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FAST AND SLOW POINTS OF BIRKHOFF SUMS
FREDERIC BAYART, ZOLTAN BUCZOLICH, YANICK HEURTEAUX

ABSTRACT. We investigate the growth rate of the Birkhoff sums Sn,a f(z) = Y71 f(z+
ka), where f is a continuous function with zero mean defined on the unit circle T and
(a,z) is a “typical” element of T?. The answer depends on the meaning given to the
word “typical”. Part of the work will be done in a more general context.

1. INTRODUCTION

Let T = R/Z be the unit circle and let a € R\Q be irrational. Denote by Cy(T), the
set of continuous functions on T with zero mean, and by Sy o f(x) the n-th Birkhoff sum,
Snaf(z) = ZZ;(I) f(x + ka). The rotation R, : x — x + « defines a uniquely ergodic
transformation on T with respect to the (normalized) Lebesgue measure A. Hence for all
f € Co(T) we know that S, o f(z) = o(n) for all z € T. The main purpose of this paper is
to investigate the typical growth of S, o f(z).

There are several ways to understand this problem. We can fix & € R\Q (resp. =z € T)
and ask for the behaviour of S, o f(z) for f in a generic subset of Co(T) and for a typical
x € T (resp. for a typical o € T). We can also consider it as a problem of two variables
and ask for the behaviour of S, o f(z) for f in a generic subset of Cy(T) and for a typical
(a,x) € T2. There are also several ways to understand the word “typical”. We can look
for a residual set of the parameter space or for a set of full Lebesgue measure.

We shall try to put this in a general context. If we fix a € R\Q, then we consider the
Birkhoff sums associated to a uniquely ergodic transformation on the compact metric
space T. Hence, let us fix  an infinite compact metric space and T : Q — € an invertible
continuous map such that 7" is uniquely ergodic. Let p be the ergodic measure, which is
regular and continuous. We will also assume that it has full support (equivalenty, that
all orbits of T" are dense). For z € Q and f € Cy(R2), the Birkhoff sum S, 7f(x) is now
defined by Y7, f (T*z). Using ¢ : N — N with ¢(n) = o(n) for f € Co(€2), let us define

_ 1 [Snrf (@) _
Eu(f) = {:CGQ, hmnsup o(n) ——l—oo}.
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The set £, (f) has already been studied by several authors. In particular, it was shown
by Krengel [7] (when = [0,1]) and later by Liardet and Volny [9] that, for all functions
[ in a residual subset of Co(€2), 1 (Ey(f)) = 1. We complete this result by showing that
Ey(f) is also residual.

Theorem 1.1. Suppose that 1 : N — N satisfies (n) = o(n). There ezists a residual set
R C Co(Q2) such that for any f € R, Ey(f) is residual and of full p-measure in Q.

If we allow a to vary in our initial problem, then the natural framework now is that of
topological groups. Hence, we fix a compact and connected metric abelian group (G, +).
By Corollary 4.4 in [8, Chapter 4], G is a monothetic group, that is possesses a dense
cyclic subgroup. Let p be the Haar measure on G. It is invariant under each translation,
or group rotation T, (z) = x +u. We define Gy as the set of u € G such that T, is ergodic.
By well-known results of ergodic theory, u belongs to Gg if and only if {nu; n € Z} is
dense in G; in this case T, is uniquely ergodic, only the Haar measure is invariant with
respect to T,,. Moreover, G is always nonempty, it is dense and its Haar measure is equal
to 1 (see Theorem 4.5 in [8, Chapter 4]).

Contrary to what happens in Theorem 1.1, the growth of S, ,, f () for a typical (u,x) € G?
is not the same from the topological and from the probabilistic points of view. For the
last one, the typical growth of S, , f(z) has order nl/2,

Theorem 1.2. (i) For allv > 1/2 and all f € L(G),

H& <{(U,ZE) € G% lirnsup|Sn’:1{(x)| > 1}) = 0.

n

(ii) There exists a residual subset R C Co(G) such that, for all f € R,

R <{(u,:n) € G% limsupw = +oo}> =1.
n n

From a topological point of view, the typical growth of Sy, ., f(z) has order n. Indeed, for
¥ : N — N with ¢(n) = o(n), let us introduce
. |Spuf ()]
Eu(f) = { u,z) € G? ;limsup 2 — oo b
w(f) =9 (u,z) : ()
Theorem 1.3. Suppose that ¢ : N — N satisfies (n) = o(n). There exists a residual set
R* C Co(G) x G? such that for any (f,u,z) € R* we have (u,z) € Eyu(f).

We remark that, by the Kuratowski-Ulam theorem, Theorem 1.3 implies that there exists
a residual set R C Co(G) such that, for every f € R, the set €, (f) is residual in G2

The last possibility is to fix x € G and allow u to vary. Without loss of generality, we may
assume that z = 0. Again, topologically speaking, the typical growth of S, ,, f(0) is not
better than o(n).

Corollary 1.4. Suppose that ¢ : N — N satisfies 1(n) = o(n). There exists a residual set
R C Co(G) such that for any f € R, the set {u € G; (u,0) € Ey(f)} is residual in G.
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We finally come back to irrational rotations where we would like to get more precise
statements. Let us fix o € R\Q and set

k Snaf(@)|
Fu(f) = {m eT,; hmnsupW < —l—oo} .
When 9(n) =n”, v € (0,1), we simply denote by F,(f) the set Fy(f). We already know
by the results mentioned before Theorem 1.1 that A (Fy(f)) = 0 for f in a residual subset
of Co(T), where X is the Lebesgue measure on T. It turns out that a much stronger result

is true: generically, these sets have zero Hausdorff dimension!

Theorem 1.5. For any ¢ : N — N with 1(n)

= o(n), there exists a residual subset R of
Co(T) such that, for any f € R, dimy (Fy(f)) = 0.

We then do a similar study for Hélder functions f € Cg (T), £ € (0,1). Recall that a
function f belongs to CS(T) if it has zero mean and if there exists a constant C' > 0 such
that, for all xz,y € T,

[f(x) = fy)] < Clz —yl°
The infimum of such constants C' is denoted by Lip,(f).
For a function [ € CS(T), we have better bounds on S, of(z) depending on ¢ and on
the arithmetical properties of a. Indeed, it is known (see [8, Chapter 2, Theorem 5.4])
that [Spof(z)] < n - Lipe(f) (D% (a)) where D?(a) is the discrepancy of the sequence
(o, 2av, . .. ,na) defined by
D% ()] = sup card{1 <i<mn; ia € I}

ICT n

— ]}

For instance, if o has type 1 (for example, if « is an irrational algebraic number), using
the well-known estimates of the discrepancy, we get that |S, o f(z)] = O(n!=¢*¢) for all
e > 0. In other words, for all v > 1 —¢, F,(f) = T. We investigate the case v < 1—¢ and
we show that the Hausdorff dimension of F,(f) cannot always be large.

Theorem 1.6. Let £ € (0,1). There exists f € C5(T) such that, for all v € (0,1 —¢€),
§

1—v’

dimy (F, (f)) <

This theorem is in stark contrast with Theorem 4.1 in [5]. In this last paper, a similar
study of fast Birkhoff averages of subshifts is done. In this case, the sets which correspond
to F,(f) always have maximal dimension.

2. USEFUL LEMMAS

In this section, we provide lemmas which will be used several times for the proof of our main
theorems. The first one allows to approximate step functions by continuous functions. In
the statement of the theorem we use the standard notation 1p(x) for the function which
equals 1 if x € B and equals 0 if not.

Lemma 2.1. Let ) be a compact metric space, let u be a continuous Borel probability
measure on ). Let g be a step function such that [, g(x)du(x) = 0 and 6 > 0. Then
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there exists f € Co(Q2) such that || f|lec < 2||9llcc and f = g except on a set of measure at

most §.

Proof. Let ¢ > 0 be very small and {aq,...,a,} be the finite set g(2). We can write
g = aila, where A; = {x € Q; g(x) = a;}. Since the measure y is regular, we can
find compact sets Kq,..., K, and open sets Uy, ..., U, such that

K; CcA; CU;
w(Ui) — e < p(Ai) < p(K;) +e.
By Urysohn’s lemma, one may find functions ¢; € C(2) such that
0<p; <1, @;=1on K;, ;=0 outside Uj;.
We then set h = Z?Zl a;p;. 1t is clear that

n({aila, # aipi}) < p(U\K;) .

Therefore,
n

w(h £ gD <3 p(UNKD) < 2ne.
i=1
If £ = max (—||g|co, min (A, ||¢]|s0)), We now have ||k]|c < ||g]lco and

p({k#g}) <p({h#g}) < 2ne.

The function k is continuous but is not necessarily in Co(€2). Nevertheless, we observe that

| k@yduto)

and we can modify k to obtain a zero mean. Let a € €2 and » > 0 be such that 0 <
w(B(a,r)) < p(B(a,2r)) < §/2 and let ¢y € C(2) with pg = 1 on the closed ball B(a,r),
o = 0 outside B(a,2r) and 0 < ¢y < 1. We set

/Q (k(x) = g(x)) du(x)| < ||k = glloop ({k # g}) < 4nellglloo

kd
fop Jakde
fQ wodp
Then f € Cy(Q2), f = g except on a set of measure at most 2ne + §/2 and
o Felu 4ne|lg]loc

flloo < lglloc + =—— < lglloc + —5 7+

£l < Nolloe + T2 < gl + s
Choosing € > 0 sufficiently small then gives the result. O

Our second lemma is a way to construct continuous functions in Co(€2) with large Birkhoff
sums on large subsets. We give it in our general context of a uniquely ergodic transfor-
mation 7" on an infinite compact metric space €2 with non-atomic ergodic measure u. As
usual, ¢ : N — N satisfies ¢)(n) = o(n). We denote by E¢ the complement of the set E.

Lemma 2.2. Let JJM € N, C > 0, ¢ > 0. Then there exist f € Co(Q2), m > M and a
compact set E C Q) such that ||f|lcc <€, p(E) >1—¢ and

Ve e E, Vje{l,....J}, |Snrif(@)|=Cy(m).
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Proof. Set € = ¢/3. We begin by fixing m € N, any integer greater than M, and such that
me > C(m). Let n > m to be fixed later. We then consider a Rokhlin tower associated
to T', 2n and  (see for instance [3]). Namely, we consider A C §2 such that the sets T%(A),

0 <k < 2n—1, are pairwise disjoint and p (Uzn ! Tk(A)> > 1 —¢. We then consider

a function g equal to € on Uzzé T*(A), equal to —2 on |J{" ' T*(A) and equal to zero
elsewhere.
We set

n—1l—-mJ 2n—1—mJ
F= ( U T'%A)) U ( U T’“(A)) = FUF.

k=0 k=n
Then, for any = € Fy, for any £ < m — 1, for any j € {1,...,J},

T (& U TF(A

It follows that S,, 7g(w) = m&. In the same way, for any = € Fb, for any j € {1,...,J},

Smrig(x) = —mz.
Finally, for any x € F, for any j € {1,...,J},

|SmTJg ’ =mg > C(m).
Moreover,

p(F) = 2(n—mJ) u(4) > 2 (n—mJ) - 5

provided n is large enough.

Thanks to Lemma 2.1, we approximate g by a continuous function f € Co(2) with || f]le <
2z and f = g except on a set N of measure np > 0, with mJn < €. Fixj € {1,...,J}. Then
Spri f(x) = Sprig(a) except if @ € gDy T-M(N). Let NV = U szl T=F(N).
Then u(N’) < mJn < . Moreover, ’SmTﬂf( )| = Cyp(m) for all j € {1,...,J} and all
x € FNN'® =: Ey. Clearly, u(Eyp) > 1 — 32 = 1 —e. We conclude by taking for E the
closure of Ej. O

3. FAST AND SLOW POINTS OF BIRKHOFF SUMS - I

In this section, we prove Theorems 1.1 and 1.3. Their proofs share many similarities and
depend heavily on Lemma 2.2 applied in suitable situations. We will also need that if
T is a uniquely ergodic transformation on 2, then the set of Cy(£2)-coboundaries for T,
namely the set of functions g —goT for some g € Cy(€2), is dense in Cy(12) (see for instance
[9, Lemma 1]). It is convenient to work with a coboundary since its Birkhoff sums are
uniformly bounded.

Proof of Theorem 1.1. Let (h;) be a dense sequence of coboundaries in Cy(€2) and let C; >
0 be such that sup, [|Sprhill, < Ci. Let f;, £ and m; be given by Lemma 2.2 for
C=14+C+1, M =1,J=1,e =1/l. We set g = h; + f; and we observe that, for x € Ej,

|y, rg1()| = (14 Cp+ )b(my) — Cr > (1 + 1) (my).
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Since Ej is compact and g; is continuous, we can choose § > 0 and an open set F; C 2
containing E; such that, for any f € B(g;,¢;), for any = € Fy,

(1) | Sy 1 f ()| = 1p ().

Let R = > Uisr B(gi,6) which is a residual set in Co(€2) and pick f € R. There
exists an increasing sequence (l;) going to +oo such that f € B(g,,d;, ) for all k. We
set F'=limsup Fy, = g~y Ups i Fly,- Since p(Fy,) > p(Ey,) > 1 - i the set F' has full

measure. Moreover, since p has full support and u (Ukz K Flk) =1 for all K, F' is also

residual in . Finally if x belongs to F', then (1) is true for infinitely many [, which shows
Theorem 1.1. (I

In the next proof € is replaced by the compact connected metric abelian group G and
we consider uniquely ergodic translations T),. We recall that for these translations, all
non-constant characters v are Cyp-coboundaries: they can be written as v = vy o T, — 7o,
where vg = 7(%)_17.

Proof of Theorem 1.3. Since G is compact we can choose a sequence (h;) of trigonometric
polynomials which is dense in Cy(G) (see [10, Section 1.5.2]). Let v € Gy, that is T, is
ergodic. Since h; is a Cop-coboundary for all T}, j = 1,...,[, there exists C; > 0 such that
sup sup || johull, < Cr
n je{l,. 0}
Let f;, E; and m; be given by Lemma 2.2 for T'=T,, C =C/+1l+1, M =1, J =1,
e =1/l. Set g = hy + f; and observe that, for x € Ey, j € {1,...,1},

Sy jogi ()] = (1 + Cp + 1)p(my) — Cp > (14 1)ab(my).

Since {jv; j = 1,...,l} x Ej is compact in G x G and g; is continuous, we can choose
0; > 0 and an open set H; C G x G such that {jv; 7 =1,...,l} x E; C H; and, for any
(faua:l:) € B(gla(sl) X Hla

(2) ‘Sml,uf(wﬂ > lw(ml)

We now observe that (J;~ {g:} x {T9v; j=1,...,l} x E is dense in Co(G) x G x G for
any L > 1. Hence, R* = (5, Uj>z B(gi,8) x H is a residual subset of Co(G) x G? and
any (f,u,z) € R* satisfies that (u,z) belongs to &, (f) since (2) is true for infinitely many
integers [. O

Proof of Corollary 1.4. This corollary follows easily from Theorem 1.3 and from the Kura-
towski-Ulam theorem. Indeed, we know that there exist a residual set R C Co(G) and
x € G such that, for all f € R, {u € G; (u,z) € €y(f)} is residual. Now, setting
R ={f(-—=z); feR}, forany f € R, {ueG; (u,0) € €;(f)} is residual. O

4. FAST AND SLOW POINTS OF BIRKHOFF SUMS - II

We turn to the proof of Theorem 1.2. Its first part heavily depends on the following
Menshov-Rademacher inequality (see for instance [2, Chapter 4]).
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Lemma 4.1. Let X1,..., Xn be a sequence of orthonormal random variables and c1, . .. ,cnN
be a sequence of real numbers. Then

2
N

| max, Z c; X < log5(4N) Z c

n=1

Proof of Theorem 1.2 part (i). Recall that [ f(z)du(z) = 0. Without loss of generality,
we suppose || f]l2 = 1 and we consider Xy (u,x) = f(x + ku) as a random variable on the
probability space (G2, u ® p). Next we show that (Xg)g>1 is an orthonormal sequence.
Indeed, let ) el f(7)7 be the Fourier expansion of f. Then, for k,7 > 1,

| 5Xdnedu= 30 ) [ @ @int) | Ak Guu).

v €G

Now, [ y(z)y (z)dp(x) is zero provided v # ~' and is equal to 1 otherwise. Moreover, let
us fix v € G and set v (u) = v(ku), vj(u) = y(ju). Then [, n7jdp = 0 except if 3 = ;,
namely except if ¥¥7 = 1. If k # j, using that G is torsion-free since G is compact and
connected, this can only happen if v = 1. Therefore, we have shown that

< S P =1 ifk=j
X X,d dp = i
/G2 KA S dpt { If()P=0 otherwise.

Applying Lemma 4.1 with ¢; = 1 yields

(3) max |y f(2)]*du(u) ® du(z) < logj(4N)N.
G2 1<n<N

Let v > 1/2 and for k& > 1,

E, = {(u,ﬂv) €eG? Ine {2’“,...,2k+1 — 1}, |Spuf(x)] > n”}.

Using Markov’s inequality and (3), we get

pu(By) < pop ( max  [Spuf(2)] = Z”k) 3w 1083 (4 2’““) (2R < ORI,
1<n<2

Since ), p ® u(Ey) < oo, the Borel-Cantelli lemma implies that ¢ ® p(limsupy, Ey) = 0
and the conclusion follows. ]

Remark 4.2. In fact, the same proof shows that, for any £ > 0,

Snuf(@)|
,u®u<{( z) € G% hmnsupnzlogﬁ()Zl}):O‘

To prove the second part of Theorem 1.2, we shall use both a Baire category and a
probabilistic argument. The probabilistic part is based on the the following lemma, which
is a consequence of the proof of the law of the iterated logarithm done in [1] (the important
point here is that we need a choice of N which does not depend on the particular choice
of the sequence).

We recall that a random variable X : (Q, A, P) — R has a Rademacher distribution if
PX=1)=PX=-1)=1/2.
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Lemma 4.3. Let € > 0 and M € N. There exists N > M such that, for any sequence
(Yx) of independent Rademacher variables defined on the same probability space (2, A, P),

Y 1
P< sup M>)>15.

M<n<N V/nloglogn = 2
The following lemma is the key point of our proof.

Lemma 4.4. Let ¢ € (0,1), C > 0 and M € N. There exist f € Co(G), N > M and
F CG? with ||fllee <&, p@u(F) >1—¢ and

(u,z) € F =  sup |Snuf ()]

> C.
M<n<n  nl/?

Proof. Without loss of generality, we may assume that /loglog M > 2C'/e. Lemma 4.3
gives us a value of N associated to € and M. We then consider a sequence (Xj) of
independent Rademacher variables defined on the same probability space (€2, .4, P). We
select a neighbourhood O of 0 € GG so that, setting

Eo={ueG; (j/—ju¢20forall 0<j,7 <N, j#j'},

we have u(Fp) > 1 —e. This is possible since, denoting by (O;) a basis of neighbourhoods
of 0 in GG, we have

Go C {u € G; ku# 0 for all k € Z\{0}} C | | Eo,.
l
By compactness of G, G is contained in a finite union (z1 + O)U--- U (zx + O). We set
A =x21+0Oand, for 2< k < K, Ay = (v + O)\(A1 U---U Ag_1). The sets Aq,..., A
provide a Borelian partition of G.
We then split each Ay, into a disjoint sum Ay = By, U B, with p(By) = u(By,) = p(Ax)/2.
For 1 <k < K define ¢y by ¢ = (1Bk — 1B;€>. We finally put

K
g(z,w) =Y eXp(w)pr(x)
k=1

so that
n—1 K

Snug(z,w) =€ Z Z X (w)pr(z + ju).

§=0 k=1
Let us fix u € Ep. For all x € G and all j € {0,...,N — 1}, there exists exactly one

integer k € {1,..., K}, that we will denote by k(j, u, x), such that ¢ (z+ ju) # 0. Hence,
for (u,z) € Ep x G and n < N,

n—1

Smug(x, w) =€ Z Xk:(j,u,x) (w)(pk:(j,u,x) (l’ + ]u)
5=0
Moreover, for j # j', the integers k(j,u, z) and k(j’,u, z) are different: otherwise, (j —j")u
would belong to 20.
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Applying Lemma 4.3 to the sequence (Xk(j,u@)cpk(j’u’m) (x + ju))ogjng1 which is a se-
quence of independent Rademacher variables, we get the existence of {2, , C €2 such that
P(Qyz) >1—¢c and

[Snug(z,w)| _ €
u,r,w) €E Bo x G X Qy, =— sup ————=— > —.
( ) © e MSnI;N vnloglogn — 2

Hence

S,
(u,z,w) € BEo X G X Qyuy => sup [Snug(@,w)| > E\/loglogM > C.
M<n<N N 2
Keeping in mind that u(Ep) > 1 — ¢ holds as well, by Fubini’s theorem we can select and
fix w € 2 such that

(4) M®M<{(u,x)€G2; sup [Snug(z,w)|

J— 2 J—
e n > C’}) >(1—g)*>1—2e.

Given 0 > 0, according to Lemma 2.1, the function g = g(-,w) can be approximated by a
continuous function f € Cyo(G) such that || f|lcc < 2e and which coincides with g except in a
set of measure less than §/N. It follows that for every u € G and for any n € {M,..., N},
Snuf(x) = Spug(x) except in a set of measure less than 6. Finally, if  is sufficiently
small, inequality (4) is still satisfied if we replace g by f. O

Proof of Theorem 1.2, part (ii). Let (h;) be a sequence of trigonometric polynomials dense
in Co(G). For all I > 1 and all u € Gy, since h; is a Cy-coboundary for T,,, we know that
supy, ||Sn,uhill, < +00. We then find G; C G with p(G;) > 1 -1/l and C; > 0 such that,
for all u € Gy, sup,, |Snuhil, < C;. We apply Lemma 4.4 with e = 1/I, C =1+ C; + 1
and M; = . We get a function f; € Co(G), an integer N; > M; and a set F; C G?. We
define g = hy+ fi and E; = F; N (G; x G) so that p® u(E;) > 1 —2/l. The way we
constructed all these objects ensures that, for any (u,z) € Ej,

sup |Sn,ugl (x)‘

>+ 1.
M;<n<N, n'/2 N

This yields the existence of a d; > 0 such that, for any f € B(g;,0;) and any (u,x) € Ej,
|Snuf (2)]

sup ———>=>1.
MzSNI;Nl n'/? N
We finally consider the residual set R = (5 U;>r B(gi, 1) and we pick f € R. There
exists an increasing sequence (lx) such that f € B(g,,0;,). Let E = limsup, £, which
has full measure and pick (u,z) € E. There exists a subsequence (I}) of (I;) such that
(u,x) € Ey for all k. We then have

wp [Snat(@)

> [
k

My <n<Ny nt/2
k k

which allows us to conclude. O
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Remark 4.5. The proof gives slightly more than announced: there exists a residual set
R C Co(G) such that, for all € € (0,1/2) and all f € R,

H& p ({(u,x) € G?%; limsup S () = +oo}> =1.

nl/2(loglogn)2

5. FAST AND SLOW POINTS FOR IRRATIONAL ROTATIONS ON THE CIRCLE

Throughout this section, we fix a € R\Q.

5.1. A partition of T. To get an estimate of the Hausdorff dimension of F(f), which
is more precise than the result already obtained on its measure, we will need a refinement
of Rokhlin towers specific to irrational rotations. We shall use the following system of
partitions of T associated to the irrational rotation R, as it is described for instance in
[11, Lecture 9, Theorem 1]. Let (pn./gn) be the n-th convergent of « in its continued
fraction expansion. Define

A(") _ [0,{gnc}) ifniseven
0 {anat,1) if nis odd.

Denote also AEn) = R, (A[()")). For any n > 1, the intervals Aﬁn), 0 <j < qny1 and

Agnﬂ), 0 < j < @n, are pairwise disjoint and their union is the whole T. We shall denote

by dy, the length of A" Tt is well known that
1 1

<d, < —.
2qn+1 dn+1

5.2. Continuous functions. The main step towards the proof of Theorem 1.5 is the
following lemma which improves partly Lemma 2.2.

Lemma 5.1. Let M € N, C >0, s € (0,1), 6 >0 and € > 0. Then there exist f € Co(T)
with || f|lco < €, a compact set E C T, and an integer m > M such that

(5) Vo € B, |Smalf(x)| = C(m);

(6) HI(E®) < e.

Proof. Let m > M be such that me > Ct(m). Let also n be a large integer and consider
the partition of T described in Section 5.1:

= (J alPu (J al,
0<j<gn+1 0<j<qn

where the convergents of « are p,/q,. Since it will be easier to deal with even numbers
we put ¢, = 2|qn/2], n € N which is the greatest even integer less than ¢,. Hence ¢, and
Gn+1 are even. We define a continuous function f with zero mean such that

e on Agn), 0<5< (Y"T“ and on Ag.nﬂ), 0<5< %”, f = € except on two very small
intervals of size n > 0 where f is affine to ensure that f vanishes at the boundary
of Ag.n) and A;nﬂ).
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;-n), a"T“ < j < @ny1 and on < j < @n, [ = —¢ except on two
very small intervals of size 7 > 0 where f is affine to ensure that f vanishes at

the boundary of Ag.n) and A;nﬂ).
. n n+1
o if v & Up<jcgnn Ag» U Uo<j<zn Ag- ) we set f(x) =0.

We set I‘g-n) (resp. F§n+1)) the (largest) subinterval of Ag.") (resp. A§n+1)) such that |f| =¢

e on A Ag-nﬂ), %”

and we let

E= |J ru U ro o o o oy,

0<j< i —m I <j<Gor1—m 0<j< %t —m

m‘?

§j<an_m
If = belongs to E, then f(z+ja) = f(z) forall j =0,...,m—1 and | f(z)| = €. Therefore,
we have [Sp, o f(z)| = me > Ci(m). On the other hand, E° is the union of at most

e (2m + 2) intervals of size d;
e (2m + 2) intervals of size d,11;
® 2(qn+1 + qn) intervals of size 7.

Hence we have
HF(E) < (2m +2)d;, + (2m + 2)d;, 1 + 2(Gni1 + @n)1)” < €
if we choose n sufficiently large and then 7 sufficiently small. O

Proof of Theorem 1.5. We mimic the proof of Theorem 1.1. Recall that

Fy(f) = {SUET; lirn:up|57;ng;()$)| <_+_oo}‘

Let (h;) be a sequence of coboundaries which is dense in Cy(T). Then for any | > 1, there
exists C; > 0 such that sup,, [|Snohillcc < Ci. Let fi, E; and my be given by Lemma 5.1
forC=1+Ci+1, M =land e =s=9=1/l. Weset g = h; + f; and observe that, for
x € FEj,

1Sm,agi(z)| > (L+ Cr+ 1)p(my) — Cp = (L4 1) (my).
There exists 0; > 0 such that, for any f € B(g;,0;) and any x € Ej,

‘sz,af(xﬂ > lp(my).

Since the sequence (g;) is dense in Co(T), R = (51 U;>1 B(gi, 1) is a residual subset of
Co(T). Pick f € R. There exists an increasing sequence (l;) such that f € B(g,,d;, ). We
set I/ = limsup £, and observe that, for any z € E,

|[Sn,af ()|

lim sup —————* = +o0.

Moreover, E® = Jy>; (i>x Ej - For any s € (0,1), the properties of the sets Ej ensure

that H* (ﬂk‘ZK Efk) = 0. Since Fy, C E°, we conclude that dimy (Fy) < s and therefore
dimgy (Fy) = 0. O
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5.3. Holder functions. We now modify the previous construction to adapt it to Holder
continuous functions.

Lemma 5.2. Let M €N, v € (0,1), € € (0,1) with v+ € < 1, A >0, \/T<

v S F
§ >0, e>0. There exist a continuous function f € Co(T) with ||f|le <1, Lips(f)
an integer N > M, and a compact set E C T such that

(7) Vee E, dme{M,...,N}, |Smaf(z)>Am",

(8) HI(EC) < e.

Proof. The construction of f will be more or less difficult depending on the arithmetical
properties of . Let (p,,/qn) be the nth convergent of « in its continued fraction expansion.
For each n > 0, there exists 7, > 1 such that ¢,42 = ¢;;*. We define

7 := liminf 7, € [1, +00].
n
We then fix v/ € (0,1) such that v/ > v, £+ <1 and
§

1—v

(9)

< 8.

1—v/

1=V we also require that 7 < €

e

Let n be a large integer and consider the partition of T described in Section 5.1:
_ (n) (n+1)

T= [J Au [J A"

0<j<gn+1 0<j<qn

If moreover 7 <

Again for ease of notation we suppose that ¢, and g,+1 are even; if not, a modification
similar to the one used in the proof of Lemma 5.1 can be used.

FIRST CASE: 7 > PT” Then, for n large enough, 7,5 > 1 4+ n for some fixed n > 0. We

fix such an n and we then define f as follows:

J 2
(b; — x)¢ on [aj;rbj,bj}.
e On Ag.n) = (aj,bj), 25+ < j < gn+1, f is equal to —(z—a;)* on [aj, %bj}, equal

to —(b; — z)¢ on [aﬁbj,bj}.

e on AW — (aj,bj), 0 < j < &L fis equal to (z — a;)¢ on [aj, aj;bj], equal to

2
e f is equal to 0 otherwise.

It is then clear that ||f]lec < 1, Lip¢(f) <1 and [ fd\ = 0. Recalling that d, = b; — a;

for 0 < j < gp+1 we then set

§

% = 1—-v

€ (0,1),

1 1—1/’>1
Yo = = 5
do §

Lj=(aj+dy,bj —d)), 0<j<gnt1,
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q Y )
nT_H_I_anQHJ qn+1_1_ang»1J
Ey = U Fj @] U Fj.
i . q
Jj=0 ]:nTH

Observe that if y € T';, then | f(y)| > di°® and that Ra(T;) C Tji1, 0 < j < gny1 — 1. It
follows that, for x € Ey with constants C' which do not depend on n and may change from
line to line

1
1o S0 )] > Cladi
6 —
> Caaa,T
do 1—}*05
Z an+<1 0 )
> ng(ijl
1
Z Aan(zi-ljy
provided n is large enough. Thus (7) is satisfied with m = quﬁrlj and F = Ejy for large

values of n. Moreover, Ef is contained in the union of

. 2quﬂ+1j + 2 intervals of size d,, (the intervals Agn) which are not considered);
(@).

7 )

e ¢, intervals of size d, 41 (the intervals of the following generation A§n+1)).

® 2¢,.1 intervals of size d;)’ (the extreme parts of the intervals A

Hence, for n large enough,
1 — - _
HE(EC) S C (qnqi-lqn—ls—l + qn+1qn-’l—ygs + ndy, Tns) .
Since 0p — s < 0, 1 —yps < 0 and 1 — 7,8 < —n), (8) is also satisfied provided n is large
enough.

SECOND CASE: T < ,/127”. This time, the intervals coming from Uj Ag-nH) are too long

to be neglected with respect to the H*-measure. By the choice of v/, we know that there
exist integers n as large as we want such that

(11) 1<¢m<m<,ﬂgw;

we will fix such an n later. We keep the same values for dg, 7o, I'; and Ep and the same

definition for f on UOSj <gnp1 Ag.") as in the first case. On the other hand, we define f

on A§n+1) = (uj,v;) by imposing f(z) = (z — uj)§ on [UP uj;vj]’ fl@) = (v; — )€ on
[uj;vj7’l)j} if 0 < j < gn/2and f(r) = —(z — u;)¢ on {Uj, uj-z&-w}7 f(z) = —(v; — ) on
[uj;ijj} if ¢,/2 < j < qn. We then set

in = 01 = V| o € (0,1),
1

1 1—-v
"}/17 = "}/1 = — =
" 01 vV Tn §

> 1,
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0; = (uj + )y 1,0 —d)Yy)

92 —1-|gn' ] gn—1—[g0" |
E = U @j @] U @j,
=0 j=4z

and £ = Ey U E;. Remember that d,,+1 =~ ¢, ™. We can still use (10) and can deduce
analogously for any = € E,

(12) 1S o f @) = CRd
> ogs
> Clg)”
> Alg))”

provided n is large enough. From now on we can fix a sufficiently large n. The set E°
consists of at most

2Lq2ﬂ_1j + 2 intervals of size dp;

2¢,,+1 intervals of size d)°;

2 ¢0 | 4 2 intervals of size dy11;

2qy, intervals of size d}, ;.
Thus,
H3(B) < O (00" + a1 +al ™ +qh ™).

By using (9) and (11) we conclude exactly as before since

51—7‘n8§7‘n<\/1_§y,_3> < /1—51/’< /1_51/_5) <0

1—-v

§

and

1—7pys<1— s < 0.

0

Proof of Theorem 1.6. We will prove slightly more than announced. Let £¢ be the closed
subspace of Cg (T) defined by

£ = {f e oM Va,y € T, |f(@) = F)| < o —yl*} = {F € Co(T); Lipg(f) <1}

The space £, equipped with the norm of the uniform convergence is now again a separable
complete metric space. We will prove that, for all functions f in a residual subset of £f,

for all v € (0,1 — &), dimy (F,(f)) < /== Since F,(f) C Fy(f) provided v < 7, it

1—-v
is sufficient to prove this inequality for v belonging to a sequence (vj) which is dense in
(0,1—=¢). Now, the countable intersection of residual sets remaining residual, we just have
to prove that, for a fixed v € (0,1 — &), all functions f in a residual subset of £¢ satisfy

dimy(F) < /15

Let (h;) be a sequence of Cyp-coboundaries which is dense in &S and with Lips(hl) <1- %
For any [ > 1, there exists C; > 0 such that sup,, ||Sy.ohull,, < C;. Let f;, Ny and Ej be
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given by Lemma 5.2 with s = %—i—%, §=e=7, M=1land A=1(C,+1+1). We
set g = hy + %fl so that g; € €5, (¢;) is dense in £¢ and, for any z in the compact set Ej,
there exists m € {l,..., N;} with

|Sm.ag1(z)] > 1+ Cr+1)m” — C; > (I + 1)m”.

We can then find §; > 0 such that, for all f € B(g;,0;) and all x € Ej, there exists
m € {l,...,N;} with
1
|Smaf(@)] = Im” and HY  (E}) < 7
We set R =151 Ujsz Blgr, d1) N ES which is a residual subset of £5. Pick f € R. There
exists an increasing sequence (i) such that f € B(g,,d, ). We set E = limsup,, E;, and
observe that, for any x € F,

lim sup = 400

n

[Snaf ()]
nl/

so that F,, C E°. Now the construction of the sets E; ensures that

£

. N ‘
dimy (E°) < T

O

. 1—¢ . . .
Question 5.3. Is the value /== optimal? In particular, it does not depend on the type
of o, which may look surprizing.

6. MISCELLANEOUS REMARKS

6.1. Open questions. Our study suggests further questions. The first one is related to
Corollary 1.4.

Question 6.1. Does there exist v € [1/2,1] such that
(i) for all v > v, for all f € Co(G),

I ({u € G, limsupw > 1}) = 0;

n

(i) for all v < v, there exists a residual subset R of Co(G) such that, for all f € R,
Snauf(0
7 ({u € G; limsup’n{() = —1—00}) =17

n

It can be shown that v = 1/2 works for (ii). Indeed, Lemma 4.4 and Fubini’s theorem
imply that, for all € € (0,1), all C > 0 and all M € N, there exist z € G, f € Cy(G),
N > M and E C G with ||f|lec <&, p(E) > 1 — ¢ and supyj<,<n S’;’ﬁfz(z) >(C forue€E.
Translating f if necessary, we may assume that x = 0. We then conclude exactly as in the
proof of Theorem 1.2.

Second, Theorem 1.5 improves Theorem 1.1 for rotations of the circle by replacing nowhere

dense sets with the more precise notion of sets with zero Hausdorff dimension. There are
also enhancements of meager sets, for instance o-porous sets (see [12])
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Question 6.2. Does there exist a residual subset R of Co(T) such that, for any f € R,
€y (f) is o-porous?

In the spirit of Theorem 1.2, the next step would be to perform a multifractal analysis of
the exceptional sets. Precisely, let f € Co(T) and v € (1/2,1). Let us set

log | S,
E (v, f)= {(a,x) € T? limsupM > 1/} .
n logn
These sets have Lebesgue measure zero.

Question 6.3. Can we majorize the Hausdorff dimension of £~ (v, f)?

We could also replace everywhere the lim sup by lim inf.

Question 6.4. Let ¢ : N — N with 1)(n) = o(n). Does there exist f € Co(2) such that
{z € Q; liminf, [S, rf(x)|/[(n)] = +oo} is residual? has full measure?

6.2. Other sums. The study of S, o f(z) is a particular case of the series >, <, anf(z +
na). In the particular case a, = 1/n this series, also called the one-sided ergodic Hilbert
transform, was thoroughly investigated in [4].

In [4], the authors show that for any non-polynomial function f € C3(T) with values in R,
there exists a residual set R of irrational numbers depending on f such that, for every
a€eR fs

lim sup = 400

i f(x + na)
N n=1 n
for almost every = € T and they ask if this holds for every = € T (they show that this is

the case if f(n) =0 when n < 0). We provide a counterexample.

Example 6.5. Let a € (0,1) and f € C3(T) be defined by its Fourier coefficients £(0) =0,
f(n) =1ia" for n >0, f(n) = —ia™" for n < 0. A small computation shows that

() iae?™® iae” 2™ —2asin(27mz)
) = — — — = .
1—ae?™® 1 —qe 2™ 1 —2acos(2mx) + a?
We shall prove that the one-sided ergodic Hilbert transform of f is bounded at z = 0.

Indeed, setting

N 627rint
oxt =3 ",
n=1

it is easy to show that

= f(na)
Z = Zz’akGN(k:a) - kaGN(—k‘a)
n=1

n
k>0 k>0

= iY a"(Gn(ka) - Gy(ka))
k>0

= -2 Z akSm(GN(k‘a)).
k>0

Now, it is well-known that the imaginary part of Gy (t), namely ZnN:1 w is uniformly
bounded in N and ¢ (see e.g. [6, p.4]).
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Question 6.6. Can we investigate, in the spirit of this paper and of [4], the case a, = n™,

with0<a<1?

6.3. Coboundaries in Cg(’JI‘). The natural norm in CS(T) is given by

_ |f(z) — f(y)
(13) 1 flle = 2161% |f(z)| + :;ETM
zty

One may wonder whether, in Theorem 1.6, we have residuality in (Cg (T), | ||¢) instead of
in (€5, | ||oo)- A natural way to do that would be to prove that the coboundaries are dense
in CS (T). This is not the case, which shows again that Cg (T) is a weird space.

In Cg('ﬂ‘) we denote the ball of radius r centered at f € Cg('ﬂ‘) by Bg(f, r), that is g €
Bg( f,r) if and only if ||g — f|l¢ < r. We shall prove the following precise statement.

Theorem 6.7. For any a € R\ Q for any & € (0,1) there exists f € Cg(T) such that for
any g € Bg(f,().l) the function g is not a Cy (and hence not a Cg)-coboundary, that is
there is no u € Co(T) such that g = uo Ry, — u. Hence Cy-coboundaries are not dense in

cs(T).

Proof. By induction we select n1 = 1, ny € N, Ji C [ng,ngs1) N Z with the following

k \1/¢
properties. If we let hy = ( ) then the intervals
Nk+1
(14) {[joo — hg, ja+ 3hy); j € Jx, k € N} are pairwise disjoint

(all these intervals are considered mod 1 on T),

. . 1

JEJk

(16) T > 0.99 - nyy 1.

For this property we can use that Uy, U;c, , [io — by, jor + 3R] is a union of intervals,

EJk/
which by (15) are of total measure less than 1/200 and the sequence (ja) is uniformly
distributed on T, especially if we suppose that the nis are denominators of suitable con-
vergents of a and recall Subsection 5.1. We also suppose that Ji is maximal possible, by

this we mean that if j € [ng,ngr1) NZ and j € Ji then

(17) []Ck — hg, ja+ 3hk] N U U [j/Oé — hk/,j/Oé + 3hk/] =+ 0.
K<k '€ Jy

By the definition of hj and (16) we have

(18) my, - hS, > 0.99 - k.

Next we define f. On an interval [jo — hg,jo + 3hi|, j € Ji, k € N we define f in the
following way: f(jo — hy) = f(ja+ hg) = f(ja+ 3hg) = 0 and

(19) fGa) = ki, f(jo+2h) = —hj,

otherwise f is linear on each [ja 4+ nhg,ja + (n + 1)hg] with n € [-1,0,1,2]. If &
Uken Uje, [Joe — by, joo + 3hy] then we set f(x) = 0.
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It is obvious that f € Cg(T) with Lipg(f) < 1.

Suppose that g € BS (f,0.1) and proceeding towards a contradiction suppose that g =
uo Ry —u with a w € Co(T). Then there exists K,, such that |u| < K.

Clearly, for any x € T and any n € N, we have

n—1
(20) |Snag(@)] = | glz +ja)| = u(z + (n+ 1)a) — u(z)| < 2K,.
7=0

We will prove in (28) and (29) that for any function g € Bg(f7 0.1), its Birkhoff sums are
not bounded and this will provide a contradiction.
Suppose k is fixed. Since g € Bg(f, 0.1) we have for any j € Ji

[fGe) — g(ie) — (f(or+ 2hi) — g(jo + 2hy))|

21 0.1.
(21 |2k ¢ =
This and (19) imply that for j € Jj

k
(22) g(ja) — g(jer+ 2hy) > 0.9 - 26K > 0.9h5 = 09—
k+1

Next we consider the cases when j & Ji, j € [ng,nky1). Then (17) applies. Suppose first
that there exists k' < k, j/ € Jy, such that jo,ja + 2hy; € [j'a — hyr, j'a + 3hy]. The
construction of f on [j'a — hys, j'a + 3hys] ensures that

(23) 1f(Ge) — f(ja + 2hg)| < 2hg(hp)$™1 < 0.001 - B,

provided ny41 was choosen sufficiently large.

Ifjo & Uper Ujey,, 7 a—hi, j'at3hy] then either f(jo) =0, 0r jo € Uprop Ujrey,, 1o
hir, 3 + 3hys]. In this latter case |f(ja)| < hi, with &/ > k and we can suppose by the
inductive definition of the Ay that hp < 0.0005¢ - hy. Thus

(24) £ (je)| < 0.0005 - hS,.

Similarly if jo + 2hy & U <4, Uj’eJk/ [7'ac — hyr, j'a + 3hys] we can suppose that

(25) |f(jo + 2hy,)| < 0.0005 - .

In case one of ja,ja + 2hy belongs to a [j'a — hy, j'a + 3hy], K < k, j' € Jp and the
other is not an element of any such interval then f(z) = 0 at some x in [jo, jo + 2hy] and
a combination of (23) and (24), or (25) is applicable.

Summarizing, we have finally shown that for all j € [ng, ng+1)\Jx,

(26) |f(je) — f(ja + 2hg)| < 0.002 - RS
Since g € BS(f,O.l) by (21) and (26) we obtain

(27) lg(ja) — g(ja + 2hy)| < 0.102 - BS, - 25.
We claim that either

nk+171 k

1
: 3
(28) jEn g(ja) > anﬂhk >
=Nk
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(see (18) as well), or

i1 1 k
: 3
(29) ]Z; gljor+2hy) < = mrpahi < =
=Nk

It is clear that for large k this will contradict (20).
Next suppose that the negation of (28) and the negation of (29) hold.
This implies

le+1—1
. . ko1
(30) jz (9(j0) = g(Gor+2M)) <2 = Snusaliy.
=nyg
By (22) and (16)
(31) > (g(ja) — g(ja + 2hy)) > #Ji - 0.9 > 0.99 - ngyq - 0.9h5,
JeT Nk41

On the other hand, by (16) and (27)

nk+171
(32) > lglie) — g(jo + 2hy)| < 0.01 - njyy - 0.102 - A - 25,

J=nk

I¢Jk
Now (31) and (32) contradict (30). O
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