0. Next, if # 0, then F' # () because Fis open and IE is dense
in IE. So, we have IE\ F = (IE\F)ﬂ]Eandé(F]E\F)>5(FIE\F)>0
Therefore, F' is uniformly open in IE, hence its characteristic function u’ lies in S.
But «' is the restriction of u to IE and u is uniformly continuous. Consequently,
by theorem 5.1, u = @' and hence u belongs to S.

3) Suppose now that S is C-compatible. Clearly, the spectral norm on S is
induced by that of S and hence it is || . ||o. Therefore S is C-compatible. 0

Remark 5.3. Every result obtained in sections 2 and 3 also holds for the algebra
(S, | - ||)- Particularly, we have Corollary 5.4.

Corollary 5.4. The mappmg which associates to every Me Mcwc(S) the equiv-
alence class H € Y| )(IE]) such that M = Z(U, S) for all U € H, is a bijection
from Maxz(S) onto Yz )(IE))

On another hand, the algebras (S| . ||) and (§ | . ||) are isometric and so are
(S, - llo) and (S, || . [lo). Therefore, the mapping from Max(S) to Maz(S) which
associates to each maximal ideal M of S the ideal M = {f | f € M} is bijective
and the ideals M and M are isometric. Furthermore, since (S, - [|) is multbi-
jective, so is (S, || . ||) and Mult(S,| . ||) can be identified with Mult(S, || . ||).

Notice that any ultrafilter i on IE generates an ultrafilter U on IE and for any
f €S, we have liLr{n |f(z)| = lim | f(x)|. Thus, for each ultrafilter U on IE, the ideal
u

Z(U, S) corresponds to the ideal Z(, S) of S. Then, using results of Section 2
concerning S, we have the following Theorem:

Theorem 5.5. For each mazimal ideal M of S:

1) There exists an ultrafilter U on IE such that M = W, S),
2) There exists a unique equivalence class H of Yir)(IE) such that U belongs to

H if and only if M = I(Z:{\, §)
By Corollary 5.4 and Theorem 5.5, we get this Corollary 5.6:

Corollary 5.6. The mapping from Y(z)(IE) to Y(R)(IAE) that associates to the
equivalence class of any ultrafilter U in Y(z)(IE) the equwalence class ofu mn

Y(R)(]E) is bijective. In particular every ultrafilter Of]E 1S contiguous in E told
for some ultrafilter U of IE.

6. Algebras B, L, D, &£

As recalled in Section 1, we denote by B the Banach IK-agebra of bounded
uniformly continuous functions from IE to IK. Next, we denote by L the set of
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bounded Lipschitz functions from IE to IK. Whenever IE is a subset of IK, we
denote by D the subset of L of differentiable functions in IE and by & the subset
flz) = fy)

T —y
and y tend to a separately. Following [9] the functions of &€ are called strictly
differentiable.

of £ of functions such that for every a € IE, has a limit when x

. x J—
Given f € L, we put ||f||; = sup W and || £]| = max(|fllo, | £]l1)-
e ’
In particular, if f € D, then | f], = sup L& =S W
wer o=yl

Remark 6.1. If IE C IK, then £ C D C L.

As noticed in Section 1, (B, || . |lo) is a semi-compatible algebra. In [9], it was
proved that the algebra here denoted by £ is a Banach IK-algebra with respect
to the norm || . ||

Theorem 6.2 presents no difficulty:

Theorem 6.2. £, D and € are normed IK-algebras with respect to the norm || . ||.

Now we can prove that £, D and & also are Banach algebras. First we will
prove that £ is a Banach IK-algebra and then we will show that D and £ are
closed in £ when [E C K.

Theorem 6.3. £, D and & are Banach IK-algebras with respect to the norm || . ||.

Proof. Let (fn)new be a Cauchy sequence of £. Take € > 0 and let N(e) € IN be
such that || f, — finll < € ¥m, n > N(e). Since ||f, — fmllo < € Vm, n > N(e), the
sequence (f,)neN converges with respect to the norm || . || to a function g such
that || fn, — gllo < € Yn > N(e). On the other hand, since the sequence (f,,)nen is
a Cauchy sequence for the norm || . ||;, then for all z, y € IE, such that = # v,

we have
[fn(@) = fm(2) = (faly) = ()]
o(z,y)
and therefore, fixing n and passing to the limit on m, for all z, y € IE, such that
x # 1y we get

<eVm,n > N(e)

[fn(z) — g(2) — (fuly) — 9(»))]
oz, y)

This is true for all z, y € [E, x # y and shows that f, — ¢g belongs to L.
Consequently, ¢ also belongs to £. Particularly we notice that ||g — ful1 < €,

hence ||g — fal| < €. Thus the sequence (f,,)nenw does converge to g in L.
Suppose now that IE C IK and let us show that D is closed in £. Take a
sequence (f,)nen converging to a limit f € £ and let us show that f belongs
to D. As noticed above, since the sequence (f,),ew is a Cauchy sequence with
respect to the norm || . ||1, the sequence (f),)nen is a Cauchy sequence with respect
to the norm || . ||o. Let h be its limit for this norm. This limit is then bounded in

<eVn > N(e).
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IE. We will show that f is differentiable and that f’ = h. Fix a € IE and € > 0.
For all x € IE and for every n € IN, we have

)f(ff)—f(a)

; —h(a)‘

_ ‘f(w) = f(a) = (fu(2) = ful@) | ful2) = fula)

T —a T —a

~ fula) + fila) = h(a)

< e |7 10 = o) = ) 50— 500D _ 110 o)
< max (1 — sl |22 gy ).

We can fix N € IN such that ||f — fx|| < eand ||fy — hllo < €. Then there exists
r > 0 such that, for all z € d(a, ), we have

fn(x) = fn(a)

!
— <

LI fua)] < e
and thus, we have

‘f(l‘) B f(a) . h(a)’ <e.

r—a
This proves that f/'(a) = h(a). Therefore f is differentiable and f’ = h.
A similar proof shows that £ also is closed in D. O

Remark 6.4. Concerning D, one can ask why we do not consider a norm of the
form || f]lq = max(||f|lo, ||f'|lo) instead of the above norm || . || where || . ||
is defined with the help of the Lipschitz inequality. Indeed, || . ||4 is a norm of
IK-algebra. But the problem is that the algebra D is not complete with respect to
that norm, in the general case. The example given in [9] (Remark 2) shows that
we can’t obtain a Banach algebra in that way because a sequence that converges
with respect to that norm may have a limit which is not differentiable at certain
points.

Remark 6.5. Now, suppose that every non empty circle C(0,7) has at least two
classes and consider a function f differentiable in IE and @ a point of IE\ IE. Then

in general, fis not differentiable at a, as the following example shows. Let IE be
the set {z € IK | 0 < |z| < 1} and let (a,)nenw be a sequence in IE such that

lan| < |an—1]|, lim la,| =0.
n—-+00

For each n € IN, put 7, = |a,|. Let g be the function defined on IE by g(x) =
a, Vx € d(ay,,r, ) and

n

g(z)=0vz e B\ (| d(an,r,)).

n=1
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We can check that g is differentiable and Lipschitz in IE. But g(0) = 0 and
g is not differentiable at 0. Indeed, let (b,),ew be a sequence of IE such that
|bn| = |bn — an| = 7, Vn € IN. Now,

g(an) — 9(0)

=1V IN
@ —0 n e

whereas

9(bn) —9(0)

b0 =0Vn e NN,

9(x) —9(0)

x
in IE. In the same way, we can show that g is strictly differentiable in IE but not

in [E.

which shows that has no limit at 0. Therefore g is not differentiable

Theorem 6.6. An element of L, D, £ is invertible if and only if inf{|f(x)| | = € E} > 0.

1
Proof. Suppose that inf{|f(z)| | x € IE} > 0 and put g(z) = @) Let us first
show that f belongs to £. Indeed, let m = inf{|f(z)| | x € IE}. Then

l9(x) —gW)l _ _1fly) = f(@)] _ |[f(y) — f(2)|

Sy @@y - m,y)
which proves that g belongs to £. Similarly, if f € D (resp. f € &), then g
belongs to D (resp. to &). O

Theorem 6.7. In each algebra L, D, &, the spectral norm || . ||sp s || - [lo-

Proof. Take f € £ and n € IN. Without loss of generality, we can suppose that
| fllo > 1. We have

1770 = mae (17, sup S

— (
x7y€E7m7éy <l’, y

We notice that |(f(x))" = (f(y))"] < |f(x) = F@)I([fllo)"~" and hence
[(f ()" = (f(w)"] 1 [(f(z)) = (f(»))]
(

- )
Sup < (Ifllo)*™  sup

(Old)}

( = n—1
= U

Consequently, we get

1o < 1l < V/TFT (A1) 5

Then when n tends to +o0o, we get || fllsp = || fllo Vf € £. This is then true in D
and & too. O

Theorem 6.8. The IK-algebras L,D,E are C-compatible algebras.

Proof. Indeed, by Theorems 6.3, 6.6 and 6.7, we just have to check that a subset
F of IE is uniformly open if and only if its characteristic function belongs to £
(resp. to D, resp. to &£), which is immediate by Lemma 1.6. O
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7. Particular properties of the algebras B, L, D, €.

A first specific property of the algebras B, £, D, concerns maximal ideals of
finite codimension.

Notation: For convenience, we will denote here by T one of the algebras
B,L,D,E and by T the IL-algebra of bounded uniformly continuous functions
(resp. Lipschitz functions, resp. differentiable functions, resp. strictly differen-
tiable functions) from IE to IL.

Lemmas 7.1 and 7.2 are basic results in algebra:

Lemma 7.1. Let IL be a finite algebraic extension of IK of the form I = IK]a] of

degree d provided with the absolute value which extends that of IK. Let f € T*.
d—1

Then f is of the form Zajfj, with f; € T for j = 0,...,d —1. So, T" s

§=0
1somorphic to T ® IL.

Lemma 7.2. Let I be a finite algebraic extension of IK provided with the absolute
value which extends that of IK. Suppose there exists a morphism of IK-algebra, X,
from T onto IL. Then x has a continuation to a surjective morphism of IL-algebra
x* from T to IL.

Proof. Let d = [IL : IK]. Suppose first that IL is of the form IK[a]. Then by

d—1
Lemma 7.1, any f in 7™ is of the form Z ajfj, where the f; are functions from
=0
! d—1
IE to IK for j =0,...,d — 1. We then set x*(f) = Zajx(fj). The conclusion is
n=0

then straightforward.

Consider now the general case. We can obviously write IL in the form K[by, ..., b,].
Writing IL; for the extension IK[by, ..., b;] we have IL; = IL;_4[b;]. By induction on
7, using the just proved preceding result we get that for each j = 1,...,¢q, x has a
continuation to a surjective morphism of IL;-algebra, x7, from (T'® IL;) onto IL;.
Taking j = ¢ ends the proof since T'® IL, = T™. O

We can now state the following theorem whose proof is similar to that of
Theorem 3.7 in [9] but here concerns the algebras £, D, E. Actually, that result
may be generalized to all semi-compatible algebras, provided that IK is a perfect
field [4], a condition that we avoid here.

Theorem 7.3. Fvery mazimal ideal M of T' of finite codimension is of codimen-
sion 1.

T
Proof. Let IL be the field i and T be defined as in the preceding theorem.

Then T™* is a C-compatible IL-algebra. Now, let x be the quotient morphism
from 7" over IL whose kernel is M. By Lemma 7.2 x admits an extension to a
morphism y* from 7™ to IL. Since T™ is semi-compatible and since the kernel
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of x* is a maximal ideal M* of T, there exists an ultrafilter ¢ on IE such that
M*=TU,T*).

Let g € T and let b = x(g) € IL. Then we have x*(g — b) = 0, hence g — b
belongs to M*, therefore liz/rln g(x) —b=0 ie. liLr{ng(as) = b. But since g € T,

g(x) belongs to IK for all z € IE. Therefore, since IK is complete, b belongs to
IK. But by definition y is a surjection from T onto IL, hence every value b of IL
is the image of some g € T" and hence it lies in 1K, therefore IL. = IK. O

Remark 7.4. In [5], it is shown that in the algebra of bounded analytic functions
in the open unit disk of a complete ultrametric algebraically closed field, any
maximal ideal which is not defined by a point of the open unit disk is of infinite
codimension. Here, we may ask whether the same holds. In the general case no
answer is obvious. We can only answer a particular case.

Theorem 7.5. Suppose I C IK and let M = Z(U,T) be a mazximal ideal of T
where U 1s an ultrafilter on IE. IfU is a Cauchy filter, then M is of codimension
1. Else, M is of infinite codimension.

Proof. Suppose first that U is a Cauchy ultrafilter. By Theorem 2.7, M is of
codimension 1. Now, suppose that U is not a Cauchy filter and consider the
identity map ¢ defined on IE. Then ¢ has no limit on U, therefore by Theorem
2.1 again, M is not of codimension 1. But then by Theorem 7.3, M is not of
finite codimension. OJ

Notation: Given a commutative unital Banach IK-algebra S, we denote by
Mazx1(S) the set of maximal ideals of S of codimension 1 and by Mazg(S) the
set of maximal ideal of S of the form Z(a, S), a € IE.

Corollary 7.6. Suppose IE is a closed subset of IK . Then Max,(T) = Maxg(T).
Remark 7.7. Consider ¢ € Mult(L,| . ||), let M = Ker(¢) and let 6 be the

canonical surjection from £ onto i By Theorem 3.15, the quotient norm of

L
the quotient field — 1is just the quotient norm of the uniform convergence norm

| . |lo and is equal to the absolute value of IK. In the case of a maximal ideal
of infinite codimension, we can’t apply Banach’s Theorem and there is no reason
to think that the quotient norm is equivalent to the absolute value defined as

00/)] =T /()]

Definition:  Given a I[K-normed algebra A whose norm is || . ||, we call topo-
logical divisor of zero an element f € A such that there exists a sequence (uy)nen
of elements of A such that inﬂf\I ||unl] > 0 and liI_il_l fun, =0.

ne n—-+0oo

Theorem 7.8. Suppose that IE has no isolated points. Then an element of an
algebra L is a topological divisor of zero if and only if it is not invertible.

Proof. 1t is obvious that an invertible element of £ is not a topological divisor of
zero. Now, consider an element f € £ that is not invertible. By Theorem 6.6, we
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have inIfE |f(z)| = 0. Therefore, there exists a sequence of disks (dg(an,Tn))neN
Te

1
with lim 7, = 0, such that |f(x)| < —, V& € dg(a,,r,), Vn € IN*.
n

Since the points a,, are not isolated, for every n € IN we can fix b, € dg(a,,r,)
such that b, # a,.

For each n € IN*, let t,, = d0(ay,,b,) and h, be the characteristic function of
dg(a,,t;). Notice that 0 < ¢, < r, so lim ¢, =0. Now h, belongs to £ and
clearly satisfies

1
§t—Vas,y€IE,x7éy.

6(z,y) n
Moreover, we notice that (@) = P (b)) = i hence
d(an, bn) tn
1

n

Let [ € K be such that || €]0,1[. Since the valuation on IK is not trivial, for
each n € IN, we can find an element 7, € IK such that |l|t,< |7,| < t,. We put
w,, = T,hy, for all n € IN. Then clearly we have

(3) [wnllo = [7alllnllo = |7n] < tn
and by (2), we have

7]

(4) ] < flwnllx = ﬁ <1

Hence

(5) 1| < JJwy,|| < max(1,|7,]) Vn € IN*.

Consider now the sequence (fwy)new+. By (3), we have || fw,|lo < ¢, fllo, hence
® T ||, o = 0.

Furthermore for all z,y € IE, we have

and by (3) it is easily seen that
/() = fy)l
(7) |wn(y)|-w < tull flx

) e e S
and by (7) and (8), we obtain

|f(@)wn(x) — f(y)wn(y)]
9 3(.0)

1
< ~t, :
< max(, tal|f11)
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Similarly, since = and y play the same role, if y belongs to dg(a,,r,), we obtain
the same inequality.

Suppose now that neither « nor y belongs to dg(an, 7). Then w,(z) = w,(y) =
0, therefore

[ (@)wn(x) = f(y)wn(y)|
o(z, y)
Consequently, by (9) and (10) we have proved that || fw,|; < max( Sl fll1)-
Hence lim ||fwy,||s =0 and by (6) lim ||fw,|| = 0 which, together Wlth (5), ends
the proof. O

(10)

<maX( sl F10)-

Finally, we can prove this last result: given a € IE, Z(a, £) is not necessarily
the closure of Z’(a, £), while by Corollary 2.14, it is its spectral closure.

Proposition 7.9. Suppose that the set IE is included in an ultrametric field ¥
and contains a disk d(0, R) of the field I. There exists f € Z(0,L) that does not
belong to the closure of T'(0, L) with respect to the norm || . || of L.

Proof. Let w € IF be such that 0 < |w| < 1. For every n € IN, set r,, = |w|™",

let a,, € C(0,1,), let F,, = d(ay,r,) and let L = U F,. Let f be the function

defined in IE as f(z) =0Vx € E\ L and f(z) =a, Yz € F,, n € IN.
We notice that f belongs to £. Indeed, let x,y € IE with x # y. If f(x) # f(y),
then at least one of the points x and y belongs to L. Suppose that y € L.
Suppose first that « ¢ L. Then f(z) = 0 and y belongs to some disk d(an, r)
f(z
=
Suppose now that z and y belong to L. Say, x belongs to d(am, r,.) and
y belongs to d(a,,r,) with m < n since f(x) # f(y). Then |f(z)| = r, <
; = [f(y)], hence |f(z) = f(y)| = [f ()| = rn and |z —y| = |y[ = r, therefore

x;fy‘<1 Thus we have checked that M‘<1V yelE, z#uy.

x
That finishes proving that f belongs to L.

Now, by construction, we can see that f belongs to Z(0,L£). However, we
will check that f does not belong to the closure of Z'(0,£). Let h € Z'(0, L).
There exists a disk d(0,r,) such that h(z) = 0 Vo € d(0,r,). Consequently,
f(x)—h(z) = f(z) Vz € d(0,r,). But we notice that f(x) =0Vz € C(0,r,)\ F,.

o=
therefore || f — h|| > ||f — h|l1 = 1. This proves that Z(0, £) is not the closure of
7'(0, £) with respect to the norm || . ||. O

and hence |f(y)| = |a,| = rn, whereas |x — y| > r,, therefore ’ <1

So, when x belongs to F;, and y belongs to C'(0, 7,)\ F, we have

8. A kind of Gelfand transform

A Gelfand transform is not easy to find on ultrametric Banach algebras, due
to the existence of maximal ideals of infinite codimension. However, here we can
obtain a kind of Gelfand transform under certain hypotheses on the multiplicative
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spectrum in order to find again an algebra of bounded Lipschitz functions on some
ultrametric space.

Notations: Let (4, ] . ||) be a commutative unital Banach IK-algebra which is
not a field. Let T(A) be the set of algebra homomorphisms from A onto K and
let A4 be the mapping from A x A to IRy defined by Aa(x, () = sup{|x(f) —
COTTIAN <13

Given x € YT(A), we denote by |x| the element of Mult(A, ]| . ||) defined as
IXI(f) = Ix(f)l, €A Given D C T(A), we put |D| = {[x],x € D}.

The following Lemma is easily checked:

Lemma 8.1. Ay is an ultrametric distance on Y (A) such that Aa(x,§) < 1Vx, & €
A.

Definition: Let (A,|| . ||) be a unital commutative ultrametric Banach K-
algebra. The algebra (A, | . ||) will be said to be L-based if it satisfies the following:

a) Multi(A, ] . ||) is dense in Mult(A,| . ||),
b) the spectral semi-norm || . |5, is a norm,

c¢) For every uniformly open subset D of T(A) with respect to A4, the closures
of |[D| and |Y(A) \ D] are disjoint open subsets of Mult(A,] . ||).

Theorem 8.2. Let (A, || . ||) satisfy properties a) and b) above. Then the algebra
A is algebraically isomorphic to an algebra C of bounded Lipschitz functions from
the ultrametric space I& = (T(A), Aa) to IK. Identifying A with C, the following
are true.

i) The spectral norm || . ||sp of A is equal to the uniform convergence norm || . ||o
on IE.

ii) Bvery f € A such that inf{|x(f)|: x € T(A)} > 0 is invertible in A.

iii) There ezists a constant ¢ > 1 such that the Lipschitz semi-norm defined

os 11 = sup (L L0 0y e, o2 ) s 11 < el for

f € A and the topology defined by || .|| on A is stronger than the topology induced
by the norm || .||z of the Banach IK-algebra L of all bounded Lipschitz functions
from I to IK, where || ||z = max(||fllo, || fll1), f € L.

Proof. We first show that A is isomorphic to a sub-IK-algebra of the algebra of
bounded functions from IE to IK. For each f € A and x € IE, we put f°(x) = x(f)
and then we define a bounded function f° from IE to IK. Let us check that this
mapping O associating to each f € A the function f° is injective. Indeed, ©
is obviously an algebra homomorphism whose kernel is the intersection J of
all maximal ideals of codimension 1. But thanks to Properties a), b) and to
Theorem 3.1, we can check that J = (0). Consequently O is injective and hence
A is isomorphic to a subalgebra C of the algebra of bounded functions from IE to
IK. Hencefore we will identify an element f of A with the function it defines on
E.
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Let us now show that every g € A is Lipschitz, with respect to the distance
Aa. Let x, ¢ € IE and let g € A be such that ||g|| < 1. Then we have

IX(9) — C(g)] < sup{|x(f) = C(H IfI 1} = Aalx, Q).

Now in general, take g € A and v € K such that |v| > ||g||. Let h = 9. Then
v

[X(h) =C(h)] < Aa(x; ) hence [x(g9) —C(g)| < [v[Aa(X; (), therefore g is Lipschitz.
Consequently, A can be identified with a Banach IK-algebra of bounded Lips-
chitz functions from the ultrametric space IE to IK.

We will now show that the statements i), ii) and iii) are true. Thanks to
Property a) and Theorem 3.1, it is immediately seen that the spectral norm
| . ||sp of A is the uniform convergence norm || . || on IE; hence i) is true.

Let us now show that whenever |x(f)| > m > 0 for all y € T(A), then f is
invertible in A. Indeed, suppose that f is not invertible. Then there exists a max-
imal ideal M that contains f. By theorem 3.7, there exists ¢ € Mult(A,| . ||)
such that M = Ker(¢) and then ¢(f) = 0. Given r > 0, let us denote again by
W (6, f,r) the neighborhood of ¢ : {t) € Mult(A, | . [} | [(f) — 6(f)l < ).
Now, let us recall that Y(A) is the set of characters of A, hence Mult;(A, || . ||)
is just the set of |x|, x € Y(A). Thus, since Mult;(A,| . ||) is dense in
Mult(A, || . ||), there exists a sequence y, of T(A) such that for every n € N,

1
|Xn| belongs to the neighborhood W (¢, f,—) and hence, ¢(f) = lirf Ixn ()],
n n—-+0o0o
ie. o(f) = hr}rq Xn(f) =0, a contradiction because |x(f)| > m Vx € T(A).
Consequently, f is invertible in A i.e. ii) holds.

Finally let us prove iii). Let f € A. Notice that if ||f|| < 1 then for every
f ( )= fW)
)

< 1 and hence
Aa(z,y

x, y € [E with x # y we have, by definition of A4,
£l < 1.

Suppose first that the valuation of IK is dense. Take ¢ > 0 and v € IK such
that ||f]| < |v| < ||f]| + €. Then ’%H < 1 and hence % <1, ie |flh < |V
and ||f|lx < || f]| + e This holds for all € > 0 and hence Welhave Nfll < [l fll-

Suppose now that IK has a discrete valuation. Let p = sup{|z| | z € K, |z] <
1} and take v € IK such that |v| =
If |f]] = 1 then ||f|ls < ||fll- If ||f]] < 1 then we can find n € IN such that

p" < || f|l < ™. Hence putting g = -, we have u < ||g|| < 1 and hence we
Vn

1
ave (gl < 1. Therefore, 111 < 9l _ 1 5ol _ Il WflL
gl S gl 1Al ||f||
which finishes proving % < ¢, with ¢ = — > 1. Consequently, we have

[fllx < el f]| for all f € A such that || f]| <1.
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If || ]| > 1 then there exists n € IN such that [|f|| < ——. Putting h = L f

we have ||| < 1 hence ||h|l; < ¢||h|| which gives again ||f|l; < ¢||f]|. Finally
[fll < cllf]] for every f e A.

On the other hand, by Lemma 1.7, we have ||f|ls, < ||f]] Vf € A, hence
1 1 .
£l > max (]| f]]sp, EHle) > - max(|| f|lo, || f]|1) for all f € A, which proves that

the norm || . || of A is at least as strong as the norm of the Banach IK-algebra of
all bounded Lipschitz functions on IE. O
Theorem 8.3. As in the preceding theorem, let (A, || . ||) satisfy properties a)

and b). Identifying again A with C, the three statements below are equivalent:
a) (A, || . |]) is L-based i.e. Property c) is satisfied;
B) (Al . ||) is C-compatible;
v) (A, . ||) satisfies the following Property ¢’): for every uniformly open subset
D of IE, there exists gp € A such that inf |x(gp)| > sup |x(gp)|-
xeD x¢D

Proof. Notice that by the preceding theorem, A is C-compatible if and only if A
satifies the property 2) of C-compatible algebras.

Assume that (A, ]| . ||) is L-based. Let D be a uniformly open subset of IE.
By Property c), the closure F' of |D| in Mult(A,]| . ||) is a closed open set and
so is the closure G of |T(A) \ D| and the two closures are disjoint. On the
other hand, by Property a), we have F'U G = Mult(A,| . ||). Therefore, F
and G are two disjoint open closed subsets making a partition of Mult(A, | . ||).
Consequently, by Theorem 3.21, there exists an idempotent u € A such that
¢(u) =1V € F and ¢(u) =0 Vo ¢ F. Particularly we have |x|(u) =1 Vy € D
and |x|(u) =0 Vy € T(A)\ D and then, since u is idempotent, x(u) =1 Vy € D
and y(u) = 0Vyxy € T(A)\ D ie. u(xy) =1Vyxy € D and u(x) = 0 Vx ¢ D.
Consequently, u is the characteristic function of D and it is in A. Hence (A4, ]| .||)
is a C-compatible algebra and hence « implies (3 .

Assuming now that A is C-compatible, for every uniformly open subset D of
IE, the characteristic function u of D belongs to A and clearly, we have:
in{7 Ix(gp)] =1 > sup|x(gp)| =0. Thus, Property ¢’) is satisfied and hence g
x€ x¢D
implies 7.

Finally assume that property c’) is satisfied and let us prove that c) is satisfied.
Let D be a uniformly open subset of IE and let gp € A be such that

inf |x(gp)| > sup |x(g9p)]|-
x€D x¢D

Let t = inf |x(gp)| and s = sup |x(gp)|- The mapping [¢p € Mult(A, | .||) —
xeb x¢D

¢(gp) € IR] defines a continuous function since Mult(A,||.||) is provided with
the pointwise convergence. So the sets Ly = {¢p € Mult(A, | . ||), ¢(9p) > t} and
Ly = {¢p € Mult(A, || .]]),¢(g9p) < s} are disjoint closed subsets of Mult(A, || . ||)
and we have |D| C Ly and |T(A) \ D| C Ly. So L; contains the closure of |D|
and Lo contains the closure of |Y(A)\ D|. But the closures of |D| and |T(A)\ D|
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recover Mult(A, || . ||) since Mult;(A, || . ||) is dense in Mult(A, ] .||), so we get
that the closures of |D| and |T(A) \ D| make a partition of Mult(A,| . ||) and
finally are disjoint open sets. OJ

By Theorems 8.3, 3.9, 3.20 and Corollary 3.6 we obtain the following corollary:

Corollary 8.4. Let A be a L-based algebra. Then Mult(A, || . ||) = Mult,,(A,] . |)-
Moreover, A is multbijective. Further, Shil(A) = Mult(A, | . ||).

Theorem 8.5. Let A be a L-based algebra. Then Y(A) is complete with respect
to the distance A\ 4.

Proof. Recall that by Theorems 8.2 and 8.3, A is C-compatible and the elements
of A are Lipschitz functions, with respect to A4 on [E = T(A) and particu-
larly they are uniformly continuous functions. Let (x»)new be a Cauchy se-
quence of (T(A),Aa). Then the Fréchet filter F generated by this sequence is a
Cauchy filter on T(A) and by Theorem 2.7, the ideal M = Z(F, A) is a maxi-
mal ideal of codimension 1 and hence it defines an element 6 of T(A) satisfying
0(f) = li}n f(z) = nl_lEiI_loof(Xn) = nl—iiri—loo xn(f), forevery f € A. Let us check that

0 is the limit of the Cauchy sequence (xn)nen-

Let us fix € > 0 and let N € IN be such that for all integers n, m greater
than N, Aa(Xn, Xm) < €. Then for every f € A such that ||f|| < 1, we have
IXn(f) = xm(f)| < € ans thus |x,.(f) — 0(f)] < e. Hence As(xn,0) < €, which
ends the proof. O

Notation: In the following theorems we denote by T one of the IK-algebras
L, DE.

Theorem 8.6. Suppose IE is a closed subset of IK. Let Z be the mapping from
IE into Y(T') that associates to each point a € IE the element of Y(T') whose
kernel is Z(a,T). Then Z is a bijection from IE onto Y(T). Moreover, we have
|b —al > Ar(a,b) Va,b € IE.

Proof. Z obviously is an injection from IE into Y(7'). Now, let x € T(T') and
let M = Ker(x). By Theorem 2.1, there exists an ultrafilter & on IE such
that Ker(x) = Z(U,T). Since M is of codimension 1 and since IE is closed, by
Theorem 7.5, U converges in IE to a point ¢ € [E. Consequently, Z is surjective.

Now we will show that |b —a| > Ar(a,b) Va,b € [E. Let us take a, b € E,
with @ # b and consider Ar(a,b) = sup{|f(a) — f(b)|, ||fIl <1}. Recall that,
when [E C IK, in algebras 7', we have defined the Lipschitz semi-norm | f||; as

I fll = SUP{M7 x #y}. For every f € T such that ||f]| < 1 we have
r—Yy
|flli <1 and thus |f(a) — f(b)| < |a — b|. Therefore |b — a| > Ar(a,b). O

Corollary 8.7. Suppose IE is a closed subset of IK. Then every uniformly open
subset of Y(T) with respect to Ar is a uniformly open subset of IE with respect to
the absolute value of K.

Theorem 8.8. Suppose IE is a closed subset of IK. Then T is a L-based algebra.
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Proof. By Theorem 7.5, Mult,(T\,| . ||) = Multg(T,|| . ||). By Theorem 6.8, T is
C-compatible, hence by Corollary 3.12 Mult,(T, || . ||) is dense in Mult(T,| . ||).
Next || . ||o is a norm equal to || . ||sp- So, Properties a) and b) are satisfied.
Consider now a uniformly open subset D of IE with respect to Ar. Identifying
IE with Y(T'), by Corollary 8.7 D is also uniformly open with respect to the
absolute value of IK. Consequently, the characteristic function u of D belongs to

T and we have inlfj lu(z)] =1 >0 = sup |u(z)|. So we get property c¢’) of theorem
re x¢D

8.3, which ends the proof. 0

Notation: Let (A, | . ||) be a L-based algebra. We will denote by A the al-
gebra of all bounded Lipschitz functions from the space IE = (T(A), ) to
IK and we denote by ||.||” the norm ||.|~ = max(||. o, ||.[1) where ||f|i =
(/@) = 7
)\A(:Evy)

Theorem 8.9. Let IE be a closed subset of IK and A be the L-based algebra of
all bounded Lipschitz functions from IE to IK provided with the norm || . || =
max(|| . [lo, || - [[1). Then the algebras A and A~ are identical and the norms || . ||
and || . | are equivalent. In particular, a bounded function f is Lipschitz with
respect to the distance | . | of IE if and only if it is Lipschitz with respect to A4.
Nezxt, we have |v —y| > Aa(x,y) Yo,y € IE and if IE is bounded, then there exists
a constant M > 1 such that |x — y| < MAa(z,y) Vx,y € IE and the distance Ay
is equivalent to the distance | . | of IE.

x, y € IE x #y} for every f € AT

Proof. Identifying IE with Y(A), by Theorem 8.6 we have |b — a| > A4(a,b) for
all ¢ and b in IE and consequently, if f € A" then f € A and ||f]|; < ||f||1 for all
f € A. Furthermore, by Theorem 8.2 (and its proof), we also have A C A™and
there exists a constant ¢ > 1 such that ||f||,”< ¢||f|| for all f € A.

We conclude that the algebras A and A are equal and for every f € A we
finally have : ||f]| < ||f[< ¢||f||, which proves that these norms are equivalent.

Moreover, if IE is bounded with respect to the distance defined by the absolute
value of IK, then the identity map lies in A and hence is Lipschitz with respect to
A4, therefore we have a constant M > 0 such that MAa(z,y) > |z — y|, Vr,y €
A. O

Remark 8.10. By Lemma 8.1, we have As(z,y) < 1 Va,y € A. Therefore, if IE
is not bounded with respect to the absolute value of IK, there exists no M > 0
such that MAs(x,y) > |x — y| Va,y € A.
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