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Abstract This work analyzes a least-squares method in order to solve im-
plicit time schemes associated to the 2D and 3D Navier-Stokes system, intro-
duced in 1979 by Bristeau, Glowinksi, Periaux, Perrier and Pironneau. Implicit
time schemes reduce the numerical resolution of the Navier-Stokes system to
multiple resolutions of steady Navier-Stokes equations. We first construct a
minimizing sequence (by a gradient type method) for the least-squares func-
tional which converges strongly and quadratically toward a solution of a steady
Navier-Stokes equation from any initial guess. The method turns out to be
related to the globally convergent damped Newton approach applied to the
Navier-Stokes operator. Then, we apply iteratively the analysis on the fully
implicit Euler scheme and show the convergence of the method uniformly with
respect to the time discretization. Numerical experiments for 2D examples sup-
port our analysis.

Keywords Steady Navier-Stokes equation - Implicit time scheme - Least-
squares approach - Damped Newton method

1 Introduction - Motivation

Let 2 ¢ RY d = 2 or d = 3 be a bounded connected open set whose
boundary 92 is Lipschitz and T > 0. We endow H{(§2) with the scalar
product <v,w>H3(Q) = fQ Vv - Vw and the associated norm and we endow
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the dual H='(£2) of H{(£2) with the dual norm of H}(§2). We denote by
V= {ve D)% V-v=0}, H the closure of ¥ in L?(£2)¢ and V the closure
of V in H} ()4 endowed with the norm of Hg(£2)%.

The Navier-Stokes system describes a viscous incompressible fluid flow in
the bounded domain §2 during the time interval (0,7") submitted to the exter-
nal force F'. It reads as follows :

up —vAu+ (u-Viu+Vp=F, V-u=0 in 2x(0,7),
u=0 on 00 x(0,T), (1)
u(,0) =wup in £,

where u is the velocity of the fluid, p its pressure and v is the viscosity constant
assumed smaller than one. We refer to [19]. This work is concerned with the
approximation of through the time marching fully implicit Euler scheme

' =wup in £,

tnt1

yn+1 _ yn L L 1
—vAy" T 4 (y"th )yt vt = ﬁ/ F(-,s)ds, n >0,
t

ot
V-y"™t=0 in 2, n>0,
y" =0 on 02, n>0,

n

(2)
where {t, }n=0..n, for a given N € N, is a uniform discretization of the time
interval (0,7T). t = T'/N is the time discretization step. This also-called back-
ward Euler scheme is studied for instance in [19] chapter 3, section 4]. It is
proved there that the piecewise linear interpolation (in time) of {y"},.cjo,n]
weakly converges in L?(0,T; V') toward a solution u of (1)) as §t goes to zero.
It achieves a first order convergence with respect to 6t. We also refer to [20]
for a stability analysis of the scheme in long time. We refer to [17] for Crank-
Nicolson schemes achieving second order convergence.

The determination of y™*! from y™ requires the resolution of a nonlinear
partial differential equation. Precisely y"t! together with the pressure 7*!
solve the following problem: find y € V' and m € L3(£2), solution of

{ozyVAy+(y~V)y+V7r—f+ozg, V-y=0 in £, 3)

y=0 on 012,
with
! L s 4
= — O = — . — n.
a=5>0 f &/tn (8)ds, g=y (4)

Recall that for any f € H-1(2)? and g € L?(£2)?, there exists one solution
(y,m) € V x L&(2) of G) unique if Hg||%2(md + 0471V71|‘f||37,1(9)d is small
enough (see Proposition [1|for a precise statement). L3(2) stands for the space
of functions in L2?(£2)¢ with zero means.
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A weak solution y € V' of solves the formulation F(y,w) = 0 for all
w € V where F is defined by

F(y,z2) ::/Qayw—i—VVy-Vz—i—(y-V)y-z

—(f,z>H_1(Q)dxHé(Q)d—a/ﬂg-z:o, VzeV.
()

If D, F' is invertible, one may approximate a weak solution through the itera-
tive Newton method: a sequence {yi}ren € V' is constructed as follows

Yo S Vv (6)
Dy F(yr,w) - (Yr41 — y) = —F(yg,w), Yw eV, k>0.

If the initial guess yp is close enough to a weak solution of , i.e. a solution
satisfying F'(y, w) = 0 for all w, then the sequence {y }ren converges. We refer
to [15, Section 10.3], [4, Chapter 6]) and for some numerical aspects to [10].

Alternatively, we may also employ least-squares methods which consist
in minimizing a quadratic functional, which measures how an element y is
close to the solution. For instance, we may introduce the extremal problem :
inf ey E(y) with E: V — RT defined by

B() =5 | alof + oIVl 7)

where the corrector v, together with the pressure, is the unique solution in
V x LE(92) of the linear boundary value problem:

ow—VAv—i—Vﬂ—I—(ay—l/Ay+(y~V)y—f—ag):O, V-v=0 in £,
v=0 on OJf.

(8)
E(y) vanishes if and only if y € V' is a weak solution of , equivalently a zero
of F(y,w) = 0forallw € V. As a matter of fact, the infimum is reached. Least-
squares methods to solve nonlinear boundary value problems have been the
subject of intensive developments in the last decades, as they present several
advantages, notably on computational and stability viewpoints. We refer to

[, [7]. The minimization of the functional E over V leads to a so-called weak

least squares method. Precisely, the equality \/2E(y) = sup,cv w0 W -
’ \4

where [|w]]y- is defined in (9) - shows that E is equivalent to the V' norm of the
Navier-Stokes equation (see Remark . The terminology “H ~!-least-squares
method” is employed in [2] where the minimization of E has been introduced
and numerically implemented to approximate solutions of through the
scheme . We also mention [4, Chapter 4, Section 6] which studied the use
of a least-squares strategy to solve a steady Navier-Stokes equation without
incompressibility constraint.

The first objective of the present work is to analyze rigorously the method
introduced in [2] and show that one may construct minimizing sequences in
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V for E that converge strongly toward a solution of . The second objective
is to justify the use of that least-squares method to solve iteratively a weak
formulation of the scheme , leading to an approximation of the solution
of . This requires to show some convergence properties of a minimizing
sequence for E, uniformly with respect to the parameter n related to the time
discretization. As we shall see, this requires smallness assumptions on the data
ug and F.

The rest of the paper is organized as follows. Section [2] is devoted to the
analyze the least-squares method @- associated to weak solutions of .
We show that FE is differentiable over V' and that any critical point for F in
the ball B := {y € V,74(y) < 1} (see Definition [1)) is also a zero of E. This is
done by introducing a descent direction Y; for E at any point y € V for which
E'(y) - Yy is proportional to E(y). Then, assuming that there exists at least
one solution of (3|) in B, we show that any minimizing sequence {y}ren for
E in B strongly converges to a solution of . Such limit belongs to B and is
actually the unique solution. Eventually, we construct a minimizing sequence
(defined in ) based on the element Y; and initialized with g assumed in
V. If « is large enough, we show that this particular sequence belongs to
B and converges (quadratically after a finite number of iterates related to
the values of v and «a) strongly to the solution of (see Theorem . This
specific sequence coincides with the one obtained from the damped Newton
method, a globally convergent generalization of @ Then, in Section , as
an application, we consider the least-squares approach to solve iteratively the
backward Euler scheme (see ), weak formulation of . For each n > 0,
in order to approximate y"*!, we define a minimizing sequence {yzﬂ}kzo
based on Y{"*! and initialized with y”. Adapting the global convergence result
of Section [2} we then show, assuming |[ugl|z2(2)a + [|F'[| 20,711 (2)) small
enough, the strong convergence of the minimizing sequences, uniformly with
respect to the time discretization parameter n (see Theorem . The analysis
is performed for d = 2 for both weak and regular solutions and for d = 3 for
regular solutions. Our analysis justifies the use of Newton type methods to
solve implicit time schemes for (1], as mentioned in [15, Section 10.3]. To the
best of our knowledge, such analysis of convergence is original. In Section
we discuss numerical experiments based on finite element approximations in
space for two 2D geometries: the celebrated example of the channel with a
backward facing step and the semi-circular driven cavity introduced in [5]. We
notably exhibit for small values of the viscosity constant the robustness of the
damped Newton method (compared to the Newton one).

2 Analysis of a Least-squares method for a steady Navier-Stokes
equation

We analyse in this section a least-squares method to solve the steady Navier-
Stokes equation assuming « > 0: we extend [II] where the particular case
a = 0 is addressed.
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2.1 Technical preliminary results
In the sequel || - ||z stands for the norm || - ||;2(oye. We shall also use the

following notations

2
lylly = allylls + vIIVyl3, VyeV

(9)

and (y,2)v :=a [,y -z+v [, Vy-Vzso that (y,2)v < [|ylly Izl for any

y,z € V.

In the sequel, we repeatedly use the following classical estimates (see [19]).

Lemma 1 Let any u,v € V. Ifd = 2, then
— / u-Vu-v= / u-Vo-u < V2|ul||Vol|2| [ Vil
2 2
If d = 3, then there exists a constant ¢ = c¢({2) such that
1/2 3/2
Vo clul* 19l Val,

Definition 1 For any y € V, o > 0 and v > 0, we define

”yHH[}(Q)Z’ i d=2,
Taly) = 20v
d =
Myl g3 (2)s 4 g3
(a3)l/4 -

with M = %c and ¢ from .

We shall also repeatedly use the following Young type inequalities.

Lemma 2 For any u,v € V, the following inequalities hold true :
2
V2(ulla[| V2] Vullz < 2 ()lully

ifd=2 and
1/2 3/2
cllully Vol Vuly® < ms@)llulli,

if d=3.

Let f € H1(2)?, g € L?(2)? and a € R%. The weak formulation of

reads as follows: find y € V solution of

/ ay-w+vVy-Vw+y-Vy-w = <f7w>H71(Q)dXHé(Q)d+OZ/ gw, YweV.
Q o)

The following result holds true (we refer to [13]).

(14)
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Proposition 1 Assume 2 C R? is bounded and Lipschitz. There exists at
least one solution y of satisfying

1
2
Il < Sl ()0 + @llgll3: (15)

If moreover 2 is C? and f € L*(2)%, then any solution y € V of belongs
to H2(02).

Lemma 3 Assume that a solution y € V' of satisfies T4(y) < 1. Then,
such solution is the unique solution of .

Proof Let y; € V and y, € V be two solutions of . Set Y = y; —y2. Then,
a/Y-w+V/ VY-Vw—l—/yg-VY-w+/Y~Vy1-w:O Ywe V.
o) Q o) 0

We now take w = Y and use that fg y2- VY - Y =0. If d = 2, we use and
to get
VI == [ Y-V < rllV I

leading to (1 — Tg(yl))”lYl”%, < 0. Consequently, if 75(y;1) < 1 then Y =0 and
the solution of is unique. In view of , this holds if the data satisfy

VHQH% 1 ||f||H 1 _Q)d < 21/2.
If d = 3, we use and to obtain

2 1 3 2
Yy = - /QY VY < [Y3 VY[ Vyll2 < m(y) IVl

leading to (1 — 73(y1))[|Y[|3 < 0 and to the uniqueness if 73(y;) < 1. In view

of (I5), this holds if the data satisfy v||g||3 + éHf”?f*l(f?)d < M~2)7/2q71/2,
We now introduce our least-squares functional £ : V — R™ as follows
1 9 9 1 2
Bly) =5 [ (alol” +v[Vol") = Sllvlly (16)
0

where the corrector v € V is the unique solution of the linear formulation

a/v-w—i—u/ VU~Vw:—a/y-w—l// Vy-Vw—/y-Vy~w
Q Q Q 10 Q

+{(fyw)g-1(@yaxmi() + 04/99 ‘w, YweV.

(17)
In particular, for d = 2, the corrector v satisfies the estimate:

IHyIII ||f||H LN
llollly < |||y|||v(1+ V — 25 1 agll3 (18)
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Conversely, we also have

1120 e
lylly < Nolly + || ———2% 4 a||g3. (19)
1%

The infimum of F is equal to zero and is reached by a solution of . In this
sense, the functional F is a so-called error functional which measures, through
the corrector variable v, the deviation of the pair y from being a solution of
the underlying equation .

A practical way of taking a functional to its minimum is through some
(clever) use of descent directions, i.e. the use of its derivative. In doing so,
the presence of local minima is something that may dramatically spoil the
whole scheme. The unique structural property that discards this possibility is
the strict convexity of the functional. However, for non-linear equations like
, one cannot expect this property to hold for the functional E in .
Nevertheless, we insist in that for a descent strategy applied to the extremal
problem min,cy E(y) numerical procedures cannot converge except to a global
minimizer leading F down to zero.

Indeed, we would like to show that the critical points for E correspond to
solutions of . In such a case, the search for an element y solution of
is reduced to the minimization of F.

For any y € V', we now look for an element Y7 € V solution of the following
formulation

Oé/ Y1~w+l// VY1-Vw+/ (y-VY1+Y1-Vy)w = —a/
Q Q Q

v~w—1// Vu-Vw,
o) 9]

(20)
for all w € V where v € V is the corrector (associated to y) solution of .
Y1 enjoys the following property.

Proposition 2 For all y € V satisfying 14(y) < 1, there exists a unique
solution Yy of (@/ associated to y. Moreover, this solution satisfies

(1 =ma@)IMlly < V2E(y). (21)

Proof We define the bilinear and continuous form a: V- x V. — R by
a(Y,w):a/ Y~w+u/ VY'Vw+/(y~VY+Y~Vy)'w
Q Q Q

so that a(Y)Y) = |||Y|||%, + [,Y - Vy- Y. If d = 2, using (12)), we obtain
a(YY) > (1 - 7'2(3/))|HY|H%, for all Y € V. Lax-Milgram lemma leads to the
existence and uniqueness of Y7 assuming that 7o(y) < 1. Then, putting w = Y}

in implies
a(Y1,Y1) < —a/

n

oY - v /Q Vo VY; < [¥illy llolly = Villy v/2EG)

leading to (21). If d = 3, using (13), we obtain a(Y,Y) > (1 —7(y)||Y |3 for
all Y € V and we conclude as before.
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We now check the differentiability of the least-squares functional.

Proposition 3 For all y € V, the map Y — E(y +Y) is a differentiable
function on the Hilbert space V' and for any Y € V|, we have

E'(y)oY:/av~V+VVv-VV (22)
Q
where V € V' is the unique solution of
/on-w—l—uVV-Vw = —a/ Y~w—u/ VY-Vw—/ (y-VY+Y -Vy)w,YVw € V.
0 Q Q Q

(23)
Proof Let y € V and Y € V. We have E(y +Y) = 1|[V||[5, where V € V is
the unique solution of

Oz/V~1U—|—V/ VV-Vw+oz/(y+Y)-w+V/ V(y+Y)  Vu+
Q Q Q o

\/Q(y“rY)'v(y‘i’Y)'w*<f,w>H—1(Q)dXHé(Q)d706/(29"10:07 Ywe V.

If v € V is the solution of associated to y, v € V is the unique
solution of

a/v’-w+u/ Vv’~Vw+/Y-VY-w:O, Yw eV (24)
0 19 0

and V € V is the unique solution of (23)), then it is straightforward to check
that V —v — v’ — V € V is solution of

a/(V—v—v'—V)-w+u/ VV—-v—v-V)-Vw=0, YweV
0 0
and therefore V. —v — o' — V = 0. Thus
1 2
E(y+Y) =5llo+v" +Vlly

1 s 1 9 1 2
=sllvlv + 51l + IVl +{Vo)v + (Viv)y + (0,0) v
(25)
Assume d = 2. Then, writing with w =V and using , we obtain
2
VI < IVIIY Iy + V2Uy 10V Y [z + 1Y 121 Vyl2) [V V]2
V2

<Vl Ii¥ily + ﬁll\ylllvlllYlllvHVVHz

leading to [|[Vly < IV} (1 + %HMHV) Similarly, using (24)), we obtain
1o/l < a5 Yl - Tt follows that 3o [I3+ 31V II5 + (Voo v + (v, ')y =

o([lY[lly) and from that
E(y+Y) =E(y) + (v, V)v +ollIYlly)-
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Eventually, the estimate |(v, V)v | < [[v]ly IV, < vV2(1+ \/\/ai,,Hlylllv)\/ EWIYIly
gives the continuity of the linear map Y +— (v, V)y . The case d = 3 is similar.

We are now in position to prove the following result which indicates that,
in the ball B, any critical point for E is also a zero of E.

Proposition 4 For all y € V satisfying t4(y) < 1,

(1~ VB < =B Wl -y

Proof For any Y € V, E'(y) - Y = [,av-V +vVv-VV where V € V is
the unique solution of (23). In particular, taking Y = Y; defined by (20)), we
obtain an element V; € V solution of

/ aVi-w+vVVi-Vw = —a/ Yl-w—z// VYl-Vw—/ (y-VY14+Y1-Vy)-w,
[0 0 0 2
(26)
for all w € V. Summing and , we obtain that v — V3 € V solves
oz/(v—Vl)-w—FV/(VU—VV1)~w=O, Yw e V.
Q 0
This implies that v and V; coincide and then that

E'(y)-Y, = / alv]? + v|Vo|? = 2B(y), Yy V. (27)
2
It follows that
28 - v, < ||E )% < ||E’ |||Y1|HV
() =E"(y) - Y1 < [|E' W)l (@)l Yillmi)e < 1E @)l a-1(02)4 N

Proposition [2| allows to conclude.

Eventually, we prove the following coercivity type inequality for the func-
tional E.

Proposition 5 Assume that a solution §y € V of satisfies 74(g) < 1.
Then, for ally € V,

lly = 7lly < (1 —7a@) "' 2E(). (28)

Proof For any y € V', let v be the corresponding corrector and let Y =y — 7.
We have

a/ Y-w+u/ VY~Vw+/ y~VY-w+/ Y -Vyw = —a/ v-w—u/ Vou-Vw
Q n 19 0 0 Q

(29)
for all w € V. For w =Y, this equality rewrites

|||Y|||$,:—/QY-Vy-Y—a/Qv.Y—y/QW-VY.

Repeating the arguments of the proof of Proposition [2] the result follows.
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Assuming the existence of a solution of inthe ball B = {y € V,74(y) <
1}, Proposition |4 and Proposition [5| imply that any minimizing sequence
{yr}wen) for £ in B strongly converges to a solution of . Remark that,
from Lemma [3] such solution is unique. In the next section, assuming the
parameter a large enough, we construct such sequence {yx}(ren)-

Remark 1 In order to simplify notations, we have introduced the corrector
variable v leading to the functional E. Instead, we may consider the functional
E : V = R defined by

- 1
E(y) == 5llay + vBi(y) + Bly,y) - f = aglly
with By : V — L?(2)¢ and B : V x V — L?(2)4 defined by (Bi(y),w) :=

(Vy, Vw)s and (B(y, z),w) := fQ y-Vz-w respectively. F and E are equivalent.
Precisely, from the definition of v (see (17))), we deduce that

1 1 s 1~
E(y) = 5|||v|||3/ < o lley+vBi(y)+ Bly,y) — f—agly, = ~B(y), VyeV.

Conversely,

f (av-w+ vV - Vw)
low+vBiw) + Blyw) =S = aglly, = s S
w s W ]

il
<olly  sup Y — < Va+ vy

weV ,w#0 ||wHH5(Q)d

so that E(y) < (a+ v)E(y) forally € V.

2.2 A strongly convergent minimizing sequence for E

We define in this section a sequence converging strongly to a solution of for
which FE vanishes. According to Proposition[d] it suffices to define a minimizing
sequence for E included in the ball B. In this respect, the equality shows
that —Y; (see (20)) is a descent direction for the functional E. Therefore, we
can define at least formally, for any m > 1, the minimizing sequence {yx } (x>0

yo € V  given,
Yk+1 =Yk — MYk, k>0, (30)
A = argminy ¢, E(yr — Y1)

with Y7 ; € V the solution of the formulation

a/ Yl,k-w—FV/ VYLk-Vw—|—/(yk-'VYl,k—FYLk-Vyk)-w
Q Q 1)

(31)
:*a/vk-wfy/ Vo - Vw,Yw € V
0 10
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and v, € V the corrector (associated to y) solution of . The algorithm
can be expanded as follows:

Yo €'V  given,

/ QY41 W+ VVYpr1 - VO + Yg - VYpr1 W+ Ygy1 - VY - W =
(9]

(1*>\k)/ ayr-w+vVyg -V +yr - Vyi - w
o

+>\k/ag~w+<f,w>H71(g)XHé(Q)+/yk~Vyk~w k>0, YweV.
02 2

(32)
From , the sequence {yx } k>0 is bounded. However, we insist that, in order
to justify the existence of the element Y7, yi should satisfy 74(yx) < 1 for
all k. We proceed in two steps: assuming that the sequence {yk}(k>0) defined
by satisfies 74(yx) < ¢1 < 1 for all k, we show that E(yx) — 0 and that
{yr}ren converges strongly in V' to a solution of (I4). Then, we determine
sufficient conditions on the initial guess yo € V so that 74(yx) < 1 for all
keN.

We start with the following lemma which provides the main property of
the sequence {E(yx)} (x>0)-

Lemma 4 Assume that the sequence {yx} x>0y defined by @) satisfies
Ta(yk) < 1 for all k > 0. Then, for all X € R,

B~ Wia) < B (11 -3+ 22D VR T) e

ifd=2 and
V2 M
v

2
M ) E(yw) (34)

E(yp—AY1x) < E(yk)<|1_)‘|+)‘2f (aw3)1/4

ifd=3.

Proof For any real A\ and any yi, wr € V we get the expansion

A2 _
E(yr — Awg) = E(yr) — Mok, V) v + E(Wkﬁwv + 2(Uk, ) v )
_ M
— XUk, D) v + ?@kﬁwv

(35)

where v, U, € V and T, € V solves respectively

a/vk~w—|—y/ Vvk-Vw—Fa/yk-w—H// Vyk-Vw+/yk~Vyk-w
o} 2 0 i) 0

= {f,0) p-1(2)axHL (2) JFOé/Q!J ‘w, YweV,
(36)
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a/§k~w+y/ Vﬁk-Vw+a/wk~w—|—u/ Vwyg - Vw
Q 17 Q Q

+/wk-Vyk~w+yk-Vwk~w:O, Yw eV,
10

(37)

and
a/5k~w+y/ Vik-Vw—&-/wk-Vwk-w:O, Yw e V. (38)
Q 12, 0

Since the corrector v}, associated to Y7 ; coincides with the corrector vy asso-
ciated to yi (see proof of Proposition ), expansion (35)) reduces to

_ 2
E(ye — A1) = (1= X)2E(ye) + A (1 = X){vg, Tp)v + ?<6k‘7@k>v
)\2 _ 2 (39)
< (= AVEw + 5l ) -
If d = 2, then leads to Hﬁkmv < %7’;”5’ <V2(1 - Tg(yk))”% and
then to . If d = 3, then
_ 1 M , 1 M ,2
|H’UkH|V < WWMYLMHV < WWQ(I —73(yx)) " E(y)

leading to .

We are now in position to prove the convergence of the sequence { E(yx)}(x>0)-

Proposition 6 Let {ys}r>0 be the sequence defined by (@) Assume that
there exists a constant ¢1 € (0,1) such that 174(yx) < c1 for all k. Then
E(yr) — 0 as k — oo. Moreover, there exists ko € N such that the sequence
{E(yr) }(k>ko) decays quadratically.

Proof Consider the case d = 2. The inequality 7 (yx) < ¢ and imply that
(1 — 61)72
N2

Let us denote the function py(A) = |1—=A[4+A%ca/ E(yx) for all X € [0, m].
We can write

VE(Yr+1) = min | \E(yr — AY1k) < Pe(O) VE (y)-

A€lo,m

2
E(yk - )\Yl,k) S E(yk) <|1 - )‘| + >‘2€a,u E(yk)) ) Ca,v =

with py (Xk) = minxego,m] Pr ().
Suppose first that ¢,/ E(yo) > 1 and prove that the set I := {k €
N, ¢avV/E(yr) > 1} is a finite subset of N. For all k € I, we get

B 1

pk( ) 0,1]pk( ) Pk 26a7y E(yk) 46@,1/ E(Zlk)

A€[0,m] A€|
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and thus, for all & € I,

1
Co,v\/ E(yk+1) S (1

- dea E(yr) )

Ca,V\/m = Ca,y\/%* i

Consequently, the sequence {cq, v/ E(yk) }rer strictly decreases and thus, there
exists ko € N such that for all k > kg, ca,,.\/E(yr) < 1. Thus I is a finite subset
of N. Then, for all k > kg, we get that

() < pe(1) = o VE(yx)
and thus, for all & > ko,

2

CawVVEWikt1) < (CawVE(yk)) (40)

implying that cq,,/E(yx) — 0 as k — oo with a quadratic rate.

On the other hand, if ¢, ,+/E(yo) < 1 (and thus cq,\/E(yx) < 1 for all
k € N, since by construction the sequence { E(yx )} decreases), then holds
true for all £ > 0. _

In both cases, remark that py(A;) decreases with respect to k. The case
d = 3 is similar with

o V2 M
TV (B

Lemma 5 Assume that the sequence {yx}(x>0) defined by @) satisfies T4(yx) <
c1 for all k and some ¢ € (0,1). Then A\, — 1 as k — 0.

(1 — 61)72.

Proof In view of 7 we have, as long as F(yx) > 0,

— -
E(yks1) o e, o)y a7kl
1—A)? = 1)\ ), - .
U= T AT Ty T M )
From the proof of Lemma % < C(a,v)(1 = ¢1)72\/E(yx) while
= 2 )
”|E(ky|!€|;’ < C(a,v)*(1—c1) " E(yx). Consequently, since Ay, € [0, m] and E&’;:)l) —

0, we deduce that (1 — \z)? — 0 as k — oo.

Proposition 7 Let {yx}x>0) be the sequence defined by . Assume that
there exists a constant ¢; € (0,1) such that T4(yx) < c1 for all k. Then,

Yr = Y in'V where y € V is the unique solution of ,

Proof Remark that we can not use Proposition [5] since we do not know yet
that there exists a solution, say z, of satisfying 74(z) < 1. In view of

k .
Yk+1 = Y0 — 2 p—o M Y1n, We write

k k k k
V E<yn) m\@
> PalllYially < m 32 Wially < mv2 30 20 < 5 S Eln).
n=0 n=0 n=0 n

n=0
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Using that p, (M) < po(Xo) for all n > 0, we obtain for all n > 0,

E(yn) < pn—l(xn—l)\/ E(yn—1) < po(xo)\/ E(yn—1) < po(xo)n E(yo).

Recalling that po(Xo) = minxepo,11po(A) < 1 since po(0) = 1 and p;(0) = —1,
we finally obtain

k
3 allivially < 22 VE0)
=0 1 —=po(Ao)

from which we deduce that the series Zk>0 AkY1 i converges in V. Then, y
converges in V to g := 4o+ ;50 M Y1,k- Eventually, the convergence of E(yy)
to 0 implies the convergence of the corrector v to 0 in V'; taking the limit
in the corrector equation shows that 7 solves . Since 74(7) < ¢1 < 1,
Lemma [3] shows that this solution is unique.

As mentioned earlier, the remaining and crucial point is to show that the
sequence {yx } (x>0 satisfies the uniform property 74(yx) < ¢; for some ¢; < 1.

Lemma 6 Assume that yo = g € V. For all ¢; € (0,1) there exists oy >
0, such that, for any a > «g, the unique sequence defined by satisfies
Ta(yr) < ey for all k > 0.

Proof Let ¢; € (0,1) and assume that yo belongs to V. Since 74(yo) — 0 as
a — 00, there exists a; > 0 such that for all @ > ay 74(yo) < G-
Moreover, in view of the above computation and using that |[v[|gz (2« <

%HMHV for all v € V and « > 0, we obtain, for all k € N

m\/i vV E(yo)

< + =
||yk+1||Hg(Q)d ||y0||H3(Q)d Sl —e)1 — po(ho)

where
E(yo) .
— = if couVFE <1,
E(Z(Jg)) S 1- Ca,v E(yO) ' (yO)
1 —po(Ao )
4COM/E(y0)7 if Ca,v E(yo) Z 1.

Assume d = 2. From , we obtain for all y € V' that

2
5 1
lolly < allg = yli3 + S IVyllz + Vallyll2lIVyllz + 1 1202 ) -

In particular, taking y = g allows to remove the a term and gives

1 2 1
E(g) < 5(”9”H(}(Q)d(y + \/§||9||2) + Hf”H*l(.Q)Q) = gcz(f, g). (41)
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If cayu/E(g) > 1 then for all & > oy such that ¢, ,/E(g) > 1 and for all

keN:
myv2  /E(g)

< + =
||yk+1||H5(Q)d ||9||H3(Q)d S =1 ~ po(ho)

2mv/2
< llgllza(2)e + mcz(ﬂ 9)-

(42)

If coy v/ E(g) < 1 then there exists 0 < K < 1 such that for all @ > a3 we
have cq,,/E(g9) < K. We therefore have for all & > oy

VE@) _ VEQ)

1—170()\0) T 1=K

and thus for all k € N :

mv2 E(g)
lyk+1ll g 2y < M9l a2y + A

+1llmi(2) Hg(£2) V(1 =e1) 1= po(No) (43)
m

< gl zp2ye + V0=l —K) c2(f.9).

On the other hand, there exists ag > a1 such that, for all & > a9 we have

2m+/2

C1
B < =V2
Vs/g\/a(l_01)362(f7g)— 2 av

and

" K)\/CQ(fvg)Si

v(l—c1)(1—
We then deduce from and that for all @ > ag and for all k € N :

Y1l g ()0 < *V v+ 2 V av = c1V2

that is 72 (yr+1) < c1.
Assume d = 3. We argue as in the case d = 2 and deduce from (17)), since
Yo =9, that

2
B(9) < 5 (Il 0+ cllolly gl o) + 1l s 1= 5-ca(f0)
(44)
and thus, if cq, v/ E(g) > 1, then for all & > «a; such that ¢4 v/ E(g) > 1
and for all k € N :

my/2 E(g)
< 2
ksl (2 < N9llmp oy + Vo= D) 1= po(ho)

< gl dmal (f.9)
<llg Hi(2)3 T VQ(aV3)1/4(1—01)3C3 1, 9)-

(45)
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If ca, v/ E(g) < 1 then there exists 0 < K < 1 such that for all @ > a; we
have cq,,\/E(g9) < K. We therefore have for all & > oy

\/E(@ < \/E(yo)
L—po(Ag) ~ 1-K

and thus for all k € N :

mv/2 E(g)
Nyt llmr 293 < gl aacoys + L
+1ll HE(02) HL(02) Sl —e)1 o )

< lollmycor + oy =g Vo9

On the other hand, there exists ag > a7 such that, for all @ > «y we have

dmM c1 (a?)1/4
< A7)
v2(av3)l/4(1 — 01)363(f’ 9 < 2 M
and
m c1 (a®)t/4
< —
i mVelds5—p

We then deduce from and that for all &« > o and for all k € N :

(au3)1/4 N g(ay3)1/4 B (au3)1/4
M 2 M UM

C1
Ykl (2)e < 5
that is 73(yr+1) < 1.

Gathering the previous lemmas and propositions, we deduce the strong
convergence of the sequence {y;},>0 defined by (30), initialized by yo = g.

Theorem 1 Let ¢; € (0,1). Assume that yo = g € V and « is large enough
so that

1—c Cl(l—K)Z) Cl o 2 .
< —v(l - 2 =2
ca(f.g) < max (—5 7, ) (1 o), f d =2,
1-—- 1-K)?
cslfr0) < max (150 AU By o,

21— ) (a2, if d=3,

(47)
where co(f,g) and c3(f,g) are defined in and respectively. The se-
quence {yr } (ren) defined by strongly converges to the unique solution y of
. Moreover, there exists ko € N such that the sequence {yx}k>k, converges
quadratically to y. Moreover, this solution satisfies Tq(y) < 1.

m



Title Suppressed Due to Excessive Length 17

2.3 Additional comments

1) Estimate is usually used to obtain a sufficient condition on the data
f, g to ensure the uniqueness of the solution of (i.e. Ta(y) < 1): it leads to

1 .
allglB + Sl e < 2002, if d=2,
V( au3)1 /2
M2
We emphasize that such (sufficient) conditions are more restrictive than ,
as they impose smallness properties on g: precisely [|g||3 < 2v? if d = 2 and

1 .
|fH12rrl(n)3 = if d=3.

allgl} + |

llgliz < %/12/2 if d = 3. This latter yields a restrictive condition for « large

contrary to .

2) Let F : V. — V' the application be defined as F(y) = ay + vBi(y) +
B(y,y) — f — ag. The sequence {ys} x>0y associated to the Newton method
to find the zero of F is formally defined as follows:

Yy €V,
{Df(yk) “(Ykr1 —yx) = —F(yx), k>0. (48)

We check that this sequence coincides with the sequence obtained from
if Ax is fixed equal to one. The algorithm which consists in optimizing
the parameter Ay € [0,m], m > 1, in order to minimize F(yy), equivalently
|F (yx)||v’, corresponds to the so-called damped Newton method for the appli-
cation F (see [3]). As the iterates increase, the optimal parameter Ay converges
to one (according to Lemma , this globally convergent method behaves like
the standard Newton method (for which Ay is fixed equal to one): this explains
the quadratic rate of convergence after a finite number of iterates. To the best
of our knowledge, this is the first analysis of the damped Newton method for
a partiel differential equation. Among the few numerical works devoted to the
damped Newton method for partial differential equations, we mention [16] for
computing viscoplastic fluid flows.

3) Section 6, chapter 6 of the book [4] introduces a least-squares method in
order to solve an Oseen type equation (without incompressibility constraint).
The convergence of any minimizing sequence toward a solution y is proved
under the a priori assumption that the operator DF(y): V — V'

DF(y) - w=aw—-vAw+ [(w-V)y+ (y- V)u] (49)

(for some « > 0) is an isomorphism. y is then said to be a nonsingular point.
According to Proposition [2| a sufficient condition for y to be a nonsingular
point is 74(y) < 1. Recall that 74 depends on «. As far as we know, determining
a weaker condition ensuring that DF(y) is an isomorphism is an open question.
Moreover, according to Lemma [3} it turns out that this condition is also a
sufficient condition for the uniqueness of (14). Theorem [I] asserts that, if o
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is large enough, then the sequence {yx}en) defined in , initialized with
Yo = ¢, is a convergent sequence of nonsingular points.

4) We may also define a minimizing sequence for E using the derivative E’
(see (22)):

Yo € V  given,

Yk+1 = Yk — MGk, k>0, (50)

Ak = argminy ¢ m E(yr — Agr)
with gr € V such that (gg, w)v = (E'(yr), W)y v for all w € V. In partic-
ular, ||lgrllv = ||E'(yx)|ly- Using the expansion with wy, = gg, we can
prove the linear decrease of the sequence {E(yx)}x>0 to zero assuming how-
ever that E(yo) is small enough, of the order of v, independently of the value
of a (we refer to [II, Lemma 4.1] in a similar context).

3 Application to the backward Euler scheme

We now use the results of the previous section to discuss the resolution of
the backward Euler scheme through a least-squares method. The weak
formulation of this scheme reads as follows: given 3° = ug € V, the sequence
{y"}n>0 in V is defined by recurrence as follows:

n+l _ ., n
/ %"ww/ Vy"“~Vw+/ y" VY e = (7 w) e oyaxm (o)
¢ Q 9
(51)
with f™ defined by in term of the external force of the Navier-Stokes model
. We recall that a piecewise linear interpolation in time of {y™},>¢ weakly
converges in L?(0,T; V') toward a solution of ().
As done in [2], one may use the least-squares method (analyzed in Section
to solve iteratively . Precisely, in order to approximate y"*! from 3,
one may consider the following extremal problem

. 1 2
it Bu(y), Ealy) = 5l0I5 (52)

where the corrector v € V' solves

a/v~w—|—1// Vv~Vw:—a/y-w—V/ Vy-Vw—/y-Vy~w
10 Q 9] Q Q

+<fnaw>H*1(Q)d><H5(Q)d+a/ y"ow, YweV
(7]

(53)
with « and f™ given by . For any n > 0, a minimizing sequence {y} }#>0)
for E,, is defined as follows :

yott =y",
vl =T = MY k>0, (54)

>\k = argminAG[O,m]En(yl?—i_l - AYS’;H)
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where Y/, € V solves for y, = y,’c”’l. For each n, algorithm can be
expanded as follows

+1 _
v =",

L“%ﬂ*w+ﬂ@ﬂ?Vw+%“~W%Twwwﬂﬁvﬁ“*w=

(1—Xg) /Q ayZH cw + VVy,fH -Vw + y,?“ . Vy,?Jrl cw

+ Ak/ﬂayn cw+ (f" ) g1 2)yxmi(2) T /Qy;fH Vyrttow k>0,

(55)
for all w € V. In view of Theorem [I] the first element of the minimizing
sequence is chosen equal to ™, i.e. the minimizer of E,,_;.

The main goal of this section is to prove that for all n € N, the minimiz-
ing sequence {yZ“}keN converges to a solution y™*! of . Arguing as in
Lemma @, we have to prove the existence of a constant ¢; € (0, 1), such that
7a(yl) < ¢; for all n and k in N. Remark that the initialization y; " is fixed as
the minimizer of the functional E"~!, obtained at the previous iterate. Con-
sequently, the uniform property 74(y;) < ¢1 is related to the initial guess 0
equal to the initial position ug, to the external force F' (see ) and to the
value of a. ug and F are given a priori. On the other hand, the parameter
«, related to the discretization parameter dt, can be chosen as large as neces-
sary. As we shall see, this uniform property, which is essential to set up the
least-squares procedure, requires smallness properties on ug and F'.

We start with the following result analogue to Proposition

Proposition 8 Let (f™),en be a sequence in H=1(2)¢, a > 0 and y° = ug €
H. For any n € N, there erists a solution y"T* € V of

a/Q(ynﬂ—yn)'w‘w/QVZ/nJrl'Vw-F/Qy”H'Vy"H'w = (f", w) g1 (2)axm1 (2)4

or allw € V.. Mor eover, for all n € N, 1 satisﬁes
f Y

g™ I < 1™ 11 ye + lly™ - (57)
Moreover, for all n € N*:
y n 1,1 n—1
™13+ = SUVYH B < — (= D2 14 13-y + vluol3). (58)
k=1 k=0

Proof The existence of y™*! is given in Proposition is obtained by
summing .
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Remark 2 Arguing as in Lemma if there exists a solution y"*! in V of
satisfying 74(y™*1) < 1, then such solution is unique. In view of Proposition
this holds true if the quantity M(f, «,v) defined as follows

IR ,
ﬁ(aZ”ka?{l(n)z +V||Uo||§)7 if d=2,
k=0

al/?

Mg =3
5 (3 LI Byoso +vluwld), it a3
k=0

(59)

is small enough.

We now distinguish the case d = 2 from the case d = 3 and consider weak
and regular solutions.

3.1 Two dimensional case

We have the following convergence for weak solutions of .

Theorem 2 Suppose F € L*(0,T; H1(2)?), ug € V. Let « be large enough
and f™ be given by for alln € {0,--- ,N — 1}. Let c(ug, F') be defined as
follows :

c(uo, F) := max (éHUOH%I&(Q)d(V +V2|lugll2)* + ”F”%,z(O,T;H*l(!Z)?)v
2||FH%2(O,T;H*1(Q)2) + 21’”“0“3)
There exists a constant ¢ > 0 such that if
c(ug, F) < cv® (60)

then for all n € {0,--- ,N — 1} the solution y"*1 € V of (@) is unique and
the minimizing sequence {y,?“}keN defined by strongly converges in V.
to y" L.

Proof According to Proposition[7] we have to prove the existence of a constant
c1 € (0,1) such that, for all n € {0,--- ,N —1} and all k € N, 7o(yp) < c1.
For n = 0, as in the previous section, it suffices to take a large enough to
ensure the conditions with g = y§ = ug leading to the property m2(y?) < 1
for all k € N and therefore 7 (y!) < ¢;.
For the next minimizing sequences, we recall (see Lemma @ that for all
ne{0,---,N—1}and all k € N

m\/i V En(yn)

Vr(l—e)1 fpn,o(xn,o)

i a2 )2 < 19" iz )2 +

where pn,o(Xn,O) is defined as in the proof of Proposition
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First, since for alln € {0,--- , N—1}, Hf"||%,,1(m2 < a||F||%2(07T;H,1(Q)2),
we can write

2
Eo(y°) = Eo(uo) < o ||u0||H1(Q)d(V+f||u0|‘ )+ 10 1)
2v
1
= (uoll3gy o (v + V2luoll2)? + 1 -1 cy2)
< X (2ol e v+ VElo o) + IF s o,z )

Since y™ is solution of , it follows from and , that for all n in
{1,---,N -1}

<

E,(y") < 7\\f —f 1||?Hr—1(9)2 +5||2/ -y 3
1 n n— n—
< 3 (" Broscoe + 1 B ) + (7B + 101 )
1 1 n—1 n—2
< 3 (1" Brescae + 1 Brscane ) + 3 (3 1 Biesias + 3 1B )
k=0 k=0

R I N

n
- Z ||fk||§171(9)2 + 2aluo |13
k=

T\Q

(2||FHL2(0TH 1(2)2) T 2v]|uoll2 )

Therefore, for all n € {0,--- , N — 1}, E,(y") < %c(uo, F).

Let ¢; € (0,1) and suppose that c(ug, F) < (1 — ¢1)*v®. Then, there exists
K € (0,1) and ag > 0 such that, for all & > ag, cap/En(y?) < K < 1. We
therefore have (see Lemma [6), for all & > ag, all n € {0,--- ,N — 1} and all
keN:

2 En(y")
n+1 1 < 1 + m\[
Hyk ||H (£2)2 ||y ”H (£2)2 \/;(1 — Cl) 1— Ca En(yn)

mv/2 vV En(y™) (61)

< n
<y a2y + Jil—ca) 1-K

" m\/Qa
< Y™z 22 + (1= KV (uo, I

From we then obtain, for all n € {0,--- , N — 1},

9" |2 (2)2 < — Z | F*11% - )2 T v|uoll3

and since = 377 ||f’“||%,,1(9)2 < HF||%2(O,T;H,1(Q)2), we deduce that if

c?
1E 1220051212 + Vllwoll3 < 507
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then [|y"[| g1 (@) < 5 V2av. Moreover, assuming c(ug, F) < W ,
we deduce from . for all n € {0, - —1}and forall k e N:

s | ez n)2<*v + V20 = ¢1V2

that is 72(y) < c1. The result follows from Proposition

We emphasize that, for each n € N, the limit y™*+* of the sequence {y;" ™ }ren
satisfies T5(y"*!) < 1 and is therefore the unique solution of . ). Moreover,
for a large enough, the condition reads as the following smallness property
on the data: ||F||2L2(07T;H,1(Q)2) + v||ug|3 < cvd. In contrast with the static
case of Section where the unique condition on the data ¢ is fulfilled as
soon as « is large, the iterated case requires a condition on the data ug and F',
whatever be the amplitude of a. Again, this smallness property is introduced
in order to guarantees the condition 75 (y") < 1 for all n. In view of (58)), this
condition implies notably that Hy |2 < ev/? for all n > 0.

For regular solutions of which we now consider, we may slightly im-
prove the results, notably based on the control of two consecutive elements of
the corresponding sequence {y"},en for the L2(£2) norm.

Proposition 9 Assume that 2 is C?, that (™), is a sequence in L?(£2)? and
that ug € V. Then, for all n € N, any solution y"T* € V of (@) belongs to
H?(02)2.

If moreover, there exists C' > 0 such that

1 n
EZ|\f’“|M2ml(n)z +lly°l3 < Cv?, (62)
k=0

then y™ 1 satisfies

n+1 n
n 1
[virie s / PAyP <o (2SI +vIVuol3)  (63)
k=0

where P is the operator of projection from L?(£2)% into H.

Proof From Proposition I} we know that for all n € N*, y" € H?(2)2NV.
Thus, integrating by part we obtain, using density argument:

a/ (y”H*yn)'w*V/ Ay”+1'w+/ y" VY e = (7 w) e oye i (0)2
[0 0 [0
for all w € H. Then, taking w = PAy™t! and integrating by part leads to :
O&/ |vyn+1|2+y/ |PAyn+1‘2 — _/ fnPAyn+1+
Q 0 Q

(64)
/ yn+1 . vyn+1 . PAynJrl + a/ vyn . vyn+1.
2 2
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Recall that

’ /Q Yyt Wy PAYTE <y ol VY o] P Ay 2.

We now use (see [I8, chapter 25]) that there exist three constants ¢y, ce and
c3 such that

1 1
1Ay Hl2 < erl|PAY" Hl2, g™ oo < eally™ I3 1Ay 3

and L L
IVy" 2 < eslly™ I3 1Ay 13-

This implies that
‘ / yn+1 . vyn+1 . PAynJrl‘ § c||y"+1||2||PAy"+1H§
7]
with ¢ = cycacs. Recalling , it follows that

o v 1 o
e Vn+12 o n+1 /PAn+12<7 n||2 7/Vn2
5 [ o (5 = el ) [ Pay < i+ [ 9]

But, from estimate (58], the assumption implies that [|y"*1], < 1 and

n v n n
[ v o [pay e < g [ ey,
0 «
Summing then implies (63) for all n € N.

Remark 3 Under the hypothesis of Proposition [0} suppose that

n n—1
By = (ar?)"! (a-l ) ||f’“||§11<m2+1/|y°|§) (a-l T ||f’“||§+VIIVy°§)
k=0 k=0

is small (which is satisfied as soon as « is large enough). Then, the solution of

is unique.
Indeed let n € N and let 47, y5 ™ € V be two solutions of (56). Then
= y{”‘l Yo satisfies

/Yw+u/VYVw+/ +1VYw+/YVy”“ =0 VYweV

and in particular, for w =Y (since fQ Yot VY Y =0)

a/ |Y|2+1// IVY|? = /Y vyttt y = /Y VY - yptt
2 2 2

< el oo VY ll2[1Y 2

1/2 n 1/2
< ey AP A VY ]V 1
< oYl + *Ilylﬂll 1P Ayl VY13
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leading to
C n n
(v= St P 212 ) I9Y B < 0

If
n n va
il P Ay < 22, (65)

then Y = 0 and the solution is unique. But, from and ,

da (1 L 1<
I P A0 18 < 55 (5 I oo Aol ) (5 0 I8 ).
k=0 k=0

Therefore, there exists a constant C' such that if B,, < C, then holds
true.

Proposition |§| then allows to obtain the following estimate of ||y — y"||2
in term of the parameter a.

Theorem 3 We assume that §2 is C?, that {f™}nen is a sequence in L*(2)?
and that a=* Ziﬁ% |l f¥1|3 < +o0, that ug € V and that for alln € N, y"*! €
H2(2)2NV is a solution of @) satisfying ||y" |2 < . There exists C1 > 0
such that

™t —y" I3 < (66)

Proof For all n € N, w = y" Tt —¢" in gives :

ol =y I3+ oIV < | [ eyt -y

+‘/Qf”-(y"“*y")

Jrl/‘/ Vy".Vy”H’.
2
Moreover,

R e (A PR A0 )
2

’/ y VYT (g =y | < eVt THEIV T =yl
(9]

< vy THEAVY 2 + [1VY™) )

Therefore,
1
ally™™ —y" 3] Vy T3 < 0||Vy"“||§(|lvy”“H2+||Vy"||2)+E|\f”\|§+V|\Vy”II§-

But, implies that for all n € N

11X c
vn+12<7<7 k2 V02>::—
[ v < 2 LBV IE) =
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and thus, since v < 1

. . . 2cC3/? Cy
ally™t =y |3 + v Vy 3 < R +20 < /2

leading to [ly" ™ — ™3 = O(-57) as announced.

This result asserts that two consecutive elements of the sequence {y"}n>0
defined by recurrence from the scheme are close to each other as soon as
0t, the time step discretization, is small enough. In particular, this justifies the
choice of the initial term y(’)“'l = y™ of the minimizing sequence in order to
approximate y"t1.

We end this section devoted to the case d = 2 with the analogue of Theorem
for regular data.

Theorem 4 Suppose F € L?(0,T; L?(2)?), up € V, for alln € {0,--- ,N —
1}, a and f™ are given by and y"tt € V solution of @ If C(up, F) :=
HFH%?’(O,T;L?(QP)+V||u0||§{é(_(2)2 < Cv? for some C and « is large enough, then,
for any n > 0, the minimizing sequence {y;"™ }ren defined by strongly
converges to the unique of solution of @

Proof As for Theorem [2] it suffices to prove that there exists ¢; € (0,1) such
that, for all n € {0,--- ,N — 1} and all k£ € N, m(y?) < c¢1. Let us recall that
foralln € {0,--- ,N —1} and all k € N

m\/i \/ En(yn)
(1 - 01) 1- pn,O(Xn,O)

where pn,O(Xmo) is defined as in the proof of Proposition [4. From , since
forall n € {0,--- ,N — 1}, [|f"[13 < O‘||F||2L2(0,T;L2(Q)2) :

Iyt iy < 19" |y )2 + »

1 v 2
Buly) = Eo(uo) < 5 (ol (v-+ uoll) + /17 2)

< < luollg s (& + wolla)? + 107,25y
and, since y" is solution of , then for alln € {1,--- ,N — 1} :
Ea(y") < 5" = £+ ally” -y
<2 FZ20mi2 2y T ally™ =y 3
From the proof of Theorem [3| we deduce that for all n € {0,--- ,N — 1} :
2cC (ug, F)3/?

Oé||yn+1 _ yn”§ < TE) +2C(ug, F)
and thus, for all n € {1,--- ,N — 1}
2¢C (ug, F)*/?
En(y") < 2¢C(uo, )2 +4C (ug, F).

= 372
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Moreover, from (63)), for all n € {0,--- , N — 1} :

N 171 1
1™ 31 ()2 < ;<EZ ||fk||§+l/||u0||§13(n)2) < ;(||F||%2(QT)2+VHUOH?{&(Q)Z)‘
k=0

Eventually, let ¢; € (0,1). Then there exists oy > 0 such _that, for all & > ag
Cav/ En(y™) < K < 1. We therefore have (see Theorem7 for all o > ay, all
ne{0,---,N—1}and all k e N:

n+1 my/2 V En(y™)

Hyk:+1 ”Hé(ﬁ)2 < ”yn“Hé(mz + v(l—c) 1-K

which gives a bound of ||yk+11||H1(Q)z independent of « > «y.

Taklng a1 > g large enough we deduce that, for all @ > aq, all n €
{0, - —1tand all k €N, [lyg |z (o) < crv2av, that is 72(yy) < c1. The

announced convergence follows from Proposition [7}

3.2 Three dimensional case

We now consider regular solutions for the case d = 3. The following interme-
diate regularity result holds true.

Proposition 10 Assume that 2 is C?, that (f), is a sequence in L*(2)3
and that ug € V.. Then any solution y" ™1 € V of @ belongs to H?(£2)3.
If moreover, there exists C' > 0 such that

1 n
I+ [Vl < 0, (67)
k=0 2

then the inequality (@) holds true.

Proof From Proposition we know that for all n € N*, y® € H?(2)>NV. Let
now P be the operator of projection from L?(£2)? into H. Taking w = PAy"+!

in leads to :

/ ‘VynJrl 2+I// |PAyn+1 2 _ / fn PAyn+1
(68)
+/ yn+1 . vyn+1 . PAynJrl + a/ vyn . vynJrl'

(9] (9}

In view of the inequality
‘/ y vyttt 'PA?/"H‘ <y sl VY™ 6l PAY™ 2,
0

we use again that there exist constants c1,co > 0 such that

[Ay" o < erl|PAY™ o, VY™ |6 < col| Ay™ |2 < creol|[PAY™ |2
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so that, for ¢ = c1co, we obtain
’/ yn+1 . Vy"'H . PAyn-i-l‘ S C||y"+1||3\|PAy"+1||§
2

It results from that

«a v 1 «a

o [t (S =elosie) [ ipartp < i+ [ e
(69)

Assume that, for all n € N*, we have constructed by recurrence an element y"

solution of such that

v
7~ cly*lls > 0. (70)

Then, for all n € N
1
[y e o [ Payip < g [ e @)
0 20[ 0 |40 0

and recursively, for all n € N*, we get (63).
It remains to construct a sequence {y™ },en+ solution of and satisfying

for all n € N* the property (70). Let us first remark that the hypothesis @
implies that 3° satisfies (70). Let then n € N fixed. Assume now, that we

have constructed, for & € {0,--- ,n} a solution y* satisfying ifk>1
and ¥ — c|ly*||s > 0 for ¢ = cicp introduced above. Let y; € V and let
y2 € H%(£2)3 NV be the unique solution of

a/ (yz—y")'w“/vy?'vwr/ y1-Vyzw = (f*,w) g-1(0)axmy(e), Yw € V.
2 (9] (9]

If y; satisfies [|y1[|3 < 5, then in view of (69)),

= Z¢0

@ 2, (¥ o Ly @ n|2
= = — : PAy,|* < — —
o [l (5 = clnta) [ 1PanP < L1+ S [ win
and consequently
o v 1 o
e \v4 2 - PA 2 < ni|2 7/ \v4 77,2.
5 [ vwt s [ Pant < i+ G [ 9
(71) then implies
[wwl 2 [ pane < J(ESTipgen [ wr). o)
0 2 0 v ak:() Q

We now use that there exists a constant cs > 0 such that, for all n € N
ly2]ls < e3]|Vyz|l2 to obtain

2 n
2 03(1 k2 / 2)
< =(- v Vu .
y2(l5 < » O‘;?:o”f 5 + Q| ol
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Invoking assumption (67), we conclude that [|yz|[3 < £.

Eventually, we introduce the application T : C —> C, y1 — yo where C is
the closed convex set of V' defined by C := {y € V, £ > [ly||3}. Let us check
that T is continuous. Let y3 € C et 21 €C, yo = T (y1) et 2o = T(21) so that

a/ (22—y2)'w+V/V(Zz—yz)'vw+/ yl'v(y2—22)'w+/ (y1—21)-Vzow =0
Q Q Q Q

for all w € V' and then for w = 2o — ys

o [ lea=waP v [ VG- )P <] [ (0 a) Vonea - o)
2 0] 2

< c|V(yr — 21) 2l V2zll2ll22 — y2l3
< |V(y1 — 21)ll2

using ; this implies the continuity of 7. On the other hand, since 7 (C)
is a bounded set of H2(2)3, T is relatively compact. The Schauder Theorem
allows to affirm that 7 has a fixed point y € C, that is, a solution y"*' € C of

(6]
Remark 4 Under the hypothesis of Proposition suppose moreover that

n—1

Cow = v a2 (a7 Y |If15 + v Vy°l3)
k=0

is small enough, then, the solution of (56|) is unique.
Indeed, let n € N and let y"H,yS € V be two solutions of (56). Let
_ n+1 n+1
=y —yy . Then,

/Yw—i—u/VYVw—i—/ +1VYw+/Yvy"+1 =0 VYwevVv

and in particular, for w =Y (since [, yi Tt VY Y =0)

a/ \Y|2+u/ VY |? = /Y vy tty = /Y VY -yptt
2 2 2

< ey o IVY 121Y 2

1/2 1/2
< || VypH IS P Ay 3P IV Y oY |2
< allY |3+ *HVy?“HzllPAy?“||2||VY||§

and therefore (v — £V | PAy? “H JIVYB < 0. Moreover, from (53)
n n 2
IV Py e < 2 (4 Z||fk||2+u\\Vy ).

Therefore, there exists a constant ¢ > 0 such that if C,, < ¢, then, arguing
as in the 2D case, |[VY |2 <0 and Y = 0.
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As in the 2D case, Proposition [10| then allows, following the proof of The-
orem [3] to obtain an estimate of ||y"*! — y™||> in term of the parameter a.

Theorem 5 Assume that §2 is C2, that {f"}nen is a sequence in L*(2)3
satisfying o~ E;ﬁg |l F¥112 < +o00. Assume moreover that y° € V' and that for
alln € N,y € H2(2)2NV is a solution of (@) satisfying @ Then, the
sequence (y"),, satisfies (66).

Eventually, adapting the proof of Theorem |4} we get the following conver-
gence result.

Theorem 6 Suppose F € L?(0,T;L*(2)3), y* € V, for alln € {0,--- ,N —
1}, @ and f™ are given by and y™t! € V solution of @ IfC(y°, F) =
||FH%2(O,T;L2(Q)3)+1/||y0\|§{é(9)3 < Cv3 for some C > 0 and « is large enough,
then for any m > 0, the minimizing sequence {yﬁ“}keN defined by
strongly converges to the unique of solution of (@)

Remark 5 We have considered regular solutions in the case d = 3 in order to
be able to prove the uniform property 73(yj) < ¢1 < 1 for some ¢; independent
of k and n, i.e. ||yl ga(e)e < ctM~'(av®)!/%. Actually, for regular solutions,
Proposition implies that |ly;|lz(2)s < C for some C independent of a,
which is sufficient for « large enough. By considering weak solutions, we can
only prove that |ly3 ||z (o) < Ca'/? for some C > 0 (see (58))) which does not
imply m3(yp) < < 1.

4 Numerical illustrations

We discuss in this section numerical experiments based on finite element ap-
proximations in space for two geometries of R?: the celebrated channel with
a backward facing step and the semi-circular driven cavity introduced in [5].
In both cases, the velocity of the fluid is imposed on the boundary. We first
start with the case a = 0 in (discussed in [I1]) allowing, first to get the
solution of as time becomes large and secondly, to enhance the gain of
the optimization of the descent step parameter Ay in . Then, for the semi
driven cavity, we consider the cases a = 0 and a > 0 applied to the resolution
of the backward Euler scheme . In a final part, we briefly compare the
computational cost of this least-squares approach with standard explicit and
semi-explicit scheme.

The numerical simulations are performed with the FreeFem++ package
(see [8]). Regular triangular meshes are used together with the Py /Py Taylor-
Hood finite element, satisfying the Ladyzenskaia-Babushka-Brezzi condition
of stability.

4.1 Steady case : Two dimensional channel with a backward facing step

We consider in the steady situation the test problem of a two-dimensional
channel with a backward facing step, described for instance in Section 45 of
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[6] (see also [9]). The geometry is depicted in Figure [1} Dirichlet conditions
of the Poiseuille type are imposed on the inflow and outflow sides I} and I
of the channel: we impose y = (4(H — x3)(z2 — h)/(H — h)2,0) on Iy and
y = (4(H — h)zo(H — x3)/H?,0) on I, with h=1,H = 3,1l = 3 and L = 30.
On the remaining part 92 \ (I'1 U Iy), the fluid flow is imposed to zero. The
external force f is zero.

T2
(0, H)
Iy
Iy
(0,h) Q
(L,0) T

1,0)
Fig. 1 A two-dimensional channel with a step.

We consider the extremal problem to solve the steady Navier-Stokes
equation with here « = 0. We compare the descent algorithm based
on the descent direction Y7 with the conjugate gradient (CG) algorithm used
n [II]. In both cases, the initial guess is defined as the solution of the corre-
sponding Stokes problem. Moreover, the scalar extremal problem with respect
to Ap in is performed with the Newton-Rasphon method.

We start with a large value of v = 1/150. Table |l| reports the evolution of
the quantity [|yx+1 — yrllap(2)2/||ykll m1 (o) with respect to the iterate k asso-
ciated to the algorithms , with fixed step Ay = 1 and CG respectively.
We also consider the so-called by analogy damped quasi newton method

Yo €V given,
Y1 = Yk — MYip, k>0, (73)
A = argminy ¢, E(yr — AY1 1)

with 171,1@ € V the solution of the formulation

a/f/l,k~w—|—l// fol,k-Vw—l—/(yO-VEN/17k—|—}~/17k~Vyo)-w
Q Q Q

:fa/vkwufz// Vo - Vw,Yw € V
I7) I}

and vy € V the corrector (associated to yx) solution of .

A regular mesh composed of 14143 triangles and 7360 vertices is used.
Table reports the evolution of the norm of the corrector ||vg|| 1 ()2, an upper
bound of ||y — yk||Hé(Q 2, according to Proposition |5} As expected in view of
the results in Section the descent algorithm (30)) based on Y; j is much
faster than the CG algorithm. Moreover, the optimal values for the optimal
step A are close to one, so that the Newton method provides a similar speed
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of convergence. As the norm of Y  goes to zero with k, the term factor of A2
in (33) gets small, and the optimal A\ gets close to one. Remark as well that
the algorithm offers an excellent speed of convergence. In term of CPU
times, algorithms and require about 53 and 108 seconds respectively
and leads to the same approximation. We have notably ||V - y|[2(0)/[f2]| =
1.83 x 1074,

f iterate k (I%D with A\, =1 (]%D (lﬁ[) CG
1 4.44 x 1071 3.79 x 10~ 1 (0.854) | 3.79x 10~T | 5.21 x 1072
2 1.95 x 101 1.81 x 1071 (0.957) | 1.59 x 107! | 4.19 x 1072
3 5.60 x 102 4.04 x 1072 (0.994) | 4.37x 1072 | 3.27 x 1072
4 3.98 x 1073 2.22 x 1073 (1.001) | 6.05 x 1073 | 2.94 x 1072
5 2.08 x 1075 5.71 x 1076 (0.999) | 6.80 x 103 | 2.56 x 10~2
6 5.91 x 10710 4.95 x 10711 (1) 9.89 x 1074 | 2.29 x 1072
7 4.88 x 10713 3.29 x 10715 (1) 9.00 x 10=% | 2.21 x 1072
8 - - 1.48 x 107* | 2.02 x 1072
9 - - 9.55 x 1075 | 1.95 x 10~2
10 - - 2.09 x 107° | 1.81 x 10™2
11 - - 1.39 x 1072 | 1.76 x 102
12 - - 3.17x107% | 1.72x 1072
13 - - 1.83x 1076 | 1.67 x 1072
14 - - 3.80 x 1077 | 1.65 x 10~2
26 - - 4.32 x 10713 | 1.12 x 1072
200 - - - 2.09 x 1075

Table 1 2D channel geometry; v = 1/150; Evolution of ||yx4+1 — kaHcl)(Q)z/HkaHé(g)z
with respect to k.

f iterate k with A\, =1 CG
1 5.46 x 10~ 2 5.46 x 10~ 2 5.47 x 10=2 | 5.46 x 10—2
2 2.39 x 102 2.22 x 102 2.22 x 1072 | 3.70 x 10~2
3 4.95 x 10~3 4.60 x 10~3 5.45 x 1073 | 2.91 x 10—2
4 3.20 x 104 1.56 x 10~4 9.32x 107% | 2.49 x 10~2
5 1.53 x 106 543 x 107 | 5.19x 104 | 2.20 x 10~2
6 3.65 x 10~ 11 422 %1012 | 1.71x107% | 1.99 x 10~2
7 6.54 x 10~16 2.54x 10716 | 1.71 x10% | 1.84 x 10~2
8 — - 7.85x 1075 | 1.70 x 10—2
9 — — 2.47 x 107% | 1.60 x 10~2
10 - - 8.95x 106 | 1.51 x 10~2
11 = - 342 x 1076 | 1.43x 1072
12 — - 1.20 x 1076 | 1.36 x 102
13 — — 4.25 x10~7 | 1.30 x 10—2
14 — — 1.36 x 1077 | 1.24 x 102
26 - - 1.59 x 10~14 | 6.25 x 103
200 - — = 1.55 x 10—5

Table 2 2D channel geometry; v = 1/150; Evolution of ”"’k”Hé(QP = /2E(yx) with
respect to k.

For smaller values of v, the results are qualitatively differents. Table
reports some norms with respect to k for v = 1/700. We observe, from the
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last column, that the Newton method for which Ay is fixed to one does not
converge anymore. Actually, the Newton method, when initialized with the
solution of the corresponding Stokes problem, diverges for v < 1/250. On the
other hand, the optimization of the step Ay produces a very fast convergence of
the sequence {yx } (x>0). Observe here that the values for the optimal A; are not
close to one, during the first iterations. We obtain notably ||V - y||z2(0)/[£2] ~
5.78 x 1072. In agreement with Theorem [I} we observe from Table [3| that the
decrease of \/E(yx) to zero is first linear and then becomes quadratic.

The algorithm is a bit more robust than the Newton one as it con-
verges for all v satisfying v > 1/290 approximately. Finally, as discussed in
[11], the CG algorithm converges and produces similar numerical values: the
convergence is however much slower since about 350 iterates are needed to
achieve y/2E(y) of the order 1073.

The algorithm requires however the initial guess to be close enough to
the solution. Initialized with the solution of the corresponding Stokes problem,
it diverges for v < 1/720. A continuation method with respect to v is then
necessary in that case. Algorithm is also robust with respect to the mesh
size: with a twice finer mesh composed of 84 707 triangles and 43 069 vertices,
the convergence ||yk+1—kaH5(Q)2 < 10_12||yk||Hé(Q)z is observed after k = 18
iterates (instead of 14 for the coarser mesh) leading notably to
HV . yHL2(Q)/‘Q| ~ 3.91 x 102

. Mye+1=vkl g1 o2 ]

fiterate k W 2E(yk) Ak 2E(yg) with A\, =1
1 7.15 ><010_1 5.46 x 102 0.727 5.46 x 10~2
2 1.42 x 104 2.79 x 1072 | 4.77 x 10~° 3.45 x 10~2
3 2.07 x 10~1 2.79 x 1072 | 2.01 x 10—2 8.08 x 10~2
4 3.53 x 10~1 2.73 x 1072 0.958 5.34 x 10~2
5 9.13 x 10~2 727 x 1073 | 4.81 x 10~6 2.40
6 6.24 x 10~2 2.62x 1073 | 1.73 x 1073 6.11 x 10~1
7 2.02 x 10~2 1.07 x 103 0.358 3.944
8 3.69 x 10~3 2.61 x 10~¢ 0.521 9.85 x 10!
9 7.52 x 10~4 4.18 x 10~° 1.098 8.18 x 10!
10 9.88 x 10~6 6.01 x 107 0.963 4.38 x 104
11 3.87 x 10~6 1.69 x 107 1.032 1.09 x 10%
12 6.82 x 1011 4.40 x 10~12 0.9983 3.16 x 104
13 1.28 x 10—10 2.88 x 10~12 0.9999 1.57 x 10°
14 6.87 x 10~15 3.26 x 10~16 1. 4.06 x 104

Table 3 2D channel geometry; v = 1/700; Results for the algorithm .

4.2 Steady case: 2D semi-circular cavity

We now consider the test discussed in [5]. The geometry is a semi-disk 2 =
{(x1,22) € R% 2?2 + 23 < 1/4,25 < 0} depicted on Figure [2| The velocity is
imposed to y = (g,0) on Iy = {(x1,0) € R?,|z;| < 1/2} with g vanishing at
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x1 = +1/2 and close to one elsewhere: we take g(z1) = (1 — e!00=1=1/2))(1 —
e~ 100(x1+1/2)y " On the rest I} = {(x1,22) € R?, x5 < 0,27 + 23 = 1/4} of the
boundary the velocity is fixed to zero.

(1.0 To:y =(1,0) (4,0)

e

Fig. 2 Semi-disk geometry.

For a regular triangular mesh, composed of 79628 triangles and 40205
vertices, leading to a mesh size h ~ 6.23 x 1073, the Newton method (\; = 1)
initialized with the corresponding Stokes solution, converges up to v—! =~
500. On the other hand, the algorithm still converges up to v~! =~ 910.
Figures [5| depicts the streamlines of the steady state solution corresponding
to v™! = 500 and to v~! = i x 103 for i = 1,---,9. The values used to
plot the stream function are given in Table [6] The figures are in very good
agreements with those depicted in [5]. The solution corresponding to v =1 = 500
is obtained from the sequence given initialized with the Stokes solution.
Eight iterates are necessary to achieve \/2E(y) ~ 3.4 x 10717, The stopping
criterion is [[yx+1 — Ykl g1 (0)2 < 10_12||yk\|H&(Q)2. Tablesand collect some
values for v = 1/500 and v = 1/700. Then, the other solutions are obtained
by a continuation method with respect to v taking dv~! = 500. For instance,
the solution corresponding to v~! = 5000 is obtained from the algorithm (30)
initialized with the steady solution corresponding to v~! = 4500. Table (9|
reports the history of the continuation method and highlights the efficiency of
the algorithm : up to v~! = 9500, few iterations achieve the convergence
of the minimizing sequence {yx }xen. From v~! = 10%, with a finer mesh (for
which the mesh size is h &~ 4.37 x 1073), dv is reduced to s~ = 100 and leads
to convergence beyond v~ = 15000. Table also reports the minimal values of
the streamline function ¢ which compare very well with those of [5].

The case a > 0 leads to similar results, in full agreement with the the-
oretical Section [2| For v = 1/1000, Table [7] reports results of the algorithm
for « € {1071,1.,10.,100.}. As expected, the gain of coercivity of the
functional E involves a notable robustness and speed up of the algorithm. Re-
call that for « = 0. and v = 1/1000, algorithm does not converge. For
a = 107!, we observe the convergence after 8 iterates. For a fixed value of v,
this number of iterates decreases as a gets larger. Actually, we observe that
when ay/v = O(1), algorithm converges after few iterates with Ay close



34 Jérome Lemoine, Arnaud Miinch

] Myk+1=vkT g1 (02 ]
f iterate k W vV 2E(yk) Ak 2E(yy) with A\, =1
Q
1 4.66 x 10~ 1 8.51 x 10~3 | 0.810 8.51 x 10~3
2 2.03 x 10~1 3.57 x 1073 | 0.716 4.09 x 103
3 9.54 x 102 1.36 x 1073 | 0.860 2.26 x 10~3
4 2.64 x 10~2 3.38 x 1074 | 0.982 2.51 x 10~4
5 1.53 x 10~3 2.43 x 10~% | 1.002 3.47 x 10~6
6 4.21 x 10~6 6.36 x 10~8 1. 1.54 x 109
7 4.20 x 10— 11 6.50 x 10~13 1. 1.52 x 10—16
8 3.25 x 10~15 3.45 x 1017 1. 3.39 x 10~17

Table 4 Semi-disk geometry ; v = 1/500; Results for the algorithm .

] Myk+1 vk g1 02 ]
f iterate k W vV 2E(yk) Ak V2E(yg) with A\, =1
Q

1 4.89 x 1071 8.51 x 10~3 | 0.702 8.51 x 10~3
2 2.41 x 10~1 4.43 x 10~3 | 0.583 5.75 x 10~3
3 1.48 x 101 2.15x 1073 | 0.510 5.27 x 1073
4 1.01 x 101 1.15 x 1073 | 0.568 1.23 x 102
5 6.83 x 1072 6.50 x 1074 | 0.931 4.40 x 10~3
6 1.19 x 10—2 1.76 x 10~% | 1.018 1.52 x 102
7 3.35 x 10~ 3.42 x 1076 | 0.999 5.06 x 10~3
8 3.19 x 10~7 4.22 x 1079 1. 1.45 x 10—2
9 2.97 x 10~13 2.30 x 10~15 1. 1.85 x 10—2
20 - — - 5.39

Table 5 Semi-disk geometry ; ¥ = 1/700; Results for the algorithm A

Fig. 3 Streamlines of the steady state solution for v =
500, 1000, 2000, 3000, 4000, 5000, 6000, 7000 and v~ = 8000.

—0.07, —0.0675, —0.065, —.05, —0.04, —0.03, —0.02, —0.01, £10~4, £103
+1077,-10719,0.,1078,107%,5 x 1074,1073,2 x 1073,3 x 1073,4 x 103
5x1073,6 x 1073,7 x 1073,8 x 1073,9 x 10—3,0.01

Table 6 Values used to plot the contours of the stream function.
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to 1 for all k. Moreover, when arv = O(1), the convergence is achieved after
one iterate only. This behavior suggests that one may recover the solution of
the steady Navier-Stokes system (corresponding to v = 0) by using a continu-
ation procedure with respect to the parameter o decreasing to zero. We easily
check, for any a > 0, the estimate [|[V(ya — Ya=0)ll2 < ¢p\/%]|Ya=oll2 where
Yo SOlvVes with g = 0, and ¢, the Poincaré constant. For v = 1/5000, Table
[8] reports the history of the continuation approach starting from a = 1. to
a = 0 with intermediate steps a € {1071,1072,1072,107%}. Figure [4] depicts
the evolution of the sequences {1/2F(yx)}r and {A\;}r obtained from the al-
gorithm (30) with o = 1073, The algorithm is initialized with the solution
corresponding to o = 1072. The behavior of these sequences fully illustrates
Theorem [l and the robustness of the method: as Ay increases, the decay of
/2E(yk), initially low, gets larger and becomes very fast when Ay is close to
one. Figure [5] reports the streamlines of the solution for various values of a.

ik a=0.1 a=1. a = 10. a = 100.

1 [ 6.59 x 1073(0.65) | 3.11 x 1073(0.87) | 1.04 x 1073(0.99) | 2.99 x 10~%(0.99)
2 | 3.54 x 1073(0.63) | 7.59 x 107%(0.98) | 3.68 x 1075(0.99) | 7.81 x 1077(1.)

3 | 1.55x 1073(0.64) | 5.94 x 1075(1.00) | 5.15 x 1078(1.) 6.92 x 10712(1.)
4 | 7.05x1074(0.74) | 4.84 x 1077(1.) 1.20 x 10713 5.50 x 10717

5 | 2.76 x 1074(1.01) | 2.63 x 10~11(1.) - -

6 2.95 x 1075(1.) 1.03 x 10717 - -

7 1.55 x 1077(1.) - - -

8 | 1.99 x 10~11(1.) - - -

9 1.60 x 10~17 — - -

Table 7 Semi-disk geometry ; v = 1/1000; Results for the algorithm ; v/2E(yx) and
A, with respect to a.
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20 [ L 0
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10°

Fig. 4 Semi-disk geometry; v = 1/5000; Evolution of /2E(yy) and Ay w.r.t. k for a from
1072 to 1073.
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Fig. 5 Streamlines of the a-steady state solution for a = 1.,1071,1072 (Top) and o =
1073,10~% and 0. (Bottom).

a git. lmallp2e) Wallaiyz  va = Ya=ollg ()2
Stokes — 1. 6 0.00684 7.659 4.28
1. - 1071 37 0.011 7.4896 3.32
1071 - 1072 | 49 0.0297 7.8951 2.67
1072 1073 | 70 0.0360 8.0166 4.02 x 1071
1073 - 1074 | 12 0.0366 8.0278 4.03 x 10~2
1074 =0 4 0.0367 8.029 4.03 x 10~3

Table 8 Semi-disk geometry; Continuation method with respect to « for the solution of
the steady Navier-Stokes equation; v = 1/5000.

v git. Inlleze)  lwillggoz  lv2llgiaz  mingd  mingd (5]
Stokes — 500 7 4.31 x 1072 4.462 2.489 —0.0766 —
500 — 1000 7 4.07 x 102 4.919 2.883 —0.0780 —0.0779
1000 — 1500 6 3.99 x 10~2 5.296 3.153 —0.0775 —
1500 — 2000 6 3.93 x 10~2 5.612 3.361 —0.0766 —0.0763
2000 — 2500 5 3.88 x 10~2 5.884 3.531 —0.0756 —
2500 — 3000 5 3.83 x 1072 6.126 3.675 —0.0744 —0.0742
3000 — 3500 5 3.79 x 10~2 6.345 3.801 —0.0733 —
3500 — 4000 5 3.75 x 10~2 6.545 3.911 —0.0721 —
4000 — 4500 6 3.71 x 10~2 6.731 4.010 —0.0710 -
4500 — 5000 6 3.67 x 10~2 6.903 4.099 —0.0699 —0.0700
5000 — 5500 6 3.64 x 1072 7.065 4.181 —0.0689 —
5500 — 6000 6 3.60 x 10~2 7.217 4.256 —0.0679 —
6000 — 6500 6 3.57 x 10~2 7.362 4.325 —0.0669 —
6500 — 7000 6 3.53 x 10~2 7.499 4.389 —0.0660 -
7000 — 7500 5 3.50 x 10~2 7.631 4.448 —0.0651 —
7500 — 8000 5 3.47 x 1072 7.756 4.504 —0.0643 -
8000 — 8500 6 3.44 x 10~2 7.876 4.557 —0.0634 —
8500 — 9000 6 3.41 x 10~2 7.992 4.606 —0.0626 —

Table 9 Semi-disk geometry; Continuation method with respect to v for the solution of
the steady Navier-Stokes equation; a = 0.
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4.3 Unsteady case: 2D semi-circular cavity

We now use the least-squares method in order to solve iteratively the implicit
Euler scheme . The parameter o« = 1/t is strictly positive. We remind that
for v approximatively larger than 1/6600, the unsteady solution converges as
time evolves to the steady solution (corresponding to o = 0) obtained in the
previous section by a continuation technique. Actually, the iterative process
due to the time discretization can also be seen as a continuation approach. We
consider the value v = 1/1000. Following [5], we take as initial condition wug
the steady-state solution corresponding to v = 1/500. For the value o = 200
corresponding to the time discretization parameter 6t = 5 x 1073, we observe
the convergence of the sequence {y?“}bo after at most three iterations, for
each n (except for n = 0 requiring 6 iterations). For the value o = 2000
corresponding to dt = 5 x 10~ (used in [5]), we observe the convergence of
the sequence after one iterate. At time 7' = 10, the unsteady state solution
is close to the solution of the steady Navier-Stokes equation: we compute
that the sequence {y" }n=o,... 2000 satisfies [|y**% —y || 120 /[[y*°%]| £2(2) ~
1.19 x 1075, n = 2000 corresponds to T = 2000 x §t = 10. Figures |§| display
the streamlines of the unsteady state solution corresponding to v = 1/1000 at
time 0,1,2,3,4,5,6 and 7 seconds to be compared with the streamlines of the
steady solution depicted in Figure [} These figures are in full agreement with

[5]-

Fig. 6 Streamlines of the unsteady state solution for »—! = 1000 at time ¢ = 4,5 =0, - - , 8s.

Before comparing with standard time marching schemes, let us make a
comment on the algorithm . For « large, the optimal step Ay in
equals one and the convergence with respect to k is achieved after one iterate.
The convergent approximation y"*+! := y7** then simply solves, for each n
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the following semi-implicit scheme (mentioned in [I5] section 13.4])

/ay”+1.w+yvy”“-Vw+y"'Vy"+1'w+y"+1~Vyn'w
0 (74)
:/Qayn.er<fn’w>H71(Q)XHé(Q)Jr/()yn,vy".w, Ywe V.

For §t of the order 1073, this first-order in time scheme displays, for v =
1/1000 and the semi-disk geometry of Figure [2] very similar results than the
conditionally stable partially explicit scheme (we refer to [19, Section 5.1])

‘/Qayn+l.w+l/vyn+1.vw+yn,vyn.w:/ ayn'w—i_<fn7w>H*1(.Q)><H(}(Q)v

Q
(75)
for all w € V' and than the unconditionally stable scheme

/ay”+1~w+l/Vy"+1.Very".Vy"Jrl.w:/ Oéyn~w+<fn,w>H71(Q)><Hé(Q)
2 2

(76)
for all w € V. In term of computational cost, the scheme is as expected
faster than the scheme : the ratio of the computational time to perform
10000 iterates (leading to T' = 10) between and is approximatively
equal to 1.65. The regular triangulation used corresponds to a mesh size h of
the order of 6.23 x 10~2 making stable. On the other hand, the computa-
tional times of and ([76)) are equivalent: we observe a ratio equal to 1.05.
For §t = 1072, scheme (75)) is unstable. The convergence with respect to k of
(b5) (not anymore equivalent to ([74))) is observed after two iterates. The ratio
of computational time between and raises to 1.89. We observe that
the approximation for is much less sensitive to the variation of dt: we
observe similar results than with 6t = 1072 and than [5] where 6t =5 x 10~*
is used.

5 Conclusions and perspectives

We have rigorously analyzed a weak least-squares method introduced forty
years ago in [2] allowing to solve a steady nonlinear Navier-Stokes equation, in
the incompressible regime. This equation with a zero order term appears after
any fully implicit time discretization of the unsteady Navier-Stokes equation.
We have constructed a sequence converging strongly to the solution of the
steady equation. Using a particular descent direction very appropriate for the
analysis, this convergent sequence turns out to coincide with the sequence
obtained using the damped Newton method to solve the underlying variational
weak formulation. This globally convergent approach enjoys a quadratic rate
of convergence after a finite number of iterates and is in particular much faster
than the conjugate gradient method used in [2],[11]. Then, we have shown the
convergence of the method, uniformly with respect to the time discretization,
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to solve the fully implicitly Euler scheme associated to the unsteady Navier-
Stokes equation. When the time discretization is fine enough, each step of the
damped Newton method simply reduced to the Newton one. In such a case, we
obtained a proof of convergence of the Newton scheme to solve the unsteady
Navier-Stokes. As far as we know, this proof is original. Numerical experiments
have highlighted the robustness of the method, including for values of the
viscosity coefficient of order 10~*. We also emphasize that the least-squares
approaches, employed here to treat the Navier-Stokes nonlinearity, can be used
to solve other nonlinear equations, as formally done in [14] for a sublinear heat
equation. Eventually, we may solve the unsteady Navier-Stokes system by a
fully L2(0,T; H=1(£2)) least-squares approach. The underlying corrector solves
an unsteady Stokes type equation; we refer to [12].
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