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Asymptotic analysis of an advection-diffusion equation involving

interacting boundary and internal layers

YOUCEF AMIRAT* ARNAUD MUNcH'

October 23, 2020

Abstract

As € goes to zero, the unique solution of the scalar advection-diffusion equation y§ —eys, + My; =
0, (x,t) € (0,1) x (0,7) with Dirichlet boundary conditions exhibits a boundary layer of size O(g)
and an internal layer of size O(y/€). If the time T is large enough, these thin layers where the solution
y© displays rapid variations intersect and interact with each other. Using the method of matched
asymptotic expansions, we show how we can construct an explicit approximation P# of the solution
y° satisfying ||y — ﬁEHLm(O,T;Lz(OJ)) = O0(¥?) and ||y° — ]3€||L2(0’T;H1(0,1)) = O(e), for all £ small
enough.

Key words: Asymptotic analysis, Singular perturbation, Internal and boundary layers, Sobolev esti-
mates.

1 Introduction. Problem statement

Let T > 0 and Q7 := (0,1) x (0,T). This work is concerned with the scalar advection-diffusion equation

Yi — €Yer + Myz =0, (x,t) € Qr,
y=(0,t) =v°(t), ¥°(1,t)=0, te(0,7), (1)
ys(m,o) = y8($)7 T e (07 1)7

where ¢ € (0,1) is the diffusion coefficient and M € R* is the transport coefficient. The function
y§ € H1(0,1) is the initial data, v* € L?(0,T) is the boundary data, and y¢ = y°(x,t) is the associated
state.

For any y§ in H~1(0,1) and v° in L?(0,T), there exists a unique solution y° to (I, with the regularity
y® € L2(Qr)NC([0,T); H~1(0,1)).

We are interested in this work with a precise asymptotic description of the solution y© when ¢ is small.
As a first motivation, we mention that system can be seen as a simple example of complex models where
the diffusion coefficient is small compared to the others. Actually, as discussed in [5], the model problem
is an embedded system of the Navier-Stokes system with non-characteristic boundary condition and
viscosity coefficient equals to €. A second motivation comes from the numerical approximation of
that may be not straightforward for small values of € (we refer to [8], [23]). A third motivation comes
from the asymptotic controllability property of studied in [7] and which exhibits surprising behaviors,
leaving many open questions.
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The limit of the solution y° has been studied in [7], assuming that the initial condition does not
depend on ¢, that is y§ = yo. Precisely, it is shown that, if (v°) (>0 is a sequence of functions in L%(0,7T)
such that, for some v € L?(0,T), v* — v in L?(0,T) weak, as ¢ — 07, then y* — y in L?(Q7) weak, as
e — 0%, where y € C([0,T]; L?(0,1)) is the weak solution of the following transport equation

Yy + My, =0, (z,t) € Qr,
y(0,t) =w(t), if M>0 te(0,7),
y(1,t)=0, if M <0 t e (0,7),
y(@,0) = yo(z), z € (0,1).

Despite its apparent simplicity, the asymptotic analysis of system with respect to € is not straight-
forward. Take for instance M > 0. The reason is that, as € goes to zero, the solution y° exhibits a
boundary layer of size O(g) at = 1 (blue part on Figure|l]) but also an internal layer (also called shock
layer in some cases) of size O(1/€) along the characteristic {(z,t) € Qr,x — Mt = 0} (red part on Figure
. Thus, two distinct layers, with different sizes, appear and interact in the neighborhood of the point
(z,t) = (1,1/M), assuming 7' > 1/M.

The boundary layer along © = 1 occurs as soon as the initial condition yj is different from zero. On the
other hand, whatever be the regularity of the initial condition y§ and Dirichlet condition v®, the internal
layer along the characteristic occurs if y§ and v® do not satisfy appropriate compatibility conditions at
the point (0,0). For instance, if both v* = v and y§ = yo are independent of &, these compatibility
conditions read as follows:

Mpy(()p) (0) + (_1)p+1v(p) (0)=0, VpeN. 2)

We refer to [2]. Assuming such conditions, the asymptotic analysis of has been done in [2]. More
precisely, assuming that the initial condition is independent of € and that the function v¢ is given in the
form v¢ = >, e*v*, an asymptotic approximation ws, of the solution y° is constructed in [2]. The
method of matched asymptotic expansions is used to define an outer solution (out of the boundary layer)
and an inner solution. Upon regularity assumptions on the functions v*, k = 0,...,m and y§ = yo, W,

is shown to be a regular and strong convergent approximation of ¢, as ¢ — 0. For any m € N, the
error estimate is as follows

m-+41

(2m+3) 2
9= (1) = wi (5 D)l 220,1) < Cm€2 ER (6% +e 2 7) e*%t, vt € [0,T],

for some constant ¢, independent of € and v € (0,1/2]. The function wg,, sum of solutions of transport
equations, explicit, can therefore be used for numerical purposes. The estimate involves the initial layer
corrector, exponentially small with respect to € for ¢ > 0. Moreover, assuming that y; is a Gevrey
function of order 1/2 in [0, 1], and that the v* functions are polynomials, the constant c,, is uniformly
bounded with respect to m allowing to pass to the limit, as m — oo, with € small enough but fixed. This
leads to the following decomposition

Yy (z,t) = w(x,t) + 0°(z,t), (x,t) € Qr,

where w® is an infinite sum of explicit solutions of transport equations, and 6¢ is the initial layer corrector,
defined as the solution of a non-homogeneous advection-diffusion equation of the form satisfying
10°(-, )l 20,1y < csée_gt, for all t € [0, T, for some constant ¢ independent of .

The main purpose of this work is to reproduce (partially) the analysis done in [2], relaxing the compat-
ibility conditions . These conditions are notably very restrictive for the underlying null controllability
problem where v is sought such that y* = y*(yo,v) vanishes at any controllability time T (see [7], [3]).
The violation of the compatibility conditions create a thin inner region (called internal layer) in the
vicinity of the characteristic {(z,t) € Qr,z — Mt = 0} where the solution y° exhibits rapid variations.
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Figure 1: Internal (red) and boundary (blue) layer zones for y¢ in the case M > 0.

The internal layer will intersect the boundary layer living along = 1, when T > 1/M. This requires to
incorporate to our analysis the internal layer appearing along the characteristic and notably, to discuss
how this internal layer interacts with the boundary layer at x = 1.

Interaction of shock layers and boundary layers is a well-know phenomenon, for instance in fluid
mechanics. We refer to [I] and the references therein. Asymptotic analysis with respect to a small
parameter of a boundary-value problem involving such interaction is however quite challenging. To our
knowledge, few analysis have been performed, mainly on simple cases. Influence of mutual interaction of
layers is notably discussed, based on heuristic scaling arguments, in [I2] (see also [18]). The first example
considered in [12] is

{u;(x,y) — eAuf(z,y) = 0, (z,y) € (0,1) x (=1,1),

ue((),y) = f(y), ue(xvil) - us(xa ]-) - us(lay) =0, US [0’ 1]ay € [717 1}, (3)

where f : [-1,1] — R is a piecewise constant, discontinuous at y = 0. This develops a shock layer
around the line {y = 0}, intersecting at the point (1,0), the boundary layer living along the orthogonal
line {x = 1}. This example is inspired from [II] where a rigorous constructive asymptotic analysis is
given and leads to an approximation w® satisfying the uniform property |u®(z,y) — w®(z,y)| = O(Ve)
for all (z,y) € [0,1] x [=1,1]. This estimate is obtained using a maximum principle. Later on, using
similar technics, the asymptotic analysis of system has been discussed in [4]; precisely, assuming
v € C3([0,7)) and yo € C*([0,1]), a continuous explicit function converging to y° for the uniform norm
with a rate /¢ is determined.

It is also worth mentioning the works [20, 2T] where the asymptotic analysis of the system defined
over RT x (0,T) is performed, for M > 0. In that case, there is not more boundary layer. Using the
matching asymptotic method, it is shown that the solution in the internal layer can be represented by
iterated integral of the complementary error function er fc. In particular, the analysis provides the exact
solution for the integral representation of the solution y© when the initial condition yy and boundary data
v are polynomials. In the general case, estimates for the uniform norm are obtained using a maximum
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principle. For instance, the shock layer (appearing when v(0) # yo(0)) is analyzed in [I9] and leads
to an error for the uniform norm of order £'/2; the angular layer (appearing when v(0) = 0(0) but
v1(0) # — My (0)) leads to an error of order £3/2.

Assuming the data v and yo in C*(0,T) and C*(0, 1), respectively, we construct in this work an
explicit C'-approximation of y*, leading to error estimates in L>°(0,7; L?(0,1)) and L?(0,T; H*(0,1)).
We use the method of matched asymptotic expansions together with energy estimates. The analysis
combines in an appropriate way the description of the internal layer given in [19, 20] and the description
of the boundary layer given in [2]. The paper is organized as follows. In Section [2 we employ the
method of matched asymptotic expansions to construct a linear combination of three distinct expansions:
a first outer expansion, defined as the sum of the functions y*, k = 0,...,3, solutions of pure advection
equations, aims to approximate the solution y¢, far away from the boundary and internal layers. A
second inner expansion, defined as the sum of the functions W*, k = 0,...,3, solutions of pure diffusion
equations, aims to approximate the solution ¢ in a neighborhood of size O(+/¢) of the first characteristic.
Eventually, a third inner expansion, defined as the sum of the functions Y*, k = 0,...,3, solutions of
ordinary differential equations, aims to approximate the solution y° in a neighborhood of size O(g) of
the boundary x = 1. A composite technique which consists in adding these three expansions and then
subtracting their common parts leads to a first sequence (P¢).~¢). As € goes to zero, it turns out that
this sequence exhibits an artificial corner layer in the neighborhood of the point (x,t) = (0,0) leading
to an unsatisfactory approximation result, namely ||[P® — 3°||Le(0,7;22(0,1)) = O(V/€). For this reason,
in Section |3 using precise descriptions of the internal layer given in [I9, 20], we slightly modify the
sequence (P?)(.~0) and obtain a second sequence (~ )(e>0)- Then, in Section
for the advection-diffusion equatlon ) together with precise L!(L?)-estimates of some remainder terms,
we prove the convergence of (P¢—y “)(e>0) to zero for the L>(L?)-norm with a rate £3/2 see Theorem
Assuming moreover that yo(1) = y(()l)( 1) = 0, we also show the convergence of the sequence (ID:E —Y5)(e>0)
to zero for the L?(Qr)-norm with a rate ¢, see Theorem In Section as an application of the L>°(L?)-
estimate, we show that the L2(0,1)-norm of the solution y°(-,1/M) at time 1/M associated to v = 0
decays polynomially with respect to £'/* and depends only of the value of the initial condition at x = 0,
see Proposition [5.1] Section [6] concludes with some perspectives.

As far as we knovv7 this study is the first detailed asymptotic analysis of a boundary-value problem
involving two interacting singular layers.

using energy estimates

2 Matched asymptotic expansions and approximate solutions

Let us consider the problem

yf_gyix—’—MyaE: :Ov (.T,t) EQT?
y°(0,t) = v(t), y°(1,t) =0, te (0,7), (4)
Yy (z,0) = yo(x), xz € (0,1),

where yo and v are given functions, M > 0, and T' > 1/M . We construct an asymptotic approximation of
the solution ¥ of by using the method of matched asymptotic expansions. We refer to [13}, 17, 24} [10]
for a general presentation of the method. We assume that the initial condition y°(z,0) and the boundary
condition y°(0,t) are independent of €. In view of the linearity of , the procedure is very similar for
y°(-,0) and y°(0,-) of the form, respectively, y°(-,0) = >_; "y and y°(0,-) = Y ;- ,e"v¥. Note that
the case M < 0 can be treated similarly.

As mentioned in the introduction, the solution 3¢ exhibits two inner regions: an internal layer located
along the characteristic {(x,t) € Qr,z — Mt = 0} and a boundary layer living along = 1. The internal
layer is of size O(!/2) while the boundary layer is of size O(e). The outer region is the subset of (0,1)
consisting of the points far from the internal and boundary layers, it is of O(1) size. The occurrence of
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these three distinct regions require to introduce three distinct asymptotic expansions. The first one, the
so-called outer expansion, lives far away from the inner regions and is given by

Zskyk(x,t), (z,t) €Qr, x—Mt#0, z<1,
k=0

for some m € N*. A second one, the so-called first inner expansion, living in the neighborhood of
{(z,t) € Qr,z — Mt =0} is given by

Zeng/Q(w,t), w =

x— Mt ( Mt 1— Mt
k=0

7 -~ ) t € (0,7).

Last, a third one, the so-called second inner expansion, living along « = 1, is given by

o 1- 5 =t
Zsk/2Yk/2(z,T, t), z= T e 0,7, 7= __,
r ¢ Ve

In particular, these expansions make appear several variables, at different scales, namely,

1
x — Mt Lt

T, 1, Z—T, w = 7 7—7
We will construct outer and inner expansions which will be valid in the so-called outer and inner regions,
respectively. There are intermediate regions between the outer region and the inner regions, with size
O(e"), v € (0,1). To construct an approximate solution we require that inner and outer expansions
coincide in each intermediate region, then some conditions must be satisfied in that region by the corre-
sponding inner and outer expansions. These conditions are the so-called matching asymptotic conditions.
The strategy is as follows. We first identify the functions y*, k = 0,...,m, in the outer region.
Then, we identify the functions W*/2, k = 0,...,m, of the first inner expansion satisfying the matching
conditions (with the y*). This allows to define an expansion in the form p* = > &*/2pF/2, valid
far away from x = 1, as a linear combination of the functions y* and W*/2. Then, we identify the
functions Y*, k = 0,...,m, of the second inner expansion satisfying the matching conditions (with the
"/ 2). Eventually, we define an expansion, denoted by P, valid in the whole domain Qr, as a linear
combination of the functions p*/2 and Y*/2, and supposed to be an approximation of y¢. In this work,
we shall take m = 3.

2.1 Outer expansion

m
Putting Z ekfyk (x,t) into equation 1, the identification of the powers of ¢ yields
k=0

e’y + Myp =0,

by Myk =yFst forany 1 <k <m.

Taking the initial and boundary conditions into account we define y° and y* (1 < k < m) as functions
satisfying the transport equations, respectively,

yg+Myg:O, (xvt)EQTa yf+Mylxc:ylm€;1a (.T,t)EQT,
y°(0,) = v(t), te(0,T), y"(0,) = 0, te(0,7),
y°(x,0) = yo(z), z € (0,1), yk(x,O) =0, x € (0,1).

The solution ¢° is given by
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Using the method of characteristics we find that, for any 1 < k < m, the solution yk is given by
t

/ ?J];;l(x‘i‘(s—t)M,S)ds, x> Mt,
0

x/M T
/ y" oY (sM,t — — + s)ds, x < Mt.
0 M

Remark 1 We may determine explicitly the function y*. For instance, we verify that we have

) ty(()z)(x—Mt), x > Mt,
y (z,t) = T (9 T
W’U()(t_ﬁ>’ $<Mt,
and
@
2 Y% (x — Mt), x > Mt,
y2(x,t) - 2x T x? x
3 4
f@ﬁw>@fﬂ)+mﬁw>@fﬂy,x<Mt
Here and in the sequel, ) denotes the derivative of order i € N of the real function f. O

2.2 Inner expansion along the characteristic

Now we turn back to the construction of the first inner expansion. In the sequel, we shall use the error
function erf : R — [—1, 1] defined as erf(y) = %foy e="ds. Tt satisfies notably the estimates

42
Vi—e ¥ <erf(y) <\V1-e 5, W20,
proved in [6], so that erf(y) — 1 as y — oo. In particular, these estimates imply

1 2
S <lafy) <, w0 (6)

We will also use in the sequel the asymptotic behavior of the erf function for large y > 0:

erfly)=1—eV (\/1@ + o(yﬂ)) (1)

Since erf(—y) = —erf(y) for all y € R, similar relations holds for y < 0, in particular erf(y) — —1 as
y — —oo. Eventually, we also introduce the complementary error function erfc : R — [0,2] defined as

eﬁdw:1;Wﬂw

Putting Z e Wk/2 (w, t) into equation 1, the identification of the powers of ¢ yields
k=0

Wtk/2(w,t) — WE2(w,t) =0, for any 0 <k < m.

so that WF solves, for all 0 < k < m, the heat equation. To get the asymptotic matching conditions we
write that, for any fixed ¢ and large w,

WO(w,t) + 51/2W1/2(w7t) + EWl(w7t) 4ot E7n/2wm/2(w7t)
= yo(%t) + Eyl(x7t) ot Emym(x,t) + O(E(m-',-l)).
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Rewriting the right-hand side of the above equality in terms of w, ¢t and using Taylor expansions we have

WO(w,t) + VeW 2 (w, t) 4+ eW (w,t) + - - - 4+ ™2 W™/ 2 (w, t)
=y (Vew + Mt t) + eyt (Vew + Mt,t) + -+ e™y™ (Vew + Mt t) + O™ D)

2
Ew
Yo (1,1) + -

YO (Mt,t) + ewyl (Mt t) + 5

Therefore, at the first orders, the matching conditions read

Wo(w,t) ~y°(Mt)%,t), as w — Foo0,
W 2(w, t) ~ wy (Mt)E,t), as w — oo,
1 w? 4 + 1 + (8)
W (w,t) ~ jym((Mt) ) +y (Mt)*,t), asw — foo,
w?
W32 (w, t) ~ ayzm((Mt)i,t) +wyl((Mt)£,t), asw — +oo.

e We define W9 as a solution of

WP (w,t) — W2, (w,t) =0, (w,t) e R x (0,7,
- 0 _ 9)
Jm W (w,t) = l_}l(lgt) y2(x, 1), te(0,7).

In view of (5)), we have lim,_, e+ 3° (2, t) = 30(0) and lim,_,(pse)- 3°(2, ) = v(0) so that @ rewrites

WY (w, t) — W, (w,t) =0, (w,t) € R x (0,T),
{wl—l>r4r-loo WO(w,t) = y0(0), w1—i>r£1<>o WO (w,t) = v(0), te(0,T).

The solution of @ is not unique. Actually, using the fundamental solution of the heat equation, the
general form of WY is as follows:

~5 gg(s)ds,  go(w) == lim WO(w,¢)
\/7 s)ds, go(w) := lim w,
with H : R x RT™ — R defined by H(w,t) = (47rt)’1/2e*w2/4t. From this expression, we check that any
function go satisfying lim,— —oogo(w) = v(0) and lim,— 0o go(w) = yo(0) leads to a function W0 fulfilling
the prescribed asymptotic behavior in @ The simplest choice for the initial condition gg is given by

o y0(0)7 w 2 07
go(w) = {v(o), w <0, (10)

WO (w,t) = (H(-,t) * go) (w)

leading to the following explicit expression:

0 _c“‘ c+—|—c__ Lo —ct (w)
Wi (w,t) = erf(2\[> —g— =¢ + 5 erfc /i) (11)
ct =uyo(0), ¢ :v(O).

Using the asymptotic behavior of the error function, we easily verify that W9 satisfies the prescribed
asymptotic behavior. Remark also that lim,_,o+ W°(w,t) equals yo(0) if w > 0 and v°(0) if w < 0.
e We define W1/2 as a solution of

WM (w, t) = WL2(w,t) =0, (w,t) € R x (0,T),

lim <W1/2(w,t) —y2((Mt)*,1) w> =0, t € (0,7).

w—too
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In view of 7 YO (M), t) = (yo) M (0) and yO((Mt)~,t) = — L0 (0). Then rewrites

WM (w, t) — WL2(w,t) =0, (w,t) € R x (0,T),
lim (WW(w,t) - <yo><1><o>w) —0, te (0.7),
1
: 1/2 - (1) _
wl_l)rg@(W (w,t)—!—Mv (O)w) =0, te (0,7).

Proceeding as before, a solution is given by W'/2(w,t) = (H(-,t) * g1/2)(w) with g1 /5(s) = y(()l)(O)s if
5 >0 and gy/2(s) = —%v(l)(()) s if s < 0. Explicitly, we obtain

W20 = (T Tery (32) + T ) rat )\f i
1

d* =y (0), 4" =—0M(0),

(13)

and check that W1/2 satisfies the prescribed asymptotic property. Remark that lim,_,q+ W1/ 2(w,t) equals

y§9 (0)w if w > 0 and —%w if w < 0. Moreover,

NG VE
and M dt +d M
—Mt +d- t
li 1/2 t) — - |= 14
i (S -5 () a1
e We define W' as a solution of
th(w?t) - Wuljw(w7t) = 0) (w,t) cR x (0,1—')7
1 w? 0 + 1 + (15)
tig (W0, ) | (00050 4 o (0%, )] ) =0, te (0.7

We have y*((Mt)*, 1)

= t(y0)?(0) and yl((]\/[t)’ t) 0@ (0) for all t. Similarly, y0, (Mt)*,t) =
(%0)?(0) and 2, ((M?)~,t) =

v (0). Then rewrites

WHw,t) — WL (w,t) =0, (w,t) € R x (0,T),
2
: 1 _w®@ (2)
i (W0 - o 0)) = o) te(0,7),
lim ( Wh(w,t) — “ﬁiu(?)(m = Lv@(o) te (0,T)
w——00 ’ 2 M? M?2 ’ e

A solution is given by W (w,t) = (H (-, t)xg1)(w) with g(s) = % yéz)( 0)if s > 0and g1(s) = %ﬁv@)(O)
if s < 0. Explicitly, we obtain

2 + - + 4 e + _ e
1 _fw? et —e w et te et —e 27%2
w (w,t)(2 +t)< 5 erf<2ﬁ>+ 5 )+ 3 wwﬂe , "

~ (o)
et = y(Q) 0), e = M2
e We define W3/2 as a solution of
W22 (w,t) — W32(w,t) = 0, (w,t) € R x (0,T),

i (W2(0,8) = [ 22800, 0) + ik (010%,)] ) = ceon.

w—+oo
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We have y2,., (Mt)*, ) = y§* <o> g (M) 1) = tys P (0), 904, (ME) ™, 1) = — 3503 (0) and yL (M)~ ) =
—3503)(0) + 13502 (0) then rewrites

W2 (w, 1) — W32 (w, t) = 0, (w,t) € R x (0,T),
(3)
. 3/2 Y 0), 3 _
wlﬁnfoo <W (w,t) S (w” + 6wt) | =0, te(0,T),
3 () . @) (0
: 3/2 v (0) 4 _v (0) _
wglzloo (W (w,t) + E (w® + 6wt) m V)= 0, te(0,T).

A solution is given by W3/2(w,t) = (H(-,t) * g3/2)(w) with gs/9(s) = %yés) (0) if s > 0 and gs/2(s) =
— £ L u®)(0) + sp50(0) if s < 0. Explicitly,

W32 (w,t) = (U; +3tw> (erf(Q\[>( Rt —h7)+( )
+(h+—h—)(4t+w2)\/ze—i’if—f \\/[7? ~% % erfc(;\ﬂ[) (18)
20w O, )
oM 6 ' T 6M3

2.3 Composite asymptotic approximation outside the boundary layer

One usual way to define a composite asymptotic approximation is to introduce a cutt-off function
X. in order to make the link between two expansions. This leads to an approximation of the form
Xe(2,8) Ym0 €FYF 4+ (1 = Xe(2,1)) X o €/ 2WH/2. We refer to [2] where this strategy is employed. This
technique leads however to tedious computations when performing the error analysis. Instead, we de-
fine here a so-called composite approximation obtained by adding, at each order, the inner and outer
expansions and then by subtracting their common part.

At the first order, the common part of y°(x,t) and W9 (w,t) (defined by and respectively), is
equal to yo(0) for x > Mt and to v(0) for x < Mt. Thus, the first term of the composite approximation
outside the boundary layer along x = 1 is given by

yO(x - Mt) + Wo(wat) - yO(O), T > Mt,

P(.t) = (

v tz> + WOw,t) —v(0), =< Mt. 19)

M

Clearly, the function p° is continuous along the characteristic:

Y0(0) + U(O).

limx—Mt%ino(xJ) = 9

The second term of the composite approximation is given by

W2 (w, t) — yél)(O) w, x> Mt,
p1/2<$,t) = 1/9 1 4 (20)
wY/ (w,t)—&-Mv()(O)w, x < Mt,

where W1/2 is defined by . Clearly, p'/2 is also continuous along the characteristic.
At the next order, we define the function

2

PHant) = o0+ W) = (0000 4 5 (01050
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that is )
2t
ty(()Z)(x—Mt)—i—Wl(w,t)— (w ;_ )y(()Q)(O), x > Mt,
pl (z,8) = T T w? + 2t 1)
@0~ N W w ) — @) <M
ik (t M)—i—W(w,t) ( e )v 0), =< Mt,
with W1 given by . Eventually, we define p3/2 as follows:
w3
p2at) = W2 0,t) = (e (105, 0) 4 sk (01%,1)).
that is
3
W32 (w, t) <w - tw) ys(0), x> Mt,
3/2 3!
p(x,t) = . (22)
3/2 LUE) W@ fw @)
We= (w, t) — BTV (0) + ik (0) — Y 0) ), x< Mt,

where W?3/2 is given by (I8).
Then the following quantity is defined to be an asymptotic approximation of ¢, outside the boundary
layer along z =1,

3
p(z,t) = Zsk/ka/Q(x,t), (z,t) € Qr.
k=0
We easily verify the following property.

PROPOSITION 2.1 Assume that v € C3([0,T]) and yo € C3([0,1]). Then the functions (p° + /ep'/?),
(p* 4 2p*/?) and p° belong to C*([0,1] x (0,T)).

2.4 Inner expansion along r =1

m

We now turn back to the construction of the inner expansion along z = 1. Putting Z ghl2yk/2 (z,7,1)
k=0

into equation (4),, the identification of the powers of ¢ yields

¥ Y2 (2,71, t)+ MY?(2,7,t) =0,
el/2 . Yzlz/z(z,T7 t)+ MYZUZ(Z,T, t) = —YTO(Z,T, t)
¥ YRR t) + MYF (2,1, t) = Y;(k—z)/2(277’ t) =Y F=D2(2 7 ), for any 2 < k < m.

It is important to note that the functions Y* depend on three variables, namely z,¢ but also 7. As
it is standart, the variable z = (1 — z)/e is introduced to describe the boundary layer at = 1~. Here,
the variable 7 = (1/M — t)/+/e allows to take into account the interaction of the internal and boundary
layers. If we do not introduce this variable 7, we see notably that Y'/2 solves the same ordinary differential
equation than Y and the analysis (detailed in Section [4) leads to an error estimate (for the L>°(L?)
norm) of order /¢ only, independently of the number of terms in the various expansions. This point, also
described in [I2] to discuss problem , is therefore crucial.

We impose Y*/2 (0,7) = 0 for any 0 < k < m. To get the asymptotic matching conditions we write
that, for any fixed 7 and large z,

YO(z, 7, t) + 2V Y2 (2,7, t) + Y (2,7, t) 4 - - - 4+ ™/ 2Y ™2 (2, 7, 1)
= pO(z, 1) + ¥/ 2p 2 () + ept(x, t) 4+ - - - + ™/ 22 (2, 1) + O(e™ ).
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In order to identify at each order the appropriate matching conditions, we need to rewrite the right-
hand side of the above equality in terms of z and 7, ¢ being fixed. Writing that x = 1—¢ez, w = M7 —/ez,
and using Taylor expansions, we have successively

PO, t) = 3 (2, t) + WO(w, t) — g (M) ", 1) = ¢ (1 — ez, 8) + WO (M7 — ez, t) — y* (Mt)*, 1)
=01, 1) + WO (M, t) — °(Mt)E, t) — VezW2 (M, t) + E(—z(yo)m(l,t) + %QWS)M(Mﬂ t))
e3/2 6W0

www

(M7,t) + O(e?),

VR ) =2 (W00 - w0010
=112 (W07 = VB 1)~ (M7 = VE) (P (O10%.0) )
=<2 (W07 0) < Mr)a((M0*0) ) = e (WA - G000
+ 53/2%2W}U{3(M7, t) + O(e?),
ep' ) == (310,00 + W' ,0)— (S (O10,0) +4/ (O, )
(s -z = Wiy - v - (Y g a4 000t 0) )
—<(v @+ W - (LT 000+ 0r0) )

e (WSU(MT, )+ Myl (M), t)) LOE),

and

w3
812820 t) = 502 (W32 (0,0) = (e (0F,0) + 0 O10)% 1) )

= ez (wrar - ez - (WS (o) + 0t — Vel (010, 0)) )

= <2 (w2 n — (LT (0000 + 2ml((10*.0)) ) + O

We deduce that
3
Z Ek/ka/Q(m) t) = CO(Z7 T, t) + 61/201/2(27 T, t) + 601(2’ T, t) + 53/203/2('2’ T, t) + 0(62)7

with
CO(ZaTa t) :y0(17t> + WO(MT’ t) - yo((Mt)iat)v
Chyolz, 7, t) =WY2(M1,t) — M7(y0) (Mt)E,t) — 2WO(MT, 1),

0000+ (10,0

Crlerit) = (1.0 + W7, 1) -
(W) + WO 010%, ) — (6000) + S WD, O

2
Cajalz,mt) =p*2(1,1) + z(—Wui(MT,w+M7y2x<<Mt>i7t>)+2W5{3<Mm> W (M)
(23)



2 MATCHED ASYMPTOTIC EXPANSIONS AND APPROXIMATE SOLUTIONS 12

Therefore, the matching conditions read
Yk/2(z,7'7t) ~ Cyo(z,7,t), asz-—+oo, fork=0,...,3. (24)

In the sequel, we use the notations
k
Cija(z,7,t) = Z Cryap(T,1)2".
p=0

e We define Y as a solution of

YO (z,7,t) + MY?(z,7,t) =0, (z,7,t) € RL x R x (0,7),
Y9(0,7,t) =0, 1ir+n YO(z,7,t) = Coo(T, ), t € (0,7).
Z—r oo

The solution is
YO(Z,T, t) = Coo(T,1) (1 — e*MZ) , (z,1,t) e Ry xR x [0,T7,
with
yo(1 — Mt) + WO(Mr,t) —y0(0), 1> Mt,
Coolr,t) = 1
bo(m.1) v(t — M) +WO(Mr,t) —v(0), 1< Mt.

e We define Y'/2 as a solution of

Yzlz/g(z,T, t)+ M}/Zl/Q(Z,T, t) = Y% (z,1,t), (z,7,t) e RL xR x (0,T),
YY2(0,7,6) =0, lim (YY?(z,7,t) — Cyja(z,7,t) = 0, t€ (0,7).
z—+o0

Writing that Y. (z,7,t) = Co0.-(1 — e"M#), we obtain, for (z,7,t) € R* x R x (O,T)7E|

Y2 (z,7,1) :<C1/2,0(7" t) — 70070’](4(7’ £ Z) +e M2 (—01/2,0(73 t) — 70070}(4(7’ ‘) Z),

= <01/270(T, t) — WBJ (]\47'7 t)Z) + €_Mz (_CI/Z,O (T7 t) - W,[?)(M’E t)Z) .

e We define Y'! as a solution of

Yi(z,7t) + MY (z,7,t) = Y2 (2,7, t) = Y 2(2,7,t), (2,7,t) e R* x R x (0,T),
Y*(0,7,t) =0, lin (Yi(z,7,t) — Ci(z,7,1)) =0, t € (0,7).
Z—>+00

‘We have
Y2 (2,7, t) = (01 2.0 (T,t) = MW (M, t)z> + e M= <C’1 /2,0, (T, t) = MW, (M, t)z>,

and
Y;O(Z,T, t) = Co,0,4(T,t)(1 — e’MZ) = (y?(l,t) + WtO(MT, t)) (1- esz),

IThe general solution of the ordinary differential equation Y, +MY; = (a+Bz+ %ZQ) +e Mz (—a+Bz— %zQ), Y(0)=0

is in the form 5

22 z M 22 23
Y(z) = A+BZ+CE+DF +e M7 —A+Bz—C?+D€ ,

with
1 1 1
A= —(K-B), B=—(a—-C), C=—(B—-D), D:l7 K arbitrary constant.
M M M M
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then
}/t()(z’ T, t) — YT]-/Q(Z,T, t) :<CO,O,25(T) t) — Cvl/gvﬂ,-(ofl'7 t) + MW,B)W(M’T, t)Z)

+ efMZ <C0,0,1; (T, t) —+ 01/277- (O, T, t) + MWg)w (MT, t)Z) .
We have

— My§P (1= Mty + WO(Mr,t) — MWLY2(Mr,t) + My (0), 1> Mt,
Co0,t(7,t) = Cr/2,7(0,7,1) =

1
oM (t — )+ WO(Mr,t) — MWY?(Mr,t) — v®(0), 1< Mt,
and note that Cp¢(7,t) — C1/2,-(0,7,t) has no jump. Explicitly, we obtain
22 22
Yi(z,7,t) = <A + Bz + CQ) +e M=z (—A + Bz — CQ> ,
with

S0 5 (1%,

A=C(0,7,t) =y ' (1,t) + WH(Mr,t) — (

1
B=ar (Co,o,th £) = Cujz0.(ryt) = Wil (M, t>) = 41, 1) = W2 (M7, 1) + g (M), 1),

C=W2 (Mr,1t).

(25)

e We define Y3/2 as a solution of

Y322, 7, t) + MY32(2,7,6) = V]2 (2,1, t) = Y2z, 1,t),  (2,7,1) € R% x R x (0,7),
V32(0,7,6) =0, lim (Y3?(z,7,t) — C3a(2,7,t)) = 0, te (0,7T).

z—+o0

We have

Ytl/z(z,T7 t) = (Cl/g’t(O,T, t) — VV&S(MT7 t)z) + e M= (—Cl/g’t(O,T, t) — Wgt(MT, t)z),
and

2
Yi(z,7,t) =M (W;,(MT, t) — M7yl (Mt)*,t) — WE2(Mr,t)z + W2, . (M, t)22>

2
+ Me M2 (—W;(M, 7,1) + Myl (Mt)E,t) — WE2(Mr,t)z — W0, (M, t)z2>.

Explicitly,

o 2 B I
Y32(z,7,t) = <A+Bz+02+D6> + e M= (—A+BZ—C’2+D6>,

with
A =Copa(0,m0) = w200 - (L a0+ (010 1)

Bt (01 12.0(0,78) — M(W;(MT, £ — Mry? (M), t)) _ 5)

M (26)

= (W;(MT, t) — MTygm((Mt)i,t))

C=Wr2(Mr,t), D=-W3,.,(Mr,t).
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2.5 Asymptotic composite approximation in Qr

We are now in position to define what is supposed to be an asymptotic approximation of the solution y°.
We proceed as before by adding at each order the function p*/2, approximation outside the boundary layer
along z = 1, and the function Y*/2, approximation in the boundary layer along z = 1, then subtracting
their common part. A the first order, the composite approximation is given by

PO(Lt) = po(x,t) + Yo(zm7 t) — Co(r,t) = po(ac,t) — Cy(r, t)e_MZ

e (27)
= yo(xvt) + Wo(wat) - yO((Mt)iat) - (yo(lvt) + WO(MTv t) - yo((Mt)ivt)) € M )
so that PY(1,t) = 0 for all t > 0. Repeating the process, we define
Pk/Q(x,t) = pk/Q(x,t) +Y*2(z, 7, t) = Cyja2(z,7,t), 1<k<3,
then we define an asymptotic composite approximation of y° in Q7 by
3
Pe(a,t) =Y 2P (1), (2,t) € Qr. (28)

k=0

3 The sequence (ﬁ"' ): another sequence of approximate solutions

As we will see in the next section, the approximation P¢ leads to an error estimate of order /¢ for the
L (L?)-norm, which is not satisfactory. In this section, we construct another sequence of approximate
solutions. The construction is made by modifying the previous sequence (P¢) defined by . Precisely,
we modify the function W9, see (11]), introduced in Section to describe the inner layer along the
characteristic {(x,t) € Qr,z — Mt = 0}. The reason of this modification is the following one. Recalling

that w = (x — Mt)/+/z, for all € > 0 and = > 0, we check that Wo(%,O) = 90(0). On the other hand,

lim; o+ WO(_TNEH, t) = M, different from v(0) when v(0) # »°(0). For this reason, the use of this
WO function generates an artificial boundary layer in the approximate solution along the line x = 0,
above the characteristic in the neighborhood of t = 0. This boundary layer propagates inside the domain,
in the neighborhood of the characteristic and affects the quality of the approximation. To avoid this fact,
we consider, instead of the function gy defined in , the following second choice:

(w) _ {y0(0)7 w Z 07

e

Y0

Mw

v(0) + (v(0) = 5o(0))e =, w <0,

leading to (recalling that H(w,t) = (4mt)~1/2e—w"/4t)

Wso(w7 t) = (H(t)*g5)(w) = Wo(w7 t)+ Uso(w7 t), (29)
where Vi
0) = yo(0) w2 w | Myt
00w, t) = YO =90(0) 22t — . 30
- (w, t) 5 e erfc 2\/{-1- e (30)
In particular, we have remarkably
Mt
w? <ﬁ’ t) —v(0) =0, Vte(0,T], (31)
and still the property WEO(%,O) = yo(0) for all z > 0. Actually, the function Wf(w,t) = Wf(mi/]‘g/[t,t)

solves the equation (we refer notably to [22])

Wgt—i_MWEO,ZE_EWE?@w:Oa <x7t)€R+XR+’

W2(0,¢) = v(0), teRY,
W2 (x,0) = y0(0), v € R,
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The function WEO is the explicit solution of the advection-diffusion equation defined over (z,t) € RT xR™,
associated to constant initial and boundary data. Remark that on the line z = 0, the function U? satisfies

U0<_Mﬁ t)’ _ [v(0) ;yO(O)lerfc(f\éi) < O —290(0)|6_A£t’ V>0,

and gets concentrated as € goes to zero in the neighborhood of ¢ = 0 and allows to eliminate the artificial
boundary layer mentioned above.

We now choose W2 (w,t) (defined by , ), instead of W9 (w,t), as a solution of equation @
By analogy with we define the function

yo(z — Mt) + Wo(w,t) —y0(0), x> Mt,
pg(l‘,t) = ’U( (32)

t— AZ) + W2 (w,t) —v(0), x< Mt.

We note that p? is continuous along the characteristic:

0(0) +v(0)  v(0) — yo(0) ar (JM)

me—Mt—)ing(xvt) = 9 + 9 e GT‘fC

The following quantity is defined to be an asymptotic approximation of y°, outside the boundary layer
along x =1,

3
P (2, ) = pY(x,t) + ng/ka/Q(x,t), (x,t) € Qr,
k=1

where the functions p¥/2, k = 1,2, 3, are defined by , , , respectively. We have the analog of
Proposition [2.1}

PROPOSITION 3.1 Assume that v € C3([0,T]) and yo € C3([0,1]). Then the functions (p? + \/ep'/?),
and p° belong to C*([0,1] x (0,T]).

Let us now introduce the notations:
CE(z,7,t) =y°(1,t) + WO( M, t) — y°(Mt)*, 1),
C5 )z, 7, ) =W (M7, t) — M7(y°)(Mt)*,t) — 2W2, (M, 1),

Citamt) =o' (1) + W' 0mt) - (L0 (000, 1) +4 )%,

+ Z<_W1})/2(MT7 t) + (yo)m((Mt)ivt) - (yo)m(lﬂt)> + %QWwa(MT7 t)u

2 3
C5a(2,7,1) =p®/2(1,t) + z(—Wg(Mn t) + Mrygz((Mt)i,t)> + %W}U{E(Mr, t) — Zwo (MT,1).

6 £, www
(33)
Continuing the construction, we define the analog of the function Y by

Y2 (z,7,t) = C5(2,7,t) (1 — e_Mz) , (z,7,t) e Ry xR x [0,T],

The analog of Y'/2 is the function
}/—61/2(2:7 T, t) = (01/2,0(7—7 t) - Wgw(MTv t)z> + e_MZ (_01/2,0(7—7 t) - Wso,w (MT, t)Z) ’ (34)
where C/20(7,t) is defined by (23). The analog of Y is given by

2 2
Yi(z,7,t) = <A + Bz + CEZQ) +e M2 (—A + Bz — CEE) ; (35)
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with A, B defined by 1 and 2, respectively, and C¢ = VVEO,ww(MT7 t). Eventually, the analog of
Y3/2 is given by
o 2 53 u o .2 _ 53
}/53/2(277'715) = (A + BZ + C? + DEG) + e ? (_A + BZ — C? + DEG) s (36)
with A, B, C, defined by ([26)1, (26)2, (26)3, and D= = W2, (Mr.1).

Remark 2 We check that the functions ng/Q, k=0,1,2,3, solve, respectively, the following equations:

YS?ZZ(,ZJ, t)+ MYE?Z(zJ, t) =0, (z,7,t) e RL xR x (0,7),
Y2(0,7,t) =0, lin YO(z,7,t) = C5(0,7,1), t € (0,T);
Z—r+00
V22 (27 t) + MY (2,7,0) = =Y2 (2,7, 1), (2,7,t) € R} x R x (0,7),
}/61/2(077-7 t) = 07 EI}} (}/;1/2(277-7 t) - 018/2(257—5 t)) = Oa te (O7T)a

V2 (2, t) + MY (2,7,t) = Y2, (2,7, t) = Y2 2(2,7,t), (2,7,t) €RY xR x (0,T),

Y2(0,7,t) =0, EIJP (Y2(z,7,t) — C5(2,7,t)) =0, te(0,7);

Y32(z,78) + MY2[2(2,7,8) = Y2 2 (2, 7,8) = Y2 (2,708),  (2,7,8) € RE X R x (0, T),

£,22 e,t
Y22(0,7,4) =0, lim (Y2?(z,7,t) = C55(2,7,1)) = 0, te (0,7).

z—+00

We now define the first term of the asymptotic approximation in @1 by

Pso(x,t) = pg(x,t) + YEO(Z,T, t) — C5(z,, t)e*Mz

e (37)
=y (. t) + W2 (w, t) = y* (M), 8) = (y°(1,) + W2 (M, t) — g (M1)*, 1)) e M=
Then, setting
PP (2, t) = p*2(w,t) + YFP(2,7,1) = Cf y(2,701), 1<k <3, (38)
the function P¢ defined to be an asymptotic approximation of y° in Qr is given by
_ 3
Pz, t) = Zek/QPf/Q(x,t), (z,t) € Q. (39)

k=0

Remark 3 It should be noted that, as for the sequence (P€) constructed in Sectz’on@ the sequence (P?)
s constructed by using explicit formulae. These asymptotic approximations are very useful, for instance,
from a numerical viewpoint (easily computable because using explicit formulae). Comparing with the
sequence (P¢) we will see that (}35) is a more accurate approrimation of the solution y° of .

In the next section we investigate the convergence of the sequence (]55)

4 Convergence of the sequence (ﬁg)(5>0). Rate of convergence

This section is devoted to a study on the convergence of the sequence (]35) We make the following
assumptions:
yo € CH([0,1]), v e C*([0,T)). (40)

Our main goal is to establish the following result.



4 CONVERGENCE OF THE SEQUENCE (ﬁe)(oo). RATE OF CONVERGENCE 17

THEOREM 4.1 Let y¢ be the solution of and P° the function defined by . Assume (40). Then
there exists a constant ¢, independent of €, such that, for any v € (0,1/2],

~ 2
1P 8) = o ()l 20,1y < ce®? + cellem2ivt it € [0, 7).

In order to prove this theorem we need to establish a number of preliminary results. We define the
error as follows:

25(x,t) = Po(x,1) — v (2,) — 0°(2,1), (2,t) € Qr, (41)
where 6° is the initial layer corrector defined as a solution of the equation
07 + M6, — 6, =0, (x,t) € Qr,

0°(0,t) = 6°(1,t) =0, t e (0,7), (42)

06(‘%’0) - ps(xao) - ye(l’,()), T e (07 1)

The occurence of the initial layer is due to the fact that, by construction, the approximation ]55(1, t)
vanishes for all ¢, including ¢ = 0, while the value of yy at * = 1 may be different from zero. This
introduces an error of order one but which gets concentrated as ¢ decreases in the neighborhood of the
point (1,0). Thanks to the transport term, which pushes the solution to the right, it turns out that
this error is damped out exponentially fast at ¢ increases. Introducing the auxiliary variable 71 = t/4/¢
coupled with the variable z = (1 — z)/e, we may approximate precisely this so-called corner layer. The
computations are very similar to the one performed to treat the interaction of the internal and boundary
layers, in the neighborhood of (1,1/M), by introducing the zoom variables z and 7 (see Section . We
refer to [13] Section 4.1] where this is discussed. We emphasize however, that in view of the distribution
of 6¢(-,0) along (0, 1), this is not necessary for our objective to get an L>°(L?)-estimate.

4.1 Preliminary results
4.1.1 Estimate of the initial layer corrector 6°
The following lemma gives an exponential decay property of the initial layer corrector.

LEMMA 4.1 Let 6¢ be the solution of problem and~ € (0,1/2]. There exists a constant ¢ independent
of € such that

16°C. 1)l 2oy < ce™ 5 +ecte 30, vie [0, T, (43)
PROOF. i) We first check that the initial data 6°(-,0) is given by

6°(2,0) = —(yo(1) + y" (1)2)e M=, vz € (0,1]. (44)
Indeed, from 7, we write

3
0°(2,0) = Y _*/* lim PH2(z,t) — yo(2)

k=0
T 0 e —Mz\
—th_rg(lJ (pg(m,t) C§(z,7,t)e ) yo(x)
3
+ lim Ek/2(pk/2(1'7t)+ysk/2(z77'7t)—02/2(Z,T,t)>, z e (0,1).
—
k=0

We deduce from (29), (30), and (33), that
tlg% (pg('ra t) - CS(Z, 7, t)eiMz) - yo(a:)
= %1_% (W2(w,t) — yo(0) — C§ (2, 7, t)e M) = — %g% Cs(z,1,t)e M=

= _}i_{% (yO(Lt) + WO(MT, t) — yo((Mt)i,t)) e Mz — —yo(l)e_Mz.
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Using the matching conditions of W*/2 with y*, 1 < k < 3, we easily verify that lim;_q pk/Q(x,t) =0,
for x > 0. Moreover, and lead to

lim (5/'51/2 (z,7,t) — Cf/g (z,T, t))

t—0

= lim ( — T,t) + M1(y" )z t)=,t) —z T,t)) e =0, orxz >0,
lim (=W (M) + Mr(y)a(MOF,8) = W2, (M7, 1)) e =0, for 2 >0

t—0

then to P/ (2,0) =0 for all z € (0,1]. Similarly, according to and we have

2
lim (YE1 (z,7,t) = Cf (2,7,t)) = lim <—A + Bz — 0522) e Mz

t—0 t—0

with A, B defined by 1 and 2, respectively, and C¢ = W2, (Mr,t). It is easily seen that

£, ww

limA =0, limC®=1limW?,  (Mr,t)=0,
t—0 t—0

t—0 &ww
. — Vi (00 _ml/2 0 + — o
lim B = lim (—y2(1,¢) = WY2(Mr,t) + 2(MO)*,1)) = (1),

then limy o (Y (2,7,8) = Cf (2,7,1)) = =y (1)ze~* and
Pl(z,0) = —y(()l)(l)ze*]‘/[z7 for z € (0,1].

Eventually, according to and we have

2 3
. 3/2 B 6 L 7,\, ~ 7,\,2 ~€Z M2
%g% (YE (z,7,1) — C5 )9 (z,T,t)) = tlgl(l)( A+ Bz 072 + D 5 ) e ,

with A, B, C, defined by 1, 2, 3, and D¢ = ~W2 oo (M, 1). Tt is easily seen that

lim A = lim B = lim C = lim D = 0,
t—0 t—0 t—0 t—0
then PS/Q(LO) =0, for all z € (0,1].
These computations lead to 7 showing that the initial condition of ¢ gets concentrated in the
neighborhood of z = 1.
ii) We now introduce a C* cut-off function X : R — [0, 1] such that X'(s) =0if s <1 and X(s) =1
if s > 2 and define, for v € (0,1/2], the function X; : [0,1] — [0,1] by X.(z) = X (152).

We then decompose the solution % of the linear system (42) as folllows: 0¢ = =1 + 652 with

07" + MO — 05} =0, (z.t) € Qr, 077 + M0O3? — e052 = 0, (z,t) € Qr,
6°1(0,t) = 651(1,t) =0, te(0,7), 6°2(0,t) = 6°2(1,t) = 0, tc(0,7), (45)
05t (2,0) = X (2)0°(x,0), € (0,1), 0°%(2,0) = (1 — X.(2))60°(x,0), x € (0,1).

In view of the definition of X., we see that #=1(x,0) = 0 for all # > 1 — &”. Then, in view of 7 we
check that there exists a constant ¢; > 0 independent of ¢ such that [#5!(x,0)| < c;e™= forall x € (0,1).
By a maximum principle, it follows that

051 (2,1)| < cre= %, Y(z,t) € Qr.

Concerning (-, 0), we check that 65%(x,0) = 0 for all z < 1 — 2 and that [|652(-,0)||12¢0,1) < e
for some constant ¢y > 0 independent of . Arguing as in the proof of [2, Lemma 2.3, we obtain that
there is a constant cg, independent of €, such that

1 2
165°2(t, )| L2 0.1y < eseZe 37 Vit € [0,T).

From the two previous inequalities, we deduce . Lemma is proved. O
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4.1.2 Gronwall estimate

From now on, in order to shorten some equations, we shall use the following notation:
Lay =Yt — €Yz + Myw

We are now going to derive a priori estimates for the function z¢. Preliminary, since z° is not vanishing
at x = 0, we define

Z%(x,t) = 2°(x,t) — fo(2)2°(0,8), (x,t) € Qr, (46)

where f. is an appropriate function, that will be specified later, which belongs to C?([0,1],R*) and
satisfies f:(0) =1 and f.(1) = 0. The function Z¢ solves the following equation

L.Z° = LP* = Lo(f(2)2(0,0), (a,1) € Qr,

Z#(0,t) = Z°(1,t) = 0, te(0,7), (47)
Z%(x,0) = —25(0,0) fe(x), z € (0,1),
where 2¢(0,0) := lim;_,+ 2°(0,¢). We have the following result based on L!-estimates with respect to

the time variable.

LEMMA 4.2 Let Z° be the function defined by and P¢ the function defined by . There is a
constant ¢ independent of € such that, for each t in [0,T],

125, )l 20,1y + Vel Z5 | 20,1y x (0.4))

< c(IEP s + o (150w +150,0)) s
Fll= el + M0 10 e )

This lemma is a consequence of the following version of the Gronwall lemma (see for instance [9J
Theorem 4, Chapter 1]).

LEMMA 4.3 Leta € RY, and h € L?(0,T), h > 0. If ¢ : [0,T] — R* is a continuous function satisfying
the inequality

C(t)§a+2/0 h(s)\/C(s)ds, Vte[0,T],

then we have )

() < <\/6+/Oth(s)ds) ., vte[o,T).

PROOF OF LEMMA Multiplying equation by Z¢ and integrating over (0,1) x (0,t) gives

1 t
17O +e | 12569 do

tpl .
:%|Z€(0’0)|2Hfs”%2(o,1)+/0/0 (LEPE(I,S)—Lg(fe(g;)ze(o,s))> Z%(x, s) dzds.

Applying the Cauchy-Schwarz inequality we obtain

t
1Z° ()22 0,) +2€/0 1Z5 G 9) 122 (0,1) ds < 125(0,0) [ fell20.)

+ 2/; </01 (LPo(a5) - Lg(fe(x)zs(O,s))>2 dac)

1/2 1/2

( /O () dx) ds.
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Applying Lemma with

t
¢t) =125 OlZ2(0,0) + 25/0 125 8172 0,1 ds,

a = 125(0,0) [ fell72(0,1):
1/2

w6 = ([ (1P ) - Lli@0.0) @)

yields
t
|w%mﬁm@+%4n£ugﬁm@w

1/2 2
SQﬂQWMhmm+A(AXMﬁ@$M%@V@@»%a/d%.

The previous inequality together with the equality
Le(fe(2)27(0,1)) = fe(2)25(0,8) + (M fi(z) — efZ (x)) 2% (0, 1),

allow to deduce readily . O

4.1.3 Estimate of |[2°(0,)||L1(0,1)» [|12£(0,-)||L1(0,1) and [2°(0,0)]

We will now estimate each term of the right-hand side of . In the sequel, ¢, ¢y, ca, - -+, will stand for
generic constants that do not depend on . For convenience, we recall here some notations that will be
used in the sequel:

¢t = y0(0)7 c = U(O),
1

d* =y(0), d” = —-0M(0),
)
€+:y(()2)(0), e = M2
S0 w0 0@
M3 6 6M3

LEMMA 4.4 There is a constant ¢ independent of € such that
1250, )l p1o,e) < ce®, Wt > 0. (49)

PROOF. We estimate the L!'-norm of each term in the expansion of the function 2(0,-). We use several
times the fact that

2¢
[¢7/2e= " | 10,0y = O(EH™2), VneZ, Vs> 0. (50)
Let wo(t) = —%. In view of and , 2¢(0,t) may be written in the form:

##(0.0) = (W2n(0.) = (01070 ) + VE(WH2an(0).) (A0 o))
+ E(Wl(wo(t),t) - (“fyﬁx((Mt)‘,t) + yl((Mt)it)))
2 (W2 (0,0) — (70 (1)) + w0 (10 ,1)) ) + O ) o

3
= (pg(oa t) - U(t)) + ng/ka/2(07t) + (9(671\?4)7
k=1
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where p? is defined by , and pF/2, k =1,2,3, are defined by , 7 , respectively. The term
(’)(e_%) gathers the contributions at = 0 of the functions Y*, introduced to describe the boundary

layer at = 1. Far from = = 1, these contributions are negligible.
Observe first that from , the first term in the right-hand side of vanishes, that is

p2(0,8) —v(t) =0, Vt>0.
As regards the second term we have

dt —d~
2

Ve 20,0 = P+ —a) e

2,/ VT -

t, Vt > 0 using @), we arrive at

(—Mt) erfc(

D) =1terf(-4f) <e

Velp'2(0,t)| < cldt —d~ | (t + x/iﬁ) e

Writing that erfc(

leading, in view of with n =1 and n = 2, to
VElp'/2(0, i < cld™ — d=|e?, Vvt >0.

For the third term, we have

P00 = (5 1) erge (B0) S5 4 S ity e

leading to the estimate

elp*(0,1)] < clet — e (MQt2 +et + M\ﬁt3/2> et
then to the estimate
ellp" (0, )10,y < clet —e7 |2, vt > 0.

Eventually, for the fourth term, the equality

p*2(0,1) —<“’°g) + Stwo(t )> erfe (‘7‘24\‘[) (h* — h™)

+ (th _ hf)(4t + wo(t)z)\/>ewo4<t)2 - f \/> wo<t>2 _ f;wo( )e,rfc (]\24\/\/;

leads to

e3/2[pP/2(0, )|

¢ {((4&;3/2 + e 2PVt + (M3t3 + 35Mt2)> W — |+ |f7] (5]\/[15 + 53/2ﬁ>} e

then to the estimate
e 2p°2(0, ) iy < e (KT —hle* +|f 7)), vE>o.
Collecting estimates f we deduce from , the estimate (49)).

LEMMA 4.5 For each ¢ > 0,

(1)
2¢(0,0) := lim 2°(0,¢) = —<y0(1) + % (1)>e¥.

t—0t £

(52)

(54)
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Proor. We deduce from , and that

3
2(0,1) = PE(0,t) —v(t) = Y _F2PF2(0,t) —v(t), te(0,T).
k=0

Due to we have

M

PY(0,4) — o(t) = —CE (1,7,7:) e

9
M

= — (yo(1 — Mt) + WO(Mr,t) — yo(0)) e~ <.

Since lim;_,o W2(MT,t) = limy_,o WO(MT,t) = yo(0), we conclude that

lim P2(0, 1) — v(t) = —yo(1)e™ .

t—0

We easily verify that lim,_,o p*/2(0,t) = 0. Morever, from and ,

. 1 _ (1
tli% <}/€1/2 <E’T’t> — 1/2 <€,T,t)>
M

1
= lim (—Wl/2 (M, t) + M7(y°) . (Mt)*,t) — gWg{w(MT, t)) e” T =0,

t—0

then lim;_,q Pgl/2(0,t) = 0. Similarly, according to and we have

2
: 1 _ e S T _ _ i —M=z
fiy (V2 (57 = CF 7)) =l (-4 4 B2 € ) e,

with A, B defined by 1 and 2, respectively, and C¢ = W2, (Mr,t). It is easily seen that

£, ww

limA =0, limC®=1lmW?, (Mr,t)=0,
t—0 t—0

£, ww

t—0
lim B = lim (=y2(1,4) = W27, ) + 52 (MD*,0)) = (1),
t—0 t—0

then Lm0 (V! (2,7,1) = C1 (2,7.1)) = —y§” (1)ze~ M= and

(1)
P — 1
lim S(O,t)_o__yo (1) _u
t—0 -

Eventually, according to and we have

2 3
. 3/2 B 6 L 7,\, ~ 7,\,2 NEZ M2
%g% (YE (z,7,1) = C5 )9 (z,T,t)) = tll_I}(lJ( A+ Bz 072 +D 5 ) e ,

with Z, E, 5, defined by 1, 2, 3, and Ds = —WSO’U)MU(MT7 t). It is easily seen that

lim A = lim B = lim C = lim D° = 0,

t—0 t—0 t—0 t—0
(1)
then limy_, PS/Q(O,t) — 0. We conclude that lim,_,o+ 25(0,2) = —yo(1)e™ = — %T(l)e_%. O
LEMMA 4.6 There is a constant ¢ independent of € such that

1250, )| 10,0y < e, VE>0. (56)
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PROOF. We have seen that the function z°(0,¢) may be written in the form (5I). Differentiating 2°(0, t)
with respect to ¢ and using the explicit form of the functions W*, one can see that 25 (0,t) may be written
in the form

2(0,8) = 9, (p2(0,1) +Z€k/2 M200,1) + O(e™ %), (57)
Still in view of ,
B (p2(0,1) —v(1)) =0, Vt>0, (58)
so that the first term in the right-hand side of vanishes. Explicitly, for all ¢ > 0,

Therefore, for all ¢ > 0,

Ve

p%(0, t)’ <eld - d*| <1+ \/\75/%) e M

leading to the estimate
<cld™ —df]e, (59)

1/2
7

L1(0,¢)
using with n = —1. As regard the third term, using the equality

e~

00 = g (o e
ep; (0,t) = (M*t+e)erfe

yields

2Mff> a2 7

€ p,}(o,t)’ <cle” —e+|<(M2t+ £) +

then
€ Hp%((), ')HLl(o t) = cle” —e*le”. (60)

The fourth and last term is given by
3/2
20} 0, 1)

3(h* —=h7) 3,5/2_5/2 3/2_7/2
i V(M2 4 4AM 32 ) er fe
€

MV
2E

2
) —e (4e*t 4 262 M?e3)

+ 64\F[M57/2\/>terfc( f)gie”ﬁt}

leading to the estimate

SR p 00| | < ellht = hIE 171, (61)

D] P

Collecting estimates 7, we deduce from (57 . ) the estimate . O

4.1.4 Estimate of ||L6ﬁ5||L1(0’t;L2(0’1))

In order to estimate ||Leﬁ5||L1(0’t;Lz(0’1)), we will use the following lemma.
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LEMMA 4.7 The following identities hold:
L.(WF?)y =0, 0<k<3,
Le(e™*) =0, L.(ze™*)=—e¢ . Lo(22e7M?) = —g(l — Mz)e M=,
L. (2Pe™M7) = —2(2 — Mz)ze M=

Le(w) =0, Lo(w®)=-2, Lc(w’)=—6w, L.(v')=-120"
_3

5
This lemma is used to obtain the following intermediate result.

LEMMA 4.8 Let P¢ be the function defined by . Assume . Then,

() = — 2yl (o) e(y;u, 1)+ WM. 1) — By (M), t))) o s

2
—a(£41¢y+wﬂ”uwnﬂ)z F WD (M, t) e M (62)
3/2 G 2 o~ M=
+e€ At+BtZ—Ct*+D 6 s
with ( )
~ M < M(Mrt
A, = — W32 (M1, t) + WA (Mt Mt)E,t
t \/g w ( T, )+ t ( T, )+ 2\/g am:a:(( ) )
M
~ M M
By = 7W1};w(MTv t) - W&)t(MT’ t) - %ygm((Mt)ivt)’
C, = VfwﬁﬁANﬁt)+Wﬁﬂuwrﬂ
EtE = \[WEO'wwww (MT’ t) Waowwwt(MTr t)'

PROOF. We have from

Peo(x,t) = pg(x,t) + YEO(Z,T, t) — C§(z,7,t) = pg(x,t) - C§(z, T, t)e_Mz
= pg(ac,t) — (yo(l,t) + WEO(MT, t) — yo((Mt)i,t)) e Mz

where p?(, t) is defined by (82). We have from
PM2(w,t) = p'P(2,t) + Y22 (2,7,1) — CF )o(2,7, 1)
=p'?(x,t) — (CT/Q(O,T, t) + Wgw(MT, t)z) e M=
where p'/2 is defined by (20), ), Cf 5(2,7.t) by ([33), and V22 by (34). Then
P2 (x,t) + VEP!?(x,t) =pl(x,1) = (4°(1,) + W2 (M, 1) = y*(M1)*, 1)) e
+ \[( V2(g,t) — < 12(0,7,1) + Wgw(MT,t)z) 67MZ) .

Let us note here that the function P? + \/EP;/2 belongs to C*([0,1] x (0,7]), and that (PY — W2) +
\ﬁ(Pgl/Q — W/2) belongs to C'(Qr). Then, thanks to assumption [0), (P2 — W2) + /2(P: 1/2 —W/?)
belongs to H2(Qr). Moreover, L.(W?) = Lf(W1') = 0. It results that, when calculating LE(P£+\fP51/2),
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it suffices to perform the calculation in QT UQ ™, where QF = {(z,t) € Q7 : > Mt} and Q™ = {(x,t) €
Qr : x < Mt}. A staightforward calculation then gives

M
NG
= (FaOWI O + VE ) + D01 ) e

L. (PQ + \@P;/Q) = — ey (x,t) — (y§(1,t) — W2 (M, t) + W2, (M, t)) e M=

M
NG

=— eyl (z,t) — <y,9(1,t) + Wgt(MT, t))eMz

W»‘gw(MT’ t)eiMZ + <MWO (MT, t) - \/EW‘g,wt(M’ra t)) ZeiMz

£, ww

(63)

— (—MW&/Q(MT, t) + VEW 2 (M7, t) + My (Mt)*, t)) e M=

£, ww

+ (MWO (Mr,t) — VeW? (M, t)) ze Mz,
In view of , and ,
2
Pl (a,t) = pM(a,t) + Y2 (2,7, 1) — C5(2,7,1) = p' (2, t) + M= (—A + Bz — c‘;)

with
w?

) = )+ W0 - (RO0.0 + 5 (01050 ).

and A, B defined by 1 and 2, respectively, and C* = W0 (Mr,t).

£, ww

The function Pg°’ /% s given by
- - 52 . 3
P3/2(a,1) = /2 (2, 8) + Y32 (2,7, 1) — C5 (2,7 1) = p¥/2(,1) + (A # B O+ D% )M
with 5
P20 = W20.0) - (e (MO, 0) + k(01050

and A, B, O, defined by @6)1, [6)2. (26)s, and D= = ~W2,,,,, (M, 1).
We have the identities, valid in QT U Q™

Be (v (M1)*,1))) = 42, (ME)F, 1),
Lo (0 (O1%.0)) = —unf (V100
Le (wyp (Mt)*,1)) = wyg,, (M), 1),
where we used Lemma for the last two. Arguing as for P + ﬁPgl/ 2, we have by a direct calculation
L. <€P81 + 63/2P§’/2> =eyl (z,t) — 2yl (z,1)
+ (BM +C°(1 — Mz))e ™M= 4 ¢ (—At + Biz — Cff) e Mz
Mz (64)

+el/2 <§M+C~‘(1 — Mz)—D°(1— 2)z> e M=

- - 52 53
+53/2 <At —+ BtZ — Ct% + szﬁ) esz.

Adding and we obtain
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Le(Pf) = — eyl (a,1) — eV 2e MW 2 (M t) — VEW? (M7, t)ze ™™
2
g <At + BtZ — 0522> efMZ

+ e1/? (EM +C(1—Mz)—D*(1— Agz)z) e Mz

2 3
+53/2< Af+BtZ*Cf e? )GMZ.

Rearranging the terms we arrive at .

26

O

LEMMA 4.9 Let P° be the function defined by . Assume (40). Then there is a constant ¢ independent

of € such that
HLEPEHLl(O,s;L2(O,1)) < 653/2, Vs € (0,T].

(65)

PROOF. Let s € (0, T] be arbitrary. We estimate the L' (0, s; L2(0, 1))-norm of each term of the right-hand

side of . We use notably several times that
. Hz(x)"eiMz(m)HLz(o’l) = O(ye) for all n € N, with z(z) = (1 — x)/e.

_a- Mt)2

= O0(e™*tV/2) for all n € N.
L1(0,s)

1= areyre

a) We have || — 52yix||L2(0’s;Lz(0,1)) < ce2, then the Cauchy-Schwarz inequality gives
I =& yrollro,s22(0,0)) < e
b) We have by a direct calculation
| = ey (1, )| 110,022 (0.1)) = €lly* (LDl 0,0 lle™ ™7 20,1y < e/,

c) The estimation of ||[W}(M7,t) — 8, (y* ((Mt)%,t)|11(0,5) can be achieved as follows. Explicitly

th(w,t):e+2 erf<2\[> e+;€_7 By (Mt):, 1) = e*,

then

), Mt <1,

(5
(Mf) M=t

—Mt)2
W (M7, t) = 3i(y" (MO, 6) |11 0,0) < le7 — e [lle™ 70 | La0.0) < clet — e[/,
We conclude that,

(e” —eT)erfc
th(MT7 t) — 6t(y1((Mt)i7t) =

then

<clet —e e
L'(0,s;L%(0,1))

E(th(MT, t) — O, (y' (Mt)*, t))> e M=

d) A direct calculation gives
|| — Eygt(L t)ze_MZHLl(Oﬁs._’Lz(oyl)) < 083/2.
Let us then estimate HWJf(MT, )L (0,5)- Explicitly, W, /Q(w,t) = 4\/;ﬁ(d_ — dMwe

—dr (1—M1)2

4\[\/7t3/2(17Mt)67 et

WY (Mr,t) =

(68)

(69)
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hence ||W711}{2(M7', t)llL1(0,s) < €ld™ —d~|y/e. It then follows
e| WP (M7, 8)ze™™| 10,0220y < cldT — d™ |2, (71)

e) For the estimation of [[W?,,,+(M7,t)|[11(0,s) we write W2, (M7,t) = W3, (M7,t)+ U2, (M7, t).
The estimation of the first term is direct. We have

0 = oy w2
‘/wat(wﬂt) - Ww(ﬁt — W )e it
then
WO (Mt g M)(—6et — (1 — M)
A7 /0 /— a9 - - - —_ 4et
wwt( T, ) 16t7/2ﬁ53/2( )( 13 ( ) )3

from which we deduce that [|[W2,,(M7,t)|11(0,s) < ¢lc™ — ¢ |, hence

2
wt(MT t) 2 M=

<clet — Y2 (72)
L1(0,s;L2(0,1))

w

The estimation of the second requires more care. A straightforward calculation gives

ct—c u 1 y
e €
8 €2,/mt7/2

1 Mt )2
% (_8M4\/;t7/2 erfc( 2\2\[) 1 el/2e— (=112 M? + 15t° M> 4 5t M — 10e M 1> 4 6¢t — 1)) )
g

We now use the asymptotic behavior of the erf function to write that

0
Ua wwt

(M,t) =

1+ Mt )2 2
werfc (+> = e~ ( VeV 0(63/2)) ,
NING 1+ Mt
then
1+ Mt
(—8M4\/Et7/2 erfc( + ) +Vee~ ( 112 M? + 153 M? + 5tM — 10e Mt? + 6t — 1))
2Vt/E
(14 M) 16M4¢4 9
=e —~ — 11 M? + 1563 M3 + 5tM — 1 | + O(*/?
e” 1 (\/E( T + + + O(e”?)
_(+Mp? (1- Mt)4 3/2
= Ite — ~ 10 .
e (ﬁ(l—kMt)—’—(g)
. M (4M)? _(a-My? .
Since e e”" dte  =e~ " ae , we may write
¢t —c 1 a-m)? (1— M)t
U. M, t T dte o) 3/2
ewwt( 7, ) 8 E2ﬁt7/2€ (\E (1 +Mt) + (E ) ’
leading to [|U2 (M7, 1)||1(0,5) < ¢let — 7], then to
52
UL (M, t) e M> < et — |32 (73)
2 L1(0,5;L2(0,1))
Adding and we obtain
2
W e (M7, 1) e M= < et — |2, (74)
2 L1(0,5;L2(0,1))
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f) Let us now estimate ||At|| L1(0,s)- Straightforward calculations give

(h+ —h~ )(j\f O (92 —M(l—Mt)))

- 25%/20# —h7) (25(2Mt -1 +M(1- Mt)2> erfc(%)

_J;_<\/£1\/%e—(14f)2+\]\/éerfc<l2\_[;\/f/§>), 1— Mt >0,
Ay(Mr,t) =

(h* — b~ )(S\\; Lo (25—M(1—Mt))>

+ 25%/20# —h7) (25(1 —2Mt) + M(1 - Mt)2> erfc( \’;;)

_J;_<\/£1\/%e—%f?’2 _\J‘éerfc@%)), 1— Mt <0,

leading to || Ay (M, 10,5y < (bt —h~[+|f~[), then to
€372 Ay (M, £)e ™3| 11 (0,5:22(0,1)) < e([hT = h™ | + |7 |)e?

g) To estimate HétHLl(o,s) we use the equality

2

M (ort(5) ) o) B o)

2 (o) +)eer - -1 e,

~ M 1 a-mt)?
Bi(Mr, 1) < [ —— S = P}
‘ t( T, )|— (2\/5—'_2\/%\/%)6 |6 € ‘

then to || B, (M, t)llz10,5) < ¢, and then to

By(w,t) =

leading to

”53/2§t(M7'7 t)ZeiMZHLl(O,s;L%OJ)) <clet —e7 |
h) To estimate ||6t||L1(O,s) we write

Cy(Mr,t) = \[Wuﬁ{fw(MT, )+ W2 (M7, )
+ _ M2
- ‘fﬂ;i ((1 — Mt)(1+ Mt) + 25t)e e

T E

then ||C,(M7,1)|| 10,0 < ¢|d™ — d~|, hence

1€3/2C, (M7, )22~ 2| L1 (0,5:12(0.1)) < €ldT — d™|e2.

i) It remains to estimate ||l~)t||L1(0’S). We have

Du(ar ) = Mo
\/> E, Wwww

ct —

c
164/mt9/2¢2

(Mr,t) — W2

g, wwwt

(MT,t)

<65t [(1 — Mt)* + (1 - Mt) - 2155] - (1- Mt)3> e” e

(1—Mt)2

i

28

(75)
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then || Dy(Mr, )l L1(0,s) < ¢let — 7|, hence
€3/2Dy (M, )23~ || 11 0,5:12(0,1y) < clet — ¢ [e% (78)

Collecting estimates f we deduce from the estimate . The proof of Lemmais complete.
O

4.2 End of the proof of Theorem

We are now in position to finish the proof of Theorem It remains to choose the function f. € C?([0,1]),
satisfying f:(0) = 1 and f.(1) = 0 so as to minimize the terms in the right side of , asymptotically
with respect to e. Since the terms ||z (0, )|/ L1 (0,4 +|2°(0,0)| and [|2%(0,-)||1(0,¢) are respectively of order
¢ and €2, according to Lemmas and we consider the function

fl@)=(1—2)e "<, zeo,1],
so that || f-||r2(0,1) < ce/? and || — ef? + M fL||12(0,1) < ce~1/2. Tt follows that
1Fellz2 0,0y (1125(0 )l p 0,0 +12°(0,0)]) < /2,

| = ef2 + M fl| 20,1125 (0, )l 0,0y < /2.
Coming back to Lemma using the two previous estimates and Lemma it follows that

125, 200) + VEIZE L2 0.0y x 0.0y < €¥/2, ¥t € [0, 7.

Now, since
2°(z,t) = Z%(x,t) + fo(x)2°(0, ),

we deduce that
12 ()l 220y < 1125 Co0)llz2q0,) + 1250, )] fell o o,0) < e +¢l2°(0,8)[e®, vt € [0, T). (79)

Then, writing
t
25(0,t) = 2°(0,0) —l—/ 2 (0, s) ds,
0

and using Lemmas [£.5] and [£:6] it holds that

125(0,8)] < [25(0,0)] + 1150, )| a0y < € <1 + i) e ¥ e, VE>0.
This estimate allows to deduce from that

125, )l L2(0,1) < c£? 4 ce? ((1 + i) e —1—5) <ce?, Ve [0,T).
Then, since P¢(z,t) — y=(x,t) = 2°(z,t) — 6 (x,t), using Lemma we derive the estimate

1P (1) = 55 )l 2oy < ce¥/2 4 ee™ % 4 cel/2em it

2
< e 4 eelPem2mt e [0,T).

This ends the proof of Theorem )
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4.3 Remarks

The following remarks are in order.

Remark 4 We have constructed the approzrimation P¢ in two steps: first, we have used the matching
asymptotic method to derive a composite approzimation P, as a non trivial linear combination of the
functions y*, W*, and Y*, k = 0,---,3. Then, in order to get a better estimate and eliminate an
artificial boundary layer propagating along the characteristic, we have defined P by replacing the function
WO by the function WO = WO 4+ U2. This latter depends explicitly on ¢ and is associated to the integral
representation of the ezact solution of the advection-diffusion equation defined over RT x R*. We may
also proceed directly with the function W§ through the method of matched asymptotic expansions. The
methodology is the same but since W2 depends explicitly on €, we need to expand W2 when we determine
the matching conditions for the inner layer (see sectz'on and the boundary one (see section . The
introduction of W2 does not modify the matching conditions (@ for the inner layer since W9 and W2
and their derivatives share the same asymptotic behavior as w — +oo; we check that

gl/? w (w? — 2t) w?
U (w,t) = 1—¢l/? e 80
= (w,1) M\/tw( o TTmEaE ) (80)

so that U%(w,t) — 0 as w — Fo0, for allt > 0. On the other hand, this modifies the matching conditions
since WO and W2 does not share necessarily the same limit as z — oo:

U(w,t) = UX(MT —ez,t) =UJ(MrT,t) — e2U2 (M7, t) + - --

1 (Mr)?
172 —Mn)”
= e +0(e),
Ve ()

where we have used with w = M. This implies additional terms in the definition of the functions
Ci(z,7,t), defined in (used _to construct P°) and therefore some changes in the definition of the
function C{(z,7,t) defined in (used to construct P¢). For instance, since U? has no contribution
to the power €°, C§(z,7,t) = y°(1,t) + WO (Mr,t) — y°((Mt)*,t) becomes simply C§(z, 7,t) = y°(1,t) +
WO(Mr,t) — y°(Mt)*,t), that is Co(z,7,t). On the other hand, Ci /o defined in as follows

Cf/z(z,r, t) = W1/2(M7'7 t) — Mr(y°). (M), 1) — ngw(MT, t),

has to be replaced by

1 (M2
e w — zWOo(Mr,t).
AT w(MT,1)

Both approaches lead to the same estimate and require a similar quantity of calculus.

Cf oz, t) = WHA(M7,t) — Mr(y°) (M1)*, 1) +

Remark 5 Concerning the error estimate obtained when we use WO leading to the approzimation P¢

defined in (@, we compute that

'WO (—Mt t) —yo((Mt)_,t)’ = W@rfc(f\}?) < |y0(0)2_v(0)‘e—%§"7 vt >0,

leading to the estimate HWO(—M;J) — (M), )|l o) = Ole), while WEO(—%,IS) —yO((Mt)~,t)
vanishes for all t > 0. Similarly, we explicitly compute that

o, <W°<Afit) yo((Mt)’t)> _ |yo(0);v(0)| f<1\24\\[f) . Iyo(O)Q—v(O)|’

ase — 0, Vs > 0. It results that the analogous of z° (defined in with W2 ) associated to WO satisfies
1250, )| 10,6 = O(e¥?) and ||z£(0, ) || 11 0,0y = O(1). Gronwall estimate of Lemma then leads to

L1(0,s)

1P* = 4|l Lo 0,122 (0.1)) = O'?),
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to be compared to the rate O(e%/?) obtained when W2 is used. Remark however that if yo(0) = v(0)
(absence of shock layer), then WO = W9 = 0 and the estimate is of order O(3/2).

Coming back to the error estimate on P* based on WY, we see that the rate is driven by the L*-norm
of the time derivative at x = 0, i.e. |27 (0,-)||11(0,¢) of order e, see Lemma . Precisely, in the expansion
of z;(0,-), the main term comes from the function

see (@) In order to improve the estimate, we may modify the function W'/? and replace it by the
Sfunction W¢ 1/2 _ =Wz 4 Ul/2 with

U2, = (@4 & Wi e e (1 2,

= gerfc
Vi e
and ier fe(w) := [~ erfe(s)ds = 2= —w* _werfe(w), for allw € R. In particular, we check that W
satisfies
W/ _%J —d _MEy 0, Vte(0,T],
Ve Ve

to be compared with . Actually, the function WQ/Q(x,t) = W51/2(””?/1¥“,t) solves the equation (we
refer notably to [22])

1/2

W2+ MW —eWl2 =0, (2,t) e RY xRY,

E, LT

< ) t e RT,
W1/2x0 < ) x e RT.
1/2

(2,1) == W2 (w,t) — y* (Mt)E, tyw (w = (x — Mt)/E)

defined in @ allows to improve the approrimation Pa

W2/2(0,t)

As a consequence, the use of the function pe
instead of p'/?

Remark 6 Gronwall estimate (@) implies that \/€|| Zg||12(q,) = O(£3/?). Writing that

VeI = y)allL2(on < Vel ZillLaon + VEOsllzai,) + VEIFE25(0,)llz2(qu),
that || f£ r201) = O(e7'?) and [|25(0, )| 120,y = O(*/?) leading to ||f52°(0,-)||2(q,) = O(e), we
deduce that there exists a constant ¢ > 0 such that
(P =y )allL2(@r) < ce+ 11051 L2(Qr)-

where 0 is the initial layer corrector defined in (@, decomposed as 0° = 651 + 052 see . In view of
the structure of 6='(-,0), we easily show that |05 L2y < ce™12e==""" | for all v € (0,1/2]. On the
other hand, an energy estimate for 852, leads, in view of , to
165 @Qr) = 571/2”96’2(30)”L2(1—25771)
— —Mz 1 —Mz
<e 1/2(|y0(1)|||€ M2 2oy + g (D]l 2 mmmn)

< e(yo(1)] + & (L))

In particular, if the initial condition and its first derivative vanish at x = 1, then we have the following
L?(H"Y)-estimate:

THEOREM 4.2 Let y° be the solution of (4)) and P* the function defined by (39 . Assume and that
yo(1) = yél)( 1) = 0. Then there exists a constant ¢ > 0 independent of e, such that,

(P =y )allL2(qr) < ce.
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In the general case for which yo(1) # 0 and yél)(l) # 0, we may achieve the same rate by making an
asymptotic analysis of the corner layer of the solution y¢ at the point (x,t) = (1,0): as mentioned earlier,
this requires to introduce the auxiliary scale variable 71 = t/+/c.

Remark 7 The case M < 0 (leading to surprising results for the corresponding null controllability prob-
lem, see [T, [15]) exhibits a boundary layer at x = 0 and an internal layer along the second characteristic
{(z,t) € Qr,xz+ Mt —1=0}. This case can be treated in a similar way. Actually, using the change of
variable T = 1 — z, we see that §°(T,t) = y*(x,t) solves the advection-diffusion equation

yffsy%+(7M)y%:03 (‘Tﬂt) EQT7
7°(0,t) =0, y(1,t) =v(t), te€(0,T),
7% (2,0) = yo(1 — x), x € (0,1).

Since now —M > 0, it suffices to adapt the analysis of the previous sections by interchanging the Dirichlet
conditions. Ezpressions of the functions y*(z,t) are simpler since they vanishes above the first charac-
teristic. On the other hand, the functions Y*(z,,t) do not vanish anymore at z = 0.

5 Application: Estimate of ||y°(-,1/M)| 2(,1) for v =0

The asymptotic analysis developed in the previous sections provides some information of the solution y¢
of (1) associated to v =0, at t = 1/M. For t > 1/M, we recall the following decay property (see [2])
obtained using energy estimates.

LEMMA 5.1 Let o € [0,1). The solution y° associated to v = 0 satisfies

1

Ma?
e(. ¢ < ||l (-.0 TI(-a . V> ——
Hy (7 )||L2(o,1) > ||y (’ )HL2(0,1)6 s =z M(l — a)

The L?(0, 1)-norm of the solution at any time strictly greater than 1/M is therefore exponentially small
with respect to . This is the effect of the transport term. At ¢t = 1/M, the behavior of the L?(0, 1)-norm

1/4

is polynomial with respect to £'/*, with a rate which depends on the derivatives of the initial condition

yo at z = 0. We have the following estimate.

PRrROPOSITION 5.1 Assume v =0. For e > 0 small enough, the solution y¢ of satisfies

s

for some constant ¢ > 0, independent of €.

< C(|yo<o>e”4 + sV (0)[¥ + |yff><o>|f5/4) +0(e¥?) (81)
L2(0,1)

PROOF. Using Theorem we write that

Iy (- 1/AD 220 < 1P (/M) g2 + 167 = P /M) 220y
<P /M) z20,1) + O(3/?).

We then estimate the norm of P at t = 1/M. Remark that the variable 7 = 1/1\\/45_t vanishes for t = 1/M.
From 7 we compute that

3
~ 1
pe (x, ) = E <€%Pf/2 (m, > = mo(z) + e*/?my () + ema () + £/ >ms(z),
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where for k = 0,---,3, the function my, is factor of y( )( 0) and is defined as follows (recall that z =

(1—2a)/e):
r—1 1 1 1
mo(l‘) = Wf?( \/g 7M> - |:Wap (07 M) + 61/22W£w (07 M)
1 z 1
0 — e3/2 0 L —Mz
WEU}’LU<O7 M) 6W8www<0 M)}e I’
12fr—1 1 1/2 1 1/2_1i71/2 1 1/2 oMz
my(z) =W \[ i —|\W O,M +e/2W,, OM —|—6—qu, OM ,
-1 1 1 1
mg(l‘) = VV1 <$\/g, M) - |:VV1 (O, M) + El/QZWul} (0, M>:| e_MZ,
-1 1 1
male) = WA (2 ) w0, Je e

e We first estimate |[mo|2(0,1). We have

Ws(’(x\qub) _ yoéo) (1+erf(\/M2(\xfg_l)> _eMEwerfCC/\/gx;l))

then, using the asymptotic behavior of the error function, we find that

W€0<x— 1 1) _ %(0) <1+erf<\/m_1)) _e”?erfc(mx+1)),

Ve M 2 2V N
” <o,;4) mo, eﬂzwc(@) : yog» co

W0 (o 1\14> _ yoém < ‘7‘\4;/2 4 Jg\j/f jizeﬂferfc(‘/g» _ —yO(O)ﬁF\; +0().

Recalling that z(z) = (1 — z)/e and that ||z(z)"e" M=) 1201y = O(/€) for all n € N, we deduce that
the L?(0, 1)-norm of

1 1
ws(z) = — [WEO (O, M) + 51/22W2w < M) + E*WEOww (O M) + 63/22'6 W2 (0, M)} e M=

is [|wsl|r2(0,1) = |y0(0)|O(e}/?). We then write that

mo () _%w(© {1 + erf(%) —e"Ferfe (ng ;— 1)] + w3 (z).

=w () =wa (x)

Using @ with y = VM (1 —z)/(24/¢) > 0, we obtain

1  M@a-2)? _ M(O-—a)?

—e 7 <wi(z)<e T = , Vrel0,1],

leading to w1 ||z2(0,1) = O(e/*). Moreover, using the asymptotic behavior of the error function erf, we

have )
_a2
w2($):—e*%(14) ( Ve —_—
vVMrz+1

+ 0(53/2)>, Yz € [0,1].
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We then deduce that [|wa]|r2(0,1) = O(e%/#). We also check that fol w (z)we(z)dr = O(e), fol wa(r)ws(z)dx
O(e%/?) and fol wy (z)ws(z)dr = O(e). This allows to conclude that

lmollz2(0,1) = 0 (0)|O(1/4).

e We now estimate e'/2|m||z2(,1). We have

(1)
V[/1/2<x1 1) :%(O)[wl(x)(xl) N 9 61”(1(1;72}

Ve 'M 2 NG vVMm
w20 1Y) yt()l)(o) wi2(o 1Y\ y(()l)(o) w2 (o 1Yy vMyél)(O)
M VM’ v "M 2 7 WA\ M Nis 2

Using the estimate above for w;, we check that ||W1/2(I\;El, 1\14) L2001y = O(e¥/*). Tts follows that

Ima |2 0.1y = [y5"(0)|O(e1/4) and
V2|l || 20,1y = lys" (0)|O(3/4).

e We now estimate ¢[[mal|12(0,1). We have

W (2 i) = (S5 e+ )

Ve 'M 2 2 M VMny/z
o LY w0 ® (o L) _wlo
M 2M Y\ M VMr

Using the estimate above for w;, we check that ||W1(x\;gl,ﬁ)||Lz(0,1) = O(e'/*). Tts follows that
Ima | z20.0) = lug” (0)| O('/*) and

ellmallzao.n) = 195 (0)|O(E).

Similarly, we compute 53/2||m3||L2(0’1) = |y(()3)(0)|(’)(57/4). For € > 0 small enough, this term is ab-
sorbed by |(y* — P?)(-,1/M)||£2(0,1)- Then, writing that ||P*(-,1/M)||L2¢0,1) = || Zi:o 5k/2mk||Lz(071) <
Zi:o ||€k/2mk||Lz(071), we obtain the result. O

Under additional regularity assumptions, estimate (81)) suggests that the norm |y°(-, 1/M)|[12(0,1)
decays exponentially with respect to e if the derivative y;’’(0) vanishes for all j € N.
As an illustration, we consider the simple case v = 0 and yg = 1 for which

ﬁs(x, t) = W2(w,t) — (WS(MT, t) + 61/22W£w(M7', t)+

wo (M, t))eMZ,

3
€ £, www

2
€%WO (MT,t) + 322

&, ww

w:x—Mt MT:l_Mt Zzl—m

Ve o Ve o e
Figure [2[ depicts the function P¢(z,t) over z € (0,1) for t = 1/(2M) and ¢ = 1/M. We take M = 1
and e € {1072,1073}. As e goes to zero, the function P¢(x,1/(2M)) displays a transition from 0 to 1
at the point z = 1/2 and a faster transition from 1 to 0 at the point x = 17. For t = 1/M, these two
transitions, from 0 to 1 and from 1 to 0, occur simultaneously in the neighborhood of x = 1. Figure
depicts the approximation 13‘57 for e = 1072, M = 1, in the domain (0,1) x (0,1.2/M), and clearly shows
the simultaneous occurence of both an internal and boundary layers.
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Figure 2: P=(z,t) w.r.t. o € (0,1) for t = 1/2/M (left) and ¢t = 1/M (right); M =1, e € {102,1073}.

Figure 3: P=(z,t) in (0,1) x (0,1.2/M); M =1, =102, v =0, yo = 1.
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6 Concluding remarks and perspectives

We have shown that the method of matched asymptotic expansions with appropriate scaling allows to
approximate solutions of a singular boundary-value problem involving interacting internal and boundary
layers of distinct sizes. The approximation is a linear combination of three expansions, describing the
three behaviors of the solution y°, as € goes to zero. These expansions are locally matched and lead
to a C'(Qr)-approximation. Using standard energy estimates, and assuming regularity on the data,
precisely, v € C4([0,7]) and yo € C*([0,1]), this approximation, denoted by P, notably fulfills the
property [|y® — P¢||(0,;12(0,1)) < ce/?
large rate. This requires however a large amount of calculus.

Similarly, the method can be extended to the case @ C R? and the case of non constant coefficient
(we refer to [16], 21] where the equation yi — eyS, + M (t)yS = 0, for € RT is analyzed). It would also

. With more regularity, we can actually achieve an arbitrarily

be interesting to consider the case of nonlinear equations like Burger’s equation y; — ey, + y°yS = 0
introduced to model turbulence. The asymptotic analysis of this equation posed for € R is mentioned
in [I3] Section 4.3.1] (we also refer to [I4]).

Eventually, we mention that our analysis assumes that the initial condition is independent of the
parameter €. In particular, our analysis does not apply for the initial condition y§(x) = K, e sin(mx),
with K. = O(¢7%/?) so that l61lz2(0,1) = 1 exhibited in [I5]. As e goes to 0, this initial condition
gets concentrated at £ = 0 and is suspected to maximize the corresponding cost of null control for ,
discussed in [7]. However, by introducing the new function z¢(z,t) := Kgle% y©(z, 1), we check that 2°
solves (taking v = 0) the boundary-value problem

M2
2y —ezb, +2Mz5 — 4—628 =0, (z,t)€Qr,
25(0,t) =0, 2z°(1,t) =0, te(0,7),

z%(x,0) = sin(mx), x € (0,1),

on which we may apply our asymptotic analysis to get an approximation of 2z and then obtain notably
the order of magnitude of the norm [|y®(-, 1/M)||12(0,1)-
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