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RESOLUTION OF THE IMPLICIT EULER SCHEME FOR THE
NAVIER-STOKES EQUATION THROUGH A LEAST-SQUARES METHOD

JEROME LEMOINE AND ARNAUD MUNCH

ABSTRACT. This work analyzes a least-squares method in order to solve implicit time schemes
associated to the 2D and 3D Navier-Stokes system, introduced in 1979 by Bristeau, Glowinksi,
Periaux, Perrier and Pironneau. Implicit time schemes reduce the numerical resolution of the
Navier-Stokes system to multiple resolutions of steady Navier-Stokes equations. We first con-
struct a minimizing sequence (by a gradient type method) for the least-squares functional
which converges strongly and quadratically toward a solution of a steady Navier-Stokes equa-
tion from any initial guess. The method turns out to be related to the globally convergent
damped Newton approach applied to the Navier-Stokes operator, in contrast to standard
Newton method used to solve the weak formulation of the Navier-Stokes system. Then, we
apply iteratively the analysis on the fully implicit Euler scheme and show the convergence of
the method uniformly with respect to the time discretization. Numerical experiments for 2D
examples support our analysis.
Key Words. Steady Navier-Stokes equation, Implicit time scheme, Least-squares approach,
Damped Newton method.

AMS subject classifications. 35Q30, 93E24.

1. INTRODUCTION - MOTIVATION

Let Q ¢ R%, d =2 or d = 3 be a bounded connected open set whose boundary 9 is Lipschitz
and T > 0. We denote by V = {v € D(Q)¢,V -v = 0}, H the closure of V in L2(Q2)¢ and V the
closure of ¥V in H'(Q)?, endowed with the norm [[v|y = [|[Vvl2.

The Navier-Stokes system describes a viscous incompressible fluid flow in the bounded domain
Q during the time interval (0,7") submitted to the external force F'. It reads as follows :

u—vAu+ (u-Viu+Vp=F, V-u=0 in Qx(0,7),
(1.1) u=0 on 90 x(0,7),

u(-,0) =wuy in €Q,
where u is the velocity of the fluid, p its pressure and v is the viscosity constant assumed smaller
than one. We refer to [19]. This work is concerned with the numerical approximation of (|1.1))
through the time marching fully implicit Euler scheme
Yy =wug in
" +1 +1 +1 b L

— —VAY"T + (Y -V T+ V" :—/ F(-,s)ds, n >0,

s = ( ) o A
V-y"l=0 in Q n>0,
y"t1=0 on 09, n>0,
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2 JEROME LEMOINE AND ARNAUD MUNCH

where {t,}n=0.n, for a given N € N, is a uniform discretization of the time interval (0,7).
0t = T/N is the time discretization step. This also-called backward Euler scheme is studied for
instance in [I9, chapter 3, section 4]. It is proved there that the piecewise linear interpolation
(in time) of {y" },ejo,n) Weakly converges in L?(0,T,V) toward a solution u of (1.1) as ot goes
to zero. It achieves a first order convergence with respect to dt. We also refer to [20] for a
stability analysis of the scheme in long time. We refer to [I7] and the references therein for
Crank-Nicolson schemes achieving second order convergence.

The determination of y™"*! from y™ requires the resolution of a nonlinear partial differential
equation. Precisely 4”1 together with the pressure 777! solve the following problem: find y € V
and 7 € L3(Q), solution of

ay—vAy+ (y-Viy+Vr=f+ag, V-y=0 in Q,
(13) {yzO on 082,
with
1 1 [in+
(1.4) oz::£>07 f::&/tw F(-,s)ds, g=y"

Recall that for any f € H=1(Q)% and g € L?(Q)?, there exists one solution (y,7) € V x L3(Q) of
, unique if ||g||2L2(Q)d +a 1y Hf“?q—l(ﬂ)d is small enough (see Proposition for a precise
statement). L3(f2) stands for the space of functions in L?(Q)? with zero means.

A weak solution y € V of solves the formulation F(y,w) = 0 for all w € V where F is
defined by

F(y,z)::/ay-z+VVy~Vz+(y-V)y~z

(1.5) @

- < f,z >H—1(Q)dxHé(Q)d —a/g-zzO, VzeV.
Q

If Dy F is invertible, one may approximate a weak solution through the iterative Newton method:
a sequence {yx}r € V is constructed as follows

Yo € V7
(1.6)
DyF(yr,w) - (Yr+1 — yr) = —F(yp,w), Yw eV, k>0.

If the initial guess yo is close enough to a weak solution of , i.e. a solution satisfying
F(y,w) = 0 for all w, then the sequence {y}r converges. We refer to [15, Section 10.3] and [4]
Chapter 6]) and for some numerical aspects to [10].

Alternatively, we may also employ least-squares methods which consists in minimizing a qua-
dratic functional, which measure how an element y is close to the solution. For instance, we may
introduce the extremal problem : inf,cy E(y) with E : V — R* defined by

1
(1.7) E(y) := f/ alv)? 4 v|Vo|?
2 Ja

where the corrector v, together with the pressure, is the unique solution in V' x L3(f2) of the
linear boundary value problem:

{av—yAv+V7r—|—(ay—yAy+(y~V)y—f—ag)=O, V-v=0 in

1.8
(18) v=0 on JI9N.

Remark that E(y) vanishes if and only if y € V' is a weak solution of , equivalently a zero of
F(y,w) =0 for all w € V. As a matter of fact, the infimum is reached. Least-squares methods
to solve nonlinear boundary value problems have been the subject of intensive developments
in the last decades, as they present several advantages, notably on computational and stability
viewpoints. We refer to the books [I [7]. The minimization of the functional E over V leads



WEAK LEAST-SQUARES METHODS FOR NAVIER-STOKES 3

to a so-called weak least squares method. Precisely, the equality /2FE(y) = SUP eV w£0 w
shows that E is equivalent to the V' norm of the Navier-Stokes equation (we refer to Remark
2.9). The terminology “H ~!-least-squares method” is employed in [2] where the minimization
of E has been introduced and numerically implemented to approximate the solutions of
through the scheme . We also mention [4, Chapter 4, Section 6] which studied later the use
of a least-squares strategy to solve a steady Navier-Stokes equation without incompressibility
constraint.

The first objective of the present work is to analyze rigorously the method introduced in [2]
and show that one may construct minimizing sequences in V' for E that converge strongly toward
a solution of . The second objective is to justify the use of that weak least-squares method
to solve iteratively a weak formulation of the scheme , leading to an approximation of the
solution of . This requires to show some convergence properties of a minimizing sequence
for E, uniformly with respect to the parameter n related to the time discretization. As we shall
see, this requires smallness assumptions on the data ug and F'.

The rest of the paper is organized as follows. Section [2] is devoted to the analyze the least-
squares method associated to weak solutions of (L.3). We show that E is differentiable
over V and that any critical point for F in the ball B defined in Definition is also a zero of F.
This is done by introducing a descent direction Y7 for E at any point y € V for which E'(y) - Y}
is proportional to E(y). Then, assuming that there exists at least one solution of in the ball
B, we show that any minimizing sequence {ys } ey for £ uniformly in B strongly converges to
a solution of . Such limit belongs to B and is actually the unique solution. Eventually, we
construct a minimizing sequence (defined in ) based on the element Y; and initialized with
g assume in V. We show that, if « is large enough, then this particular sequence is uniformly in
B and converges (quadratically after a finite number of iterates related to the values of v and «)
strongly to the solution of (see Theorem . This specific sequence coincides with the
one obtained from the damped Newton method, a globally convergent generalization of .

Then, in Section , as an application, we consider the least-squares approach to solve it-
eratively the backward Euler scheme (see (3.1))), weak formulation of . For each n > 0,
in order to approximate y"t!, we define a minimizing sequence {yzﬂ}kzo based on Yf’“ and
initialized with y". Adapting the global convergence result of Section [2] we then show, as-
suming ||uol|z2(q)e + | F'l| L2(0,7;1-1(0)4) small enough, the strong convergence of the minimizing
sequences, uniformly with respect to the time discretization parameter n (see Theorem|3.7). The
analysis is performed for d = 2 for both weak and regular solutions and for d = 3 for regular
solutions. Our analysis justifies the use of Newton type methods to solve implicit time schemes
for , as mentioned in [I5, Section 10.3]. To the best of our knowledge, such analysis of
convergence is original.

In Section 4] we discuss numerical experiments based on finite element approximations in
space for two 2D geometries: the celebrated example of the channel with a backward facing step
and the semi-circular driven cavity introduced in [5]. We notably exhibit for small values of the
viscosity constant the robustness of the damped Newton method (compared to the Newton one).

2. ANALYSIS OF A LEAST-SQUARES METHOD FOR A STEADY NAVIER-STOKES EQUATION

We analyse in this section a least-squares method to solve the steady Navier-Stokes equation
(1.3]) assuming o > 0: we extend [II] where the particular case a = 0 is addressed.

2.1. Technical preliminary results. We endow the space V' with the norm |ly||v := || Vyl|2,
for all y € V. || - ||2 stands for the L? norm | - || 12(gya. We shall also use the following notations

2
Iyl = allyls +vIVyl3, vyeV

and <y,z>vi=a [qy-z2+v [, Vy-Vzsothat <y,z >v<|ylly |lz|ly for any y,z € V.
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In the sequel, we repeatedly use the following classical estimates (see [19]).
Lemma 2.1. Let any u,v € V. If d =2, then
(2.1) _ /Qu Vv = /Qu Vo1 < V2| ulls|[ VooVl
If d = 3, then there exists a constant ¢ = ¢(2) such that
(2.2) [ o <l Tl vl
Definition 2.1. For any y € V', we define

lollv 5 g—,

)
20v

Mlyllv
(a3)1/4

Ta(y) =
if d=3

with M := 334#6 and ¢ from (2.2).
We shall also repeatedly use the following Young type inequalities.

Lemma 2.2. For any u,v € V, the following inequalities hold true :

(2.3) V2[ull2 | Vol | Vull2 < 2 (0)lull3
ifd=2 and

(2.4) cllully Vol Vulls’* < 75(0)lully,
if d=3.

Let f € H ()%, g € L*(Q)? and o € R%.. The weak formulation of (1.3) reads as follows:
find y € V solution of

(2.5) a/y-w+u/Vy-Vw+/y~Vy~w:< frw >g-1@)dxmE Q) +a/g~w, Yw e V.
Q Q Q Q

The following result holds true (we refer to [13]).

Proposition 2.3. Assume Q C R? is bounded and Lipschitz. There exists at least one solution

y of satisfying
2
(2.6) ylly < covll F1l7-1 (e + allgll3

where cog > 0, only connected to the Poincaré constant, depends on Q. If moreover  is C? and
f € L2(Q)9, then any solution y € V of belongs to H?(2)%.

Lemma 2.4. Assume that a solution y € V of satisfies 74(y) < 1. Then, such solution is
the unique solution of .

Proof. Let y; € V and y2 € V' be two solutions of (2.5). Set Y = y; — y2. Then,
a/Y-w+V/VY~Vw+/y2~VY~w+/Y-Vy1~w:0 Yw e V.
Q Q Q Q
We now take w =Y and use that [,y2- VY -Y =0. If d = 2, we use (2.I)) and (2.3) to get
2 2
VI == [ ¥ ¥y < nllvly

leading to (1—m» (yl))|||Y|||%, < 0. Consequently, if 72(y1) < 1 then Y = 0 and the solution of ([2.5])
is unique. In particular, in view of (2.6), this holds if the data satisfy v g||3+ < ||f\|§{,1(ﬂ)d <213
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If d =3, we use (2.2) and (2.4) to obtain
2 3 2 2
Yy = - /Q Y -Vy - Y <Y VY3 Vil < sy IY Iy

leading to (1—73(y1))||Y |3 < 0 and to the uniqueness of the solution if 73(y1) < 1. In particular,
in view of (2.6]), this holds if the data satisfy v||g||3 + %”fH%(—l(Q)d < M—2,)7/2q-1/2, O

We now introduce our least-squares functional F : V' — R as follows
1 1 2
(27) B() = 5 [ (@bl +vI9) = 3ol

where the corrector v € V is the unique solution of the linear formulation

a/v-w—I—u Vv-Vw:—a/y~w—1/ Vy-Vw—/y-Vy~w
(2.8) Q Q Q Q Q

+ < fiw > H-1(Q)dx HE ()4 +a/g~w, Ywe V.
Q

In particular, for d = 2, the corrector v satisfies the estimate:

iyl coll f1I7-
(2.9) llvllly < |||y|||v<1 +o )+ e+ allgll3-

2/ av

Conversely, we also have

coll fII5-
(2.10) lylly < fllvlly + \/VHl +allgll3.

The infimum of F is equal to zero and is reached by a solution of . In this sense, the
functional FE is a so-called error functional which measures, through the corrector variable v, the
deviation of the pair y from being a solution of the underlying equation .

A practical way of taking a functional to its minimum is through some (clever) use of descent
directions, i.e. the use of its derivative. In doing so, the presence of local minima is always
something that may dramatically spoil the whole scheme. The unique structural property that
discards this possibility is the strict convexity of the functional. However, for non-linear equations
like (2.5, one cannot expect this property to hold for the functional E in (2.7). Nevertheless,
we insist in that for a descent strategy applied to the extremal problem min,cy E(y) numerical
procedures cannot converge except to a global minimizer leading E down to zero.

Indeed, we would like to show that the only critical points for E correspond to solutions of
. In such a case, the search for an element y solution of is reduced to the minimization
of E.

For any y € V', we now look for an element Y; € V solution of the following formulation

(2.11) a/ Yl-w—i—u/ VYl-Vw—i-/ (y-VY1+Y:-Vy)-w = —a/ v~w—u/ Vv-Vw,Yw e V
Q Q Q Q Q
where v € V is the corrector (associated to y) solution of (2.8]). Y7 enjoys the following property.

Proposition 2.5. For ally € V satisfying 74(y) < 1, there exists a unique solution Y1 of
associated to y. Moreover, this solution satisfies

(2.12) (1 =7a()lM1lly < V2E(y).

Proof. The proof uses the arguments of Lemma[2.4] We define the bilinear and continuous form
a:V xV = Rby

(2.13) a(Y,w):a/Y-w—l—u/VY-Vw+/(y-VY+Y-Vy)-w
Q Q Q
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sothat a(Y,Y) = H|YH|%,—|—fQ Y-Vy-Y. If d = 2, using (2.3), we obtain a(Y,Y) > (1—T2(y))|HY|H%/
for all Y € V. Lax-Milgram lemma leads to the existence and uniqueness of Y7 provided
T2(y) < 1. Then, putting w = Y7 in (2.11) implies

ai ) < —a [ 0-¥i—v [ Vo < Willy lelly = I¥illy v2EG)

Q
leading to (2.12). If d = 3, using (2.4), we obtain a(Y,Y) > (1 — 73(y))||Y|[3, for all Y € V' and
we conclude as before. O

We now check the differentiability of the least-squares functional.

Proposition 2.6. For all y € V, the map Y — E(y +Y) is a differentiable function on the
Hilbert space V' and for any Y € V', we have

(2.14) E'(y)~Y:/ow-V—|—1/Vv~VV
Q
where V € V' is the unique solution of

(2.15) a/ V~w+V/VV-Vw:—a/Y~w—I// VY~Vw—/(y-VY+Y-Vy)-w,VwGV.
Q Q Q Q Q

Proof. Let y € VandY € V. We have E(y+Y) = %H|V|Hi where V' € V is the unique solution
of

a/QVmJ—f—l//QVV-Vw—f—a/Q(y—i—Y)~w+u/QV(y+Y)-Vw—&-/ﬂ(y—i—Y)-V(y—FY)-w

—(f, W)y xv —a/ gw=0, YweV.
Q
If v € V is the solution of ([2.8)) associated to y, v’ € V is the unique solution of
(2.16) a/v’~w+u/Vv’-Vw+/Y-VY-sz, VweV
Q Q Q

and V' € V is the unique solution of 1' then it is straightforward to check that V—v—v'—V €
V is solution of

a/(V—v—v’—V)~w+y/ VV-v—v -V)-Vu=0, YweV
Q Q
and therefore V. —v — v’ —V = 0. Thus
1 / 2 1 2 1 112 1 2 ’ ’

(217) B(y+Y) = gll + 0 + VI, = Sllell+ 510 I+ IV +V, )y + Vo o)y + o, o)y

Assume d = 2. Then, writing (2.15) with w =V and using (2.1)), we obtain

2
VIS < VI IY Iy + V20yl2 VY Iz + 1Y 20 Vyll2) [V V2

V2
<Vl iy + \/ﬁH\yllIvIHYlHVHVVHz
leading to |V[ly, < IVl (1422 llylly ). Similarly, using @I6), we obtain [Jo/[|y, < —A=[IY 3.

It follows that %|||v’|||3/ + %|||V|H%/ +(V,v")v + (v,v")yv = o(||Y]|ly,) and from that
E(y+Y)=E@y) + (v, V) +o(IYlly)-

Eventually, the estimate |0, V)v| < [llyIVIly < (1 + 22 o) VEDIYlly gives the

continuity of the linear map Y — (v, V)y. The case d = 3 is similar. O

We are now in position to prove the following result which indicates that, in the ball {74(y) <
1} of V, any critical point for F is also a zero of E.
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Proposition 2.7. For all y € V satisfying t4(y) < 1,

(1 - ra(y)) V2E(y) < %IIE’(@/)IIV/.

Proof. Forany Y € V, E'(y)-Y = [yav-V +vVv-VV where V € V is the unique solution of
(2.15). In particular, taking Y = Y] defined by (2.11]), we obtain an element V; € V solution of

(2.18) a/ V1~w+1// VVi-Vw = fa/ wafy/ VYwaf/(y~VY1+Y1-Vy)-w,Vw evV.
Q Q Q Q Q
Summing (2.11)) and (2.18)), we obtain that v — V4 € V solves
a/(v—Vl)-w+V/(Vv—VV1)-w:O, Yw e V.
Q Q
This implies that v and V; coincide and then that

(2.19) E'y)- Vi = / alv]® + v|Vol2 = 2E(y), Vye V.
Q

It follows that 2E(y) = E'(y)- Y1 < ||E'@)lv [Yillv < B (y) v L0 Proposition 2.5] allows
to conclude. O

Eventually, we prove the following coercivity type inequality for the error functional E.

Proposition 2.8. Assume that a solution y € V of satisfies 74(y) < 1. Then, for all
yeVv,

(2.20) ly 7y < (1 —7a@) " V2E ().

Proof. For any y € V', let v be the corresponding corrector and let Y = y — 3. We have
(2.21)

a/Y-w—i—V/VY-Vw—I—/y-VY-w—l—/Y~V§-w:—a/v~w—u/Vv-Vw, Yw e V.
Q Q Q Q Q Q

For w =Y, this equality rewrites

|||Y|||%,:—/Y-Vy«Y—a/v~qu/VvoVY.
Q Q Q

Repeating the arguments of the proof of Proposition the result follows. O

Assuming the existence of a solution of in the ball {y € V,74(y) < 1}, Proposition
and Proposition imply that any minimizing sequence {yx}zen) for £ uniformly in {y €
V., 74(y) < 1} strongly converges to a solution of (2.5). Remark that, from Lemma such
solution is unique. In the next section, we construct, assuming the parameter o large enough,
such sequence {yr}(ren)-

Remark 2.9. In order to simplify notations, we have introduced the corrector variable v leading
to the functional E. Instead, we may consider the functional E : V — R defined by

- 1
E(y) := gllay +vBi(y) + By, y) = f + aglly»

with By : V. — L2(Q)% and B : V. x V. — L*(Q)? defined by (Bi(y),w) = (Vy, Vw)y and
(B(y,2),w) := fQ y - Vz-w respectively. E and E are equivalent. Precisely, from the definition
of v (see (2.8))), we deduce that

]. C2 2 C2 ~
E(y) = §|||v|||3/ < o sllay+vBi(y) + Bly,y) = f +aglly, = 3E@), VyeV.
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Conversely,

(av-w+vVv - Vw)
ey +vBi(y) + By, y) — f + ag|y. = ei}lp;éo Jo l|lwl|v

el
<llvlly sup v < \Jack + Vil

weV w;éO || ||

so that E(y) < (ack + v)E(y) for ally € V.

2.2. A strongly convergent minimizing sequence for E. We define in this section a se-
quence converging strongly to a solution of for which E vanishes. According to Proposition
it suffices to define a minimizing sequence for E included in the ball B = {y € V', 74(y) < 1}.
In this respect, remark that equality shows that —Y; given by the solution of is a
descent direction for the functional E. Therefore, we can define at least formally, for any m > 1,
a minimizing sequence {yx } >0y as follows:

yo € H given,
(2.22) Yk+1 =Yk — Y1k, k20,
Ak = argminy ¢ o ) E(yr — AY1,k)

with Yj , € V the solution of the formulation
(2.23)

a/ Y11k~w+u/ VYl,k~Vw+/ (yr- VY1, +Y1 - Vyp)w = —a/ Vp W — 1// Vug-Vw,YVw € V
Q Q

and vg, € V the corrector (associated to yy) solution of (2.8 . leading (see (2.19) to E'(yx) Y11 =

2E(yk)-
Remark that from (2.10)), the sequence {yy } x>0 is uniformly bounded since yy, satisfies |||yx ||, <

2E(yx) + \/%’||f||§{,l + al|g||3. However, we insist that, in order to justify the existence of

the element Y7 j, yx should satisfy 74(yx) < 1, i.e. ||[Vyrll2 < v2ar. We proceed in two steps:
first, assuming that the sequence {yx} >0y defined by satisfies 74(yr) < ¢1 < 1 for any k,
we show that E(yx) — 0 and that {y;} converges strongly in V' to a solution of (2.5). Then, we
determine sufficient conditions on the initial guess yo € V' in order that 74(yx) < 1 for all k € N.
We start with the following lemma which provides the main property of the sequence { E(yx) } (x>0)-

Lemma 2.10. Assume that the sequence {yi} >0y defined by satisfies Ta(yi) < 1 for all
k > 0. Then, for all A € R, the following estimate holds true

—2 2
(224) B~ 1) < B (11 - 3+ 2 =200 )
ifd=2 and
2
(2.25) E(yr — \Y1,1) < E(y) (1 — A+ A \\;( M)1/4 (1 —73(yx)) > E(Zlk))

if d = 3.
Proof. For any real A and any y, wr € V we get the following expansion :

E(yr — Awy) = E(yx) — A [ (qug - Tp + vVy, - VTg)
Q

A2 - —
(2.26) t5 / (a[Tk|* + v|VTR|? + 2(vy - T + vV, - Vig))
Q

_ _ 2\ _ _
— )\3/ UV + vV - VUi + ?/ a|tg? + v| Vo2
Q Q
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where vy, U, € V and v, € V solves respectively

a/vk-w—ky/Vvk-Vw—Fa/yk-w—i—V/Vyk-Vw—F/yk-Vyk-w
Q Q Q Q Q

(2.27)
=< f,w >H-1(Q)dx HE ()4 +a/ g-w, YweV,
Q

(2.28)
a/ Ek-w—i—u/ Vik-Vw—&-a/ wk-w—i—y/ Vwk-Vw—i-/ wi-Vyp-w+yg-Vwg-w =0, Yw eV,
Q Q Q Q Q

and
(2.29) a/%k-w—l—u/Vik-Vw—k/wk-Vwk-w:O, Yw e V.
Q Q Q
Since the corrector U, associated to Y; ; coincides with the corrector vy associated to y, expan-
sion ([2.26)) reduces to
(2.30)
_ _ 24 _ _
E(yr — A1) = (1 = N2E(yx) + A*(1 — /\)/ vy, - O + vV, - Voy + ?/ altg|? + v| Vo2
Q Q

_ A
< (1= A2B(y) + X1 = Mllewlly (5l + 5 1515

< (VB + il )

leads to H‘q} H|V < % < f(l —Tz(yk))_2% and then to

Moreover, if d = 2, then (2.2
(2.24). If d = 3, then
1 M 9 1 M

= —2
IFelly < 7 ayallVislly < = oommm2( = 7)) Elw)
leading to (2.25]). O

We are now in position to prove the following convergence result for the sequence { E(yx) } x>0)-

Ne)

Proposition 2.11. Let {yx}r>0 be the sequence defined by . Assume that there exists a
constant ¢1 € (0,1) such that 74(yx) < c1 for all k. Then E(yr) — 0 as k — oo. Moreover, there
exists ko € N such that the sequence {E(yr)}(k>r,) decays quadratically.

Proof. Consider the case d = 2. The inequality 72 (yr) < ¢1 and (2.24) implies that

(]. - 01)72
Vav

Let us denote the polynomial py by pr(X) = |1 — A| + A2ca ./ E(yx) for all X € [0,m]. So, we

can write
VE@Wr+1) = mm \/ (ye — AY1 ) < mln pk MV E(yk).

If ca v/ E(yo) < 1 (and thus ¢4, E(yk) <lforall ke N) then

Pr(Ag) = Ag[lélrln] Pe(A) < pr(1) = cap vV E(yr)

2
(2.31) E(ykm,wsmyk)(uAH%Q,D E(ym), oy i

and thus
2
(2.32) Ca,v E(yp11) < (Ca,v E(yk))

implying that co\/E(yr) — 0 as k — co with a quadratic rate.
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Suppose now that cy v/ E(yo) > 1 and denote I = {k € N, ¢,/ E(yx) > 1}. Let us prove
that I is a finite subset of N. For all k € I, since ¢cq,,\/E(yx) > 1,
1 1
=1

min px(A\) = min pp(\) = pp| ————0—— —
(2Ca,u E(yk)> dea,y E(yk)

A€[0,m] ( A€(0,1]

and thus, for all k € I,
1 )
4o/ E(yr)

Ca,v\/m = Ca,u\/m* i

Ca,v E(yk+1) S (1 -

This inequality implies that the sequence {ca,y\/m }ren strictly decreases and thus, there
exists kg € N such that for all k > kg, cayy\/m < 1. Thus I is a finite subset of N. Arguing
as in the first case, it follows that cq,,/E(yx) — 0 as k — oo.

In both cases, remark that pk(Xk) decreases with respect to k. The case d = 3 is similar with

V2 M

-2
CO‘vV*ﬁ(alls)l/z;(l c1)”c.

O

Lemma 2.12. Assume that the sequence {yr} x>0y defined by satisfies Tq(yr) < c1 for all
k and some c¢; € (0,1). Then A\, — 1 as k — oo.

Proof. In view of (2.30), we have, as long as E(yx) > 0,

(1- M) = E(yrs1) (1 — /\k)@kjk)V o\ 71y

E(yx) E(yr) " 2E(yr)
From the proof of Lemma|2.10 <”§’z’;>)" < C(a,v)(1—c1)"2y/E(yx) while |” |HV < C(a,v)?}(1-
c1)"*E(y). Consequently, since \x € [0,m] and % — 0, we deduce that (1—X)? — 0,
that is A\, — 1 as k& — oo. O

Proposition 2.13. Let {yi}x>0) be the sequence defined by . Assume that there exists
a constant ¢; € (0,1) such that 74(yr) < ¢1 for all k. Then, y, — G in V where § € V is the

unique solution of (2.5)).

Proof. Remark that we can not use Proposition [2.8] since we do not know yet that there exists
a solution, say z, of (2.5)) satisfying Ta(z) < 1. In view of yg41 = yo — Zfz:O An Y1 n, we write

S PalllYanlly < Z VE@).

n=0

<mfz LN

1—61

Using that p, (M) < po(Xo) for all n > 0, we can write for n > 0,

En) < pa1(Gi-)VE®@n-1) < poRo)VEMn—1) < po(ho)"vVE(y0),
and we finally obtain

m\f vV E(w)

n=0 —al _pO(/\O)
for which we deduce that the serie Zk>0 MY, converges in V. Then, y, converges in V' to
U= Yo+ Y p>o Y1k Eventually, the convergence of E(y) to 0 implies the convergence of
the corrector vy, to 0 in V; taking the limit in the corrector equation shows that 7 solves
(2.5)). Since 74(7) < ¢1 < 1, Lemma shows that this solution is unique. O

As mentioned earlier, the remaining and crucial point is to show that the sequence {yx}1>0)
satisfies the uniform property 74(yx) < ¢; for some ¢; < 1.
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Lemma 2.14. Assume that yo = g € V. For all ¢; € (0,1) there exists ag > 0, such that, for
any o > ag, the unique sequence defined by (2.22) satisfies Tq(yx) < ¢1 for all k > 0.

Proof. Let ¢; € (0,1) and assume that yo belongs to V. There exists a; > 0 such that for all

a>ar 74(y) < 5

Moreover, in view of the above computation, for all a > 0, since for allv € V' ||v]lv < L{|v]ly,

for all k € N
m\@ \/m
Y < lyollv + A
lyk+1llv < llvollv v(1—c1) 1 - po(Xo)
where
E(yo) i
—_— if ¢ v E < 1’
Lyg) < 1-— Ca,v E(yo) : (yO)
1— A
po(No) dcan E(y0), if capvVE(yo) > 1.

Assume d = 2. From ({2.8]), we obtain that

2 1 ?
llvlly < ellg—yl3 + A2Vl + lyll2lVyllz + Veol flla-1(0)2 ) -

In particular, taking y = yo = ¢ allows to remove the a term in the right hand side and gives

1 2 1
(2.33) E(g) < 2% (HQHV(V +1lgll2) + \/%Hf”H*l(Q)?) = 502(f, 9),
and thus, if ¢y, 1,4/ E(g) > 1, then for all & > a; such that ¢,/ FE(g) > 1 and for all k € N :
mv/2 vV E 2m/2
(2.34) Yrrallv < llgllv + c2(f, 9)-

v(1- >1—po(Ao) BN

If now cq,,,\/E(g) < 1 then there exists 0 < K < 1 such that for all @« > a; we have
cavy/ E(g) < K. We therefore have for all o > a4

VE@) _ VE()

1—po(Xo) T 1=K

and thus for all £ € N :

(2.35) V2 VE(©) m

Il <l + 2 Y8 <ol + Sy V)

On the other hand, there exists ag > a1 such that, for all & > ag we have

2m\/§
v3y/a(l —cp)3
m —
1/3/2(1—61)(1—K) CQ(fag) <
We then deduce from (2.34]) and ( - that for all o > o and for all k € N :
[yrt1llv < *V vt S \/ av =c1V2

ca(frg) < %1 2av

and

that is 72 (yr+1) < 1.
Assume d = 3. We argue as in the case d = 2 and deduce from ({2.8)), since yo = g, that

2 1
236)  Blg) < o (lgllv v+ ellgold*Igl) + ol Sl = soes(fs9)
and thus, if ¢4, o E(g) > 1, then for all & > a7 such that ¢4,/ E(g) > 1 and for all k € N :

mv2 /E AmM

v(l—a) 1—po<Ao> <lolv+ miapag =y o)

(2.37) lykt1llv < llgllv +
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If now cq, v/ E(g) < 1 then there exists 0 < K < 1 such that for all & > a3 we have
cavy/ E(g) < K. We therefore have for all o > a4

VEG)  _ VEw)

1—P0(X0) T l-K

and thus for all £ € N :

mv2  /E(g) m
(2.38)  yes1llv < llgllv + =) T o) <llgllv + S0 = o) (1= K) Ves(f,9)-

On the other hand, there exists ag > a1 such that, for all & > ag we have

4dmM e (av3)V/4
fvg) S 1Q

v3/2(au3)V/4(1 — ¢1)3 es( DR

and »
m c1 (av?)

< - 7
v3/2(1 —c1)(1 — K) es(f,9) < 2 M

We then deduce from ([2.37) and (2.38)) that for all & > «p and for all k € N :
3)1/4 3\1/4 3\1/4
lypslly < L@ a @) (@)
that is 73(yx+1) < c1- .

Gathering the previous lemmas and propositions, we can now deduce the strong convergence
of the sequence {yx}r>0 defined by (2.22), initialized by yo = g.

Theorem 2.15. Let ¢; € (0,1). Assume that yo =g € V and « is large enough so that

1—201701\5(1—[( ))

m

C—11/5/2(1—61)2204V, if d=2,

ca(f,g9) < max( g

(2.39)

1—¢ Cl\/lj(l—K)Q C1 5/2 2 3\1/2 -
< max — Ie% =
CS(fag) = a ( 2 ’ m >4m7‘[21/ (1 cl) ( v ) ’ Zf d 37

where co(f,g) and c3(f,g) are defined in (2.33) and (2.36) respectively. Then, the sequence

{ur}wen) defined by (2.22)) strongly converges to the unique solution y of (2.5). Moreover, there
exists ko € N such that the sequence {y}r>k, converges quadratically to y. Moreover, this
solution satisfies 74(y) < 1.

2.3. Remarks. The following remarks are in order.

Remark 2.16. Estimate (2.6) is usually used to obtain a sufficient condition on the data f,g
to ensure the uniqueness of the solution of (i.e. Ta(y) < 1): it leads to

allglls + covll Flte (e < 2007, if d=2,

(2.40) 1/2

v(av?)
M2

We emphasize that such (sufficient) conditions are more restrictive than , as they impose

allgllz + covll fIIa-1 0y < if d=3.

smallness properties on g: precisely |g||3 < 2v% if d = 2 and ||g||3 < % ifd =3. In
particular, this latter yields a restrictive condition for a large contrary to .

Remark 2.17. It seems surprising that the algorithm achieves a quadratic rate for k large.
Let us consider the application F : V. — V' defined as F(y) = ay +vB1(y) + B(y,y) — f — ag.
The sequence {yr} >0y associated to the Newton method to find the zero of F is defined as
follows:

2.41 wevs
(2.41) {}"(yk) “(Yk+1 —yk) = —F(yr), k=>0.
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We check that this sequence coincides with the sequence obtained from if Ak is fized equal
to one and if yo € V.. The algorithm which consists to optimize the parameter A\, € [0, m],
m > 1, in order to minimize E(yx), equivalently ||F(yx)|lv’, corresponds to the so-called in
the literature damped Newton method for the application F (see [3]). As the iterates increase,
the optimal parameter A converges to one (according to Lemma , this globally convergent
method behaves like the standard Newton method (for which Ay is fized equal to one): this explains
the quadratic rate after a finite number of iterates. To the best of our knowledge, this is the
first analysis of the damped Newton method for a partiel differential equation. Among the few
numerical works devoted to the damped Newton method for partial differential equations, we
mention [16] for computing viscoplastic fluid flows.

Remark 2.18. Section 6, chapter 6 of the book [4] introduces a least-squares method in order
to solve an Oseen type equation (without incompressibility constraint). The convergence of any
minimizing sequence toward a solution y is proved under the a priori assumption that the operator
DF(y) defined as follows

(2.42) DF(y) - w=aw—vAw+[(w-V)y+ (y-Vw], YweV

(for some a > 0) is an isomorphism from V onto V'. vy is then said to be a nonsingular point.
According to Proposition a sufficient condition for y to be a nonsingular point is T4(y) < 1.
Recall that T4 depends on «. As far as we know, determining a weaker condition ensuring that
DF(y) is an isomorphism is an open question. Moreover, according to Lemma it turns out
that this condition is also a sufficient condition for the uniqueness of . Theorem asserts
that, if a is large enough, then the sequence {yr}en) defined in , initialized with yo = g,
is a convergent sequence of nonsingular points. Since Ay is constant equal to one, this shows the
convergence of the Newton method to solve the steady Navier-Stokes equation.

Remark 2.19. We may also define a minimizing sequence for E using the gradient E':
yo € H given,
(2.43) Yk+1 = Yk — MGk, k>0,
Ak = argminyeio ) E(Ye — Agk)
with gr € V' such that (gr,w)v = (E'(yx),w)y v for all w € V. In particular, ||gxllv =
|E' (yx)|lv+- Using the expansion with w,, = g, we can prove the linear decrease of the

sequence {E(yi)}r>o to zero assuming however that E(yo) is small enough, of the order of v?,
independently of the value of o (we refer to [11, Lemma 4.1] in a similar context).

3. APPLICATION TO THE BACKWARD EULER SCHEME

We now use the results of the previous section to discuss the resolution of the backward Euler
scheme (1.2) through a least-squares method. The weak formulation of this scheme reads as
follows: given y" = ug € H, the sequence {y"},>o in V is defined by recurrence as follows:

n+l _ ,n
(3.1) /g %-wﬁ—u g vyn+1,vw+/s YL VY w =< w0 gy
2 2 2

with f™ defined by in term of the external force of the Navier-Stokes model . We recall
that a piecewise linear interpolation in time of {y"},>¢ weakly converges in L*(0,T; V) toward
a solution of

As done in [2], one may use the least-squares method (analyzed in Section to solve iteratively
(3.1). Precisely, in order to approximate y"*! from 3™, one may consider the following extremal
problem

T2
2 inf En(y) = =
(32) Jof En(y), En(y) = 5llvllv
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where the corrector v € V' solves

a/v-w—i—u/VU-Vw:—a/y-w—V/Vy-Vw—/y~Vy-w
Q Q Q Q Q

(3.3)
+ < S0 > )axm @) +04/ y"ow, YwevV
Q

with @ and f" given by (1.4). For any n > 0, a minimizing sequence {yj } x>0 for £, is defined
as follows :

w =y
(3.4) vein = v MY k>0,
N = argminy g pm En (i T =AY

where Y/, € V solves (2.23). Remark that, in view of Theorem the first element of the
minimizing sequence is chosen equal to y”, i.e. the minimizer of E,,_;.

The main goal of this section is to prove that for all n € N, the minimizing sequence (y,’j“) keN
do converges to a solution y"*! of . This allows to justify the use of least-squares method
to solve the backward Euler scheme. Arguing as in Lemma we have to prove the existence
of a constant ¢; € (0,1), such that 74(y) < ¢; for all n and & in N. Remark that the initial-
ization ng is fixed as the minimizer of the functional E”~!, obtained at the previous iterate.
Consequently, the uniform property 7q(yj) < c1 is related to the initial guess ¥ equal to the
initial position ug, to the external force F' (see ([1.1))) and to the value of a. ug and F are given
a priori. On the other hand, the parameter «, related to the discretization parameter dt, can be
chosen as large as necessary. As we shall see, this uniform property, which is essential to set up
the least-squares procedure, requires smallness properties on ug and F'.

We start with the following result analogue to Proposition [2.3

Proposition 3.1. Let (f"),en be a sequence in H-1(Q)4, a > 0 and y° = ug € H. For any
n € N, there exists a solution y"tt € V of

(3.5) a/ (" —y") -+ V/ Vy" -V +/ y VYT w =< 7w > e )e g ()
Q Q Q
or all w € V.. Moreover, for alln € N, y"t1 satisfies
Y

(3.6) lly™ 15 < 1™ -1 e + elly™ 13

where cg > 0, only connected to the Poincaré constant, depends on 2. Moreover, for all n € N*:
v n 1/¢ n—1
0
(3.7) ™13 4+ = S IVYH I < = (2 DU -1 gy + vlwol3)-
k=1 k=0

Proof. The existence of y"*! is given in Proposition (3.7) is obtained by summing (3.6). O

Remark 3.2. Arguing as in Lemma if there exists a solution y" ™' in V of (3.3) satisfying
Ta(y™ ) < 1, then such solution is unique. In view of Proposition this holds true if the
quantity M(f,a,v) defined as follows

n—1

Co .
<a2|fk|§{1(o)2 +V||Uo|§>a if d=2,

k=0

al/? Confl Lo , ‘
o 2 I e +vlull3 ), i d=3
k=0

1
V2

(3.8) M(f,a,v) =

s small enough.

We now distinguish the case d = 2 from the case d = 3 and consider either weak or regular
solutions.
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3.1. Two dimensional case. We have the following convergence for weak solutions of (3.5]).

Theorem 3.3. Suppose F € L?(0,T; H 1(Q)?), up € V and let c(ug, F) be defined as follows :

1
e(uo, F) 1= max (—uol[{ (v + l[uol2)? + ol Pz o 7ot cy2ys 20l F e o ot sy + Vllol13).

Let a be large enough and f™ be given by alln € {0,--- ,N — 1} and let {y"}neny in V
be the solution of . If there exists a constant ¢ > 0 such that

(3.9) c(ug, F) < ev*

then, for any n > 0, the minimizing sequence {yy ' Yxen defined by ([B.4) strongly converges to
the unique of solution of .

Proof. According to Proposition we have to prove the existence of a constant ¢; € (0,1)
such that, for all n € {0,--- ,N —1} and all k € N, (y}}) < 1.

For n = 0, as in the previous section, it suffices to take « large enough to ensure the conditions
[2:39) with ¢ = y§ = wo leading to the property 7a(y?) < ¢; for all k& € N and therefore
Tg(yl) <cCp.

For the next minimizing sequences, let us recall (see Lemma that for alln € {0,--- ;N —

1} and all k € N
myv2 Vv En(y")

V(l - Cl) 1-— pn)o(xmo)

where pmo(xmo) is defined as in the proof of Proposition
First, since for all n € {0,--- , N — 1}, ”an%T‘l(Q)? < a||FH%2(O TiH-1(0)2), We can write

Iy v < lly™ v +

1 2
Eo(y°) = Eo(uo) < 5= (Iluollv (v + luoll2) + V&l £l 2

1
12
<& 1 2 2 12

< - (G lluollv (v + lluoll2)” + coll Fllz2 0 711 ()2) ) -

Since y" is solution of (3.5)), it follows from (3.3)), that for all n € {1,--- N — 1} :

Co _ « _
En(y") < gﬂfn — " ) + 5”2/” —y" M3

< —(llwoly (v + uoll2)? + collwoll3y-1(ae )

a
< (200||F||2L2(0,T;H—1(Q)2) + V||uo||§)~
Therefore, for all n € {0,--- ,N — 1}, E,(y") < Sc(uo, F).
Let ¢; € (0,1) and suppose that c¢(ug, F) < (1 —c1)*v®. Then, for any K € (0,1), there exists
ag > 0 such that, for all a > «ag, ca\/En(y®) < K < 1. We therefore have (see Lemma 7
for all « > ag, allm € {0,--- ,N —1} and all k e N :

V(l - C]) 1 - Ca,l/ En(yn)

(3.10) mv2  /En(y")

e v < lly™ v +

< n
< lly HV—’—I/(l a) 1-K
myv2a

c(ug, F).

From (3.7) we then obtain, for all n € {0,--- , N — 1},

n \/a Co = k112 2
y"[lv < R\ Z | f HH—1(9)2 + v|uoll3
k=0
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and since £ Zz;é ||f"“||%,,1(9)2 < COHFH%Q(O,T;H*%Q)Z)? we deduce that if
2 cf 3
coll Fllzz (02,11 (02) + VIwollz < 5 v

Z(1—c1)?*(1-K)?

1 v*, we deduce from
m

then [|y"|lv < 9 +v2av. Moreover, assuming c(ug, F') <
(3.10]), for all n € {0,--- ;N — 1} and for all k € N :

lye llv < f\/ v & \/ av = 1V 2a
that is 72(y') < ¢1. The result follows from Propos1t10n O

We emphasize that, for each n € N, the limit y™t! of the sequence {y,?“}keN satisfies
72(y" 1) < 1 and is therefore the unique solution of . Moreover, for « large enough, the con-
dition reads as the following smallness property on the data ug and F' : ¢ HF||%2(0’T;H,1(Q)2)+
v||uol|3 < cv*. In contrast with the static case of Section where the unique condition
on the data g is fulfilled as soon as « is large, the iterated case requires a condition on the data
ugp and F', whatever be the amplitude of a. Again, this smallness property is introduced in order
to guarantees the condition 75 (y™) < 1 for all n. In view of , this condition implies notably
that [|y"||2 < ev®/? for all n > 0.

For regular solutions of which we now consider, we may slightly improve the results,
notably based on the control of two consecutive elements of the corresponding sequence {y™},en
for the L?(Q2) norm. We first start with the following result of regularity.

Proposition 3.4. Assume that Q is C?, that (f")n is a sequence in L*(Q)* and that ug € V.
Then, for all n € N, any solution y"*! € V of belongs to H?(Q)2.
If moreover, there exists C' > 0 such that

n
o
(3.11) EZIIf’“II?q—m)z +vlly°)3 < Cv?,
k=0

then y" 1 satisfies

(312 [ v
Q

n+1 n
1
2 [ 1P < (G I V)
k=0
where P is the operator of projection from L?(2)% into H.

Proof. From Proposition 2.3 we know that for all n € N*, y* € H*(Q)2NV. Taking w = PAy"*!

in (3.5) leads to :

(3.13)
OL/ |Vy”+1|2+l// |PAyn+1|2 _ 7\/ fnPAyn+1+/ yn+1'vyn+1.PAyn+1+a/ vyn.vyn+1'
Q Q Q Q Q
Recall that
n n+1 1 n| 2 v n+1(2 n n+1 « n|2 « n+1(2
FUPAYT < B+ S IPA R o [ Ty vy < S+ S
Q v Q
We also have
| [t oy Ay < 9 P o
Q
We now use (see [I8, chapter 5]) that there exist three constants ¢1, co and ¢z such that

1
1Ay 2 < el PAY™ o, Iy oo < eally™ I3 125" 13

and
1
IV s < eslly™ 12 [ Ay™ 12
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This implies that
‘/Qy”“ vyt -PAy"“’ < clly™ 2| PAY" S

with ¢ = ¢1cac3. Recalling (3.13)), it follows that

5 [rvse e (5 -cwtila) [IpareE < i+ 5 [ e
2v 2 Q
But, from estimate (3.7), the assumption (3.11]) implies that ||y 1| < £ and
Lrow i o [ pay < i [ ey
ro Q
Summing then implies (3.12)) for all n € N. O

Remark 3.5. Under the hypothesis of Proposition[3.4, suppose that

n n—1
By = ()" (a S o + v||y°|§) (al SIS + vnwonz)
k=0 k=0

is small (which is satisfied as soon as « is large enough). Then, the solution of (3.5]) is unique.
Indeed, let n € N and let ™' y5 ™t € V' be two solutions of . Then Y := yf“ yott
satisfies

a/Y~w+u/VY~Vw+/ -VY - w+/Y vyt w =0 Yw eV

Q Q Q

and in particular, for w =Y (since fQ Yot VY - Y =0)

“/QIYFW/QIVYF /Y vyt Yy /QY VY -y < elly oo VY [V 2

< eyt PP Ay IV Y )Y 12
< allY I+ =y o[ PAY VY I3

leading to
(= SIp* el Paag e ) 19Y1B <.

If

(3.14) Iy oAy 2 < =,

then Y = 0 and the solution is unique. But, from and ,

" 4o [ co & 1 &
I IBP A 18 < 2 (S 1M e + 15718 ) (3 307418 + V195018 ).
k=0

k=0
Therefore, there exists a constant C such that if B, < C, then holds true.

Proposition then allows to obtain the following estimate of ||y™*?

parameter a.

—y"||2 in term of the

Theorem 3.6. We assume that Q2 is C?, that (™), is a sequence in L*(Q)? satisfies a~* Z o LFRN3 <
+00, that ug € V and that for alln € N, y"*t!1 € H2(Q)?2 NV is a solution of (.) satzsfymg
ly" |2 < £. Then, there exists Cy > 0 such that the sequence (y™), satisfies

C
n+1 n|2 1
(3.15) ly —y"3 < YR
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Proof. For all n € N, w = y" ! —y™ in (3.5)) gives :

™ =y BV < | [t y ey [ vy
Moreover,

‘/ﬂy”“-vy”“-(y”“—y") < | Vy BV =yl < VY BNV T 2+ VY 2)-
Therefore,

1
ally™ =y 5+ IV HE < el VYt EAVY e + 19y 2) + ~ 715 + v VY"1

But, (3.12) implies that for all n € N

frere <o (G ZIIf’“IIerVIIVy 13) =

and thus, since v < 1

QCC /2 Cl

+2C <

+1 +1
ally™t — "3 + v Vy 3 < 37 Y]

leading to [ly" ™ — (|3 = O(47z) as announced. O

This result asserts that two consecutive elements of the sequence {y" },,>0 defined by recurrence
from the scheme (| are close each other as soon as §t, the time step discretization, is small

enough. In partlcular this justifies the choice of the initial term y"“
n+1

= y" of the minimizing
sequence in order to approximate y
We end this section devoted to the case d = 2 with the following result, analogue of Theorem

(3.3), for regular data.

Theorem 3.7. Suppose F € L*(0,T; L?(2)?), ugp € V, for alln € {0,--- , N —1}, o and f™ are
given by and y"tt € V solution of . If C(ug, F) := ||F||2L2(0,T;L2(Q)2) +vugll} < Cv?
for some C and « is large enough, then, for any n > 0, the minimizing sequence {yZ“}keN
defined by (3.4) strongly converges to the unique of solution of .

Proof. As for Theorem it suffices to prove that there exists ¢; € (0,1) such that, for all
ne€{0,---,N—1} and all k € N, 72(y}) < ¢1. Let us recall that for all n € {0,--- ,N — 1} and

all k e N
n+1 n m\/§ V En(yn)
lyerilv < lly"llv + -7 =
V( - cl) 1-—- pn,O()\n,O)
where pn,O(X”,o) is defined as in the proof of Proposition From 1 , since for all n €
{0, N =1}, [If"]5 < 04HF||%2(0,T;L2(Q)2) :

Eo(y”) = Bofuo) < o (Iolly (v + Juoll2) + \/leflz)

1
< ;||U0||%/(V + lluoll2)? + 1 F 120,722

and, since y" is solution of (3.5), then for all n € {1,--- ,N — 1} :

1 _ -
En(y") < —llf" = "5+ ally™ =y I3

< 2| FllEa 0 12002 +olly™ =y 7 3
From the proof of Theorem we deduce that for all n € {0,--- N — 1} :

n n 2¢C (ug, F)3/?
gy < 2T o0, B

ally
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and thus, for alln € {1,--- ,N — 1}

o 2¢C(ug, F)3/?
En(y") < 2

Moreover, from (3.12)), for all n € {0,--- ,N — 1} :

+ 4C(U0,F)

" 171 1 1
"1 < = (5 D118+ vluoliy ) < = (1F12(07,220p2) + viluolly ) = - Cluo, F).
k=0

Eventually, let ¢; € (0,1). Then there exists oy > 0 such that, for all & > ag cap/En(y™) <
K < 1. We therefore have (see Theorem [3.3), for all & > ap, all n € {0+, N — 1} and all

keN:
”L\/5 \V En(yn)

n+1 < n
which gives a bound of ||y,?jrrll |lv independent of o > «p.
Taking a; > ag large enough, we deduce that, for all @« > a3, all n € {0,--- ,N — 1} and
all k € N, ||[y7|lv < eav2av, that is 7(yp) < ¢1. The announced convergence follows from
Proposition 2.13] O

3.2. Three dimensional case. We now consider regular solutions for the case d = 3. The
following intermediate regularity result holds true.

Proposition 3.8. Assume that Q is C?, that (f™), is a sequence in L?(Q)® and that ug € V.
Then any solution y"T* € V of belongs to H?(2)3.
If moreover, there exists C > 0 such that

1 n
3.16 — fk 2—|—V/ Vugl? < Cv3,
(3.16) akZ:OH 12 Q| \

then the inequality holds true.

Proof. From Proposition we know that for all n € N*, y™ € H?(2)> N V. Let now P be the
operator of projection from L?(Q2)? into H. Taking w = PAy"*! in (3.5 leads to :
(3.17)

a/ |vyn+1|2_’_y/ |PAyn+1|2:_/ f"PAy"+1+/ yn+1_vyn+1.PAyn+1+a/ vyn.vyn+1.
Q Q Q Q Q

In view of the inequality
‘ / y vyt PAy”“‘ <y syl PAY™ 2,
Q
we use again that there exist constants ¢, cs > 0 such that

[AY" |2 < er[|PAY" o, VY™ 6 < 2l Ay™ T2 < creo|[PAY™

so that, for ¢ = ¢1cq, we obtain
| [t v Ay < eyl PAY
It results from that
18y G [ (G- ) [ Parp s gy [ v,
Q Q Q

Assume that, for all n € N*| we have constructed by recurrence an element 3™ solution of (3.5))
such that

v
(3.19) - —

™|z > 0.
7 clvls
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Then, for all n € N
1
(3:20 Jrow i o [Py e < i [ ey

and recursively, for all n € N* :

. n+1 1 n /
AR VA C SRRy Ny

It remains to construct a sequence (y™),en+ solution of and satisfying for all n € N* the
property . Let n € N* fixed. Assume now, that we have constructed, for k € {1,--- ,n} a
solution y* satisfying and 7 — c|ly*|ls > 0 for ¢ = cyc introduced above. Let y; € V' and
let yo € H?(Q)3 NV be the unique solution of

a/(yg—y")-w—l—u/Vyg-Vw—i-/yl-Vyg-w:(f",w}H_l(Q)dxHé(Q)d Yw e V.
Q Q Q

If 41 satisfies = > ||ly1|3, then in view of (3.18]),

a 2 v 2 L2, @ n|2
@ v_ PAy|? < — @
5 [ 19l (5 - clnll ) [ 1Pan? < S0+ 5 [ 190
and consequently
S [vmP+ % [ 1Pank < g1+ [ Ve
(3.20) then implies

v L1
(3.21) [Vl + o [ 1Pawl <3 (53015 B+ v [ 1ViF).
Q 20 Jq v 04,;) 2 0 |

We now use that there exists a constant cs > 0 such that, for all n € N |ly2|ls < c3]|Vyz|l2 to

obtain
o1 - k2 2
el < 3 (3 3215 v [ Vuk)

Invoking assumption (3.16)), we conclude that ||ys||3 < &
Eventually, we introduce the application 7 : C — C, y; — y2 where C is the closed convex set

of V' defined by C := {y € V, £ > |lylls}. Let us check that 7 is continuous. Let y; € C et

21 €C, y2 = T (y1) et zo = T(z1) so that

04/(22—3/2)'71}‘*‘1// V(zQ—yg)-Vw—i—/ y1'v(y2—22)'w+/(y1—21)'V22'w=0 YweV
Q Q Q Q

and then for w = z5 — yo

a/ |20 — y2|* + V/ V(22 — y2)|* < ‘ /(yl —21) - Vaa.(22 — y2)

Q Q Q
< [V(yr — 21) |2l V22ll2ll22 — y2ll3
<[V — 21)|l2

using ([3.21)); this implies the continuity of 7. On the other hand, since T (C) is a bounded set of
H?(Q)3, T is relatively compact. The Schauder theorem allows to affirm that 7 has a fixe point
y € C, that is, a solution y"*1 € C of (3.5). O

Remark 3.9. Under the hypothesis of Pmposition@ suppose moreover that

Cow = v a3 ( 1Z||f I3+ vIIVy°lI3)

18 small enough, then, the solution of s unique.
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Indeed, let n € N and let y”“,yg”rl € V be two solutions of (.) LetY = y”Jr1 yg“.
Then,

a/Y-w+y/VY.Vw+/yg“ VYw—i—/Y Vyrttow=0 YweV

and in particular, for w =Y (since [, Yot VY - Y =0)

a/ Y*+v [ VY] = Y Vit Y = [ YUY i < eyt oI VY [l2]|Y ]l
Q Q Q

1/2 n 1/2
< c||w 2 IPAY 2 IVY 2 Y
< allY I+ vy | PAY VY I3

and therefore (v — <||VyY' | PAYT2 )||VY||2 < 0. Moreover, from

n n 2
I3 P < 257 (2 ZI\f"HﬁVIIVy )

Therefore, there exists a constant ¢ > 0 such that if C'a,l, < ¢, then, arguing as in the 2d case,

VY2 <0 andY =0.

As in the case d = 2, Proposition then allows, following the proof of Theorem to
obtain the following estimate of ||y"*! — y™||2 in term of the parameter a.

Theorem 3.10. We assume that Q is C2, that (f),, is a sequence in L*(Q)® satisfies o= 3,20 || f*]2 <
+00, that y° € V and that for all n € N, y"*1 € H2(Q)> NV is a solution of (-) satzsfymg
. Then, the sequence (y™), satisfies (3.15)).

Eventually, adapting the proof of Theorem we get the following convergence result.

Theorem 3.11. Suppose F' € L?(0,T; L*(2)3), y° € V, for alln € {0,--- ,N—1}, a and f" are
given by and y" Tt € V solution of . IfC(y°, F) := HF||%2(07T;L2(Q)) +v|[y°)3, < Cv3
for some C > 0 and « is large enough, then for any n > 0, the minimizing sequence {y,?“}keN
defined by strongly converges to the unique of solution of .

Remark 3.12. We have considered regular solutions in the case d = 3 in order to be able to
prove the uniform property 73(yy) < c1 < 1 for some c¢1 independent of k and n, i.e. ||ypllyv <
et M~ (av®)VA. Actually, for reqular solutions, Proposition implies that ||y} ||y < C for some
C independent of a, which is sufficient for a large enough. By considering weak solution, we can
only prove that ||ly}||v < Ca'/? for some C > 0 (see (3.7) ) which does not imply 73(y}) < c¢; < 1.

4. NUMERICAL ILLUSTRATIONS

We discuss in this section numerical experiments based on finite element approximations in
space for two geometries of R?: the celebrated channel with a backward facing step and the semi-
circular driven cavity introduced in [5]. In both cases, the velocity of the fluid is imposed on the
boundary. We first start with the case @ = 0 in (discussed in [I1]) allowing, first to get the
solution of as time becomes large and secondly, to enhance the gain of the optimization of
the descent step parameter Ay in . Then, for the semi driven cavity, we consider the cases
a =0 and a > 0 applied to the resolution of the backward Euler scheme . In a final part,
we briefly compare the computational cost of this least-squares approach with standard explicit
and semi-explicit scheme.

The numerical simulations are performed with the FreeFem++ package developed at Sorbonne
university (see [8]). Regular triangular meshes are used together with the Py/P; Taylor-Hood
finite element, satisfying the Ladyzenskaia-Babushka-Brezzi condition of stability.
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4.1. Steady case : Two dimensional channel with a backward facing step. We consider
in the steady situation the celebrated test problem of a two-dimensional channel with a backward
facing step, described for instance in Section 45 of [6] (see also [9]). We use exactly the geometry
and boundary conditions from this reference. The geometry is depicted in Figure Dirichlet
conditions of the Poiseuille type are imposed on the entrant and sortant sides I'y and I'y of the
channel: we impose y = (4(H—x2)(z2—h)/(H—h)?,0) on Ty and y = (4(H—h)xo(H—x2)/H?,0)
on Ty, with h =1, H = 3,1 = 3 and L = 30. On the remaining part 9Q \ (I'y UT'3), the fluid flow
is imposed to zero. The external force f is zero.

T2
(0, H)
I
Iy
(0,h) Q
(1,0) (L,0) I1

FIGURE 1. A two-dimensional channel with a step.

FIGURE 2. A triangular mesh of the channel - 14 143 triangles and 7360 vertices.

We consider the extremal problem to solve the steady Navier-Stokes equation with
here o = 0. We compare the descent algorithm based on the descent direction Y; exhibited
in the proof of Proposition with the conjugate gradient (CG) algorithm used in [II]. In both
cases, the initial guess is defined as the solution of the corresponding Stokes problem. Moreover,
the scalar extremal problem with respect to A in is performed with the Newton-Rasphon
method for real function.

We start with a relatively large value of ¥ = 1/150. Table [1| reports the evolution of the
relative quantity ||yx+1 — yk||v/||ykllv with respect to the iterate k associated to the algorithms
, with fixed step Ay = 1 and CG respectively. We also consider the so-called by
analogy damped quasi newton method

yo € H given,
(4.1) Yra1 = Yo — MYk, k>0,
A = argminy ¢ ., E(yr — Af’l,k)

with }N’Lk € V the solution of the formulation
a/ )71,k'w+1// VY/LKV'LUJr/(yO'V?quLf/LKVyO)w: —oz/ vk~w71// Vu,-Vw,Yw € V
Q Q Q Q Q

and v, € V' the corrector (associated to yy) solution of .

A regular mesh composed of 14 143 triangles and 7360 vertices depicted in Figure [2|is used.
Table [2| reports the evolution of the norm of the corrector ||vgx|lv = v/2E(yx), an upper bound
of ||y — y|lv, according to Proposition As expected in view of the results in Section
the descent algorithm based on Y7 ;. is much faster than the CG algorithm. Moreover, the
optimal values for the optimal step A\, are close to one, so that the Newton method provides
a similar speed of convergence. As the norm of Y] j goes to zero with k, the term factor of \?
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in gets small, and the optimal A\; gets close to one. Remark as well that the algorithm
, whose each iteration involves the same matrice to be inverted, offers an excellent speed of
convergence. In term of CPU times, Algorithm and require about 53 and 108 seconds
respectively and leads to the same approximation. We have notably ||V - y|12(q) = 1.59 x 1072

and ||V . y||L2(Q)/‘Q| =1.83 x 1074

f iterate k | (2.22) with Ay =1 (2.22) (4.1) CG
1 4.442 x 1071 3.798 x 1071 (0.8545) | 3.796 x 10~! | 5.214 x 102
2 1.959 x 1071 1.810 x 1071 (0.9573) | 1.592 x 10~* | 4.195 x 102
3 5.609 x 1072 4.045 x 1072 (0.9949) | 4.375 x 1072 | 3.276 x 1072
4 3.986 x 1073 2.223 x 1073 (1.0006) | 6.055 x 1073 | 2.946 x 1072
5 2.082 x 107° 5.719 x 1076 (0.9999) | 6.808 x 1073 | 2.568 x 1072
6 5.912 x 10710 4.959 x 10711 (1) 9.899 x 1074 | 2.290 x 1072
7 4.881 x 1071° 3.299 x 1071° (1) 9.009 x 10=* | 2.219 x 1072
8 - - 1.486 x 107* | 2.024 x 1072
9 - - 9.553 x 1075 | 1.952 x 1072
10 - - 2.092 x 1075 | 1.819 x 1072
11 — - 1.396 x 1075 | 1.764 x 102
12 — - 3.170 x 1076 | 1.723 x 1072
13 - - 1.839 x 107 | 1.674 x 1072
14 - - 3.809 x 10~7 | 1.657 x 1072
15 - - 1.987 x 1077 | 1.606 x 1072
26 - - 4.321 x 10713 | 1.120 x 1072
200 - - 2.091 x 1073

TABLE 1. 2D cha

with respect to k.

nnel geometry; v = 1/150; Evolution of ||yx+1 — yxllv/|vellv

{ iterate k | (2.22) with Ay =1 (2.22) (4.1) CG
1 5.467 x 1072 5.467 x 1072 | 5.476 x 1072 | 5.467 x 1072
2 2.398 x 1072 2.224 x 1072 | 2.222 x 1072 | 3.701 x 10~2
3 4.953 x 1073 4.601 x 1073 | 5.457 x 1073 | 2.917 x 102
4 3.201 x 10~4 1.565 x 10~* | 9.322 x 10~* | 2.492 x 10~2
5 1.530 x 10~ 5.437 x 1077 | 5.191 x 10~* | 2.201 x 10~2
6 3.650 x 1011 4.227 x 10712 | 1.712 x 107 | 1.995 x 102
7 6.541 x 10~16 2.541 x 10716 | 1.712 x 10~* | 1.840 x 102
8 — - 7.852 x 1075 | 1.709 x 102
9 — — 2.472 x 1075 | 1.603 x 1072
10 — — 8.953 x 1079 | 1.511 x 1072
11 - - 3.424 x 1076 | 1.433 x 102
12 - — 1.205 x 1076 | 1.363 x 1072
13 — - 4.251 x 10~7 | 1.301 x 102
14 — — 1.366 x 10~7 | 1.242 x 10~2
15 — - 4.478 x 1078 | 1.187 x 102
26 - — 1.599 x 10714 | 6.259 x 1073
200 - - - 1.551 x 1072
TABLE 2. 2D channel geometry; v = 1/150; Evolution of ||vg|lv = +/2E(yx)

with respect to k.
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For smaller values of v, the results are qualitatively differents. Table [3| reports some norms
with respect to k for v = 1/700. We observe, from the last column, that the Newton method
for which Ay is fixed to one does not converge anymore. Actually, the Newton method, when
initialized with the solution of the corresponding Stokes problem, diverges for v < 1/250. On
the other hand, the optimization of the step A; produces a very fast convergence of the sequence
{yr}r>0). Observe here that the values for the optimal Ax are not close to one, during the first
iterations. We obtain notably ||V - y|12(0)/|Q| = 5.78 x 1072. In agreement with Theorem m
we observe from Table |3| that the decrease of \/E(yx) to zero is first linear and then becomes
quadratic.

The algorithm is a bit more robust than the Newton one as it converges for all v satisfying
v > 1/290 approximately. Finally, as discussed in [I1], the CG algorithm converges and produces
similar numerical values: the convergence is however much slower since about 350 iterates are
needed to achieve \/2E(y) of the order 1073.

The algorithm requires however the initial guess to be close enough to the solution.
Initialized with the solution of the corresponding Stokes problem, it diverges for v < 1/720. A
continuation method with respect to v is then necessary in that case. Algorithm is also
robust with respect to the mesh size: with a twice finer mesh composed of 84 707 triangles and
43069 vertices, the convergence [|y**1 — y*|| < 10712||y*|| is observed after k = 18 iterates
(instead of 14 for the previous coarser mesh) leading notably to ||V - y||r2()/|Q] = 3.91 x 1072
Figure [3| depicts the streamlines of the convergent sequence yi in the cases v = 1/150 and
v = 1/700. The method allows to capture the shear layer developing in the flow behind the
re-entrant corner.

t iterate & | [lyr1 — yrllv/lluellv | 2E(yx) Ak V2E(yx) with A\, =1
1 7.153 x 10! 5.467 x 1072 0.727 5.467 x 1072
2 1.424 x 10~* 2.791 x 1072 | 4.77 x 10~° 3.452 x 1072
3 2.073 x 1071 2.791 x 102 | 2.01 x 102 8.089 x 1072
4 3.538 x 107! 2.737 x 1072 0.958 5.344 x 1072
5 9.138 x 1072 7.270 x 1073 | 4.81 x 1076 2.409
6 6.244 x 1072 2.622 x 1073 | 1.73 x 1073 6.115 x 1071
7 2.028 x 1072 1.078 x 1073 0.358 3.944
8 3.695 x 1073 2.610 x 1074 0.521 9.851 x 101
9 7.522 x 107* 4.184 x 107° 1.098 8.186 x 10*
10 9.886 x 1076 6.014 x 10~7 0.963 4.385 x 10*
11 3.872 x 1076 1.692 x 10~7 1.032 1.093 x 10*
12 6.820 x 10~ 11 4.404 x 1012 0.9983 3.169 x 10*
13 1.288 x 1010 2.880 x 10712 0.9999 1.576 x 10°
14 6.879 x 10~1° 3.263 x 10716 1 4.068 x 10*

TABLE 3. 2D channel geometry; v = 1/700; Results for the algorithm (2.22]).

4.2. Steady case: 2D semi-circular cavity. We now consider the test discussed in [5]. The
geometry is a semi-disk Q = {(z1,22) € R?,2? + 23 < 1/4,22 < 0} depicted on Figure 4} The
velocity is imposed to y = (g,0) on Ty = {(x1,0) € R?,|z1| < 1/2} with g vanishing at x; = +1/2
and close to one elsewhere: we take g(z;) = (1 — e!00@1=1/2))(1 — ¢7100=1+1/2)) " On the rest
[y = {(z1,22) € R?, 25 < 0,27 + 23 = 1/4} of the boundary the velocity is fixed to zero.

For a regular triangular mesh, composed of 79628 triangles and 40 205 vertices, leading to a
mesh size h &~ 6.23 x 1073, the Newton method (), = 1) initialized with the corresponding Stokes
solution, converges up to »~' = 500. On the other hand, the algorithm still converges
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FIGURE 3. Streamlines of the steady state solution at ¥ = 1/150 (top) and
v =1/700 (bottom); L = 30.

FIGURE 4. Semi-disk geometry.

up to v~ = 910. Figures E depicts the streamlines of the steady state solution corresponding
to ™! =500 and to ™! =i x 103 for 4 = 1,---,9. The figures are in very good agreements
with those depicted in [5]. The solution corresponding to v~! = 500 is obtained from the
sequence given initialized with the Stokes solution. Eight iterates are necessary to achieve

2E(y) ~ 3.4 x 10~'7. The stopping criterion is ||yr+1 — ykllv < 10712||yx|lv. Tables [4] and
collects some values for v = 1/500 and v = 1/700. Then, the other solutions are obtained
by a continuation method with respect to v taking dv~! = 500. For instance, the solution
corresponding to v~! = 5000 is obtained from the algorithm initialized with the steady
solution corresponding to v~! = 4500. Table [S| reports the history of the continuation method
and highlights the efficiency of the algorithm : up to v~ = 9500, few iterations achieve
the convergence of the minimizing sequence {yx}ren. From v~! = 10%, with a finer mesh (for
which the mesh size is h &~ 4.37 x 1073), dv is reduced to év~! = 100 and leads to convergence
beyond v~ = 15000. Table also reports the minimal value of the streamline function 1 which
compare very well with those of [5].

¢ iterate & | |lyers — ykllv/llyllv | V2E() | e || /2E(yx) with Ay =1
1 4.66 x 10~1 8.51 x 1073 | 0.810 8.51 x 1073
2 2.03 x 1071 3.57 x 1073 | 0.716 4.09 x 1073
3 9.54 x 102 1.36 x 10~ | 0.860 2.26 x 1073
4 2.64 x 1072 3.38 x 107% | 0.982 2.51 x 1074
5 1.53 x 1073 2.43 x 107° | 1.002 3.47 x 1076
6 4.21 x 1076 6.36 x 10~8 1. 1.54 x 1079
7 4.20 x 10711 6.50 x 10713 | 1. 1.52 x 10716
8 3.25 x 10715 345x 10717 | 1 3.39 x 1017

TABLE 4. Semi-disk geometry ; v = 1/500; Results for the algorithm (2.22)).
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g iterate k | [lyers — yellv/lyellv | V2EQr) | A || /2E(yx) with A, =1
1 4.89 x 10! 8.51 x 1073 | 0.702 8.51 x 1073
2 2.41 x 1071 4.43 x 1073 | 0.583 5.75 x 1073
3 1.48 x 101 2.15 x 103 | 0.510 5.27 x 1073
4 1.01 x 10! 1.15 x 1072 | 0.568 1.23 x 1072
5 6.83 x 1072 6.50 x 10~* | 0.931 4.40 x 1073
6 1.19 x 102 1.76 x 10~* | 1.018 1.52 x 102
7 3.35 x 1074 3.42 x 1079 | 0.999 5.06 x 1073
8 3.19 x 10~7 4.22 x 1079 1. 1.45 x 1072
9 2.97 x 10713 2.30 x 10715 | 1. 1.85 x 102
20 — — — 5.39

TABLE 5. Semi-disk geometry ; v = 1/700; Results for the algorithm (2.22)).

FIGURE 5. Streamlines of the steady state solution for v»=! =

500, 1000, 2000, 3000, 4000, 5000, 6000, 7000 and v~ = 8000.

The case a > 0 leads to similar results, in full agreement with the theoretical Section [2| For
v = 1/1000, Table [6] reports results of the algorithm for € {107%,1.,10.,100.}. As
expected, the gain of coercivity of the functional E involves a notable robustness and speed up
of the algorithm. Recall that for « = 0. and v = 1/1000, algorithm does not converge.
For o = 107!, we observe the convergence after 8 iterates. For a fixed value of v, this number
of iterates decreases as « gets larger. Actually, we observe that when ay/v = O(1), algorithm
converges after few iterates with A close to 1 for all k. Moreover, when av = O(1), the
convergence is achieved after one iterate only. This behavior suggests that one may recover the
solution of the steady Navier-Stokes system (corresponding to o = 0) by using a continuation
procedure with respect to the parameter o decreasing to zero. We easily check, for any « > 0, the
estimate ||V (Yo — Ya=0)ll2 < cp\/Z[Ya=oll2 where y, solves , and ¢, the Poincaré constant.
For v = 1/5000, Table E reports the history of the continuation approach starting from a = 1.
to a = 0 with intermediate step o € {1071,1072,1073,10~%}. Figure |§ depicts the evolution
of the sequences {\/2E(yx)}r and {\;}r obtained from the algorithm @I} with a = 1073.
The algorithm is initialized with the solution corresponding to o = 1072, ‘The behavior of these
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sequence fully illustrates Theorem and the robustness of the method: as Aj increases, the
decay of \/2E(yy), initially low, gets larger and becomes very fast when A is close to one. Figure

[T reports the streamlines of the solution for various values of a.

f iterate k a=0.1 a=1. a = 10. a = 100.
1 6.59 x 1072(0.65) | 3.11 x 1073(0.87) | 1.04 x 1073(0.99) | 2.99 x 10~4(9.99)
2 3.54 x 1073(0.63) | 7.59 x 107%(0.98) | 3.68 x 107°(0.99) | 7.81 x 10~7(1.)
3 1.55 x 1073(0.64) | 5.94 x 1075(1.00) | 5.15 x 1078(1.) | 6.92 x 107 12(1.)
4 7.05 x 1074(0.74) | 4.84 x 1077(1.) 1.20 x 10713 5.50 x 10717
5 2.76 x 107%(1.01) | 2.63 x 107 1(1.) - -
6 2.95 x 1075(1.) 1.03 x 10717 - -
7 1.55 x 1077(1.) - - -
8 1.99 x 10711(1.) - — -
9 1.60 x 10717 - - —

TABLE 6. Semi-disk geometry ; v = 1/1000; Results for the algorithm (2.22);
v/ 2E(yr) and A, with respect to .
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FIGURE 6. Semi-disk geometry; v = 1/5000; Evolution of /2E(yx) and A
w.r.t. k for a from 1072 to 1073,

FIGURE 7. Streamlines of the a-steady state solution for o = 1.,1071,1072
(Top) and a = 1073,10~* and 0. (Bottom).
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o fit. mallzz) Nvellv 1%a — Ya=ollv
Stokes — 1. 6 0.00684 7.659 4.28
1. —» 1071 37 0.011 7.4896 3.32
1071 - 1072 | 49 0.0297 7.8951 2.67

1072 - 1073 | 70 0.0360 8.0166  4.02 x 107!
1073 =107 | 12 0.0366  8.0278 4.03 x 1072

1074 =0 4 0.0367 8.029 4.03 x 1073
TABLE 7. Semi-disk geometry; Continuation method with respect to « for the
solution of the steady Navier-Stokes equation; v = 1/5000.

v! fit. mllez Inilmie) 9elmi@  mingyd  mingy [5]
Stokes — 500 7 4.31x1072 4.462 2.489 —0.0766784 —
500 — 1000 7 4.07x1072 4.919 2.883 —0.0780642  —0.0779
1000 — 1500 6 0.0399 5.2966 3.15371  —0.0775772 —
1500 — 2000 6 0.0393087 5.61222 3.36132 —0.0766604 —0.0763
2000 — 2500 5 0.0388207 5.8849 3.53141 —0.0756008 —
2500 — 3000 5 0.0383734 6.12689 3.67571 —0.074476 —0.0742
3000 — 3500 5 0.0379483 6.34559 3.80097 —0.0733293 —
3500 — 4000 5 0.0375405 6.54581 3.91156 —0.0721912 —
4000 — 4500 6 0.0371478 6.73091 4.01047 —0.0710789 —
4500 — 5000 6 0.0367688 6.90338 4.09986  —0.0699992 —0.0700
5000 — 5500 6 0.0364024 7.06514  4.18132 —0.0689569 —
5500 — 6000 6 0.0360479 7.21768  4.25607 —0.0679526 —
6000 — 6500 6 0.0357043 7.3622 4.32506 —0.0669879 —
6500 — 7000 6 0.0353712 7.49966 4.38908 —0.0660596 —
7000 — 7500 5 0.0350479 7.63085 4.44875 —0.0651669 —
7500 — 8000 5 0.0347341 7.75643 4.5046 —0.0643104 —
8000 — 8500 6 0.0344295 7.87694  4.55705 —0.0634864 —
8500 — 9000 6 0.0341339 7.99287  4.60649 —0.0626943 —
9000 — 9500 11 0.0338468 8.10461 4.65324 —0.0619334 —
9500 — 10000 39 0.0335673 8.21355 4.6937 —0.061204 —
10000 — 10100 5 0.0335126 8.23472  4.70226 —0.061061 —
10100 — 10200 5 0.0334581 8.25574  4.71073 —0.0609195 —
10200 — 10300 5 0.033404 8.27663  4.71911 —0.0607786 —
10300 — 10400 5 0.0333502 8.29738 4.72741  —0.0606386 —
10400 — 10500 5 0.0332967 8.318 4.73563 —0.0605006 —

TABLE 8. Semi-disk geometry; Continuation method with respect to v for the
solution of the steady Navier-Stokes equation; oo = 0.

4.3. Unsteady case: 2D semi-circular cavity. We now use the least-squares method in order
to solve iteratively the implicit Euler scheme . The parameter « = 1/§t¢ is strictly positive.
We remind that for v approximatively larger than 1/6600, the unsteady solution converges as
time evolves to the steady solution (corresponding to o = 0) obtained in the previous section
by continuation technics. Actually, the iterative process due the time discretization can also be
seen as a continuation approach. We consider the value v = 1/1000. Following [5], we take
as initial condition u the steady-state solution corresponding to v = 1/500. For the value
a = 200 corresponding to the time discretization parameter 6t = 5 x 1073, we observe the
convergence of the sequence {y,’j“}bo after at most three iterations, for each n (except for
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n = 0 requiring 6 iterations). For the value oz = 2000 corresponding to 6t = 5 x 10~* (used in
[5]), we observe the convergence of the sequence after one iterate. At time T = 10, the unsteady
state solution is close to the solution of the steady Navier-Stokes equation: we compute that
the sequence {y"},—o,... 2000 satisfies [|y20% — y199| 2 ) /[|y2°%| L2(q) & 1.19 x 107°. n = 2000
corresponds to T" = 2000 x dt = 10. Figures [§] display the streamlines of the unsteady state
solution corresponding to ¥ = 1/1000 at time 0,1,2,3,4,5,6 and 7 seconds to be compared with
the streamlines of the steady solution depicted in Figure[7] These figures are in full agreement
with [5].

FIGURE 8. Streamlines of the unsteady state solution for »~1 = 1000 at time
t=14,i=0,---,8s.

Before to compare with standard time marching schemes, we emphasize that, for each n,
algorithm [3.4] reads as follows
yn-‘rl _ yn
0 - I
1 1 1 1 1 1
Laygil cw + VVyZil Vw +yp Vyﬁj_'l cw A+ y?il VYRt w =

(4.2)
(1—Xg) /Q ozyZJrl Sw Z/VyZ-H -Vw + y,?“ . Vy,’;Jrl cw

+Ak/ay"~w+<f”’,w >H_1(Q)7H5(Q)—I—/yZH-Vy,Z“-w k>0,YweV
Q Q

where the optimal step Ay minimize A — E,, (yZ*'1 — )\Y{},j 1. For a large, the optimal step A
equals one and the convergence with respect to k is achieved after one iterate. The convergent
approximation y"t! := y?“ then simply solves, for each n the following semi-implicit scheme
(mentioned in [I5] section 13.4])

/ayn-‘rl _w+yvyn+1 vw+yn .Vyn+1 .w_~_yn+1 Vyn Sw

(4.3) @

:/ay”-w+<f”,w >H71(Q),Hé(g)+/y"-Vy"'w, Yw e V.
Q Q

For dt of the order 1072, this first-order in time scheme displays, for v = 1/1000 and the semi-disk
geometry [4] very similar results to the conditionally stable partially explicit scheme (we refer to
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[19, Section 5.1])

(4.4) /ay”“~w+VVy"+1-Vw+y"-Vy"-w = / ay"wt < fUw >po)mi@, YWEV
Q Q

and to unconditionally stable scheme
(4.5)

ay" ™ w+ VYtV +y" - VYT = / ay” wt+ < f"w>gou) Hi@), YwEV.

Q Q

In term of computational cost, the scheme is as expected faster than the scheme : the
ratio of the computational time to perform 10000 iterates (leading to T' = 10) between and
is approximatively equal to 1.65. The regular triangulation used corresponds to a mesh size
h of the order of 6.23 x 10~2 making stable. On the other hand, the computational times
of and ([4.5) are equivalent: we observe a ratio equal to 1.05. For §t = 1072, scheme ({4.4))
is unstable. The convergence with respect to k of (no more equivalent to is observed
after two iterates. The ratio of computational time between and raises to 1.89. We
observe that the approximation for is much less sensitive to the variation of dt: we observe
the same result than with 6 = 1072 and than [5] where 6t = 5 x 10~* is used.

5. CONCLUSIONS AND PERSPECTIVES

We have rigorously analyzed a weak least-squares method introduced forty years ago in [2]
allowing to solve a steady nonlinear Navier-Stokes equation, in the incompressible regime. This
equation with a zero order term appears after any fully implicit time discretization of the unsteady
Navier-Stokes equation. We have constructed a sequence converging strongly to the solution of
the steady equation. Using a particular descent direction very appropriate for the analysis, this
convergent sequence turns out to coincide with the sequence obtained using the damped Newton
method to solve the underlying variational weak formulation. This globally convergent approach
enjoys a quadratic rate a convergence after a finite number of iterates and is in particular much
faster than the conjugate gradient method used in [2 [I1]. Then, we have shown the convergence
of the method, uniformly with respect to the time discretization, to solve the fully implicitly
Euler scheme associated to the unsteady Navier-Stokes equation. When the time discretization
is fine enough, each step of the damped Newton method simply reduced to the Newton one. In
a such a case, we obtained a proof of convergence of the Newton scheme to solve the unsteady
Navier-Stokes. As far as we know, this proof is original. Numerical experiments have highlighted
the robustness of the method, even for small values of the viscosity coefficient. We also emphasize
that the least-squares approaches, employed here to treat the Navier-Stokes nonlinearity, can be
used to solve another nonlinear equations, as formally done in [I4] for a sublinear heat equation.
Eventually, we may solve the unsteady Navier-Stokes system by a fully L2(0,T; H~1(9)) least-
squares approach. The underlying corrector solves an unsteady Stokes type equation; we refer
to [12].
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