N
N

N

HAL

open science

UNIFORM POINCARE AND LOGARITHMIC
SOBOLEV INEQUALITIES FOR MEAN FIELD
PARTICLES SYSTEMS
Arnaud Guillin, Wei Liu, Liming Wu, Chaoen Zhang

» To cite this version:

Arnaud Guillin, Wei Liu, Liming Wu, Chaoen Zhang. UNIFORM POINCARE AND LOGARITHMIC
SOBOLEV INEQUALITIES FOR MEAN FIELD PARTICLES SYSTEMS. The Annals of Applied

Probability, 2022, 32 (3), 10.1214/21-AAP1707 . hal-02287711

HAL Id: hal-02287711
https://uca.hal.science/hal-02287711
Submitted on 13 Sep 2019

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://uca.hal.science/hal-02287711
https://hal.archives-ouvertes.fr

UNIFORM POINCARE AND LOGARITHMIC SOBOLEV INEQUALITIES
FOR MEAN FIELD PARTICLES SYSTEMS

ARNAUD GUILLIN ¢ | WEILIU * , LIMING WU ° |
AND CHAOEN ZHANG ¢

¢ UNIVERSITE CLERMONT-AUVERGNE

* WUHAN UNIVERSITY

ABSTRACT. In this paper we establish some explicit and sharp estimates of the spectral
gap and the log-Sobolev constant for mean field particles system, uniform in the number
of particles, when the confinement potential have many local minimums. Our uniform log-
Sobolev inequality, based on Zegarlinski’s theorem for Gibbs measures, allows us to obtain
the exponential convergence in entropy of the McKean-Vlasov equation with an explicit rate
constant, generalizing the result of [10] by means of the displacement convexity approach,
or [19, 20] by Bakry-Emery technique or the recent [9] by dissipation of the Wasserstein
distance.

Key words : Poincaré inequality, logarithmic Sobolev inequality, mean field particle models,
McKean-Vlasov equation.
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1. INTRODUCTION

Functional inequalities such as Poincaré or logarithmic Sobolev inequalities have nowadays
an important impact on various fields of mathematics (probability, PDE, statistics,...) due
to their various properties such as convergence to equilibrium (in L? or in entropy) or con-
centration of measure (exponential or gaussian). We refer to the beautiful book [3] for an
introduction (and more) to the subject as well as bibliographical references. Let us introduce
these two inequalities. Let p be a probability measure on R?, we say that the probabil-
ity measure pu satisfies a Poincaré (or equivalently spectral gap) inequality with (optimal)
constant A, if for all smooth functions f we have

(PI) M (1) Var, (f) < / V£ dp, (1)

where Var,(f) = [ fPdu — ( i falu)2 denotes the variance of f wrt p and a logarithmic
Sobolev inequality with (optimal) constant p,, if for all smooth functions f we have

(LSI) pus(n) nt, (%) <2 [ [V fPd @)
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where Ent,(f2) := [ f?log(f?/ [ f>du)du denotes the entropy of f? with respect to (w.r.t.
in short) p. A famous condition to verify those inequalities is the Bakry-Emery I’y criterion
which says that if du = e™Vdx on R, Hess V > xId > 0, then A\;(u) > prs(i) > k.

One crucial property of these two inequalities is the tensorization (or dimension free), i.e.
if 1 satisfies a Poincaré or a logarithmic Sobolev inequality then u®V satisfies the same in-
equality with the same constant (and thus independent of N) leading for example to (non
asymptotic) gaussian deviation inequalities refining central limit inequalities or convergence
to equilibrium independent of the number of particles. However interesting physical systems
are far from being independent, so that there exists a huge literature devoted to the obtention
of functional inequalities such as Poincaré or logarithmic Sobolev inequalities, in particular
to assess convergence to equilibrium, in various dependent settings such as (discrete or con-
tinuous) spin systems [22, 23, 24, 31, 32, 7, 8, 29, 30, 18, 4] (see also [17] for a survey) or
mean field models [19, 20, 11, 14, 15] with a particular emphasis on the dependence on the
number of spins or particles.

We will focus our attention on mean field particles system. To this end, consider the N (> 2)
interacting particles system of mean field type :

1

dXN(t) = V2dB;(t) — VV (XN ())dt — 1 S OVLW(XN (), XN (1)dt, i =1, N (3)
J#i
where Bi(t),--- , By(t) are N independent Brownian motions taking values in R, the con-

finement potential V is a function on R? of class C?, and the interaction potential W is a
function on R% x R? of class C2. Tts generator £V) is given by

N
LN f(ay,an) =3 L flar, o)
=1
EEN)f(xl, can) = Aif(ry, e on) = ViVi(ag) - Vif (e, oN) (4)
- ﬁ (VW) (i, 25) - Vif (1, ,2N)

J#i
for any smooth function f on (R?)™, where V; denotes the gradient w.r.t. z;, A; the Laplacian
w.r.t. z;, and x - y = (z,y) denotes the Euclidean inner product.

The unique invariant probability measure of (3) is

1
M(N)(dazl,--- ydry) = Z—Nexp{—HN(dazl, ceydey)bdry - -day (5)
where
N 1
HN(l‘l,"' ,l‘N) = ZV($Z)+ﬁ Z W(!Ei,:l?j)
i=1 1<i<j<N

is the Hamiltonian, and Z is the normalization constant called partition function in statis-
tical mechanics, which is assumed to be finite throughout the paper. Without interaction
(i.e. W =0 or constant), u™) = a®N (i.e. the particles are independent), where

do(z) = ée‘v(m)daz, C= /e‘v(x)da;.
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Our first major goal is to get uniform (in the number of particles N') Poincaré or logarithmic
Sobolev inequalities for the measure p¥) under tractable conditions. Malrieu [19] used
Bakry-Emery’s I's technique to establish a logarithmic Sobolev inequality for the mean field
case thus requiring uniform convexity assumption for V and W. Recent techniques such
as Lyapunov conditions (see [2, 1] for example) are usually inefficient to get dimension-free
results. For each of these inequalities we require a uniform bound for the spectral gap or
the logarithmic Sobolev constants of the one particle conditional distribution. To bypass the
perturbation techniques, our main assumptions for Poincaré inequality will be of two sorts: for
the confinement potential we will need some linear growth at infinity as well as a lipschitzian
spectral gap property (see Section 2 for details) which will be sufficient to get a Poincaré
inequality for the one particle conditional distribution, and for the interaction potential a
lower bound on the “extra diagonal” Hessian of W, leading to new and sharp results. A
particular emphasis will be made on Curie-Weiss model and on interaction potential of the
form W (z,y) = Wy(z —y). The proof will repose on some refinement of the ideas of Ledoux
[18]. For the logarithmic Sobolev inequality we will consider a translation of Zegarlinski’s
condition (see [31]) for mean field model which relies on the smallness of the product of the
Lipschitzian spectral gap and of the infinite norm of the Hessian of the interaction potential.
One of our interest to consider logarithmic Sobolev inequality for mean field particles system
is to get an exponential entropic decay for the limit non-linear McKean-Vlasov equation.
Indeed, consider the non-linear McKean-Vlasov equation with an internal potential V : R? —
R and an interaction potential W : R? x R? — R (between two particles) so that W (z,y) =
W(y,z):

E?tyt = AVt + V- (VtVV) +V- (VtV(W ® Vt)) (6)

where (14);>0 is a flow of probability measures on R? with v given, V is the gradient, V- is
the divergence, and

Wev)(z)= » W (z,y)dv(y). (7)

It corresponds to the self-interacting diffusion
dX; = V2dB; — VV(X3)dt — VW & vy (Xy)dt (8)

where v is the law of X;. It can be seen through the propagation of chaos phenomenon (see
[25] for example) that the law of X4V (t) converges to the one of X, as the number of particles
N tends to infinity (for each ¢ > 0). Via the logarithmic Sobolev inequality for the mean field
particles system and a quite technical passage to the limit, we will be able to prove entropic
convergence to equilibrium for the non-linear McKean-Vlasov SDE generalizing results of
[10, 9.

Let us finish this introduction by the plan of the paper. In the next section, we will present
our set of assumptions and the main results of the paper concerning uniform Poincaré or log-
arithmic Sobolev inequality of mean field particles system as well as exponential convergence
to equilibrium for McKean-Vlasov SDE (8). Section 3 presents the Lipschitzian spectral gap
for conditional distribution needed in the proof of the uniform Poincaré inequality detailed in
Section 4. The translation of Zegarlinski’s condition and thus the proof of uniform logarith-
mic Sobolev inequality are the core of Section 5. The exponential convergence to equilibrium
of McKean-Vlasov SDE is finally detailed in the last Section 6.
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2. MAIN RESULTS

2.1. Framework and main assumptions. Throughout the paper we work in the following
framework.

(H1) The confinement potential V : RY — R is C%-smooth, its Hessian Hess(V) = V2V =
(02,02,V )1<ki<d of V is bounded from below and there are two positive constants
c1, co such that

z-VV(z)>clzf* — e, z e RL 9)

(H2) The pairwise interaction potential W : R? x R? — R is C%-smooth such that its

Hessian V2W is bounded and

/ / exp (—[V(2) + V(y) + AW (2, )]) dady < +00, YA > 0.

(H3) (Lipschitzian spectral gap condition for one particle) the following Lips-
chitzian constant (for the marginal conditional distribution of one particle) is finite

L[> e
CLipam = Z/0 exp {Z/o bo(u)du} sds < 400 (10)

where bg(r) is the dissipativity rate of the drift of one particle in the system (3) at
distance r > 0 :

)= s (o (TVE) = YY)+ (VW (@) = VW) (1)

This last condition, taken from [27], is of course reminiscent of the work of Eberle [14, 15]
without the interaction potential for convergence to equilibrium in L'-Wasserstein distance.
However in their work the interaction potential is seen only as a perturbation.

2.2. Uniform Poincaré inequality for mean-field (V). In the sequel we shall use the
notation V§i7ij for a C?-function H on (R?)", defined by

V2 H:= (02 ., H)i<ri<d

Ti,Tj Tk
where z; = (241, T, ,Tiq) € R%. Let
M = inf inf A (p; 12
Lm = o 1deN (i) (12)

where A1 (1;) is the spectral gap of the conditional distribution p; = ,u,-(da:,-]a:z) of x; knowing
x' = ()i, i.e. the best constant such that the following Poincaré inequality

A1(pq) Vary, (f) < /Rd \Vif[Pdpi, Vf € Cp(RY)
holds.

Theorem 1. In the framework described above, we have always
1

AMm > . (13)
CLip,m
Assume that there is some constant h > — i, such that for any (z1,--- ,zn) € (RHY,
1
m(li?ﬁjV%yW(wi,wj))lgi,jSN > hlgn (14)
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in the order of definite nonnegativity for symmetric matrices, where I,, is the identity matrix
of taille n. Then p®™) satisfies the following Poincaré inequality

(A1,m + h) Var u(N)(f) < /(Rd)N |Vf|2d,u(N), fe C’I}(RdN) (15)

or equivalently the spectral gap M\ (1)) of L) on L2(u\N)), defined as the infimum of those
spectral points A\ > 0 of LN on L2(uN)), verifies

ME™Y > Ny +h > + h. (16)

CLip,m
Its proof will be given in §3.

The uniform Poincaré inequality in Theorem 1 gives us the following explicit correlation
inequality. For any C'-function f on R¢, denote || f H%ip by its Lipschitzian norm w.r.t. the

Euclidean metric on R<.

Corollary 2. Under the conditions of Theorem 1, for any two bounded Lipschitzian functions
f,g on R and i # j

COVM(N)(f(xi)rg(‘Tj)) < (1 T CLiIc)zp};,I;l(N — 1) (HfH%lp + ”gH%lp) (17)

where COVu(N)(',‘) denotes the covariance of two functions under the probability measure

pN) . Roughly speaking, two particles x; and x; become asymptotically independent at the
rate 1/N.

Proof. The Lh.s of (17) does not depend on (i,7). Applying the Poincaré inequality to
F = \/_1N SV | f(x;), we have

Var, o) (F) = Var, ) (f(z1)) + (N = 1)Cov ) (f (21), f(22))

1 1
< ———— [IVFPdu™) < ———||fI;
> Al(M(N)) /’ ’ M = Al(M(N))HfHLlpy

and therefore
1

COVM(N)(f(xl)vf(‘TQ)) < (N _ 1))\1(,“(]\7))

£ 11Esp-

On the other hand, by the first equality above

Cov i (F (1), £(22)) = 5 (Va0 (F) = Var, o (£(20) )
1
= _N _ 1V&I'M(N)(f(x1)) > _(N - 1)A1(M(N)) HfH%lp
Hence we get
1 ip,m
|Cov o (f (1), £ (22))] < If12;p < L, Ifl2p  (18)

(N = DA (pV)

where the last inequality follows by (16).
Using (18), we obtain

(1+ CLip,mh)(N -1)
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Cov,m (f(z1), g(22)) = i Cov, o ((f + 9)(x1), (f + 9)(2)) — Cov . ((f = 9)(21), (f — 9)(22))

CLip,m 9 9
< . — .
- 4(1 + CLip,mh)(N _ 1) (Hf + g”Llp + Hf .gHL1p)
CLip,m 2 9
< . .
S 0T cpmh) (VN = 1) (IF I + llglEsn)
the desired (17). .

Remark 3. The Poincaré inequality (15) is sharp. In fact, let d = 1, V(z) = 22/2, W (z,y) =
Bxy. In that case by(r) = —r (such W does not change by), 1/¢Lipm = 1 = A1, . Note that

Ap := min {1 +p3,1— %} is the smallest eigenvalue of the symmetric matrix
1 1
m(ﬁli#) +1Iy = m(ﬂli;ﬁj) + AmdN.
Our condition (14) for the Poincaré inequality becomes
Ao > 0.

This is necessary even for well defining (™). And our estimate (16) says that A (V) > Ao.
As the matrix of the L.h.s. above is exactly the inverse of the covariance matrix of the centered
gaussian distribution p(N) | its spectral gap is exactly Ao, showing so the sharpness of this
theorem.

Remark 4. Here we give an explicit estimate of cr;, ,, under the following assumptions.
Assume there are some constants cy, c1, ey, c2 € R and R > 0 such that

(VV(2) =VV(y),z —y) > cvlz —y|* — etz — Y1y <n (19)

<VxW(.Z',Z) - V:L‘W(ya 2)71' - y> > CW"T - y’2 - 02"% - y‘1[|x—y|§R]7 (20)
for all z,y € R%, and ¢y + ¢y > 0, then we have for any r > 0,
T —
i) = s (T (V@) = IV + (VW (2) = VW (:2)
z—y|=rz
< —(ev +ew)r+(e1 +e2)lp<p
which implies that

1 [ 1 [
CLipm < Z/o exp {Z/o [—(cy + ew)u+ (c1 + c2)ljo,R) (u)]du} sds

1 [ 1 1
< —/ eXp{——(Cv+Cw)82+—(61+CQ)R]}SdS
1/ 8 1

1 1
= — - R).
p— exp <4(01 + ¢2) >
Example 1. (Curie-Weiss model) Let d = 1, V(x) = B(2*/4 — 2%/2), W (z,y) = —Kxy
where § > 0 is the inverse temperature, K € R*. This model is ferromagnetic or anti-
ferromagnetic according to K > 0 or K < 0.
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For this example, we find by elementary analysis

bo(r) = =2V'(r/2) = —2B8(r3/8 —r/2), r > 0.

1 o0 S 3
CLipm = Z/o exp{g/o (r—%)dr}sds

then

Let A(8) = —2—. By Theorem 1, if there exists h > —\(8) such that

CLip,m
BK
N-1

then A1 (™)) > h + \(B). Note that (1;%;) has two eigenvalues, N — 1 and —1. Hence

BK -
N-—1"7= _BKIy, ifK>0.

(Lizj) = hiy

So taking

L a K <0,
| -BK, ifK>0

we get by Theorem 1,

*/—Ee_ﬁ/‘l—k%, it K <0,

)\I(M(N)) > {f

21
VTEe—BM —BK, if K>0. &)

(It holds automatically if the right hand side above is < 0.)

In particular in the anti-ferromagnetic case (i.e. K < 0), for any € > 0 small enough,
A (V) > 7=1/231/2¢=B/4 _ ¢ > 0 when the number N of particles is big enough: the mean
field should have no phase transition.

Corollary 5. Assume that W (z,y) = Wy(x — y) where Wy : R4 — R is C2, even. If

(1) VV is dissipative at infinity in the sense of (19), and
(2) The Hessian matriz HessWy of Wy is bounded from below and from above:

cwly < HessWy < Cwliy (22)
and cy + cy > 0.

Then for all N > 2,
N

M (™) > Ay — N 1w Cw (23)

where ¢y, stands for the negative part of cy .
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Remark 6. Let us see what the Bakry-Emery I's-criterion yields. If V2W, > ewly and
V2V > cyly, by following the proof of the corollary above, we have VZH > (cy — %Ca/)]d]v.
Thus by the Bakry-Emery I'y-criterion,
MM = prs (™)) = ey — ——cy
N -1
where pLS(,u(N )) is the log-Sobolev constant, given in the next subsection.

Remark 7. We notice that if V' is super-convex at infinity (i.e. the minimal eigenvalue
of V2V (x) tends to 4+oo when || — o0), then cy can be taken arbitrarily large, so the
condition ¢y + ¢y > 0 on the lower bound ¢y of Hess Wy is always satisfied. In particular, if
Wo(z) = % |z|* with ey < 0 (then concave and Cy = cyy), the uniform Poincaré inequality
will hold for all big N by (23) since, in this case,

)\1,m — %Caf —Cw = )\17m + ﬁCW

This phenomenon, apparently strange, can be intuitively explained as follows. The con-
finement potential, being super-convex, pushes strongly all particles towards some bounded
domain; and the interaction potential W}, being concave, pushes every particle far away from
others. This creates an equilibrium: the meaning of our spectral gap estimate (23) for the

concave potential Wj.

We now present an example for which some much better estimates (than those in Corollary
5) can be obtained.

Example 2. Let W(z,y) = Wy(z — y) where
Wo(@) = [ eV du(y) + Sla?
Rd 2
where v is some bounded symmetric (i.e. v(—A) = v(A) for any Borel subset A of RY) positive

measure on R? with finite second moment. Let T', = ( [ yryidv(y))1<k1<a be the covariance
matrix of v, and Apax(T'y) (resp. Amin(I'y)) its maximal (resp. minimal) eigenvalue.

In §4, we will show the following better result :
1

If ¢ <0 (then the interaction potential is concave), this implies that the spectral gap of ,u(N )
is always uniformly lower bounded.

2.3. Uniform log-Sobolev inequality for the mean field ("), Recall that some non-
negative function f € Llog L(u), its entropy w.r.t. the probability measure p is defined
by

Ent , /flogfdu p(f)log p(f /fdu

Theorem 8. Assume that

(1) for some best constant prsm > 0, the conditional marginal distributions p; := ui(da:i]a:z)
on R? satisfy the log-Sobolev inequality :

pLsm Bnt, (f2) <2 / IV Pdum, f e CLRY (25)
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for all i and z* ;
(2) (a translation of Zegarlinski’s condition)

Y = cCLipm  sup V2, W(z,y)z] < 1. (26)
x7y€Rd7|Z|:1

then p\N) satisfies
prsm(1 =0 Bt o () <2 [ VP, S € COlEYY)

i.e. the log-Sobolev constant of u™N) verifies

pLs(B™N)) > prsm(1 = 70)2 (27)

Remark 9. In this remark we present one approach to establish the first assumption in
Theorem 8. Suppose that V2W > —KyI; and V is super-convex in the sense that for any
K > 0 there exists R > 0 such that

V2V (z) > K1y, for || > R

then V' can be decomposed as the sum of a uniform convex function V. and a bounded
function V}, such that

V2V, > (K + Ko)lg,

therefore, thanks to Bakry-Emery criterion, the probability measure

1 1
Eexp —Ve(z;) — N1 Z Wz, z;) | dz;

JiyFi
satisfies a log-Sobolev inequality with constant Kj. By the bounded perturbation theorem,
the conditional measures j; = p;(-|2%),i = 1,--- , N satisfy a log-Sobolev inequality with a

uniform constant prg,, > K exp(—(sup V3, — inf V})) which does not depend on i,z, N.

Example 3. Let us go back to the Curie-Weiss example in dimension 1: d = 1, V(z) =
B(x*/4 — x2/2), W(z,y) = —fKzy where 8 > 0. As given before we have

s
CLip,m < 1/ 565/4-

Y < CLip,mHVi,yW”oo < W/Beﬁ/‘l’K‘

So that

which will be smaller than 1 if 5 or K is sufficiently small.

2.4. Exponential convergence of McKean-Vlasov equation in entropy and in the
Wasserstein metric Ws. We present now an application of the uniform log-Sobolev in-
equality in Theorem 8 to the non-linear McKean-Vlasov equation.

Recall at first the relative entropy of a probability measure v w.r.t. the given probability
measure p on R%:

H(v|p) = {fflogfdu:EntM(f), if v f e 3_;

. (28)
+00, otherwise.
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The LP-Wasserstein distance W, (v, 1) is defined by
. 1
Wyl.v) = inf (EJX = Y]") v

where the infimum is taken over all couples (X,Y) of random variables defined on some
probability space, such that the laws of X,Y are respectively u, v (a such couple as well as
their joint law is called a coupling of (1,v)). Recall that the space MY (R?) of probability
measures with finite p-moment, equipped with LP-Wasserstein distance W), is complete and
separable (Villani [26]).

The Fisher-Donsker-Varadhan’s information of v w.r.t. p is defined by

2d if —  Jdv Hl
(V|/L f‘V\/_’ ,U,, v M?\/T du S (29)
—+o00, otherwise.
where H is the domain of the Dirichlet form &,[g] = [ [Vg[*du (well defined if y has C'-
density w.r.t. dz). Recall that the log-Sobolev 1nequahty for u™) can be rewritten in
prs (W) H(wlu™) < 21(|ut™), v € My((RHV). (30)

What replaces the role of the relative entropy in interacting particle system for the nonlinear
McKean-Vlasov equation is the free energy of a probability measure v on R%:

Ei(v) = H(v|a) + / Wz, y)dv(xz)dv(y), if H(v|a) <400 (31)
otherwise

or more precisely the correspondlng mean field entropy

Hy (v) := E¢(v) — ﬂeﬁﬂl{Rd) E (D). (32)

And the substituter of the Fisher-Donsker-Varadhan’s information is: if v = f(x)dx, [ |z>dv(z) <
+00 and Vf € L}, (R?) in the distribution sense,

I (v) = i / yvfﬁ”j) + V(@) + (VoW @ v)(2)Pdv(x), (33)

and 400 otherwise. Those two objects appeared both in Carrillo-McCann-Villani [10]. The
following result generalizes the main result of [10] from the convex framework to the more
general non-convex case.

Theorem 10. Assume the uniform marginal log-Sobolev inequality, i.e. (25) with prgm > 0,
and the uniqueness condition of Zegarlinski (26). Then

(1) There exists a unique minimizer vo, of Hy over My(R%);
(2) The following (nonlinear) log-Sobolev inequality

prsHw (V) < 2w (v), v e M (R?) (34)

holds, where
pLs = limsup pLs(,u(N)) > prsm(l — 70)2-

N—o0

(3) The following Talagrand’s transportation inequality holds
prLsWi(v,ve) < 2Hw (v), v € My (R?) (35)
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(4) For the solution v of the McKean-Vlasov equation with the given initial distribution
vy of finite second moment,

Hy () < e P25 Hy (i), ¢ >0 (36)

and in particular

2
W1y, vs0) < —eHPLS/2 Hyy (1), >0 (37)
PLS
Remark 11. In the work by Carrillo-McCann-Villani [10], presuming the presence of con-
fining potential, such results were obtained in the case where W (z,y) = Wy(x — y) and
(1) either V2V > |[(V2W)~ || (in particular, V is uniformly strictly convex);
(2) or W is strictly convex at infinity, and both V' and W are strictly convex (possibly
degenerate at the origin).

In particular, V' was required to be convex in both situations. If we consider the case in
dimension one, V(z) = B(z%/4 — 22/2) and Wy(z) = —BK2?%/2 with K > 0. Then by
analogous calculations than for the Curie-Weiss model, we have crpm < \/7/ BePUAE /4 g0
that 4o < vaBKeP1+E)*/4 and thus the conditions (25), (26) are verified for 8 or K small
enough for example, cases not covered in [10]. Our conditions are quite comparable with
the results obtained in [15] but they only consider convergence in L'-Wasserstein distance.
Remark also that the conditions are comparable to the assumptions made in [13] to get an
uniform in time propagation of chaos (but in L!'-Wasserstein distance) which explains why
we may pass to the limit in the number of particles.

3. LIPSCHITZIAN SPECTRAL GAP FOR CONDITIONAL DISTRIBUTION

Notice that the conditional distribution p;(dz;) = p,(dz;|xj,j # i) of x; knowing 2t =
(2;) 4 of our mean field measure (V) defined in (5) is given by

1 1
dpi(i) = —-exp ¢ =V(2i) = — > Wi z)) ¢ da

7
‘ g i
where Z; = Zi(x%) is the normalization factor. Let
Hi(x;) =V (zy) —I—— Z Wi, z;)
] JFi

be the potential associated with u;. The generator ﬁl(-N) =A; —V;H; -V, given in (4), with
(), fixed, is symmetric w.r.t. y;. By the definition (11) of by(r), for all x,y € (RN

(2 [V H (x) — Vi H (2]

lzi — vl

= LSBT (V) + VW (3, 25) — (TV(51) + VW (g, 25)])
N =1 |zi —yil

< bo(lzi — yil)

where 7' € (RHN is given by (:Egvyi)j = x4,j # 1, (x’yl)l = y;. So we have the following
result (due to the third named author [27]), which is the starting point of our investigation.
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Lemma 12. Assume (10). Then the Poisson operator (—L;)~! on the Banach space Cpp o(RY)
of Lipschitzian continuous functions f on R with u;(f) = 0, equipped with the norm | f||Lip,
is bounded and its norm

||(_£i)_1||Lip < CLip,m (38)
where cLipm is given in (10). In particular the spectral gap Ai(u;) of L; on L*(w;) satisfies
1
Ar(p) = (39)
CLip,m

4. UNIFORM POINCARE INEQUALITY : PROOF OF THEOREM 1

Let V € C?(R%) be the confinement potential, U a C2-potential of interaction on (R%)™ and
H(xy, - ,xN) = Zfil V(x;)+U(x1,- -+ ,xy) the Hamiltonian. Now consider the probability
measure )
dp = —e Hdey---d
w Z€ T TN
where Z = f(Rd) v € 7@ dz is the normalization constant (called often partition function),
assumed to be finite. We denote by p; = u(dmi\x%) the conditional distribution of z; given

2t = (z1,- ,m_1,%it1, - ,on) under p. It is given by

1 _ 5 .
wi(dx;) = 76_U(I)_V(Il)d$i, Z; = Zi(x") = /e_U(x)_V(xl)d:Ei < 400 (assumed).
i
We shall describe below conditions on the Hamiltonian H such that p satisfies a Poincaré
inequality, namely for some positive constant p,

p [ Fan< [197Pd

for every smooth function f € Cb (RH)N). The largest p is called the spectral gap of u,
denoted as A1 (u).

Proposition 13. Assume that Z = f(Rd)N e H@) dg < —l—OO,ZZ'(:E%) < 400 for all z',:z:%. If

(1) the marginal conditional distributions u; satisfy the uniform Poincaré inequality, i.e.

)\17m = inf )\1(,&2') > 0, (40)
1<i<N,zie(RA)N-1

(2) for some constant h € R,
(14, V2. 2;U) = hlan, (41)
in the sense of nonnegative definiteness of symmetric matrices;
then
A(p) = b+ A
This result is essentially due to Ledoux [18]. Indeed, in the case of d = 1, if Hess (U) > Aly
and O0;U(z) < A for all i and 2, then for every v = (vi,v2,--- ,vn) € RY,
Zvlﬁijvj = (Hess (U ZU2O2U > (h — h)|v)?

10
i#j
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i.e. the assumption (41) holds with h = A — X. This proposition gives A1(1) > Aim + A — A,
which is the original result of Ledoux [18].

For the convenience of the reader, we reproduce the beautiful proof of Ledoux [18, Prop.
3.1].

Proof. Of course we may and will assume that A\;,, +h > 0. Let L =A — VH -V be the
symmetric generator associated with the probability measure p. By the dual description of
Poincaré inequality [3, Prop. 4.8.3], the conclusion above is equivalent to

[z o+ [ 19570
Thanks to the Bakry-Emery’s formula [ To(f)dp = [(£f)?du and
Do(f) = V2 flifs + (V2HV £,V f)

where [[Allus :== (32, |a;;|?)'/? is the Hilbert-Schmidt norm of a matrix A = (a;;), we have

Jesran = [ (9251 + (209790 au

- / <||v2f||%s+Z<Hess<v><:ci>vmif,vmif>+<Hess<U>Vf,Vf>> du

i=1

v

S [ 92U + (s (V) + V2,0, V) Vo, ) s

1<i<N
4 / SV, UVl f, Ve, F)di
i#]
Applying the above characterization of the Poincaré inequality but to the conditional mea-
sures (4;, we have

[ U2l + (s (V)@ + V2, 0 009, V)] s = M [ 1V P
for any ¢ and any given i, Moreover by the assumption (41),

/Z(ViiijV%f, Vo, f)du > h/|Vf|2d,u.
i#j
This, combined with the previous inequality, yields the desired inequality. O
We come back to the mean field setting.

Proof of Theorem 1. We shall apply Proposition 13 to x = p™¥). With the notations above,
the interaction potential U is then given by

N
1 1
Ulz) = N1 Z Wz, zj) = 3 Z Ui(x) (42)
1<i<j<N i=1
where U;(z) = > i Wi, ;). For i # j,
1
2 _ 2 .
Vmi@jU - ﬁ(vx,yw)(x“x])
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therefore the assumption (14) implies the condition (41) with constant h in Proposition 13.
On the other hand, since p;(dz;|z?) = e~V E)TV@ldy, /7, (x ) and

(V@) + U@)] = VoV (00) + Uia™ )] < ol = )

as noted in §3, thanks to the assumption (10), Lemma 12 yields A1 (1) > 1/cLip m-

Hence we can apply Proposition 13 to the invariant measure p(N), and obtain (16). O

Proof of Corollary 5. In this particular context W (x,y) = Wy(z — y), for U(z) given by
(42),

1 1
V3, U(x) = N_1 Z(V2WO)( —aj); V3., U= N1 (V2W0)( —xj) fori #j
J#i
. VU = - 1(Aij) where A;; = (V2Wy)(z; — x;) for i # j and Ay = — Zj:#i Ajj. As
Aij is symmetric and A;; = Aj;, we have for any u = (us,--- ,uy) in (RH)Y
= i, Agugy = (=i, Ay (uy —wg)) = (g, Aij(ug — u;))
i i#] i#]
1
=3 > (g — wi), Aij(uj — uy))
i#]
> — cw Z lu; — ui|® = ew Z (uj,u; — u;) (by the previous equality with A;; = I)
i

=cwN (\u!Q — Nla| ) = cWN]u — u\2

ewNlul?,  if ey <0.
10 if ey >0

Therefore V2U > —C;V%[d]\[. Obviously V:%Z_@Z_U < Cwly. Then
2 2 2 N
( Z;,gjvxz :(:JU) = VU — (1i:jvxi7in) > — CWN 1 + Cw | Ian

It remains to apply Proposition 13 to get the desired spectral gap estimate (23).

Proof of (24) in Example 2. Notice that
(Lizg Vi, W (@i, 7)) = <1i75j[_dd+ / e‘ﬁ(”‘wj)'ynydV(y)O

— e(lig L) + ( / e-mm-w'yyy%u(y)) (1, / yydu(y))
> CPH - C(N — 1)PHL — )\maX(F,,)IdN

where the second expression in the second line is a positive-definite matrix, and Py, P1 are
respectively the orthogonal projection from (R?)™ to H and to its orthogonal complement
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HJ_

=|

N
1
H={x= (21, - ,zN);T := E x; = 0},
i=1

HL:{$:($1,"',LL’N)E(Rd)N;Z'l:QZQ:’”:a}N}.

Thus we obtain from Theorem 1
1
)\I(M(N)) 2 )\17m + m (min{c, —C(N - 1)} - )\maX(F,,))

which is the desired inequality (24). O

5. UNIFORM LOG-SOBOLEV INEQUALITY

Inspired by Dobrushin’s uniqueness condition for the Gibbs measures, Zegarlinski [31, The-
orem 0.1] proved a criterion about the logarithmic Sobolev inequality for the Gibbs measure

p=-eHdx/Z on (R)N in terms of the conditional marginal distributions p; = ,u(d:ni|x%).
Let us introduce at first Zegarlinski’s dependence coefficient cl-zj of p; upon x;: this is the
best nonnegative constant such that

Vi (F2) 2] < (i (IVaf )2 + A (i (1V512) 12 (43)

for all smooth strictly positive functions f(z1,---,2x). Obviously cg = 0. The matrix
cZ .= (Cizj)lgi,jg ~ will be called Zegarlinski’s matrix of interdependence in the sequel.

Theorem 14. (Zegarlinski [31, Theorem 0.1]) If
(1) p; satisfies a uniform log-Sobolev inequality (LSI in short), i.e.

PLSm = inf prs(i) > 0.
1<i<N,zie(R4)N-1

(2) The following Zegarlinski’s condition is verified
v := sup max{ Z CJZZ-, Z cg} <1 (44)
IsisN LI<GSN - 1<§<N
Then the Gibbs measure i satisfies the logarithmic Sobolev inequality
prsm(l—7)? Ent,(f%) < 2u(IVf]?) (45)
for all smooth bounded functions f on (RH)N, i.e.
prs(i) = prsm(l —7)%
Our objective is to estimate clzj We begin with a simple observation :

Lemma 15. If for any function g = g(x;) € C’g(Rd) on the single particle x;,
Vini(9)] < ciini(IVgl), (46)

Z
then cij < ¢;j.
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Proof. For any 0 < g € C’g((Rd)N), by the condition (46), we have for all i # j,

Vi3 (9)] = mww (9, [ gl gl
J
1
< N/ED) (15 (IVigl) + cijpi(IV;90)] -

When g = f? with f > 0, we have by the Cauchy-Schwarz inequality for all i, 5,

1i(1Vigl) = 2015 (193 1) < 24/ 1y (P (I 1 12).

Substituting it into the previous inequality we get

Vi i (P < S (Vi ) + iy [ (9 0)

so it follows c - < ¢y

O

Lemma 16. For the mean field Gibbs measure i = pN), the interdependence coefficient c]Zi

satisfies
—CLip,m”vi,yWHooa i 7&]
where cpipm is given by (10),

HV JWilloo :== sup sup \Vi’yW(az,y)zl.
z,y€RL zERE, |z|=1

Proof. For any » € R? with |2| = 1 and g = g(x;) € C3(R?),

ij,ui(g) _ ij(/g(xi)e—H(m,xz,---,xN)dxi//e—H(x1,x27...7xN)d$i)
_ [ g(zi)( ~Vg,H)e —H g, fg x;)e Hd:z:ifvxjHe_Hd:Ei

[ e Hdz; ([ e Hdx;)?
=— / 9(xi) Vo, Hdp; + / g(;)dp; / Vo, Hdy;
= Cov,, (9, —ijH) = Cov,, (9, —ﬁ(vyW)(xi,xj))
and so
2 Vi 1i(9) = Cov (9, 5 (VW) (i, 25) - 2)

1

:__(( L)g. (—L) T (VyW)(y2)) - 2 = (VW) () - 2)y

N1 [ Vi VLT T W) ) 2 = (9, W) ) - 2
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By Lemma 12,

IVi(—L) T (VW) (- 25) - 2 = i (VW) (5 25) - 2)l Lo ()
< CLip,m SUp |V, (VyW)(4, 75) - 2)|

TiyTj

= CLip,m Sup |V§,yW(x,y)z|
z,ycRd

< cLipml| V2 y W oo

Plugging it into the previous inequality, we obtain

1
‘ijﬂi(g)’ = ‘Sl‘l_% ’Z : ij/’[/i(g)’ < mcLipﬂl’lHvi,yW”OO‘:ui(vl‘ig)‘

which, by Lemma 15, completes the proof. O
Proof of Theorem 8. By Lemma 16,

Y= sup max { Z C]ZZ-, Z CZZ]} < cLiP’mHVinHOO =7 <L
IsisN 1SN 1<GEN

Then Theorem 8 follows directly from Theorem 14. O

6. EXPONENTIAL CONVERGENCE OF MCKEAN-VLASOV EQUATION

Assume that V) satisfies a uniform log-Sobolev inequality with constant
prs = limsup pps(u™) > 0.
N—o00
That is the case if cLip,mHV%yWHoo < 1 by Theorem 8, more precisely
PLS > pLS,m(l - CLip,mHV%yW”oo)?

6.1. Free energy, entropy related to the McKean-Vlasov equation. The entropy
Hyy(v) can be identified as the mean relative entropy per particle of v®N wrt. the mean
field Gibbs measure pY)

Lemma 17. For any probability measure v on R? such that H(v|a) < +o0,
1

SHEEN ) 5 Hy (), (47)
Proof. Recall that o = %e‘vdx. By the assumption (H1), it is known that ([12])
/e’\°|m|2doz(:17) < 400 for some Ay > 0. (48)
Let
~ 1
ZN = /exp —m ZW(.Z'“Z']) dOé®N
i#]
so that
1 1
dp™N) = — Y W(xj, ;) | da®N.
1 ZNeXp 2(N—1)Z (i, ) | do

i#j
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Let v € M (R?) such that H(v|a) < 400. Since H(v®2%|a®?) = 2H (v|a) < +00
Varadhan’s variational formula of entropy, (48) and the fact that |[W(x,y)| <

(for V2W is bounded), we have W € L!(v®?). Therefore

1 v, | aN 1 o
= N/Zlog %(Zﬂz)dy +/m;W(xl,$])dV

N—oo

lim NlogZN = —1nfEf( v).

Combining those two equalities we obtain (47).

, by Donsker-

C(1+|z2+yl*)

0

The following super-additivity of the relative entropy w.r.t. a product probability measure

should be known.

Lemma 18. Let sz\il a;, Q be respectively a product probability measure and a probability
measure on E1 X --- X Ex where E;’s are Polish spaces, and Q" the marginal distribution of

x; under Q). Then
N

N
HQ[[] i) = Z (Q"|cvi).
=1

Proof. Let Q;(:|wp ;1)) be the conditional distribution of x; knowing x ;) = (21,--- ,i—1)

(knowing nothing if i = 1). We have

N N

d Qi(dxi|zp ;1))

H(Q|Ha2) :EQlogWQ' =E% E log&
i=1 = —

= E¥ Z H(Qi(:|wp i—17)|ov)-

i=1

Since EQQZ'('|:E[17Z~_1}) = Q'(+), we obtain by the convexity of the relative entropy

ECH(Q;(|zp 1)) > H(Q' o)

where the desired super-additivity follows.

O

Lemma 19. Let u be a probability measure on some Polish space S and U : S — (—00, +00]

a measurable potential satisfying

/e‘pUd,u < 400
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for some p > 1. Consider the Boltzmann probability measure py = e Vdu/C. If H(v|uy) <
+o00, then H(v|u) < +oo and U € L (v), and

H(v|py) = H(v|p) —I—/Udu—log/e_Ud,u.
Proof. For any measurable function f on S, let
M) =log [ eldu € (~o0,+x]
be the log-Laplace transform w.r.t. u, which is convex in f (by Hoélder’s inequality). Then
Ay (F) =15 [ €fdi = Bu(=U + 1) = A,(~U) £ SAL(-PU) + L Aulaf) = Aul=0)

where ¢ = p/(p — 1). By Donsker-Varadhan’s variational formula,
H(v|py) = sup (v(f) = Ay, (f))
feuB

1 1
> s (V(f) - gAu(Qf)> +AUU) = Al =pD)

= éH(u!u) + A (=U) — %Au(—pU)'

Hence if H(v|uy) < +oo, H(v|u) < 400 or equivalently logg—z € L'(v), and logdci—’;j =
log g—,’: + U+ A,(=U) € L'(v). This completes the proof of the Lemma. O

Lemma 20. (propagation of chaos) Let (14);>0 be the solution of the McKean-Vlasov
equation with the given initial distribution v such that [ |x|*dvy(z) < +oo. Let u¥ be the
law of XN(t) = (XN (t),--- , XN(t)) solving the S.D.E. (3) with initial condition ul) = v~
and ,uiV’I the law of the particles (XN (t))icr for any index set I C N*. Then for each t € R
and each finite subset I of N*, uiv"’ — Vfw in the L?-Wasserstein metric Wo as N — 00.

This is well known, see [25] or [11].

Lemma 21. (uniqueness of the minimizer of Hy) If cLZ-p,mHV:%yWHOO < 1, then the
minimizer Vs, of the free energy E¢(v) is unique.

Proof. By [28], under (H2), if H(v|a) < +oo, [[W™(z,y)dv(z)dv(y) < +oo and Ej :
M;(R?) — R is inf-compact. Then a minimizer v, of E exists.
If a probability measure v is a minimizer of Ef, H(v|a) < +oo, and then [ |z|?dv < +o0 by

(H1). Regarding the Gateaux-derivative, we see that v must be a fixed point of the mapping
® defined by

D(v):= % exp(—=V - W @ v)dx
where Z’ is the normalizing constant. Here W & v is well defined because |W(x,y)| <
C(1+ |z|> + |y[?) by the boundedness of the second derivatives of W.
We claim that ® : M3(RY) — M?(R%). Indeed, since the hamiltonian H, =V + W @ v (for
any v € M?(R%)) satisfies again the dissipative rate condition

x_
o VH @) = VHL) < boll — ), 2.y < B
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(as in §3), the associated generator £, = A — VH, - V satisfies the Lipschitzian spectral
gap estimate (38) by Lemma 12. That implies the spectral gap of v/ = ®(v), in particular
[el#ldy’ < 400 for some § > 0 ([5]). Then if v € M3(R?), ®(v) € M2(RY).

Now for the uniqueness of the minimizer of Ey, it remains to show that ® is contractive on
(M2(RY), Wy). Let pup = ®(v), k = 0,1, and

vy = (1 —t)vy + tvy, e = ().
For any 1-Lipschitzian function f, we have

(f) = Covy, (f, —0(W ® 1))
= Cov,, (f, =W ® (v1 — 1))

Eﬂt

and
(Vo [W @ (11— 0)]| = (VW) ® (1 — 1) < (Vi W o Wi (vo, 1)

Therefore using the Lipschitzian spectral gap estimate (38) in Lemma 12 for the generator

Ly,
Cove(fr—W & (11 — 10)) = {(—Lo) " 1 Lo W ® (11 — 0
- / (V(— L) f, YW ® (11— v0))dp
< CLip,mHvinHooWl(VOy 7/1)

Thus we have

L d
()=o) = [ Gt < crip nll V2, Wl Wi, ).

This means that Wi (®(v0), ®(v1)) < cLipml|Va,W [l Wi (10, 1) by Kantorovitch-Rubinstein’s
duality relation. The proof is so completed. ]

Remark 22. Though (M?(R%), W) is not complete, the Banach’s fixed point theorem works
for the essential: let v, be the unique minimizer of Ey, then for any v € M2 (R?),

Wi(®"(v), Voo) < [eLipm [ VayWlloc]™ - WiV, veo),n 2 0.

As for the mean field relative entropy, the Fisher-Donsker-Varadhan’s information Iy (v) can
be also interpreted as the mean Fisher-Donsker-Varadhan’s information per particle.

Lemma 23. (convergence of the Fisher information) If I(v|a) < +oo,
1

NI(V(@NIM(N)) — Iy (v). (49)

Proof. For every probability measure v on R? such that I(v|a) < 400, by the Lyapunov
function condition (H1) on V' ([16]),

¢l / |z|2dv < o + I(v]a) < +oo.
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As W has bounded second order derivatives, V,W is of linear growth. Then V, W € L?(v%?).
By the law of large number for i.i.d. sequence, we have

1 ®
—I(v QN (N / 1

. 1 /Z|v 1 dV®N+ 1 Zv W( )|2d QN
TAN | &R gaen N1 R

|2dl/®N

dv 1
:/—|Vlogd—(x1)+N—ZV W (w1, ;) 2dv®N

5 [Iog @) + [ TaW e p)dv(y)Pav(an) = I ().
U

6.2. Proof of Theorem 10. (1). At first the minimizer v, of Hy is unique by Lemma 21.

(2). We may assume that I(v|a) < 400, otherwise (34) is trivial for Iy (v) = +o00. Since
the Hessian V2V is lower bounded, and V satisfies the Lyapunov function condition (9), by
Cattiaux-Guillin-Wu [12], « satisfies a log-Sobolev inequality. Then H(v|a) < +oo. By the
log-Sobolev inequality of (™) in Theorem 8,

prs(WI)H (N M)y < 21(®N |y

and prs(u™)) > prsm/(1 —~0)? > 0. Dividing the two sides by N and letting N go to
infinity, we get by Lemma 17 and Lemma 23,

pLus(V) § QIw(V).

(3). By Otto-Villani [21] or Bobkov-Gentil-Ledoux [6], the log-Sobolev inequality implies
the Talagrand’s T5 transportation inequality, i.e.

prs(™MWE(Q, p™) < 2H Q™) Q € My((RDY).
Applying it to Q@ = v®V with H(v|a) < 400, we obtain

Notice that

where pN9) is the marginal distribution of z; under p¥), which are all the same by the
symmetry of uN). Moreover by the uniqueness of v and the large deviation principle of
+ SN | 6., under u™) ([28]), for any f € Cy(R%),

1 N
p D (f) :/NZf(wi)du(N) — veo(f),
=1
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i.e. u™D converges weakly to vs . We obtain by Lemma 17 and the lower semi-continuity
of WQ,

prsW3 (v vee) < prs lim inf W3 (v, p™ND) < 2Hy (v)
—00

the desired Talagrand’s type Th-inequality for McKean-Vlasov equation.

(4). The exponential convergence in entropy (36) should be equivalent to the mean field
log-Sobolev inequality (34) in part (2), basing on

—%Hw(l/t) = 4fw(Vt) (50)

noted by Carrillo-McCann-Villani [10] in their convex framework. The proof of (50) demands
the regularity of 14 which requires the PDE theory of the McKean-Vlasov equation. That
is why we prefer to give a rigorous probabilistic proof based directly on the log-Sobolev
inequality of #¥) in Theorem 8.

For the exponential convergence (36), we may and will assume that Hyy (1) < +oo and we
fix the time ¢t > 0. By Lemma 17,

lim %H(V?NIM(N)) = Hw ().

N—o0

Moreover by the equivalence between the log-Sobolev inequality for p™N) and the exponential
convergence in entropy of the law pl¥ of XN = (XtN’Z)lgiSN to puV),
1 _ (N) 1
—H M)y < g=PLs(™)t/2 — Ny (N)

(' [p™)) < e v H (ko 1)

N (51)

1
= 2 S BN ) < o

Therefore H(u¥|a®V) < 400 by Lemma 19. Since zf has finite second moment (easy from
the SDE theory), and W has at most quadratic growth,

Wei, ;) € L} ().
From Lemma 18, we have

1 N1
NH(MNOZ@N) > H(py o).

And by the propagation of chaos (Lemma 20) and the lower semi-continuity of the relative
entropy v — H(v|a), liminf o0 H(,uiv’l|oz) > H(v|a).
So we get

N | Ni (N)y _ {i s 1 N ®N 1 O\ N 1 ~
l}\?i,l?ofﬁH(“t | )-1}\1{1{:}1;10{’ NH(,ut |a®™) + NN=T) Z W (i, xj)dp; +N10gZN

1<i<j<N

1
H +l"f—/W cxo)dpN —  inf  E
(v]a) +limin (21, 2)dpy e pay 1)

= H(v|a) Wz, xze)dvy(xy)dv(x inf FEr(v
o)+ 5 [[ W aantin(e) — _int | 5,0)

= HW(I/t
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by the Wa-propagation of chaos in Lemma 20. Plugging it into (51), we obtain the expo-
nential convergence in entropy (36). That implies the Ws-exponential convergence (37) by
Talagrand’s type Ts-inequality (35). O
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