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New applications of the p -adic Nevanlinna
Theory

Alain Escassut and Ta Thi Hoai An

Abstract

Let IK be an algebraically closed field of characteristic 0 complete for
an ultrametric absolute value. Following results obtained in complex anal-
ysis, here we examine problems of uniqueness for meromorphic functions
having finitely many poles, sharing points or a pair of sets (C.M. or I.M.)
defined either in the whole field IK or in an open disk, or in the comple-
ment of an open disk. Following previous works inC, we consider functions
(@) f™(ax + b), g"(x)g™(ax + b) with |a|] = 1 and n # m, sharing a
rational function and we show that = is a n + m-th root of 1 whenever

g
n+m > 5. Next, given a small function w, if n, m € IN are such that
[n—m|e > 5, then f™(z)f™(ax+b) —w has infinitely many zeros. Finally,
we examine branched values for meromorphic functions f"(x)f™ (az +b).

1 Introduction

Let IK be a complete ultrametric algebraically closed field of characteristic 0
whose ultrametric absolute value is denoted by | . |. The Nevanlinna theory,
well known for complex meromorphic functions [19], was examined over IK by Ha
Huy Khoai [9] and A. Boutabaa [3]. Next, in [4] a similar theory was made for
unbounded meromorphic functions in an “open” disk of IK, taking into account
Lazard’s problem. In [10], M. O. Hanyak and A. A. Kondratyuk constructed a
Nevanlinna theory for meromorphic functions in a set of the formC\ {ay, ..., a, },
where the meromorphic functions can admit essential singularities at a1, ..., am,
[10].

Here we recall the Nevanlinna theory for meromorphic functions in the com-
plement of an open disk. Next, we can apply this to obtain results on uniqueness
and branched values as it was done in similar problems [1], [2], [3], [3], [4]. We
then show new results on meromorphic functions sharing two sets and prop-
erties of meromorphic functions of the form f"(z)f™(ax + b) with regards to
branched values and Picard’s values.
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All results of Paragraphs 1 to 7 were already published with all proofs in [2],
[4], [7], [8], [14]. Therefore we will only give the proofs of theorems presented in
Paragraph 8.

Notation: Given r > 0, a € IK we denote by d(a,r) the disk {z € IK | [z —a| <
r}, by d(a,r~) the disk {x € KK | |x —a|] < r}, and by C(a,r) the circle
{r e K ||z —a|=r} Givenr” >/, we put A0, ,7") =d(0,7")\ d(0,7'7).

Henceforth, we fix R > 0, we denote by S the disk d(0,R~) and put D =
K\S.

Given a subset E of IK having infinitely many points, we denote by R(E) the
K-algebra of rational functions h € IK(z) having no pole in E. We then denote
by H(E) the IK-vector space of analytic elements on E, i.e., the completion of
R(F) with respect to the topology of uniform convergence on E. By classical

properties of analytic elements in [12], [7], given a circle C(a, ) and an element f
“+o0

of H(C(a,r)), i.e., a Laurent series f(z) = Z cn(x — a)" converging whenever
—o0
|z — a| = r, then |f(z)| is equal to sup |c,|r" in all classes of C(a,r) except
neZL
maybe in finitely many. When a = 0, we put |f|(r) = sup |c,|r"™.

neZz
We denote by A(IK) the IK-algebra of entire functions in IK, by A(d(a, R™)

the IK-algebra of power series Z cn(z — a)" converging in all d(a, R™) and by
n=0

A(D) the IK-algebra of Laurent series Z ¢n(x — a)™ converging in D. Similarly,
we denote by M(IK) the field of meromorphic functions in IK, i.e. the field
of fractions of A(IK), by M(d(a, R™)) the field of meromorphic functions in
d(a,R™) i.e. the field of fractions of A(d(a, R7)), and by M(D) the field of
meromorphic functions in D i.e. the field of fractions of A(D).

Next, we denote by Ap(d(a, R™)), the set of f € .A( (a,R7)) that are
bounded in d(a, R™) and we put A,(d(a, R™)) = A(d(a,R7)) \ Ap(d(a,R7)).
We denote by My(d(a, R™)) the field of fractions of .Ab(d( R7)) and put
Mo (d(a, R7)) = M(d(a, R7)) \ My (d(a, R7)).

We denote by A*(D) the set of f € A(D) admitting finitely many zeros in
D and we put A*(D) = A(D) \ A*(D) and similarly, we denote by M?*(D) the
field of fraction of A*(D) and we put M*(D) = M(D) \ M*(D). So, M*(D)
is the set of meromorphic functions in D having at least infinitely many zeros
or infinitely many poles in D.

2 Nevanlinna Theory in the classical p-adic con-
text

Definition and notation: Let f € M(d(0,R™)) (resp. f € M(D)) and let
a € d(a,R7), resp. a € D). If f admits a zero of order ¢ at « we set w,(f) = ¢
and if f has no zero and no pole at «, we set wq(f) = 0.

Let f = % € M(d(a,R™)), (resp. f € M(D)). For each o € K (resp.
a € d(a, R™), resp. a € D) the number w,(h) — ws(l) does not depend on the



Survey on Bezout rings of p-adic analytic functions 3

h
functions h, I choosed to make f = —. Thus, we can generalize the notation by
setting wo (f) = wa(h) — wa(l).
If wa(f) is an integer ¢ > 0, «v is called a zero of f of order q. If w,(f) is an

integer ¢ < 0, « is called a pole of f of order —q. If w,(f) > 0, f is said to be
holomorphic at «.

Throughout the next paragraphs, we denote by I the interval [t, +oo[, by J
an interval of the form [¢, R[ with ¢ > 0. We denote by f a function that belongs
either to M(IK) or to M(S).

We have to introduce the counting function of zeros and poles of f, counting
or not multiplicity. Here we will choose a presentation that avoids assuming
that all functions we consider admit no zero and no pole at the origin.

Definitions: We denote by Z(r, f) the counting function of zeros of f in d(0, )
in the following way.
Let (an), 1 < n < o(r) be the finite sequence of zeros of f such that
0 < |an| <, of respective order s,,.
o(r)
We set Z(r, f) = max(wo(f),0)logr + an(logT —log|ay,|) and so, Z(r, f) is
n=1
called the counting function of zeros of [ in d(0,r), counting multiplicity.
In order to define the counting function of zeros of f without multiplicity,
we put wo(f) =0 if wo(f) <0 and wo(f) =1 if we(f) > 1.
o(r)
Now, set Z(r, f) = wo(f) logr + Z(logr —loglay,|) and so, Z(r, f) is called

n=1
the counting function of zeros of f in d(0,r) ignoring multiplicity.
In the same way, considering the finite sequence (b,,), 1 <n < 7(r) of poles
of f such that 0 < |b,| < r, with respective multiplicity order ¢,, we put
7(r)
N(r, f) = max(—wo(f),0)logr + Ztn(logr —log|b,|) and then N(r, f) is

n=1
called the counting function of the poles of f, counting multiplicity.
Next, we put wo(f) = 0 if wo(f) > 0 and Wo(f) = 1 if wo(f) < —1 and we
(r)
set N(r, f) = wo(f)logr + Z (logr — log |b,|) and then N(r, f) is called the

n=1
counting function of the poles of f, ignoring multiplicity.

Now, we can define the Nevanlinna function T'(r, f) in I or J as T(r, f) =
max(Z(r, f), N(r, f)) and the function T'(r, f) is called characteristic function
of f or Nevanlinna function of f.

Finally, if Y is a subset of IK we will denote by ZY (r, f’) the counting

function of zeros of f/, excluding those which are zeros of f — a for any a € Y.

Remark: If we change the origin, the functions Z, N, T are not changed, up
to an additive constant.

Theorem 3.1:  Let f € M(IK) (resp. f € M(d(0,R™))) have no zero and no
pole at 0. Then log(|f|(r)) = log(|f(0)]) + Z(r, f) = N(r, f).
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Theorem 3.2 (First Main Theorem) : Let f, g € M(K) (resp. f, g €
M(S)). Then Z(r, fg) < Z(r, f) + Z(r,g), N(r,fg) < N(r,f)+ N(r.g), and

(r, f+b)=T(r,f)+0(Q), T'(r, fg) < T(r,f)+T(r,1g), T(r,f4g9) <T(r, f)+

T(r,g) + O(1), T(r,cf) = T(r, f) Ve € K, T(T»?) = T(r,[)), T(T,g) <

T(r, f)) +T(r,g). Let P(X) € K[X]. Then T(r,P(f)) = deg(P)T(r, f) + O(1)
and T(r, f'P(f) > T(r,

P(f
Suppose now f,g € A(

Z(r,g), T(r, f) = Z(r, f)) T(r, fg) = T(r, f) + T(r,g) + O(1) and
T(r, f +g) < max(T(r. ), T(r.5)).
Moreover, if lim T(r,f)—T(r,g) = +oo then T(r, f + g) = T(r, f) when

r——4o0
r s big enough.

) e
).
K)o S € AS). Then 20, 19) = Z0.5) 4
T
7(

Theorem 3.3: Let f € M(IK). Then f belongs to IK(x) if and only if
T(r, f) =O(ogr).

Corollary 3.3.a: Let f € M*(IK). Then fis transcendental over IK(x).
Theorem 3.4:  Let f € M(S). Then [ belongs to My(S) if and only if
T(r, f) is bounded in [0, R].

Corollary 3.4.a: Let f € M, (S). Then f is transcendental over My(S).
Theorem 3.5: Let f € M(IK) (resp. f € M(S)). Then for all k € IN¥,

we have N(r, f®)) = N(r, f) + kN(r, f) and Z(r, f{¥) < Z(r, f) + kN(r, ) —
klog(r) + O(1).

Theorem 3.6:  Let f € M(IK) (resp. f € M(S)) and let ay,...,aqy € K be

tinet. B ) < _ '
distinct. Then (q— 1)T(r, f) 1121}32((1( 127%2 a; )+O(1)

Remark: The last Theorem does not hold in complex analysis. Indeed, let f
be a meromorphic function in € omitting two values a and b, such as f(z) =

¢ T Then Z(r,f —a)+ Z(r, f —b) =

61‘7

We can now state the Second Main Theorem.

Theorem 3.7: (Second Main Theorem) [3], [4], [7] Let a1, ...,04 € K,
with g > 2, letY = {ou,...,aq} and let f € M(K) (resp. f € My(S)). Then
q
(q=VT(r, f) <> Z(r, f — ;) + N(r, f) = Z (r, f') = logr + O(1) Vr el
J:
(resp. Vr € J).
Mm’eover if f belongs to f € A(IK) (resp. f € A(S)), then (¢ — V)T (r, f)

< ZZ — ZY (r, f) —log(r) + O(1) Vr eI (resp. Vr € J).
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3 Nevanlinna Theory out of hole

Henceforth, we denote by L the interval [R, +oo[. According to classical prop-
erties of analytic elements on infraconnected sets and by implicitly using [7], it
is easy to have the following properties:

Proposition 4.1:  Let f € H(D) have no zero in D. Then f(x) is of the
q

form Zanx” with |ag|R? > |an|R"™ for alln < gq.

— 00

Definition and notation: Let f € H(D) have no zero in D, f(z Zan

with |aq|R? > |a,|R™ for all n < g and a, = 1. Then f will be called a Motzkm
factor associated to S and the integer ¢ will be called the Motzkin index of f
and will be denoted by m(f,S) (see [2], [7], [14]). We put L = [R, +o0].

Theorem 4.2: Let f € M(D). We can write f in a unique way in the form
210 with f5 € H(D) a Motzkin factor associated to S and f° € M(IK), having
no zero and no pole in S.

Given f € M(D), for r > R. If aj,...,a,, are the distinct zeros of f
in A(0, R, r), with respective multiplicity u;, 1 < j < m, then the counting
function of 2eros Zr(r, f) of f between R and r will be denoted by

Z u;j(log(r) — log(|a;|)). Similarly, if 31, ..., B, are the distinct poles

of fin A(O R ), with respective multiplicity v;, 1 < j < m, then the counting
function of poles Ng(r, f) of f between R and r will be denoted by
n

r, f)= Zvj(log(r) —log(|8;])). We put Tg(r, f) = max (Zg(r, f), Nr(r, f)).
The counting function of zeros without counting multiplicity Z g(r, f) is de-

fined as: Zg(r, f) = Zlog —log(|ej]), where ax, ..., oy, are the distinct ze-

ros of f in A(0, R, r) Slmllarly, the counting functz’on of poles without count-

ing multiplicity N g(r, f) is defined as: Ng(r Zlog —log(]8;1), where

B1, ..., Bn are the distinct poles of f in A(0, R, 7).
Finally, putting Y = {a1, ..., a,}, we denote by Z% (r, f') the counting func-
tion of zeros of f’ on points x where f(z) ¢ Y.

Theorem 4.3: Let f € M(D). Then, for all v € L, log(|f|(r)) — log(|f|(R))
= ZR(Ta f) - NR(T7 f) + m(f7 S)(logr - IOgR)
Corollary 4.3.a Let f € M(D). Then Tg(r, f) is identically zero if and only

if fis a Motzkin factor. Let f, g € A(D) satisfy log(|f|(r)) < log(|g|(r)) for
all v € L. Then Zg(r,f) < Zr(r,g) + (m(g,S) —m(f,S))(log(r) — log(R)).

Theorem 4.4: Let f € A(D). Then, Zg(r, f') < Zg(r, f) —log(r)+ O(1), (r €
L).
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We can now characterize the set M*(D):

Theorem 4.5: Let f € M(D). The three following statements are equivalent:

Tr(r, f)
i) T%Jr(oo fl)Og( e =+oo forre L,
. ITr(r )
it) Tog(1) 1s unbounded,

iii) f belongs to M*(D).

Operations on M(D) work almost like for meromorphic functions in the
whole field [3], [7].

Theorem 4.6: If f, g € M(D). Then for every b € IK and r € L, we have
TR(rv fn) = TLTR(T', f)7 TR(Tv fg) < TR(Ta f) + TR(rv g) + O(log(r)),

Tr(r, %) =Tr(r. f)), Tr(r.f+g) < Tr(r, )+ Tr(r,g) + O(log(r)),

TR(rv f+b) - TR(Ta f)+0(10g(7’)), TR(ra hOf) - TR(ra f)+O(10g(7")), where
h is a Moebius function.
Moreover, if both f and g belong to A(D), then
Tr(r. f +9) < max(Tr(r, f),Tr(r, g)) + O(log(r)), TR(?“ fg9) = Tr(r.f) +
Tr(r,g). Particularly, if f € A*(D), then Tgr(r,f+0) = Tr(r, f) + O(1).
Given a polynomial P(x) € Klz], then Tr(r,P o f) = deg(P)T (r, f) +
O(log(r).
Theorem 4.7: FEvery f € M*(D) is transcendental over M*(D).

Theorem 4.8: Let f € M(D). Then, for v € L, Ng(r, f*)) = Ng(r, f) +
kNg(r, f) and Zg(r, f®)) < Zp(r, f) + ENg(r, f) + O(log(r)).

Like in the whole field, the Nevanlinna second Main Theorem is based on
the following theorem:

Theorem 4.9: Let f € M(D) and let a1,...,a, € K be distinct. Then

~—

Theorem 4.10: (Second Main Theorem) Let f € M(D), let aq,...,aq €
K, with ¢ > 2 and let Y = {aq,...,aq}. Then, forr € L, (¢ — 1)Tr(r, f)

< ZZ i)+ Nr(r, f) = Zi (r, f') + O(log(r)).

(= VTr(r, ) <> Zr(r, f —a;) = Z (r, f') + Olog(r)).

4 Immediate applications

Theorem 5.1:  Let a1, as € IK (with a; # as ) and let f, g € A*(K) satisfy
“ait) =97 ({ai}) (i=1, 2). Then f =g.
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Theorem 5.2:  Let a1, a2, a3 € K (with a; # a; Vi # j) and let f, g €

Au(d(0,R7)) (resp. f, g € A(D)) satisfy f~*({ai}) = g7 ({ai}) (i=1, 2, 3).
Then f =g.

Theorem 5.3: Let a1, ag, a3, as € IK (with a; # a; Vi # j) and let f,g €
MH(K) satisfy f~'({ai}) = g7 ({ai}) (=1, 2, 3, 4). Then f =g.

Theorem 5.4: Let a1, a, a3, a4, as € K (with a; # a; Vi # j) and let

f.9 € Mu(d(0,R™)) (resp. f,g € M*(D)) satisfy f~'({ai}) = 97" ({ai})
(it=1,2,3,4,5). Then f =g.

Theorem 5.5: Let A be a non-degenerate elliptic curve of equation
y? = (z — a1)(z — az2)(z — a3).
There do not exist g, f € M(IK) such that g(t) =y, f(t) =z, t € K.
There do not exist g, f € A,(d(0,R™)) such that g(t) =y, f(t) ==z, t €
d(0,R™).
There do not exist g, f € A*(D) such that g(t) =y, f(t) ==, t € D.

Theorem 5.6: Let A be a curve of equation y? = P(x), ¢ > 2, with P € IK|x]
admitting n distinct zeros of order 1 with n > 4. There do not exist g, f €
M(IK) such that g(t) =y, f(t) ==z, t € K.

Theorem 5.7:  Let A be a curve of equation y? = P(x), g > 2, with P € K|x]
admitting n distinct zeros of order 1 with n > 5. There do not exist g, f €
M, (d(0,R™)) (resp. g, f € M*(D)) such that g(t) =y, f(t) ==, t € d(0,R7)
(resp. t € D).

Another application concerns analytic functions:

Theorem 5.8: Let f, g € M(d(0,R™)) (resp. f, g € M(D)) satisfy g™ +
f™ = lLwith min(m,n) > 3 and max(m,n) > 4). Then f and g belong to
My(d(0,R™)) (resp. to M*(D)). Moreover, if f, g € A(d(0,R™) (resp. if
f, g € A(D)) satisfy g™+ f™ = 1, with min(m,n) > 2 and (m,n) # (2,2), then
f and g belong to Ay(d(0, R™), (resp to A*(D)).

5 Small functions

Definitions: For each f € M(K), (resp. f € M(S), resp. f € M(D)), we
will denote by M ;(IK) (resp. M;(S), Ms(D)) the set of functions h € M(IK)
(resp. h € M(S), h € M(D)) such that T(r,h) = o(T(r, f)),r € I (resp.
T(r,h) = o(T(r, f)),r € J, resp. Tgr(r,h) = o(Tgr(r,f))r € L). Similarly,
if f e A(K) (resp. f € A(S), resp. f € A(D)) we will denote by Af(IK)
(resp. Ag(S), resp. As(D)) the set M;(IK) N A(IK),( resp. M;(S) N A(S),
resp.M (D) N A(D)).

The elements of My(IK) (resp. My (S), resp. My(D)) are called small
meromorphic functions with respect to f. Similarly, if f € A(K) (resp. f €
A(S), resp. f € A(D)) these functions are called small analytic functions with
respect to f.

A small function w with respect to a function f € M(IK) (resp. f € M(S),
resp. f € M(D)) will be called a quasi-exceptional small function for f if f—w
has finitely many zeros in D.
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Theorem 7.1: Let f € M*(K) (resp. f € My(S), resp. f € M*(D)).
Then f admits at most one quasi-exceptional small function. Moreover, if f
has finitely many poles, then f admits no quasi-exceptional small function.

Corollary 7.1.a: Let f € A*(K) (resp. f € Au(S), resp. f € A*(D)). Then
f has no quasi-exceptional small function.

The Second Main Theorem for Three Small Functions holds as well as in
complex analysis. Notice that this theorem was generalized to any finite set of
small functions by K. Yamanoi in complex analysis [16], through methods that
have no equivalent on a p-adic field.

Theorem 7.2: Let f € M*(IK), (resp. f € My(S), resp. f € M*(D) and
let wy, wo,ws € My(IK) (resp. € M;(d(0,R™)), resp. € M(D)) be pairwise
distinct. Then: T(r, f) < Zj.:l Z(r, f —wj) +o(T(r, f))

(resp. T(r, f) < 325, Z(r, f=w;)+o(T(r, f)), resp. Tr(r, f) < Y-, Zr(r, f-
w;) + o(Tr(r, f))).

Corollary 7.2.a: Let f € M*(IK) (resp. f € My(S) resp. f € M*(D)) and
let wy, we € Ay(IK) (resp. wi, wy € Ap(S) resp. wy, we € Ay(D)) be distinct.
Then T(r, f) < Z(r, f —w1) + Z(r, f —w2) + N(r, f) + o(T(r, f)),

(resp. T(r,f) < Z(r,f —w1) + Z(r, f — w2) + N(r, f) + o(Tr(r, f)), resp.
Tr(r, ) < Zr(r, f —w1) + Zr(r, f —w2) + Ng(r, f) + o(Tr(r, f)))

Corollary 7.2.b: Let f € A*(IK) (resp. f € A,(S), rtesp. f € A*(D)) and let
wi, wa € Af(S), resp. w1, wa € Ay(D)) be distinct. Then

T(T, f) < Z(T7 ! :wl) + Z(T, f :wQ) + O(T(T, f))7

(Tesp' T(Tv f) < Z(’I", f - wl) + Z(T, f - w2) + O(T(T’ f))a

resp. Tr(r, f) < Zgr(r, f —w1) + Zg(r, f —ws) + o(Tr(r, f))).

Definitions: Let f € M*(IK) (resp. f € M,(d(0,R™)), resp. f € M*(D))
and let w € Mf(IK) (resp. w € Ms#(d(0,R7)), resp. w € Ms(D)). Then
w is called a perfectly branched function with respect to f if all zeros of f —w
are multiple except maybe finitely many [7] and w is called a totally branched
function with respect to f if all zeros of f —w are multiple, without exception [5].
Particularly, the definition applies to constants. The following Theorem 7.3, 7.4,
7.5 are proved in [7] concerning the sets f € M*(IK) (resp. f € M,(d(0,R™)),
f € A*(IK) (resp. f € Au(d(0,R7)). The proofs concerning M*(D) and A*(D)
are similar to those concerning M*(IK) and A*(IK) respectively.

Theorem 7.3: Let f € M*(IK) (resp. f € M,(d(0,R™)), resp. f € M*(D)).
Then f admits at most four perfectly branched values.

Theorem 7.4: Let f € M*(IK) (resp. f € M*(D)) having finitely many
poles. Then f admits at most one perfectly branched rational function.

Corollary 7.4.a: Let f € A*(K) (resp. f € A*(D)). Then f admits at most
one perfectly branched rational function.

Theorem 7.5: Let f € M,(d(0,R™)), having finitely many poles. Then f
admits at most two perfectly branched rational functions.

Corollary 7.5.a: Let f € A,(d(0,R™)). Then f admits at most two perfectly
branched rational functions.
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6 New applications of the Nevanlinna Theory

Definitions: Recall that two functions f and g meromorphic in a set B are
said to share a set X C IK, counting multiplicity, or C.M. in brief, if for each
b€ X, when f(z)— b has a zero of order ¢ at a point a € B, then there exists
¢ € X such that g(x) — c also has a zero of order ¢ at a. And the functions f and
g are said to share X ignoring multiplicity or I.M. in brief, if f~1(X) = g~ 1(X).

In the same way, two functions f and g meromorphic in a set B are said
to share a nonidenticaly zero function h from B to IK, counting multiplicity, or

C.M. in brief, if % and % share 1 C.M., i.e. if f —h and g — h have the same
zeros with the same multiplicity.

By Theorem 5.3, two meromorphic functions in IK sharing 4 points I.M. are
identical , by Theorem 5.4 two meromorphic functions in S or in D sharing 5
points I.M. are identical, by Theorem 5.1, two entire functions sharing 2 points
I.M. are identical and by Theorem 5.2 two meromorphic functions in S or in D
sharing 3 points I.M. are identical. Here we will first examine two meromorphic
functions sharing a few points C.M.

Theorem 8.1: Let f, g € My(S) (resp. let f, g € M*(D)) share C.M. 4
points a; € IKU {o0}, j=1,2,3,4. Then f =g.

Theorem 8.2: Let f, g € My(S) (resp. let f, g € M*(D)) have finitely
many poles and share C.M. 3 points a; € IKU {oo}, j=1,2,3. Then f =g.

Corollary 8.2.a: Let f, g € Ay(S) (resp. f, g € A*(D)) share C.M. 3 points
a; €K, j7=1,2,3. Then f=g.

Theorem 8.3 is not immediate and has a similar version in complex analy-
sis for meromorphic functions provided with a finite growth order that is not
integral. Here, we don’t need any hypothesis on the growth order.

Theorem 8.3: Let f, g € M*(K) share C.M. 3 points a; € IK U {o0}, j =
1,2,3. Then f=g.

In the particular case of functions f, g € M, (S) or functions f, g € M*(D))
having finitely many poles and sharing poles C.M., we can add this theorem:

Theorem 8.4: Let f, g € M(S), (resp. let f, g € M*(D)) have finitely
many poles in S (resp. in D) and share C.M. two values a, b and poles. Then

f=g

Our main theorems are Theorems 8.5 and 8.6 that follow the same kind of
reasoning as in [6]. We denote by Y7 = {a1,...,ar} and Yo = {0, 52} the two
sets satisfying

(B —a)"

1

) (15 —an) #(

k
j=

k

1 J

Theorem 8.5: Let f, g € M*(IK) (resp. let f, g € My(S), resp. let
fs g € M*(D)) have finitely many poles in IK (resp. in S, resp. in D) and
share Y1 C.M. and Yo IL.M. Then f =g.
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Corollary 8.5.a: Let f, g € M*(K) (resp. let f, g € My,(S), resp. let
fy g € M*(D)) have finitely many poles in I (resp. in S, resp in D) and share
a value « C.M. and Yo LM. If (o — 31)? # (o — (32)?, then f = g.

Corollary 8.5.b: Let f, g € A*(IK) (resp. let f, g € Au(S), resp. let
fy g€ A*(D)) and share Y1 C.M. and Yo L. M. Then f =g.

Corollary 8.5.c: Let f, g € A(KK) (resp. let f, g € Ay (S), resp. let
f, g € A*(D)) and share a value o C.M. and Yo LM. If (o — 31)* # (a0 — [32)?,
then f = g.

Theorem 8.6: Let f, g € M*(IK) (resp. let f, g € My(S), resp. let
fy g € M*(D)) have finitely many poles in I (resp. in S, resp. in D) and
share Y1 I.M. and Yo C.M. Then f = g.

Corollary 8.6.a: Let f, g € M*(IK) (resp. let f, g € My(S), resp. let
fy g € M*(D)) have finitely many poles in IK (resp. in S, resp. in D) and
share a value o LM. and Yo C.M. If (o — 31)? # (o — [32)?, then f = g.

Corollary 8.6.b: Let f, g € A*(K) (resp. let f, g € Au(S), resp. let
fy g€ A*(D)) and share Y1 1. M. and Yo C.M. Then f = g.

Corollary 8.6.c: Let f, g € A*(IK) (resp. let f, g € Au(S), resp. let
f, g € A*(D)) and share a value o« L.M. and Yo C.M. If (a — 31)? # (o — (2)2,
then f = g.

It is known that if two functions f, g € A(IK) share separately two values
a, b € IK C.M., then f = g [7] (Theorem 41.1). However, here the hypothesis
f, g share Y1 and share Yo cannot be compared: for example, concerning Y3, f
and g are not supposed to share 3; or 35 separately. The same remark applies
to meromorphic functions having finitely many poles.

Results of [11] and [13] showed the interest of complex functions of the form
f(z)f(x+b). Similar studies were made in [11] and [13] in a p-adic field. Here we
will generalize that kind of study on the field IK. In [13], it is proven that if two
complex entire functions f and g are such that f(x)" f(z+¢) and g(x)"g(z +¢)
share 1 C.M. with n > 6, then either fg is a constant ¢; such that t’f“ =1,

or = is a constant to such that t;“ = 1. Here, on the field IK, we can obtain

betfer results.

On the other hand, in [11], we can find similar results of uniqueness for
meromorphic functions on a p-adic field involving derivatives, sharing 1 C.M.
or .M., also involving derivatives. Here we will examine functions of the form
F@)™(f(z+c))™, g(x)"(g(z+c))™ sharing a rational function and we will look
for branched values and quasi-exceptional values of such functions.

Notation: We denote by IN* the set of strictly positive integers. On ZZ, we
denote by | . |« the Archimedean absolute value.

Theorem 8.7: Leta € C(0,1), let b € K and let f, g € M*(IK) have finitely
many poles and take m, n IN* withm # n. If f"(x) f™(ax+b) and g"(x)g™ (ax+

b) share C.M. a rational function @ € K(x), @ # 0 and if n+m > 5, then f is
g
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a constant t such that t" ™™ = 1. Moreover, if f, g € A*(K), if f*(z)f™(ax+0b)
and g™ (x)g™ (ax + b) share C.M. a constant l # 0 and if n +m > 4, then g is
a constant t such that t"t™ = 1.

Theorem 8.8: Let a € C(0,1) and let b € S (resp. let b € IK) and let
fy g € My(S) (resp. let f, g € M*(D)) have finitely many poles in S (resp. in
D) and take n, m € N* with n # m. If f*(x)f™(ax 4+ b) and g"(x)g"™ (ax +b)
share C.M. a function 8 € M(S) (resp. a function § € M(D)) having finitely

many zeros and poles in S (resp. in D), if n > 5, then = is a constant t such
g
that "™ = 1.

In [15] it was shown that given a complex entire function f and b €C \ {0},
a function of the form f™(x)f(z + b) — ¢ (with ¢ # 0) has infinitely many zeros
in € provided n > 3. On the field IK, such a result is trivial since an entire
functions and even a meromorphic function with finitely many poles (which
is not a rational function) takes every value infinitely many times. But we
can ask the question regarding in general functions f € M*(K), f € M,(S),
feM*(D).

Theorem 8.9: Let f € M*(K) (resp. f € My(S), resp. f € M*(D)), let
a € C(0,1), let b € K (resp. b € S, resp. b € IK) and let w € M(IK) (resp.
w € M(S), resp. w € M(D)) be a non identically zero small function with
respect to f. Ifn, m € IN are such that |n—m|s > 5, then f™(z) f™(ax+b)—w

has infinitely many zeros in IK (resp. in S, resp. in D).

Corollary 8.9.a: Let f € M*(K) (resp. f € My(S), resp. f € M*(D)), let
a € C(0,1), let b € K (resp. b€ S, resp. b € IK). If n, m € IN are such that
[n —m|eo > 5, then f™(x)f™(ax + b) takes every nonzero value infinitely many
times in IK (resp. in S, resp. in D).

Remarks: 1) Of course, the hypothesis w # 0 must not be excluded. Indeed,
1

let h € A*(IK) and let f(x) = W) Then a function of the form f"(x)f(az+b)

has no zero in IK.

2) On the other hand, it is known and easily seen that if = 1 and b = 0,
a function f™ — w has infinitely many zeros for every n > 3 and that f? takes
every nonzero value ¢ infinitely many times because given a square root [ of c,
then f2 —c= (f —1)(f +1) and at least one of the two values [ and —[ is taken
infinitely many times. We can ask whether a meromorphic function of the form
f?(x) — w always has infinitely many zeros when w is not a constant.

3) Concerning Theorem 8.9, it is easily proven that if f is a meromorphic
function with finitely many poles and w a small function, then f—w has infinitely
many zeros. So it is useless here to add a corollary concerning f™(z)f™(ax +
b) — w when f has finitely many poles.

Theorem 8.10: Let f € M*(IK) (resp. f € My(S), resp. f € M*(D)),
let a € C(0,1), let b € KK (resp. b € S, resp. b € IK) and let n, m €
IN*. If 3|n — m|es > 2(n +m) + 4, then f*(z)f™(ax + b) does not admit 4
distinct perfectly branched values. Moreover, if 4n —m|s > 3(n+m) +4, then
f™(@) f™(ax + b) does not admit 3 distinct perfectly branched values.



Survey on Bezout rings of p-adic analytic functions 12

Further, if f belongs to M*(IK) and if 3In — m|s > 2(n + m + 1), then
(@) f™(ax + b) does not admit 4 distinct totally branched values; moreover,
if 4n — m|oo > 3(n+m) + 4, then f™(z)f™(ax + b) does not admit 3 distinct
totally branched values.

7 Tools and Lemmas
In the proofs of our main theorems, we will use the following lemmas:

Lemma 1: Let P(x)IK[x] have all its zeros of order 1. Let f € M*(IK) (resp.
let f € Myu(S), resp. let f € M*(D)) and suppose that f — b admits a zero of
order q at a point u € IK (resp. at a pointu € S, resp. at a point u € D). Then
P(f)— P(b) admits u as a zero of order q.

Lemmas 2, 3 and 4 are well known [7], Lemma 32.3, Corollary 32.6.
Lemma 2: Let f € M*(K) have finitely many poles. Then for every @ €
K(x), f — Q has inifinitely many zeros.

Lemma 3: Let f € M*(IK). There exist ¢ and ¢ € A(IK) having no common
zero, such that f =

constant.

Moreover, if f has no zero and no pole then f is a

pSHRSE

Lemma 4 is a consequence of Theorem 40.10 and Theorem 43.1 in [7]:

Lemma 4: Let w € M(S) have finitely many zeros and poles in S. Then w
belongs to My(S). Moreover, given f € My (S) having finitely many poles in
S, then f —w belongs to M, (S) and has infinitely many zeros.

Lemma 5: Let f(x) € A(D). Then [ belongs to A*(D) if and only if it
q
is of the form Zanac” with ¢ € ZZ and lim_|a,|R" = 0. Moreover, given

f € M*(D) having finitely many poles in D and w € M*(D), then f —w has
infinitely many zeros.

Lemma 6 is immediate :

Lemma 6: Let u € C(0,1) and ¢ € IK (resp. ¢ € S, resp. ¢ € K) and let
f e M(IK) (resp. f € M(S), resp. f € M(D)). ThenT(r, f) =T(r, f(uz+c)),
Z(r, f) = Z(r, f(ux + ¢)), N(r,f) = N(r, f(uzx + ¢)) whenever r > |c| (resp.
T(T7f) :T(r,f(ux+c)), Z(T’f) = Z(r,f(ux—i—c)), N(T’f) = N(r,f(ux—l—c))
whenever r > |c|, resp. Tr(r, f) = Tr(r, f(ux+c)) Zr(r, f) = Zr(r, f(uz+c)),
Ng(r, f) = Ng(r, f(uz + ¢)) whenever r > |c|).

Notation: Let f, g € M(IK) (resp. let f, g € M(S), resp. let f, g
M(D)). We set M(r, f) = max((Z(r, f),N(r,f)) = N(r, f) (resp. M(T )
max((Z(r, f),N(r, f)) = N(r, f), resp. Mg(r,f) =m ((ZR( f),Nr(r, f)) =
Ng(r, [))-

Lemma 7 is also easily proven by the property: M (r, f) = max(log(|f|(r)),0),
on M(K) and on M(S) and Mg(r, f) = max(log(|f|(r)),0) on M(D).

llm
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Lemma 7: Let f, g € M(K) (resp. let f, g € M(S)). Then M(r, fg) <
M f) + M(r,g), Ml f+9) < Ml f) + Mrg), Mln 2 < 00,
Let fag € M(D) Then M}{(T, fg) < MR(rv f) + MR(T’g)v MR(Taf +g) <

MEg(r, f) + Mg(r,g), Mg(r, 7) <O(1).

Lemmas 8 and 9 are easily proven:
Lemma 8: Let f, g € M*(IK) (resp. let f, g € My(S), resp. let f, g €
M*(D)) have finitely many poles in IK (resp. in S, resp. in D). Then T'(r,\f+
png) < max(T(r, f),T(r,g))+O(1) (resp. T(r,\f+pg) < max(T(r, f),T(r,g))+
0(1) ; TESP. TR(ra >‘f + :U’g) < maX(TR(rv f)aTR(rv g)) + O(lOg(?")))

Lemma 9: Let f, g € M*(IK) (resp. let f, g € My(S), resp. let f, g €
M*(D)) have finitely many poles in I (resp. in S, resp. in D). Then

ﬂn%—?éme—m+0®QMLﬁwlﬂn%—?Sme—w+0m7

) < Zgr(r, f —g) + O(log(r)))).

Q| =

resp. Zg(r,

|~

8 Proof of Theorems

Proofs of Theorems 8.1 and 8.2: We will first prove Theorems 8.1 when
f and g belong to M, (S). So, let f, g € M,(S) sharing C.M. ¢ points a; €
K, 1 <j <gq. By Theorem 3.7, we have

(q—=DT(r, f) SZ j)+0() < Z(r, f — g) + O(1))

(1) <T(r,f)+T(r,g)+0O(1)

and similarly

(¢—1)T Z i) +0(1) < Z(r, f — g) + O(1)
(2) <T(r,f)+T(r,g)+0(1)
hence
(3) (q - 1)(T(T, f) + T('I", g)) < 2(T(’F, f) + T(T7 g)) + O(l)

hence (3) implies ¢ < 3.

Suppose now that f and g have finitely many poles. If f and g belong to
M,(S), by Lemma 8, we have Z(r, f — g) < max(T'(r, f),T(r,g)), hence by (1)
and (2), now we obtain

(¢ — V) max(T(r, f), T(r, g)) < max(T(r, f),T(r,g)) + O(1)

and hence ¢ < 2. Consequently, since ¢ = 3, we have f = g in Theorem 8.2.
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If f, g € M*(D), the same reasoning holds.

Proof of Theorem 8.3: Let f, g € M*(IK) be distinct and share three
points a; € K, j=1,2,3 C.M. Without loss of generality, we can assume that
ayag # 0. Suppose first that f(z) # asz Vo € K, hence g(x) # ag Vo € IK. Let

1 1 1
F—? G—fandletb —a—j—l 2. Then F and G belong to to A(IK)

and share b; and by C.M and hence by Theorem 5.1 we have F' = G, hence
=g

Thus, henceforth, we can assume that f and g take each value a;, j =1, 2, 3
at least one time, therefore

(1) Z(r, f —aj) >log(r)+ O(1), r €]0,+0c0[,j =1, 2, 3.
Now we notice that
3
(2) S Z(r f—a;) < Z(r, f—g) <T(r, f)+ T(r,g).
j=1

7 .
Suppose first that TEIEOO W

Z(r, f—aj) _3 .
727V]:1, 2, 3, Vr > s.
T(r, f) 4

Then for every r > s, we have

=1Vj =1, 2, 3. Then there exists s > 0

such that

3
T(r, f) sz f—a;) < Z(r.f—9)+01) <T(r,f) +T(r,9) + O(1)
and similarly

%T(T 9) <) 2(rg—a;) <Z(r,f—g)+O01) <T(r, )+ T(r,g) + O(1).

.
i Mw
N

Therefore, we obtain %( (r, f)+T(r,9) <2(T(r, f)+T(r,g)) + O(1), a con-
r, f—

tradiction showing that lim inf 20, %)
7——+00 (’r f)

Consequently, we are now led to assume there exists € > 0 such that for a
certain k, there exists a sequence of intervals ([s,, tn])new such that s, < t, <

< 1 holds for at least one index.

A _
Sn+1s ngrfoo Sy, = +00 and W <1—€eVr € [sp,ty], Yn € N. With-
+oo
out loss of generality, we can suppose k = 3 and set M = U [Snstn]. So, when
n=1
r belongs to M, we have
(3) Z(r. f—a3) <(1—eT(r,f) VreM

By Lemma 3 we can write f in the form ¢ with ¢, ¥ € A(IK) having no
common zero. Then N(r, f —as) = N(r, f) = Z(r, ), hence by (3), we have

T(r,f—as)=T(r,f)=N(r, f) Vr e M.
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Now Z(r,f —a;) = Z(r,¢ —a;v), j=1, 2,3, N(r,f)= Z(r,¢). Therefore
by (3), we have

(4) Z(T’, ¢ - 113@/1) < (1 - G)Z(T.?w)'

By (4) and by Theorem 3.1, we can derive log(|¢ — az®|(r)) < (1 —€)log(|(as —
a)¥|(r)) + O(1) and hence log(|¢ — asv|(r)) < log(|(as — a1)¥|(r)) when r
is big enough in M. So, there exists u > s such that log(|¢p — as|(r)) <
log(|(as — a1)¥|(r)) Vr € M, r > u. Consequently, log(|¢ — a1¢|(r)) = log|(as —
a1)Y|(r) Vr € J,r > u and hence Z(r, f —ay1) > Z(r,¢) + O(1) Vr € M, r > u,
therefore

(5) Zr,f—a1)=T(r,f)+OQ) Vr € M,r > w.
Similarly, we have
(6) Z(r,f—as)=T(r,f)+O01) Vr € M,r > u.

Consequently, by (5) and (6), we obtain Z(r, f —a1)+ Z(r, f —az) > 2T(r, f) +
O() r € J, r > u and hence Z?:l Z(r, f —aj) > 20(r, f)+ Z(r, f —a3) +
O(1) r € M, r > u, therefore by (2)

2T(r, )+ Z(r,f —a3) <T(r,f)+T(r,g) + O(1) re M, r > u
and similarly
2T(r,g)+ Z(r,g—a3) <T(r, )+ T(r,g) +O(1) r e M, r > u.
Thus,
2T (r, )+T(r,9))+Z(r, f—a3)+Z(r,g—az) < 2(T(r, f)+T(r,9))+O0(1), r € M, r > u.
But then, by (1) we have a contradiction that finishes the proof.

Proof of Theorem 8.4: Without loss of generality, we can assume ab # 0.

1 1 1 1
Let F ==, G=~ and let ' = = b = 5 Then F and G share 0, a, b C.M.

Suppose that F argld G are not identical. By Theorems 3.7 and 4.10, we have
2Ir(r,F) < Z(r,F)+ Z(r,F —ad )+ Z(r,F =)+ O(1) < Z(r,F — G) + O(1)
(vesp. 2Tr(r,F) < Zg(r,F) + Zr(r,F — d') + Zg(r,F = V') + O(log(r)) <
Zr(r,F — G) 4+ O(log(r))) hence by Lemma 9, 2T(r, F) < T(r,f — g) + O(1)
(resp. 2TR(r, F) < Tr(f—g)) and similarly, 2T'(r,G) < T'(r, f—g)+O(1), (resp.
2Tg(r,G) < Tr(r, f —g) + O(log(r))). Consequently, by Theorem 3.2 and 4.6
and Lemma 8, we have 2 max(T'(r, f), T(r,g) < max(T(r, f),T(r,g)+O(1) (resp.
2max(Tr(r, ), Tr(r,g9) < max(Tgr(r, f),Tr(r,g) + O(log(r))), a contradiction
since f, g belong to M,(S), (resp. to M*(D)). Consequently, F = G, and
hence f = g.

Proof of Theorem 8.5: Let H € K(z) (resp. let H € My(S), resp. H €
H(w) [T (f(2) — o)

M?Z(D)) be such that the function V(z) = :
Hj:1(g($) - )

have no pole
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and no zero in IK (resp. in S, resp. in D). Then by Lemma 3, V' is a constant
in IK (resp. V belongs to M;(S), resp. V belongs to M?(D)).

On the other hand, since f and g have finitely many poles, in all hypotheses,
we note that N(r, f) = O(log(r)), N(r,g) = O(log(r)). Since f and g share Sy
I.M., we can derive that each zero of (f(z) — f1)(f(z) — f2) in IK (resp. in S,
resp. in D) is a zero of one of the following three functions:

H WV -1, H*W—Hu H™'V - H
J

51_aj

f(:c)—oz]:
@) j]‘:‘[lg(m)_ajil
k
f(x)_aj 51_04]
v o= =115=3
k
f(:L')—ij: 62_0[‘7
) Eg(x)—agijzlﬁl—aj'

Indeed, suppose that none of the cases a), b), ¢) occurs. Then the following
three inequalities are satisfied:

i1 9(x) —
k
o T @0y b ey
- Ge=# 1G=5)

k
(i) H<W>¢H<B2 i),

j=1 ﬂl - 05]

Suppose first, for simplicity, that f and g belong to M*(IK). Then, by
Theorem 3.7, we have:

T(r,f) < Z(r.f = Bu)+ Z(r, f = B2) + N(r, f) + O(log(r))

<Z(r,H V- 1)+Z(rH V- H O")) ( H'V— H ﬁl—a )+O(log( )

j=1 52_04_]

<3T(r, H'V) + O(log(r)) < O(log(r))

Consequently, T'(r, f) = O(log(r)) i.e. f € IK(z), a contradiction. Similarly,
if f and g belong to M,(S) or to M*(D), following the same calculation, we
obtain f € My(S), f € M?(D), the same contradiction. Therefore one of the
cases a), b), ¢) must occur. We will examine them successively.
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Suppose a) is satisfied. Since f and g share S I.M., thanks to Hypothsis
(H), we can see that f(x) = (1 if and only if g(z) = f1 and f(x) = f2 if and
only if g(z) = 2. Consequently, f and g share both 8; and 3 I.M. Then, by
Lemma 1 and Relation a), this implies that f and g share 8; C.M. and that
they share B C.M. Moreover, relation a) shows that each pole of f is a pole of
f of same order. Then by Theorem 8.4 we have f = g.

Suppose case b) is satisfied. Since f and g share So I.M., thanks to Hypothsis
(H), we can check again that f(z) = (3 if and only if g(x) = (3 and similarly,
f(x) = By if and only if g(x) = B1. Next, by Lemmas 2, 4, 5, f takes every value
infinitely many times. Hence there exists v € IK (resp. u € S, resp. u € D)
such that f(u) = 1 and hence g(u) = 2. But then, by relation b), we have

(ﬁ@_%) ~([-a)’

Jj=1

a contradiction.

Suppose finally that case ¢) occurs: this is exactly symmetric to case b) by
permuting 8; and (2. Consequently, case a) must occur and therefore f = g.
That finishes the proof of Theorem 8.5.

k k
Proof of Theorem 8.6. Let F(x H —aj) and G(z H — ),
=1 iy
k k
let v1 = H(ﬁl — ) and o = H(ﬁg — o). By hypotheses of Theorem 8.6, f

j=1 j=1
and g share the set {aq,...,a;} LM. and the set {01, B2} C.M. hence F and G
share 0 .M. and share the set {71,792} C.M. Moreover, by hypothesis, we have
1192 # 0 and 2 # ~2. We notice that v, + v2 # 0, hence when F has a zero,
since G also has a zero, F'(x) + G(z) cannot be equal to v1 + 2. Consequently,

(1) F(z) + G(z) # 71+ 72

We will show that F' and G share 0 C.M. The proof is obviously trivial when
F = G and the case when F' or G is constant is excluded by the hypotheses
f € M*(K) and g € M*(IK) (resp. f € My(S) and g € M,(S), resp.
f e M*(D) and g € M*(D)). Thus, in the following, we assume that neither
F nor G are constant and that F # G.

Since f and g have finitely many poles in IK (resp. in S, resp. in D),
and since F' and G share {v1,72} C.M., it is easily seen that the function
(F(z) —7)(F(z) —72)
(G(z) = 1)(Glz) — 72)
the poles of f and g. Consequently, there exists a function E € IK(z) such that
the function W(zx) = E@)(F(@) =) (Fx) = 72)
(G(z) = 71)(G(x) = 72)
K (resp. in S, resp. in D). Consequently, W belongs to IK(x) (resp. to M;(S),
resp to M*(D)).

We must now introduce three auxiliary functions. Put M(z) = (F(z) —

G(@))(F(2) + Glx) — 71 — 72) and

has finitely many zeros and poles which only come from

have no zero and no pole in
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(71— 72)F' ()
F(z)(F(x) - 71)(F(95)) -72) G@)(G
5

)

é1(a) = M(x)(

Yo(y2 — 1) F'(x
F(x)(F(z)

Pa(x) = M(x

2(7) ( )( F(z ;lle))(F(x —v)  Gx)(G(x) Z;/’F))(G

x x

¢s3(x) = M(x — .

$(2) = M0 Feyrey e 5 G@EE - 0w )
We will first prove that ¢; and ¢ are not identically zero. Suppose for simplicity
that f and g belong to M(IK).

Indeed, suppose that ¢; = 0. By (1) and due to the fact that F # G, we

have

Y171 —72) F'(2) Ya(y2 — 11)G' (2)

Fz)(F(x) =m)(F(z) —12)  G@)(G(x) = 1)(G(z) = 72)

Let us remark that, by Lemma 2, F takes every value infinitely many times
because F' has finitely many poles. Let u be a zero of F' — ~; of multiplicity
j. Since F' and G share {71, 72} C.M., either u is a zero of G — 77 of same
multiplicity, or it is a zero of G — 5 of same multiplicity.

Suppose first that u is a zero of G — ;. By developing at u, we have
F2) — 31 = a;(z — u) + aja1(@ — u)+p(a) and Gx) —n1 = bj(z — )l +
bjr1(z — u)Tep(x) with ¢, ¢ € M(IK), having no pole at w.

(v — o) F’

Then by computing we can check that the residue of
F(x)(F(z) = 7)(F(r) =72

s 11 (71 = 72) : Y2(y2 — )G’
at u is j because =1 and this of

‘ F(U)((F(U) —)72) G(2)(G(z) = n)(G(z) — 72)
.o )02 Y2(72 — 71 V2 72 2 2
is —=—= because = ——. So, we have —= = —1, hence v = ~3,

7 GG — ) n e

a contradiction to the hypothesis. Therefore, u must be a zero of G — 7, of mul-
tiplicity j. So, by developing F' and G at u we obtain again expressions of the
form
Fz) 1 = a;(@ — ) + aje1(@ — upp(a) and G(z) — 72 = by(e — u)i +
bjr1(x — u)?tly(z) with ¢, ¢ € M(IK) having no pole at u, hence we can
Y1(71 — 2) . Jmn .
F@)(Fla) ) (F@) ) © 5 R
72(72 — )G is I
G(z)(G(z) =) (G(x) —72) M
contradiction. This finishes proving that ¢; # 0. And similarly, we can see that
P2 # 0.

We will now prove that ¢3 = 0. Indeed, suppose that ¢35 Z 0. We will prove
that the poles of ¢3 only come from the poles of F' and of G. Indeed, let a be
a pole of ¢35 and suppose that it is not a pole of F' and G. Then it is a zero F'
and G or a zero of (F — v1)(F — 72) leading to a zero of (G —71)(G — 72).

Suppose first that a is a zero of F. Then it is also a zero of G and hence
that makes a pole of order 1 or zero for

F/ GI

F(F =m)(F =) - GG —m)(G =)
But since a is also a zero for F' — G, it is not a pole for ¢3. Similarly, let b be a
zero for F' — ~y;. It is then a pole of order 1 or zero for
F G’

F(F —=m)(F=7) GG —=m)(G =)

check that the residue at u of

, hence we obtain again 77 = 3, the same
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But since F' and G share {y1,72} C.M, we can check that the function
(F=G)F+G—m—7)

has a zero at b, hence ¢3 has no pole at b. Similarly, of course, if ¢ is a zero of
F — 75, then ¢3 has no pole at c.

This finishes proving that each pole of ¢3 must be a pole of f or g. Next, if
f and g belongs to M(SS) or to M(D) we can make the same reasoning. Thus,
in each hypothesis, we have N(r, ¢3) < O(log(r)) (resp. N(r,®3) < O(1), resp.
Nr(r,¢3) < O(log(r))).

Henceforth, we will gather the two first hypotheses: f, ¢ € M(IK) and
frg € M(S) and we will consider next the hypothesis f,g € M(D).

Let us develop ¢3. We have:

s = ((F—%)(F—’Yz) - (G—71)(0—72))£’+((G—71)(G—72) - (F—%)(F—vz))G’

(F—’Yl)(F—Vz) F (G—%)(G—’Yz) G

o G’
=(1-EW H—+(1-E'W)=.
(1= BW )5+ ( b
Therefore, by Lemma 7, we have

/ !

M(r,¢3) < M(r,1—EW ™ Y)+M(r, %HM(T, 1—-E7'W)+M(r, %) < 2T(r, EW~1)40(1)

< O(log(r))

Now since N(r,¢3) < O(log(r)), we can conclude that T'(r,¢s) < O(log(r))
(resp. since Ng(r, ¢3) < O(log(r)), we can conclude that Tr(r, ¢3) < O(log(r))).
Now, let us develop ¢1: we have

by = (71(71 —72)(F —7)(F —2) — (G—%)(G—%))ﬂ’
1 (F =7)(F =) F

+(72(72 — )G =7)(G —72) — (F—y)(F — 72))g
(G=m)(G =) G
F/ !
=1 =)0 - EW )= +y(n =) - EilW)a-
Therefore, as for ¢3 we have T(r,¢1) < O(log(r)) and similarly, T(r, ¢2) <
O(log(r)). _

We will estimate Z(r, F' —71). Let u be a zero of F' — 71 of multiplicity j:
either it is a zero of multiplicity j of G — 1 or it is a zero of multiplicity j of
G — 73 because F and G share the set {v;,72} C.M.

Suppose first that u is a zero of G — ~; of multiplicity j. As it is a zero of
multiplicity j of F'— 7, it is a zero of multiplicity at least j of F' + /G + 71 + 2.

G

F/
On the othe hand, by developing — at
F(F—FI)(F)—W) G(G —g})(G—W)
the point u, we can check that — has
F(F =) (F) —72) G(GF_’ 1)(G —72)
no pole at u because u is a pole of same order for and for

F(F =) (F) = 72)

G/
. Consequently, ¢3 has a zero of order at least j at u.

G(G—m)(G =)
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Suppose now that u is a zero of order j of G — v;. Then u is a zero of
order at least j for F'+ G — ;3 — 2. Consider now ¢;: we can check that
Y11 —y2)F’ Y2(y2 —71)G’
- has no pole at u and hence, as pre-
F(FE=m)(F) =) GG—7)G =)
viously, u is a zero of order at least j for ¢;.
Consequently, if f, g belongs to M*(IK) or to M,(S), we have

(2) Z(r,F —y) < Z(r,¢1) + Z(r, ¢3) < O(log(r)).

Similarly and symmetrically, we obtain

(3) Z(r, F = 72) < Z(r,¢2) + Z(r, ¢3) < O(log(r)).
Consequently, by (2) and (3), and by the second Main Theorem, we have
T(r,F) < Z(r,F —m) + Z(r,F = 72) + N(r, F) + O(log(r)) < O(log(r))

and therefore F' belongs to IK(x), a contradiction. Thus the hypothesis made
above: ¢3 # 0 is wrong.

And similarly, if M*(D), by the same reasoning, we obtain Zg(r, F — )
ZR(’I“7 ¢1) + ZR(’/’, ¢3) < O(log(r)), and ZR(’I“7 F— ’)/2) < ZR(T‘, QSQ) + ZR(’I“7 (]53)
O(log(r)), therefore

<
<

Tr(r,F) < Zr(r,F —y1) + Zr(r, F —2) + Ng(r, F) + O(log(r)) < O(log(r))

and hence F belongs to M#(D), a contradiction. Thus the hypothesis made
above: ¢3 Z 0 is wrong again.
Consequently, now we have

W F'(x) _ G'(z)
F@)(F@) =) (F@) =)~ G@)(G@) —)(G@) =)

Consider a zero u of F of order j which by hypothesis is also a zero of G. The
development at u shows that G also admits u as a zero of order j and therefore
F and G share 0 C.M. But then by Theorem 8.5, we have F' = (. Therefore, f
and g now share the set S; C.M., and hence, by Theorem 8.5, we can conclude

=g

Proof of Theorems 8.7: Suppose that f™(z) f™(ax+b) and ¢"(z)g™ (ax+Db)
share a rational function @ € IK(x) C.M. and that f and g are two distinct
meromorphic functions with finitely many poles. Set F'(z) = f"(x)f™(azx +b)
and G(z) = ¢g"(x)g™(ax +b). Thus F — Q and G — @ are two meromorphic
functions with finitely many poles having the same zeros with respectively the

is a rational function h €

same multiplicity. Therefore, by Lemma 3,

G-@Q
K(x), h # 1. Consequently,
(1) G(z) = hF(z) + (1 — h)Q(x).
and of course
2 F) = 36+ 2h-1)
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Applying Corollary 7.2.b, by (1) and (2) we have

T(r,F) < Z(r,

1 )+ N(r, ) + o(T(r, F))

— 1
FC) +Z(r G+ (h=1)F

(3) =Z(r,G)+ Z(r,F) + o(T(r, F)).

Now, by Lemma 1, we have Z(r,G) < 2Z(r,g) Vr > |c| and Z(r, F)
2Z(r, f)Vr > |c|, hence by Lemma 6 we obtain T'(r, F') < 2(T(r,g)+T(r, f)) ¥r
|c|. Next, by Theorems 3.2 and 4.6, we have T'(r, F) = (n+m)T(r, f)+O(log(r)),
hence (n + m)T(r, f) < 2(T(r, g) + T(r, f)) + O(log(r)). Similarly, we have
(n+m)T(r.g) < 2(T(r, f) + T(r,)) + O(log(r)). Therefore (n+m)(T(r, ) +
T(r,g)) < 4T(r,f) + T(r,9)) + o(T(r, F)) + o(T(r,&)) + O(log(r)). But by
Theorems 3.2 o(T(r, F)) is equivalent to o(T(r, F)), o(T(r,G)) is equivalent
to o(T'(r,g)), therefore (n 4+ m)(T(r, f) + T(r,g)) < 4(T(r,f) + T(r,9)) +
o(T(r, f))) + o(T(r,g)), which implies n +m < 4. Consequently, F' = G since
n+m > 5.

Now, suppose that @ is a nonzero constant and that f and g are entire

<
2

functions. Then is a constant A # 1 and we have

G-Q

(4) G(z) = \F(x)+ Q1 = \).
and of course
(5) Fz) = %G(:r) + %A — ).

We can apply Theorem 3.7 on M(IK) and obtain

(6)
T(r,F) < Z(r,G)+Z(r,G+A—1)—log(r)+0(1) = Z(r, G)+Z(r, F)—log(r)+O(1).

On the other hand, since f, g belong to A*(K), by Theorems 3.2, we now have
T, F)=T(r ")+ T, f"(ax+b)) = (n+m)T(r, f) + O(1) and similarly,
T(r,G) = (n+m)T(r,g) + O(1) . Consequently, (n + m)(Tr, )+ T(r,g)) <
A(Tr, f)+T(r,g)) — 2log(r) + O(1), which implies n +m < 4. Consequently,
if f and g belong to A*(IK), if @ is a nonzero constant and if n +m > 4, then
F=aG.

So, we have proven that in each case, we have F' = G. Now, set ¢(z) = fESU;
g(x
1
and ¥(z) = ¢(ax + b). Then we have ¢"(x)yp™(x) = 1, hence o = ¢" and
hence
1
(7) T(T7 W) = T(T} ¢n)

But T'(r, i) =T(r,¢) =T(r,¢) Vr > |c|. On the other hand, by Theorems
3.2 T(r,¢™) = nT(r,¢), T(r,y™) = mT(r,¢) hence by (7), since m # n, we
can see that T'(r,¢) = 0. Therefore, ¢ is a constant ¢ and hence f = tg.

Now, F' — @ belongs to M*(IK), has finitely many poles and, by Lemma 2,
admits infinitely many zeros that are not zeros of Q). Let ¢ be such a zero. Then
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¢ is also a zero of G — @ and hence we have f"(c)f™(ac+0b) = g"(c)g™ (ac+b),
therefore f™(c)f™(ac +b) = t" f*(c)t™ f™(ac + b) i.e. F(c) = t"T™F(c). But
since ¢ is not a zero of @, we have F(c) # 0, hence t"*™ = 1, which ends the
proof.

Proof of Theorems 8.8: The proof of Theorem 8.8 roughly follows that of
Theorem 8.7. Suppose first that f(x)f™(ax + b) and g"(x)g™(ax + b) share
C.M. a function 8 € M(S) (resp. 6 € M(D)) having finitely many zeros
and poles in S (resp. in D), and are two distinct functions lying in M,,(5)
(resp. in M*(D)) and have finitely many poles in S (resp. in D). Set again
F(z) = f™(z)f™(ax + b) and G(z) = g"(x)g™(ax + b). By Lemma 4, F — 0
and G — 0 belong to M,,(S) (resp. to M*(D)) and are two functions having the
same zeros with respectively the same multiplicity and have finitely many poles.

0
7 belongs to M(S) (resp. to M(D)) and has finitely many zeros

Therefore

and poles in S (resp. in D). Consequently, it is a function w that belongs to
My(S) (resp. to M*(D)).

Suppose first f, g € M(S). Then by Corollary 7.2.b, similarly to the proof
of Theorem 8.7, we obtain

T(r,F)<Z(r,G)+ Z(r,G + (% —1)0+o(T(r,F)) (r— R)=Z(r,G)

(1) +Z(r, F) + o(T(r, F)) (r — R).
)

3
)

Now, by Lemma 1, we have again Z(r,G) < 27 +0(1) and Z(r,F) <
2Z(r, f) +0O(1), hence by Lemma 6 we obtain T'(r, F') < 2(T'(r, g)+T'(r, f)+0O(1)
hence, by Theorems 3.2, (n + m)T(r,g) < 2(T(r,g9) + T(r, f)) + O(1) and
similarly (n +m)T(r, f) < 2(T(r, f) + T(r,g)) + O(1). On the other hand,
o(T(r,F)) =o(T(r, f)), olT(r,G)) = o(T(r,g)), therefore by (1), we obtain

(n+m)(Tr, f) +T(r,9)) < 4Tr, f) +T(r,g)) +o(T(r, f)) + o(T(r, 9))

and hence n + m < 5, which is excluded by hypotheses. Consequently, we get

F = G. Putting again ¢(z) = ggg and (x) = ¢(azx + b), we have 7#% = ¢",

therefore in S we get T'(r, w—m) = T(r,¢") which implies that T'(r, ) = 0 since

n # m. Thus ¢ is a constant ¢ again and hence, since € has finitely many zeros
in S, by Lemma 4 we can conclude as in Theorem 8.7.

Similarly, if f, ¢ € M(D) we can make the same reasonning thanks to
Lemma 5.

Proof of Theorem 8.9: Suppose first that f and w belong to M*(IK) and
set h(z) = f(ax +b), F(x) = f(z)"h™(z). By Corollary 7.2.a we have

(1) T F)<Z(r,F)+Z(r,F—w)+ N(r,F)+o(T(r,F)) (r — +00).
Clearly,

(2) Z(r, F) < Z(r, f) + Z(r, h).
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and

(3)
N(r,F) < N(r, f)+N(r,h)+N(r,w) = N(r, f)+N(r, h)+o(T(r, f)) (r — +o0).

On the other hand, by Theorems 3.2, T'(r, f*h™) > |T(r, f") — T(r,h")|0o
and by Lemma 6, for every r > |b| we have T(r,h) = T(r,f), Z(r,f) =
Z(r,h), N(r,f)= N(r,h), hence

T(r,F) > |n—m|sT(r, f). Moreover, o(T(r,F)) = o(T(r, f)). Therefore, by
(1), (2) and (3) we obtain (|n—m|e —4)T(r, f) < Z(r, F —w)+o(T(r, f)) (r —
+00) which proves the claim whenever |n —m|s > 5.

Suppose now that f and w belong to M(.S). Keeping the same notations, we
can get the same relations (1), (2), (3) and next (|[n—m|e—4)T(r, f) < Z(r, F—
w) + o(T(r, f)) (r — R), which proves again the claim whenver |n — m|o > 5.

Finally, suppose that f and w belong to M(D) and keep the same notations.
By Corollary 7.2.a now we have

(4) Tr(r,F) < Zr(r,F) + Zp(r,F —w) + Ngr(r,F) + o(T(r, F)).

Next, using Theorem 4.6 instead of 3.2, we obtain here: (|n — m|o —
NTr(r, f) < Zr(r, F —w) + o(Tr(r, f)) (r — 4o0). Thus, if [n — m|e > 5
we have Tr(r, f) < Zg(r, F — w) + o(Tgr(r, f)) (r — +00) which shows again
that F' — w has infinitely many zeros .

Proof of Theorem 8.10: The beginning of the proof is similar to that of
Theorem 8.9. Suppose first that f € M*(IK) and set h(x) = f(az + b),
F(z) = f(z)"h™(z). Suppose that F' admits 4 distinct perfectly branched
values a1, ag, as, ay. By Theorem 3.7, we have

T(r,F) < Z )+ N(r, F) —log(r) + O(1) (r — +00),
hence
(1) )
3T % ;Z?‘F—aj + N(r, f) + N(r,h) —log(r) + O(1) (r — +00),
and hence

3(1n — ml)T(r, £) < (5)4(n+ m)T(r, £)) +2T(r, 1) + Ollog(r)) (r — +0),

therefore 3|n —m|e < 2(n+m)+ 24 A(r), with lirll A(r) = 0. Consequently,

if 3|n —m|o > 2(n+m+1), the function F' does not admit 4 perfectly branched
values. Moreover, if F' admits 4 totally branched values a1, as, as, a4, then by
(1) now we can get

3(In—mloo)T(r, f) < ( JA(n+m)T(r, f))+2T(r, ) —log(r))+O(1) (r — +00),
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therefore 3|n —m|o < 2(n+m)+2. Consequently, if 3|n —m|s > 2(n+m+1),
the function F does not admit 4 totally branched values.

Suppose now that F' admits 3 distinct perfectly branched values a1, as, as.
By Theorem 3.7, we have

3
(2) 2T(r,F) < 27(7“, F —a;) 4 N(r, F) —log(r) + O(1) (r — +00),

1
and hence 2(|n — m|x)T(r, f) < (5)3(n +m)T(r, f)) +2T(r, f) + A(r)
with lir_iqu A(r) =0, (r — +00), therefore 2|n —m|o < (2)(n+m)+2. Conse-
r—-—+o00
quently, if 4|n — m| > 3(n+m) +4, the function F does not admit 3 perfectly
branched values.

Moreover if F' admits 3 totally branched values a1, as, as, then by (2) now
we can get

2(Jn—m|oo)T'(r, f) < (%)3(n+m)T(7‘, ) +2T(r, ) —log(r)+O(1) (r — +o0),

therefore 4|n —m|w < 3(n+m)+4. Consequently, if 4|n —m|s > 3(n+m)+4,
the function F does not admit 3 totally branched values.

Finally, if f belongs to M,(S) or to M*(D), using in each case Theorem
3.7 or 4.10, we can do the same reasoning for perfectly branched values. But
Theorem 7.2 here does not show the term —log(r) + O(1) which is essential
when we consider totally branched values. This is why we must replace > by
>in each statement for functions in M,(S) or in M*(D) concerning totally
branched values.
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