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Abstract

This work is devoted to the study of the Lovasz-Schrijver PSD-operator
LS, applied to the edge relaxation ESTAB(G) of the stable set poly-
tope STAB(G) of a graph G. In order to characterize the graphs G for
which STAB(G) is achieved in one iteration of the LS -operator, called
LSy -perfect graphs, an according conjecture has been recently formu-
lated (LS4-Perfect Graph Conjecture). Here we study two graph classes
defined by clique cutsets (pseudothreshold graphs and graphs without cer-
tain Truemper configurations). We completely describe the facets of the
stable set polytope for such graphs, which enables us to show that one
class is a subclass of LSy-perfect graphs, and to verify the LS.y -Perfect
Graph Conjecture for the other class.

1 Introduction

In this work, we study the stable set polytope, some of its linear and semi-
definite relaxations, and graph classes for which certain relaxations are tight.

The stable set polytope STAB(G) of a graph G = (V, E) is defined as the
convex hull of the incidence vectors of all stable sets of G (in a stable set all
nodes are mutually nonadjacent). Two canonical relaxations of STAB(G) are
the edge constraint stable set polytope

ESTAB(G) = {x € [0,1]YV : 2; +z; < 1,ij € E},
and the clique constraint stable set polytope

QSTAB(G) = {x € [0,1]V : 2(Q) =Yz < 1, Q CV clique}
i€Q
(in a clique all nodes are mutually adjacent, hence a clique and a stable set share

at most one node). We have STAB(G) C QSTAB(G) C ESTAB(G) for any
graph, where STAB(G) equals ESTAB(G) for bipartite graphs, and QSTAB(G)



for perfect graphs only [7]. Perfect graphs are precisely the graphs without
chordless cycles Ca41 with k > 2, termed odd holes, or their complements, the
odd antiholes Caj1 [5).

There are several ways to tighten relaxations with the goal to become closer
to the integral polytope, here the stable set polytope.

The Chvatal-Gomory procedure is such a method that adds inequalities to
linear relaxations, generated on the basis of the constraint system of the studied
relaxation, see [6]. If an inequality a’x < b is valid for a rational polyhedron
P C R" and a € Z", then alx < [b] is valid for the integer polyhedron
Pr := conv(P NZ") and called a Chvatal-Gomory cut. The Chvatal closure
of a relaxation is the system of all inequalities that can be generated that way.
For instance, Chvétal showed in [6] that from the edge constraints defining
ESTAB(G), only one type of inequalities (associated with odd cycles in G) can
be generated and called the graphs G whose stable set polytope is described
that way t-perfect.

Lovész and Schrijver introduced in [16] the PSD-operator LS, (called N
in [16]) which has the potential to tighten relaxations in a much stronger way.
We denote by eg,e1,...,e, the vectors of the canonical basis of R"*! (where
the first coordinate is indexed zero) and by S the convex cone of symmetric
and positive semi-definite (n x n)-matrices with real entries. Given a convex set

K in [0,1]™, let

cone(K) = {( f? > € R"M : x = zgy; yEK}.
Then, we define the polyhedral set

My(K)={Yy eS!™: Yey=diag(Y),Ye; € cone(K),
Y(ep —e;) € cone(K), i=1,...,n},

where diag(Y) denotes the vector whose i-th entry is Yy;, for every i = 0,...,n.
Projecting this lifting back to the space R™ results in

LS, (K) = {x e 0,1]™: ( )1{ ) =Yey, for some Y € M+(K)} .
In [16], Lovész and Schrijver proved that LSy (K) is a relaxation of the convex
hull of integer solutions in K and that LST(K) = conv(K N {0,1}"), where
LSY(K) = K and LS¥(K) = LS4 (LS ! (K)) for every k > 1.

This operator, applied to ESTAB(G), generates a positive semi-definite re-
laxation LS, (G) of STAB(G). Lovész and Schrijver [16] showed that the fol-
lowing class of inequalities is valid for LS (G): joined antiweb constraints

> oA +aQ) <1 1)
i<k v

associated with the complete join of some antiwebs Aq,..., Ax and a clique Q.
An antiweb AE is a graph with n nodes 0,...,n — 1 and edges ij if and only if



k <li—j| < (n—k) mod n. Note that antiwebs include cliques K} = A, odd
holes Coy1 = A%, ., and odd antiholes Copq1 = A3, ;.
We denote by ASTAB*(G) the linear relaxation of STAB(G) given by all

joined antiweb constraints and conclude
STAB(G) C LS+ (G) C ASTAB*(G) (2)

as joined antiweb constraints are valid for LS, (G) by [16].

Graphs G with STAB(G) = LS, (G) are called LS, -perfect, and all other
graphs LS, -imperfect. A conjecture has been proposed in [1], which can be
equivalently reformulated as follows, as noted in [13]:

Conjecture 1 (LS -Perfect Graph Conjecture) G is LS, -perfect if and
only if LS+ (G) = ASTAB*(G).

Note that graphs G with STAB(G) = ASTAB*(G) are called joined a-perfect
by [10]. By (2), we have that all joined a-perfect graphs are LS, -perfect.

Subclasses of joined a-perfect graphs can be obtained by restricting joined
antiweb constraints to special cases. Well-studied subclasses include, besides
perfect graphs, t-perfect, h-perfect, and a-perfect graphs, whose stable set poly-
topes are given by nonnegativity constraints and joined antiweb constraints
associated with edges, triangles and odd holes (resp. cliques and odd holes,
resp. antiholes). Note that antiwebs are a-perfect by [19]. Besides these poly-
hedrally defined subclasses, the only known examples of joined a-perfect graphs
are near-bipartite graphs (where the non-neighbors of every node induce a bi-
partite graph) due to Shepherd [17].

Moreover, we can easily see from the above remarks that the conjecture in
fact states that LS, -perfect graphs coincide with joined a-perfect graphs.

Conjecture 1 has already been verified for several graph classes: fs-perfect
graphs [1] (where the only facet-defining subgraphs are cliques and the graph

itself), webs [12] (the complements W} = Zi of antiwebs), line graphs [13]
(obtained by turning adjacent edges of a root graph into adjacent nodes of the
line graph), and claw-free graphs [2]; the latter result includes graphs G with
stability number «(G) at most 2.

Our aim is to verify Conjecture 1 for further graph classes and to identify
further subclasses of joined a-perfect and LS, -perfect graphs.

For that, we study graph classes where clique cutsets play a role in a decom-
position theorem. A clique cutset of a graph G is a (possibly empty) clique @
such that removing @ disconnects G. Many graph classes can be characterized
as those graphs that either have a clique cutset or belong to some basic families.
A famous example is the class of chordal graphs (that are graphs that contain
no holes O with k& > 4):

Theorem 2 ([11]) A graph is chordal if and only if it is a clique or has a clique
cutset.



Here we study two graph classes defined in a similar spirit by clique cutsets
@ whose blocks of the decomposition (i.e. the subgraphs G[V; U Q] induced by
the clique @ and any component V; of G — @) belong to some basic families.
We describe the facet-defining system of the stable set polytopes for each of
those basic families and then apply the result of Chvatal [7] that the facets of
STAB(G) belong to the union of the facets of the stable set polytopes of the
blocks of the decomposition.

A generalization of threshold graphs. Given a 0/1-matrix A, Chvéatal
and Hammer asked in [8] whether there is a single linear inequality a’x < b
whose 0/1-solutions x are precisely the 0/1-solutions of the system Ax < 1
with 1 = (1,...,1)T. They showed that this is the case if and only if A is a
threshold matrix. Furthermore, they studied the intersection graph G(A) of A
whose nodes stand for the columns of A where two nodes are adjacent if and
only if the corresponding columns of A have a positive scalar product. Then the
0/1-solutions x of the system Ax < 1 are precisely the characteristic vectors of
stable sets in G(A). Chvétal and Hammer called a graph threshold if and only
if it is the intersection graph G(A) of a threshold matrix A.

As a generalization of threshold graphs, Chvétal and Hammer [8] call a graph
G = (V, E) pseudothreshold if there are real numbers b and a, for all v € V
such that for every subset V' C V,

Yovev @ < b = V'isstable
Yoweyr @ > b = V’is not stable

(3)
and characterized pseudothreshold graphs as follows:

Theorem 3 ([8]) A graph G = (V, E) is pseudothreshold if and only if there
is a partition V = SUQ U U such that

e S is stable, and there are no edges between S and U,
e () is a clique, and there are all edges between @ and U,
e U does not contain a stable set of size 3.

That way, pseudothreshold graphs G = (SUQ U U, E) contain several sub-
classes, which include

e graphs with stability number a(G) = 2 (i.e., with S = 0),

e graphs without induced Cy, Cy (which are by Blazsik et al. [3] precisely
the pseudothreshold graphs with U = () or U = C3)),

e split graphs (i.e., with U = () by [14]), and

e threshold graphs (without induced Py, Cy,Cy by [8]).

Hence, pseudothreshold graphs contain two subclasses of chordal graphs: thresh-
old graphs and split graphs [14].



Moreover, Chvétal and Hammer noted that (3) can be satisfied for any
pseudothreshold graph G = (SUQUU, E) with b = 2 and

0 if ves
a, = 1 if veU
2 if veq@

Indeed, a(V’) < 2 if V' is a subset S’ of S, or equals S" U {u} for some u € U,
but we have a(V') > 2 if V' contains 3 nodes from U, or one node from U and
@ each, or two nodes from Q). However, for other subsets V', e.g. {u,u'} CU or
S’ U {q} for some g € @, it is not decidable via (3) whether or not V' is stable.

We provide the system of linear inequalities that exactly encodes all char-
acteristic vectors of stable sets of a pseudothreshold graph. That is, we will
present the facet-defining inequalities of the stable set polytope STAB(G) for
G pseudothreshold. As a consequence, we can verify the LS,-Perfect Graph
Conjecture for pseudothreshold graphs.

Moreover, we define a graph G to be strongly pseudothreshold if both G and
its complement G are pseudothreshold, and show that strongly pseudothreshold
graphs are joined a-perfect (see Section 2).

Generalizations of chordal graphs. A graph G is universally signable if
for every prescription of parities to its holes, there exists an assignment of 0/1-
weights to its edges such that for each hole, the weights of its edges sum up to
the prescribed parity, and for each triangle, the sum of the weights of its edges
is odd. Truemper [18] studied universally signable graphs and identified the
following forbidden configurations for such graphs:

e thetas (subdivisions of the complete bipartite graph K5 3),

e pyramids (subdivisions of the complete graph K, such that one triangle
remains unsubdivided),

e prisms (subdivisions of C's where the two triangles remain unsubdivided),

e wheels (consisting of a hole C' and an additional node v having at least 3
neighbors on C').

/%\ /?\ |;|
o oo 2% 1l @@@

(a) (b) (c) (d) (e) ®

Figure 1: Truemper configurations: (a) thetas, (b) pyramids, (c) prisms, (d)-(f)
wheels (in the drawings, a full line represents an edge, a dashed line a path).

Conforti et al. [9] called them Truemper configurations (see Fig. 1) and
characterized universally signable graphs as follows:



Theorem 4 ([9]) A graph is universally signable if and only if it has no Truem-
per configuration. A universally signable graph is either a clique, a hole, or has
a clique cutset.

Thus, universally signable graphs form a superclass of chordal graphs. Bon-
compagni et al. [4] defined further superclasses of universally signable graphs
by allowing some wheels as induced subgraphs.

A wheel is called universal if the additional node v is adjacent to all nodes
of C, a twin wheel if v is adjacent to precisely 3 consecutive nodes of C, and
proper otherwise (see Fig. 1(d)-(f) for examples). Note that universal wheels
are often just called wheels in the literature and are, in fact, the complete join
of a single node and a hole.

Gy denotes the class of all graphs not having thetas, pyramids, prisms,
proper wheels and twin wheels. Hence, the only Truemper configurations that
can occur in graphs in Gy are universal wheels.

Boncompagni et al. provided a decomposition result for Gy in terms of clique
cutsets and identified two basic families:

e graphs G such that every anticomponent! of G is isomorphic to K; or Ko;
we call such graphs light cliques as they can be obtained from a clique by
removing a (possibly empty) matching (and note that they are perfect);

e graphs GG such that one anticomponent of G is a hole C with k > 5 and
all other anticomponents of G (if any) are isomorphic to K7; we call such
graphs fat universal wheels as they can be obtained as complete join of
the hole Cj and a (possibly empty) clique.

Using these terms, the decomposition result of Boncompagni et al. reads as
follows:

Theorem 5 ([4]) Every graph in Gy is either a light clique, a fat universal
wheel, or has a clique cutset.

Based on this result, we give a complete description of the stable set polytope
for graphs in Gy and conclude that every graph in Gy is joined a-perfect (see
Section 3).

Finally, we discuss the relations of the studied graph classes, revealing that
strongly pseudothreshold graphs form a subclass of Gy and that Gy is a new
subclass of joined a-perfect graphs, being incomparable to all such classes known
so far. We close with some concluding remarks.

2 About pseudothreshold graphs

In order to describe the facet-defining inequalities of the stable set polytope of
pseudothreshold graphs, we rely on the following results from the literature.

1An anticomponent is an inclusion-wise maximal subgraph G’ of G such that G is a
component of G.



Recall that a pseudothreshold graph has a partition of its node set into
SUQUU by Theorem 3.

A pseudothreshold graph G = (SUQ, E), i.e. with U = 0, is a split graph
and thus perfect by [14], so its stable set polytope is given by nonnegativity and
clique constraints only [7].

A pseudothreshold graph G = (UUQ, E), i.e. with S =0, has a(G) < 2 by
Theorem 3. Cook (see [17]) studied the stable set polytope of graphs G with
a(G) = 2 and showed that only the following type of inequalities is needed to
describe the stable set polytope of such graphs: constraints F(Q') with

22(Q') + 2(N'(Q")) < 2

where
N'(Q)={veV(G):Q C N(v)}

Such constraints F'(Q') are valid for all graphs G with «(G) < 2 and include
clique constraints (if Q' is maximal and, thus, N'(Q’) = 0 holds). Furthermore,
Cook (see [17]) showed that F(Q') is a facet if and only if G[N'(Q’)] has no
bipartite component.

We call the constraints F(Q') clique-neighborhood constraints as N'(Q') =
{v € V(G) : @ C N(v)}, and conclude that the stable set polytope of a
pseudothreshold graph G = (SUQ, E) is described by nonnegativity and clique-
neighborhood constraints only.

If both parts S and U are non-empty, then @ is a clique cutset of a pseu-
dothreshold graph G = (SUQUU, E) due to Theorem 3, since @ is a clique whose
removal disconnects the graph. Hence, we can apply Chvétal’s result from [7]
that the facets of STAB(G) belong to the union of the facets of STAB(G[SUQ)])
and STAB(G[U U Q).

Based on these results, we can prove:

Theorem 6 The stable set polytope of pseudothreshold graphs is given by non-
negativity and clique-neighborhood constraints only.

In order to verify the LS, -Perfect Graph Conjecture for pseudothreshold
graphs, we further determine when a clique-neighborhood constraint defines a
facet of the stable set polytope of a pseudothreshold graph and use a result on
LS, -perfect graphs with a(G) < 2 from [2].

We next describe precisely those clique-neighborhood constraints which de-
fine facets for pseudothreshold graphs. Given a graph G = (V, E), we define a
block B to be an inclusion-wise maximal subset of nodes such that each node in
V — B is adjacent to all nodes in B. Clearly, GG is the complete join of its blocks
(therefore, blocks are sometimes also called anticomponents). If G has stability
number a(G) = 2, then a block is imperfect if and only if it contains an odd
antihole by [5], see Figure 2 for illustration. A clique-neighborhood constraint
F(Q') defines a facet if and only if G[N’(Q’)] has no bipartite component, i.e.,
if each block of G[N’(Q’)] has an odd antihole.

Based on these results, we can prove:



Theorem 7 Let G = (SUQUU,E) be a pseudothreshold graph. A clique-
neighborhood constraint F(Q') defines a facet of STAB(G) if and only if

e F(Q') is a clique constraint z(Q') < 1 where Q' equals N[v] for some node
v €8 oris a mazimal clique in G[U U Q)],

o F(Q) is a constraint 22(Q") + z(N'(Q')) < 2 where N'(Q') consists of
some imperfect blocks of G[U], Q' is a maximal clique in (U —N'(Q"))UQ,

o F(Q') is the rank constraint x(U) < 2 associated with Q" = 0 if Q@ = 0
and every block of G[U] is imperfect.

In [2], it was proved that all facet-defining LS, -perfect graphs G with
a(G) = 2 are odd antiholes or complete joins of one or several odd antihole(s)
and a (possibly empty) clique.

Both results together imply that, in an LS -perfect pseudothreshold graph,
a clique-neighborhood constraint F(Q’) defines a non-clique facet if and only if
N'(Q') equals one or the complete join of some odd antiholes, and we obtain:

Corollary 8 A pseudothreshold graph is joined a-perfect if and only if every
imperfect block of G[U]| equals an odd antihole.

To illustrate this with the help of an example, consider the pseudothreshold
graph G depicted in Figure 2. Within G[U], there are two blocks: Bj induces
a (5, but By is different from an odd antihole, thus G is not joined a-perfect.
However, removing node vy yields a pseudothreshold graph with the property
that every imperfect block of G[U] equals an odd antihole and is, thus, joined
a-perfect.

Figure 2: An example of a pseudothreshold graph: The two nodes v14 and wvi3
constitute the stable set S, the node vys the clique @, and all nodes vy ... vy
belong to U. Within G[U], there are two blocks: nodes vy ... vs constitute one
block B; and induce a C5, nodes vg...wv11 constitute a second block By and
induce another imperfect graph. The presence of all possible edges between B
and B; as well as between the clique @ and B;, Bs is indicated by bold lines.

Corollary 8 further implies:

Corollary 9 The LS, -Perfect Graph Conjecture is true for pseudothreshold
graphs.



It is left to draw some conclusions for subclasses of pseudothreshold graphs.
Recall that a graph G is strongly pseudothreshold if both G and G are pseu-
dothreshold. Due to Theorem 3, it is easy to see that S and ) change their
roles in G such that G is pseudothreshold if and only if also G[U] has stability
number 2. We can characterize strongly pseudothreshold graphs as follows:

Theorem 10 A graph G = (SU QU U, E) is strongly pseudothreshold if and
only if G[U] is empty or equals Cy, Cy, or Cs.

Due to Theorem 7 and Theorem 10, in the stable set polytope of a strongly
pseudothreshold graph G = (SUQ U U, E), the only non-clique facet can be

2¢0(Q) +x(U) <2
if G[U] = C5, which is a joined antiweb constraint. Hence, we conclude:
Corollary 11 Strongly pseudothreshold graphs are joined a-perfect.

Note that this result includes the subclass of (Cy, C4)-free graphs, which
are obviously strongly pseudothreshold by Theorem 10 and the result of Blazsik
et al. [3] showing that (Cy4, Cy4)-free graphs are precisely the pseudothreshold
graphs with U = () or U = Cs.

3 About the graphs in Gy

In order to describe the facet-defining system of inequalities of the stable set
polytope for graphs G in Gy, we rely on the decomposition theorem by Bon-
compagni et al. [4] (see Theorem 5) telling that G either has a clique cutset or
is a light clique or a fat universal wheel.

In the case that G has a clique cutset @), we know from [7] that the facets
of STAB(G) belong to the union of the facets of the stable set polytopes of the
blocks of the decomposition (i.e. to G[V; U Q)] for any component V; of G — Q).

Any graph G in Gy without a clique cutset is either a light clique (and, thus,
perfect), or a fat universal wheel (and, thus, the complete join of a hole C' of
length k& > 5 and a (possibly empty) clique Q).

In the latter case, G is perfect (if C' is even), or an odd hole (if C' is odd and
Q is empty), or else (if C is odd and @ non-empty) defines the facet

_lel=1

2(C) + a(C)2(Q) < a(C) = =5

by the behavior of the stable set polytope under taking complete joins due to
Chvatal [7].
Calling such inequalities fat universal wheel constraints, we conclude:



Theorem 12 The stable set polytope of graphs in Gy is completely described by

e nonnegativity constraints,

e clique constraints,

e odd hole constraints,

e fat universal wheel constraints.

As constraints associated with cliques, odd holes or fat universal wheels are
clearly special cases of joined antiweb constraints, we conclude:

Corollary 13 All graphs in Gy are joined a-perfect.

A further consequence is concerned with universally signable graphs. Recall
that a universally signable graph is either a clique, a hole, or has a clique cutset
(Theorem 4).

Since every clique is in particular a light clique (where the matching is empty)
and every hole is a special fat universal wheel (where the involved clique is
empty), we clearly have that every universally signable graph belongs to Gy .
We further conclude from Theorem 12:

Corollary 14 The stable set polytope of every universally signable graph is
given by nonnegativity, clique and odd hole constraints. Every universally signable
graph is h-perfect.

4 Conclusion and future research

The context of this work was the study of LS, -perfect graphs, i.e., graphs
where a single application of the Lovéasz-Schrijver PSD-operator LS to the edge
relaxation yields the stable set polytope. The LS -Perfect Graph Conjecture
says that such graphs precisely coincide with joined a-perfect graphs.

In this work, we identified subclasses of joined a-perfect graphs: strongly
pseudothreshold graphs, universally signable graphs, and Gy. Whereas it follows
directly from Theorem 4 and Theorem 5 that universally signable graphs form
a subclass of Gy, we further establish:

Theorem 15 Every strongly pseudothreshold graph belongs to Gy .

Indeed, by Theorem 10, every strongly pseudothreshold graph G = (SUQU
U, E) has @ as clique cutset and the blocks of the decomposition are light cliques
(if G[U] is empty or equals Cy, Cy4) or a fat universal wheel (if G[U] equals Cs).
Hence, also graphs without Cy4, C4 form a subclass of Gy by [3]. Note how-
ever that the universal 5-wheel is strongly pseudothreshold but not universally
signable, whereas C7 is universally signable but not strongly pseudothreshold.

Moreover, we note that Gy forms a new subclass of joined a-perfect graphs,

since Gy is incomparable to all previously known such classes:

e (g is t-perfect (and thus also h-perfect and a—perfgct) as well as near-
bipartite, but belongs clearly not to Gy (recall that Cg is a prism);

10



e every strongly pseudothreshold graph G = (SUQUU, E) with G[U] = C5
and S # () is not near-bipartite (as the non-neighbors of any node in S
contain Cf).

Note further that Gy is a proper subclass of joined a-perfect graphs (for instance
C'7 is joined a-perfect but not in Gyy by Theorem 5 by [4]).

In addition, we verified the LS, -Perfect Graph Conjecture for pseudothresh-
old graphs. We shortly discuss the conjecture for a superclass Gy of Gy, defined
in [4] as the class of all graphs not having thetas, pyramids, prisms and proper
wheels.

By definition, we have for any graph G in Gy that G either belongs to Gy or
else has a twin wheel (i.e. a hole C' and an additional node v that is adjacent to
precisely 3 consecutive nodes of C'). From results in [15], it follows that a twin
wheel is LS -imperfect whenever C' is odd: the twin wheel with C' = C5 was
identified as LS, -imperfect graph in [15]. In addition, there it was proven that
further LS, -imperfect graphs can be obtained by applying certain operations
preserving LS -imperfection, including the even subdivision of edges. Clearly,
any twin wheel with C' = Cy,11 is an even subdivision of the twin wheel with
C = C5 so that all twin wheels with odd C' are LS -imperfect.

This shows that a graph in Gyp can be LS -perfect only if it has no odd
twin wheel. Though every even twin wheel is perfect, this does not yet verify
the LS -Perfect Graph Conjecture for Gyr: for instance the graph obtained
from C; by replicating one node is a graph in Gy without an odd twin wheel
(but containing a twin 4-wheel), but is LS -imperfect by [1].

Figure 3: The graph obtained from C7 by replicating one node, the contained
twin 4-wheel is highlighted by bold edges.

Hence, it remains open to verify the LS -Perfect Graph Conjecture for Gyr.
This could be done with the help of a decomposition theorem for Gy presented
in [4], provided that the facet-defining system of the stable set polytope for all
basic classes of Gy can be found.

Finally, we note that the approach presented here to verify the LS -Perfect
Graph Conjecture can be applied to all graph classes whose members can be de-
composed along clique cutsets into basic classes for which the stable set polytope
can be completely described.
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