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Growth of p-adic entire functions and applications

Kamal Boussaf, Abdelbaki Boutabaa and Alain Escassut

Abstract

Let IK be an algebraically closed p-adic complete field of characteristic zero. We define the
order of growth p(f) and the type of growth o(f) of an entire function f(z) => 77 anz™ on
KK as done on € and show that p(f) and o(f) satisfy the same relations as in complex analysis,
with regards to the coefficients a,. But here another expression ¥(f) that we call cotype of f,
depending on the number of zeros inside disks is very important and we show under certain
wide hypothesis, that ¥(f) = p(f)o(f), a formula that has no equivalent in complex analysis
and suggests that it might hold in the general case. We check that p(f) = p(f'), o(f) = a(f")
and present an asymptotic relation linking the numbers of zeros inside disks for two functions
of same order. That applies to a function and its derivative. We show that the derivative
of a transcendental entire function f has infinitely many zeros that are not zeros of f and
particularly we show that f’ cannot divide f when the p-adic absolute value of the number of
zeros of f inside disks satisfies certain inequality and particularly when f is of finite order.

1 Growth order

Definitions and notation: We denote by IK an algebraically closed field of characteristic 0,
complete with respect to an ultrametric absolute value | . |. Analytic functions inside a disk or
in the whole field IK were introduced and studied in many books [1], [5], [6], [7], [8], [9]. Given
a € Kand R € IRY, we denote by d(«, R) the disk {z € K | |z —a| < R}, by d(a, R™) the disk
{r € K ||z —al <R}, by C(a,r) the circle {x € K | |z — a| = r}, by A(K) the K-algebra
of analytic functions in IK (i.e. the set of power series with an infinite radius of convergence) and
by M( IK) the field of meromorphic functions in IK (i.e. the field of fractions of A( IK)). Given
f € M(IK), we will denote by ¢(f,r) the number of zeros of f in d(0,r), taking multiplicity into
account. Throughout the paper, log denotes the Neperian logarithm.

Here we mean to introduce and study the notion of order of growth and type of growth for
functions of order ¢t. We will also introduce a new notion of cotype of growth in relation with the
distribution of zeros in disks which plays a major role in processes that are quite different from
those in complex analysis. This has an application to the question whether an entire function can
be devided by its derivative inside the algebra of entire functions [2], [3].

Similarly to the definition known on complex entire functions [10], given f € A( IK), the

log(1l
superior limit lim sup M
r—-+o0 IOg(T)
and is denoted by p(f). We say that f has finite order if p(f) < +o0.

is called the order of growth of f or the order of f in brief
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Theorem 1: Let f, g € A( K). Then:

if ¢(|f|(r))* > |g|(r) with @ and ¢ > 0, when r is big enough, then p(f) > p(g),

p(f +g) < max(p(f), p(g)),

p(fg) = max(p(f), p(9));
Proof: Similarly to the complex context we can easily verify that p(f + ¢g) < max(p(f), p(g9)),
p(fg) < max(p(f), p(g)) and if ¢(|f|(r))* > |g|(r) with o and ¢ > 0 when r is big enough, then

p(f) > p(g). Let us now show that p(fg) > max(p(f),p(g)). Since lim,_, 1 |g|(r) = 400, of
course we have log(|f.g|(r)) > log(|f|(r)) when r is big enough, hence

log(log(|f-g[(r))) - log(log(|f](r)))
log(r) - log(r)

and therefore p(f.g) > p(f) and similarly, p(f.g) > p(g).

Corollary 1.1: Let f, g € A(K). Then p(f*) = p(f) Yn € IN*. If p(f) > p(g), then
p(f +9) = p(f).

Notation: Given t € [0,+o00[, we denote by A( IK,t) the set of f € A( IK) such that p(f) <t
and we set A°( K) = U A( K, t).

te[0,+o0[

Corollary 1.2: For anyt >0, A( K,t) is a K-subalgebra of A( K). If t < wu, then A( K t) C
A( K, u) and A°( K) is also a K-subalgebra of A( IK).

In the proofs of various theorems we will use the classical Theorems A, B [6], and Theorem C
[4], [7] that we must recall here:

+o00
Theorem A: Let f(x) = Z anz" € A(IK). Then for allr > 0 we have |f[(r) = sup,,>¢ |an|r" =
n=0

lag(s.m) ST > Jan|r™ Vo > q(f,r). Moreover, if f is not a constant, the function in r: |f|(r) is

[£1(r)

/rS

tends

strictly increasing and tends to +oo with r. If f is transcendental, the function in r:

to 400 with r, whenever s > 0.
Gy Gy
If the sequence <| n-1] 1]
|an| ||
each circle C(0,7y,) a unique zero taking multiplicity into account and has no other zero in IK.

) is strictly increasing, then, putting =1, [ admits in
ne IN*

Theorem B: Let f € A( K) be non-identically zero and let r', ' €]0, 400 with v’ < r". Then

(i’)tz(fm”) > ||ff|((:’/’)) > (%’)q(fm').

r/

Theorem C: Let f € A( K). Then
|f1(r)

r

[£1(r) < vr > 0.

Theorem D: Let f, g € A(K). Then |fog|(r) = |f|(|g|(r)) Vr > 0.
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Theorem 2: Let f € A(K) and let P € Kz]. Then p(Pof) = p(f) and p(foP) = deg(P)p(f).
Proof: Let n = deg(P). For r big enough, we have log(log(|f|(r))) <)log(log(|P o f|(r))) <
log((n + 1) log(| f[(r))) = log(n + 1) + log(log(| f|(r))). Consequently,

o (Toslog (A _ o (log(log(1P o £](r)
1?2?55’( log(r) ><L+o§’< log(r) )
s [ 10801 1)+ log(log(1](r)))
= n < log (1) )

and therefore p(P o f) = p(f).
Next, for r big enough, we have

log(log(|f[(r))) _ log(log(|f o P|(r))) _ (10g(10g(|foP|(T))> (10g(|P|(7‘)))

log(r) — ~ log(r) log(|P|(r)) log(r)
Now,
: log(log(|f o P[(r)\ _ . log(log(| f1(r))
lim su = limsup ( ————==
H+£( log(|P[(r)) ) H+£< log(7) )
because the function h defined in [0,+oco[ as h(r) = |P|(r) is obviously an increasing contin-
uous bijection from [0, +oo[ onto [|P(0)[,+oo[. On the other hand, it is obviously seen that
log(|P
lim sup (M) = n. Consequently,
r—+00 log(r)
: log(log(|f © P|(r)) : log(log(| f|(r))
lim su =nlimsup (| ——~—+
HW‘?( log(|P[(r)) ) HW‘?( log(r) )

and hence p(f o P) = np(f).

Theorem 3: Let f, g € A( IK) be transcendental. If p(f) # 0, then p(fog) = +oo. If p(f) =0,
then p(f o g) > p(g)-

Proof: Let us fix an integer n € IN. Let f(x) = Z;io anx™ and g(x) = Z?io bpa™. Since g is
transcendental, for every n € IN, there exists r,, such that ¢(g,r,) > n. Then |g|(r) > |by|r™ Vr >
rn and hence, by Theorem 2, we have

(1) p(f o g) =np(f).
Relation (1) is true for every n € IN. Suppose first that p(f) # 0. Then by (1) we have
p(fog) = +oo.

Now, suppose p(f) = 0. Let k € IN be such that a # 0. Let sg be such that g(f,sq) > k.
Then |f|(r) > |ax|r* ¥r > sq, hence | f o g|(r) > |ax|(|g|(r))* ¥r > 5o, hence by Theorems 1 and 2

we have p(f o g) > p(g).

Theorem 4: Let f € A( IK) be not identically zero. If there exists s > 0 such that lim sup (q(f,sr)) <

r—~+o00 T
+oo then p(f) is the lowest bound of the set of s € [0,4o00[ such that lim sup (q(fi;r)) = 0. More-
r—-+o0 r
over, if limsup (q(f;r)) is a number b €]0,+00|, then p(f) = t. If there exists no s such that
r—+o00 r

lim sup (q(f;r)) < 400, then p(f) = +oo.

r—4o00
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Proof of Theorem 4: The proof holds in two statements. First we will prove that given

f € A( IK) nonconstant and such that for some ¢ > 0, lim sup Q(f; ) is finite, then p(f) < t.
T

r—-+o00
Q(fﬂr)) . b 2
i =b € [0,+o0o[. Let us fix € > 0. We can find R > 1 such that |f|(R) > e

Set lim sup (

r——400

q(f, ) |f1(r) a(f,r) rt (b))
and < b+ e Vr > R and hence, by Theorem B, we have < < .
fim =@ =G

Therefore, since R > 1, we have

log(|f1(r)) < log(If|(R)) + r' (b + €)(log(r))-

Now, when u > 2, v > 2, we check that log(u 4+ v) < log(u) + log(v). Applying that inequality
with u = log(|f|(R)) and v = r*(b + €)(log(r)) when (b + €)(log(r)) > 2, that yields

log(log(|f[(r))) < log(log(|f[(R))) + tlog(r) + log(b + €) + log(log(r)).

Consequently,

log(log(|f](r))) _ log(log(|f|(R))) + tlog(r) +log(b + ¢) + log(log(r))
log(r) - log(r)

and hence we can check that

| g(log(|£](m))
ISP = og(r) =

which proves the first claim.
Second, we will prove that given f € A( IK) not identically zero and such that for some ¢ > 0,

we have lim sup ——2% (f’ ) > 0, then p(f) > t.
r—+00

By hypotheses, there exists a sequence (ry,)ne W such that lim,,_, . 7, = 400 and such that

lim q(f,itrn) > 0. Thus there exists b > 0 such that lim (f’ ")

n—-+00 r n—-+oo

|f|(r0) > 1, hence by Theorem A, |f|(r,) > 1 ¥n. Let X\ €]1, +o0. %y Theorem B we have

> b. We can assume that

AOT) o\ yatsr) [brn)"]
Ay = N2 )

hence
log(|f(Arn)) > log(| f[(rn)) + (1) log(A).

Since | f|(rn) > 1, we have log(log(|f|((Ar)))) > log(blog(\)) + tlog(r,) therefore

log(log(|f|((Arn))) -, , log(blog(A))

% IN
log(ra) = logra)
and hence )
i sup 122008 (71()
r—+oo log(r)

which ends the proof the scond claim.
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Example:  Suppose that for each 7 > 0, we have q(f,r) € [rtlogr,rtlogr + 1]. Then of course,

) ,r 3 9 T .

for every s > t, we have limsup M = 0 and limsup Q(fit) = +00, so there exists no t > 0
r—+00 T r—+o00 r

‘ q(f,r) o

such that have non-zero superior limit b < 4o0.

rt
Definition and notation: Let ¢t € [0,+00[ and let f € A(IK) of order t. We set (f) =
a(f.7) and call ¥(f) the cotype of f.

t

lim sup
r—~+o00 r

Theorem 5: Let f, g € A°(IK) be such that p(f) = p(g). Then max(¢)(f),¥(g)) < ¥(fg) <
() +(g).

Proof: By Theorem 1, we have p(f.g) = p(f). For each r > 0, we have ¢(f.g,7) = q(f,r)+q(g,7),
so the conclusion is immediate.

Theorem 6 is similar to a well known statement in complex analysis and its proof also is similar
when p(f) < 400 [10] but is different when p(f) = +o0.

nlog(n) )

+o0o
Theorem 6: Let f(z) = Z anz™ € A( K). Then p(f) = limsup (—log 2]
n=0 n

n—-4oo

Proof: If p(f) < 400, the proof is identical to the one made in the complex context, replacing
M(f,r) by the multiplicative norm |f|(r) (see [10], Proposition 11.4).

nlogn
Suppose now that ¢ = +o00. Suppose that lim sup 8 < 400. Let us take s € IN such

ntoo (—loglanl)

that
nlogn
2 —— < sVne IN.
@ (Tog|an])
q(f,r)

By Theorem 4, we have lim sup = +00. So, we can take a sequence (r,,;,)me N such that

r——+o00 r

(3) lim af,7m) = 4o0.

m—+00 (rm)s

For simplicity, set u,, = q(f,rm), m € IN. By (2), for m big enough we have
1
U log(um) < s(—log(|ay,,|) = slog (7| I)
a’unz

hence
1

(um)um

> |ay,, |®

therefore

(1)

(um)u'm

|G, |* (1) <
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i.e.

(1) < (L)

Um,

But by Theorem A, we have hr—? | f|(rm) = +00, hence (ry,)* > uy, when m is big enough and
T—1T00

therefore lim sup qifﬂ‘)m) < 1, a contradiction to (3). Consequently, (2) is impossible and therefore
m——+00 T'm s
1
lim sup (771 og(n) ) = 400 = p(f).
n—+oo \—log|ay|

Remark: Of course, polynomials have a growth order equal to 0. On IK as on € we can easily
construct transcendental entire functions of order 0 or of order co.

Example 1: Let (a,)ne v be a sequence in K such that —log |a,| € [n(logn)?, n(logn)? +1].
Then clearly,
1~ log ‘an‘ _
im ————— = —
n—-+4oo n
(o]
hence the function Z an,z" has radius of convergence equal to +0o0. On the other hand,

n=0

1
nlogn 0

im ——— =
n—+oo — log |an|
hence p(f) = 0.

Example 2: Let (a,)ne nv be a sequence in K such that —logla,| € [nylogn,ny/logn + 1].
Then

I log a,|
im =—
n—-+oo n
o0
again and hence the function Z anz" has radius of convergence equal to +00. On the other hand,
n=0
1
lim (%) ~ 400
n—+oo \ —log |ay,|
hence p(f) = +oo.
Definition and notation: In complex analysis, the type of growth is defined for an entire

log(M
function of order ¢ as o(f) = limsup Ltf(r)), with ¢t < 400. Of course the same notion may
r—+00 r

1
be defined for f € A( IK). Given f € A°( IK) of order t, we set o(f) = limsupw and
r—+00
a(f) is called the type of growth of f.

Theorem 7: Let f, g € A°( K). Then o(fg) < o(f)+o(g) and o(f +g) < max(o(f),o(g)). If
p(f) = p(g), then max(o(f),o(g)) < o(fg) and if | f|(r) > |g|(r) with ¢ > 0 when r is big enough,
then o(f) > o(g).
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Proof: Let s = p(g) and t = p(f) and suppose s < t. When r is big enough, we have

max(log(| f|(r)), log(|g|(r)) < log(|f.gl(r)) = log(|f[(r)) + log(|g|(r)). By Theorem 1, we have
p(fg) = t. Therefore

) + limsup (IOg(L.?tI(T)))

r—+00

< lim sup (
r— 00

lim sup
r—+00

(.51 log(1/1(r))

log(|g|(r))

+ lim sup (

< lim sup ( 5 L
r—400

r—+00

Similarly,

(7 4 9) = imsup (L0 g (101910,

r—+00 r r——+00 r

< max (limsup (M),limsup (M)) =max(o(f),o(g)).

r—+oo rt r—-00 rs
Now, suppose s = t. Then
! ! log(|f.
max (lim sup(MtKr)))7 lim SUP(MD < limsup (M)
r—+o0 r r—+o0 T r—-+4oo r

hence o(fg) > max(o(f),o(g)). Suppose now c|f|(r) > |g|(r) when r is big enough, then, asuming
again that s = ¢, it is obvious that o(f) > o(g).

Corollary 7.1: Let f, g € A°( K) be such that p(f) = p(g) and o(f) > o(g). Then o(f +g) =
a(f).

Now, we notice that o(f) may be computed by the same formula as on €. Since the proof is
the same we will not reproduce it (10], Proposition 11.5).

Theorem 8: Let f(z) = ianx" € A°(K) such that p(f) €]0,+oc[. Then o(f)p(fle =
n=0

limsup (n {/|an|t).

n—-+oo
+oo
Definition: Let us say that an entire function Z cnz™ € A(IK) satisfies Hypothesis L when the
n=1
Cre
sequence (| ° 1|)n€ N is strictly increasing.

[cn]

Theorem 9: Let f € A(IK) such that p(f) €]0, +oo].

o 1ro(r) = tim PO ) > o110,

i) o) = tim T hen w(r) = p(Fo ().

r—4-00 rp(f) ’

“+oo
Proof: Let f(z) = Z amx™. Without loss of generality, we may assume that f(0) = 1. Set

m=0
1

least one zero of f, with s, < Sp41-

and let us denote by (C(0, s,,))me N the sequence of circles containing at
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Suppose first that f satisfies Hypothesis L. By Theorem A, actually each circle C(0, s,,), m €
IN contains a unique zero of f and f has no other zero in IK. Moreover, for each m € IN, we

have s, = |(Tm |1 Consequently, ¢(f, s,m,) = m, m € IN. Now, when r belongs to the interval
am
, , a(fr) . : ,
[Sm; Sm+1], f admits exactly m zeros in d(0,7) and hence ——— is maximum in [sy,, Sy+1[ when
r

r = S,,. Consequently, we have

= limsup ———.

Vi) m%JrOg (8m)
So we can write — - = Y(f) + ém with limsupe,, = 0 hence
(sm) m——4o00
m e

| = (Y
1) " V(f) + €m

Now, let (¢(m))me w be a strictly increasing sequence of integers and consider the expression
é(m)
E(m) = log(|f|(54(m)) Z log(s¢(m)) — log(sk). By (1) we have

d(m) #(m)
B(m) = ¢(#(m) log(6(m) — 6(m) 10g(¥(f) + €sm - 3 log() )+ D Tog(u(f) + )
k=1

o(m)
= £(9(m) log(é(m)) — 6(m) log(é(m) +(m) + O(1) = $(m) g V() + € )+ 3 toa(u D+e)

hence
¢(m)

2) B(m) = £(6(m) + O(1) = 6(m) (08(4(F) + €gom) + Y, og(¥(f) + ) )
k=1

L og(11()

Suppose first that o(f) = and let us choose for the sequence (¢(m))me ™

r—+400 7"75
a sequence such that lim ————==1(f) ie. lim ———= =1(f). Obviously, we can
heck th m=toe (So(m))" m=-too (s(m))*
check that
o(f)= lim 7log(|f|(s¢(m)) = lim E(m)

hence by (2)

¢(6m) +0(1) = B(m) (08((f) + egim) + L log(6(f) + ) )
() olf)= lim_ oy |

(¢(m) +O(1) — ¢(m)(log(¥(f) + €5(m))
(SQS(m))t

Here we notice that lim /¢
m——+00

S0 log(9(f) + er)
($¢(m))*

) = 41~ log((/)), there-

fore by (3), admits a limit when m tends to 400, which is o(f) — ¥ (f)(1 —
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log(1(f))). Next, since limsup(eg(,,)) = 0, we can check that

m——+oo

(zﬁ 'V log(v(f) + ek>)

lim (¢(m) log(v(f))
(p(m))*

<
m——+oo (Sd)(m))t

(4) lim

m——+o00

) = v () log(e())
Indeed, let us fix w > 0 and let M € IN be such that ¢, < w Vk > M and

Soal log(¥(f) + ex)
(Sp(m))*

(5) <w Vo(m)> M.

Then ()
P log(w(f) + ex)
(8p(m))*

< log(6(f) + w) (i((m)))t < log(6(f) + w)()-

Consequently, by (5), we have

(Zk o log(¥(f) +ek>> _

(z“’( D log((f) + er)
(8p(m))*

lim
(8p(m))"

m——+oo

) <w+log((f) + w)(f).

lim sup
m——+oo

This is true for each w > 0 and hence finishes proving (4). Now, by (3) we have

6(m) 1 )
a(f):é(zb(f)—w(f)log(w(f)H i k=1 108(¥(f) + k))

m——+00 (3¢(m))t
hence by (4), we obtain o(f) < £y (f) and therefore p(f)o(f) < ¥(f).
q(f,r)
rt

Now, suppose that ¥(f) = lim

I . Then we can take ¢(m) = m ¥m € IN hence we have
r—+00

Y(f)= lim Ltand lim e, =0.

m——+o0 (Sm) m——+oo

Set f(x Z anx". By Theorem A, for each m € IN, we have s, = CT;"_|1|. Consequently,
q(f, 8m) =m. Hence
(©) ()= tm "= (2l )Y)
= 1m = 1m m .
m——+oo (Sm)t m——+oo |am71|
bin
For every m € IN, set b,, = m!|a,;,|". By hypothesis and by (6) we have lim ) =(f).

m——+oo bmfl

But by d’Alembert-Cauchy’s Theorem, lim ( b )= lim /by, =(f), hence

m——+00o bm71 m——+00
m ! 1
lim  {/ml!lam|t = ¥(f). On the other hand, by Stirling’s formula, we have lim e -,
m——+00 m—-+oo M e
hence . .
lim m( m\/|am|) =ey(f). But by Theorem 8, we have lim (m( "‘\/|am|) ) = (eto(f)).
m——+00 m—+0o0

Consequently, ¥(f) = to(f), which proves the theorem when f satisfies Hypothesis L.

Consider now the general case when f is no longer supposed to satisfy Hypothesis L. For each
m € IN, let u,, be the total number of zeros of f in C(0,s,,), taking multiplicity into account.
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m

For each m € IN, we can put [,, = Zuk, hence [, is the total number of zeros of f the disk
k=1

d(0, s, ), taking multiplicity into account. As previously remarked,

(7) ¥(f) = limsup ———

m—»+00 (Sm)t

We will construct a new function g satisfying p(g) = p(f), ¥(g) = ¥ (f), o(g) = o(f).
For each m € IN, let us set s, = max(sm,, Sm— 1m) let us take w,, points B j, j =1,...,Um
in IK satisfying

< oo < B | = Sm

and let

Obviously, we have ¢(g, $m) = q(f, $m). On the other hand, we can check that when m is big

enough, we have % < q(g, $m) hence

sup a(g,r) _ a(g,5m) _ a(f,5m)

rE[Sm—1,5m| rt (8m)" (5m)

Therefore, by (7) we have

(8) b(g) = $(f) = limsup L25m)

m—4oo (Sm)t

Particularly, if ¥(f) = TEI-POO Q(;}f;r), then ¢(f) = ml—lffoo Q((ijg) = mE)I—r&-loo m

Now consider log(|g|(r)) — log(|f|(r)) when 7 € [$m—1, Sm[. On one hand, we check that

m—1
log(If1(r)) = > um(log((r) — log(s;))
j=1

and
m

log(|£(r)) = log(lgl(r)) = log(| f|(r Z (log(s;) — log(s})).

. 1
On the other hand we notice that 0 < Z uj(log(s;) —log(s)) < G-
j=1

log(|g|(r)) is positive and bounded when r tends to +co. Consequently, we have

o 108008(111(7) ~ loglog(](r)
oo log(r)

Therefore log(| f|(r)) —

=0

and hence p(f) = p(g) = t. Further,

(R0 _ loslsli)y

r—-+00 Tt Tt
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hence o(f) = o(g). Moreover, by (8) ¥(g) = ¥(f) = lim

Thus, as announced, g satisfies p(g) = p(f), o(g9) = o(f), ¥(g) = ¥(f) and by construction,
g satisfies the Hypothesis L. Consequently, we can apply Theorem 9 proven when f satisfies
Hypothesis L. Therefore, assuming i) we have 9(g) < p(g)o(g) and iassuming i) then ¥(g) =
p(g)a(g). That ends the proof of Theorem 9.

Remark: The conclusions of Theorem 9 hold for ¢ (f) = o(f) = +oc.

We will now present Example 3 where neither ¢(f) nor o(f) are obtained as limits but only as
superior limits: we will show that the equality ¥(f) = p(f)o(f) holds again.

Example 3: Letr, =2", n € INandlet f € A(IK) have exactly 2" zeros in C(0,7,,) and satisfy
f(0) = 1. Then q(f,r,) = 2" —1Vn € IN. We can see that the function h(r) defined in [ry,, rp11[

2nt — 9 h 2mtl — 9
by h(r) = a(f.r) is decreasing and satisfies h(r,) = ——— and lim (r) = . Con-
r 2n T—=Tn+1 T 2n+1
sequently, limsup h(r) = 2 and liminf ~A(r) = 1. Particularly, by Theorem 4, we have p(f) =1 and
r—4o00 r—4o00
of course Y (f) = 2.
. o _ log(|f](r))
Now, let us compute o(f) and consider the function in r: E(r) = ————=. When r belongs
T

to [Tn; Tn+1}7 we have
(2" —2)logr — (log2)(>_p_; 2)

E =
") .

i1 28(1 + klog(2)) — 1
and its derivative is E'(r) = 2=y 2(LF ;)g( ) og(r)). We will need to compute

T
n

(1) > k2P =2n2"tt — (n+1)2" +1).

k=1

Now, the numerator U(r) of E'(r) is U(r) = > 1_, 2¥(1 + klog(2)) — log(r)) is decreasing in the
interval [r,,r,+1] and has a unique zero «, satisfying, by (1),

on ((1og N(n—1+2")+2— 2*n+1>
2 2

log(vn) =

thereby log(ay,) is of the form nlog(2) + €, with lim €, = 0.
n—

+oo
Since E'(r) is decreasing in [ry,, rp+1], we can check that E(r) passes by a maximum at «,, and

consequently,
E(an
o(f) = limsup (o)

n—+oco  Qp

Therefore o(f) =2 = (f).

E
Now, we can check that lim inf (r)

< o(f). Indeed consider
r—+oco 7

E(r,) (2" —2)(logry,) — (log2) Y- k2F _ (271 —2)(nlog2) — (log2) Y p_, k2"

T n n
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hence by (1), we obtain

E(r,) = (2"t —2)(nlog2) — 2(log 2)(n2" ' — (n+1)2" +1)  2(log2)(2" —n —1)

therefore lim E(r,) = 2log2 and hence liminf E(r) < o(f).
n—oo

r—+00

Now, Theorem 9 and Example 3 suggest the following conjecture:

Conjecture C1: Let f € A°( K) be such that either o(f) < +oo or ¥(f) < +oo. Then
O(f) = p(f)o(f)-

Example 4: infinite type and cotype.  Here is an example of f € A( IK,1) such that o(f) =

U(f) = +oo.
) nlogn . ..
For each n € IN, set ¢(n) = v/logn and let u,, be dined by log(u,) = e For simplicity,
¢(n)
suppose first that the set of absolute values of | IK| is the whole set [0, IR[. We can take a se-
log |y, 1
quence (ay,) of IK such that |a,| = u,, ¥n € IN*, with ag = 1. Then 08 |an| = _{logn)é(n) hence
n o(n)+1
1 n 1 ) 1
lim M = —o0, therefore f € A( IK). Next, nosn _ o(n) hence lim ——8" _
notoo M —loglan| &(n)+1 n—+oo — log[a,|
therefore p(f) = 1.
1 log |an| ¢(n)logn logn
Next, log(n|a,|») =logn + ———— =logn — = and hence = 4o00.
xt, log(n|a,|™) 23 " o(n) + 1 o0n) + 1 a(f)
Let us now compute ¢(f). Now, for each n € IN*, take r, = Un-1, We will first check that
U

n
the sequence (r,)ne N+ is strictly increasing when n is big enough. Indeed, we just have to show
that there exists M € IN such that

(1) log(un) - log(unJrl) > log(unfl) - log(un) Vn > M.
. . zlogx .
Let g be the function defined in ]0, +oo[ as g(x) = ————7—. Then we can check that g is
L+ Vl1og x

convex and therefore (1) is proven.

Now, since the sequence (r,)ne N+ obviously tends to +oo, there exists an rang N > M
such that r,41 > r, Yn > M and rp; > rp Vk < N. Consequently, for each n > N, we have
|an|r™ > |ax|r* VEk # n and therefore, f admits n — 1 zeros inside d(0, (r,,)”) and a unique zero in
C(0,7,), hence f admits exactly n zeros in d(0,r,). Consequently, we have

(3) q(f,rn) =nVn > N.
Since ¢(f,r) remains equal to q(f,r,) for all r € [r,, rn11[, by (2) we can derive that

q(f? ,r) — lim Sup Q(f? TTL)
r n—-4o00 Tn

(3) lim sup

r—-+o00

Now, for n > N, we have

7T7L
% = log(n) — log(u,—1) + log(u,) = log(n) — 14+ -1 1+ e
- () $(n=1)

nlogn  (n—1)log(n —1)

log
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1 — 1)1 -1
Set S, = 1n Ogln - (n 1 ) ogl(n ) Then
T 5 T 3m-D

(4) log(w) =logn —S.

n

Now, we have

¢(n)¢(n — 1)(nlog(n) — (n — 1)log(n — 1)) + nlog(n)¢(n) — (n —1)log(n — 1)g(n — 1)
(¢(n) +1)(¢(n —1) +1) '

qup 1. SO = 1)(nlog(n) — (n — 1)log(n — 1)
! (¢(n) + 1)(d(n — 1) +1)
nlog(n)é(n) — (n — 1) log(n — 1)(n — 1)
(¢(n) + 1)(o(n — 1) +1)
are positive. By finite increasings theorem applied to the function g(x) = xlogx, we have
¢(n)¢(n —1)(logn)
(¢(n) + 1)(¢(n — 1) +1)

On the other hand, by finite increasings theorem applied to the function h(x) = z(log x)

¢(n)(logn + 3)
(¢(n) +1)(o(n—1) +1)

S:

and

B, = . Then S,, = A, + B,, and the two both A,,, B,

(5) A, <

3
2, we have

(6) B, <
Then by (1), (5), (6) we have

tog 1 (6(n) + D(6(n — 1) +1) — d(m)o(n — 1) — 6(n)) ~ So(n)
(¢(n) +1)(p(n —1) + 1)
_ log(n)(¢(n) + ¢(n — 1) + 1 — §(n)) — 24"
(¢(n) + 1)(o(n —1) +1)
_ logn 3p(n)
o) +1 20+ D —1)+ 1)’
Now, since ¢(n) = y/logn, it is obvoius that

log(q(f,rn)) — An — Bp >

lim log(q(f,mn)) — Sn = 400

n—-+o0o

and therefore by (3) and (4), ¥(f) = +o0.

2 Applications to derivatives

Theorem 10: Let f € A( K) be not identically zero. Then p(f) = p(f').

1 1
Proof: By Theorem 6 we have p(f') = limsup< n log(n) ) But since — < |n| < 1,
n—too \—log(|(n + 1)ant1]) n

we have

) nlog(n) . nlog(n)
lim sup ( ) = lim sup (7)
n—+oo \—log(|(n + 1)@, 41| n—+oo \—log(|ant1])
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(n+1)log(n +1)\
(Toetanay ) ="

Corollary 10.1: The derivation on A( IK) restricted to the algebra A( IK,t) (resp. to A°( IK))
provides that algebra with a derivation.

= lim sup
n—-+4o0o

In complex analysis, it is known that if an entire function f has order ¢ < +oo, then f and f’
have same type. We will check that it is the same here.

Theorem 11: Let f € A( IK) be not identically zero, of order t €]0,+oo[. Then a(f) = a(f').
Proof: By Theorem 8 we have,

ep(f)o(f') = limsup (n(|n+ 1|\an+1\):"‘) = timsup ((n+1)(Jn+ 1||an+1|)%)"¢“( ")

n——+00 n—-+oo n+1

= limsup ((n + 1)(|n + 1||an+1|> "H) =ep(f)o(f).
n—+oo
But since p(f) = p(f’) and since p(f) # 0, we can see that o(f") = o(f).
By Theorems 9 and 10, we can now derive Corollary 11.1:

Corollary 11.1:  Let f € A°( K) be not identically zero, of ordert < 4+oo. If(f) = lim a(f:r)

r—-+o0 t
and if Y(f') = lim a(f',r)

r—-+o00 t

, then (f") = ¥(f).

Conjecture C1 suggests and implies the following Conjecture C2:

Conjecture C2 ¢(f) = ¢(f") Vf € A°( K).

Theorem 12: Let f, g € A( IK) be transcendental and of same order t € [0,+00[. Then for
every € > 0,

lim sup
r——400

rq(g,7)
( q((]fi]r) ) -

Proof: Suppose first £ = 0. The proof then is almost trivial. Indeed, for all ¢ > 0, we have

lim M =0 hence lim o 400, therefore lim M = +4o00.
rtoo e r—+oo q(f,7) r—+oo q(f,7)
a(f,r)

Now suppose ¢t > 0. By Theorem 4, we have lim sup is a finite number ¢ and hence there

r——4o00 rt

exists A > 0 such that

(1) q(f,r) < rtvr > 1.
Now, let us fix s €]0,t[. By hypothesis, p(g) = p(f) and hence by Theorem 4, we have
lim sup Q(gi’;) = 400 so, there exists an increasing sequence (r,,)nc N of IRy such that

r—+oco T

lim 7, = 400 and a(9,7n) > n. Therefore, by (1), we have

n—-+o00 (rn)s -
Alra)'a(g.mn) _ 4(g:7n)
(rn)*q(f,7n) (7n)*

>n
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and hence ( )t ( )
. )" %q(g,Tn
Al —t 2 ) = .
Jm () =
Consequently,
. (r)*q(g,7)
2 limsup | ————=—~ ) = +o0.
@ H+£( q(f,m) )

Now, since that holds for all s €]0, ¢[, the statement derived from (2).

Remark: Comparing the number of zeros of f’ to this of f inside a disk is very uneasy. Now,
we can give some precisions. By Theorem 11 we can derive Corollary 12.1:

Corollary 12.1: Let f € A°( IK) be not affine. Then for every e > 0, we have
. req(f',r)
lim sup (7> = +00
r—+o00 Q(fa 7)

and

lim sup (7‘6(q(f,r)) = +00.

r—4oo \ (¢ f’,?“)

Corollary 12.2: Let f € A°( K). Then o(f) is finite if and only if so is ¥(f').

We can now give a partial solution to a problem that arose in the study of zeros of derivatives
of meromorphic functions: given f € A( IK), is it possible that f’ divides f in the algebra A( KK)?

Theorem 13: Let f € A(K)\ K[x]. Suppose that for some number s > 0 we have
limsup |g(f,r)|r® > 0 (where |q(f,r)| is the absolute value of q(f,r) defined on IK). Then f’ has
r—~+00

infinitely many zeros that are not zeros of f.

Proof: Suppose that f’ only has finitely many zeros that are not zeros of f. Then there exist
h e A(IK) and P € IK[z] such that Pf = f'h. Without loss of generality, we can assume that P
is monic. Every zero of f of order u > 2 is a zero of f’ of order u — 1 and hence is a zero of h.
And every zero of f of order 1 is zero of h of order 1 too. Consequently, h is not a polynomial.

Set f(z Z anx Z cnx” h(z Z bnz" and let s = deg(P). Then

=0
cn = (n+ l)anﬂ vn € IN. On the other hand by Theorem A, given any r > 0 we have
1) = lagern [P0, 1F1(r) = legeprmlr? ) = |(a(f'r) + 1)aq(f’, [P and |h|(r) =
bg(h,r) |r4(7-7) - Since h has infinitely many zeros, there exists ro > 0 such that g(h,r) > s+2Vr >
0, assuming that all zeros of P belong to d(0, s). Then since the norm | . |(r) is multiplicative, we
have s + q(f,r) = q(f',r) + q(h,r), hence

(1) q(f'sr) < q(f,r) —1Vr > ro.

Then, by (1) we have |en[r™ < Cq(f’w)rq(f/’r) Vn > q(f',r),¥r > ro and particularly,
|Cq(f,r)ﬂ|7”q(f’r)_1 <|f'|(r) = |Cq(f’,r)|7‘q(fl’r) i.e.

(2) [(a(f, ) aqesmlr @S0 <[ £1(r) = 1(a(f,7) + Dagprmpalr?™



Growth of p-adic entire functions 16

On the other hand, since Pf = f'h, we have |P|(r)| f|(r) = |/|(r)|A|(r), hence since P is monic,
3) rs|aq(f,r)‘7"q(f’r) = |(q(f',r) + 1)a(q(f/,r)+1)|7‘q(f/’r)|bq(h7¢)\rq(h’r) Yr > rg.
By (2) we can derive
P Hg(f, ) ag( s 1 < o[ (a(f 1) + Vag o r?Y"
and by (3) we have

lq(f,7)] - . s o
<f>I(Q(f’,T) + Dag(s 41T bggn P17 < ro|(g(f7) + Vagpr gy [r? ")

therefore we obtain |bq(h7,.)|rq(h”)*1|q(f, r)| < r°. Consequently,

@ ) <
4 hl|(r) <
la(f, )l
h
Since h is transcendental, we have lim m = +o0o Ym > 0. Now, suppose that for some integer

r—+oo rm

m we have limsup |g(f,r)|r™ > 0, hence there exists a constant ¢ and an increasing sequence
r——4o00

(rn)ne N+ such that 1 > ro, im, 4007y = +00 and |g(f,7,)|(r)™ > ¢ Vn. Then |h|(r,) <
c(ry,)*T1H™ ¥n, a contradiction to (4). This finishes proving that P and h do not not exist.

Remark: It is possible to deduce the proof of Theorem 13 by using Lemma 1.4 in [3].

Corollary 13.1: Let f € A°( K). Then f' has infinitely many zeros that are not zeros of f.
q(f,r)

Proof: Indeed, let f be of order t. By Theorem 4 lim sup ——— is a finite number and therefore
T

r—+00

limsup |q(f,7)|r" > 0.
r—+00

Corollary 13.2: Let f € AY( K). Then f' does not divide f in A( K).

Corollary 13.3 is a partial solution for the p-adic Hayman conjecture when n = 1, which is not
solved yet.

Corollary 13.3: Let f € M( IK) be such that limsup,._, | o \q(%, r)|r® > 0 for some s > 0. Then
ff' has at least one zero.

1
Proof: Indeed, suppose that ff’ has no zero. Then f is of the form 7 with h € A( IK) and

!
/= 72 has no zero, hence every zero of b’ is a zero of h, a contradiction to Theorem 13 since

limsup,_, , o |q(h,r)[r* > 0.

Corollary 13.4: Suppose K has residue characteristic 0. Then for every f € A( IK), f' does
not divide f in A( IK).

Remarks: 1) Concerning complex entire functions, we can check that the exponential is of
order 1 but is divided by its derivative in the algebra of complex entire functions.
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1
2) It is also possible to derive Corollary 13.4 from Theorem 1 in [2]. Indeed, let g = 7 By

Theorem 4, lim sup a(f,r)

r—+400 rt

ert Vr > 1 and therefore the number of poles of g in d(0,r) is upper bounded by cr' whenever

r > 1. Consequently, we can apply Theorem 1 [2] and hence the meromorphic function ¢’ has

infinitely many zeros. Now, suppose that f’ divides f in A( IK). Then every zero of f’ is a zero of
!

is a finite number. Consequently, there exists ¢ > 0 such that ¢(f,r) <

f with an order superior, hence P has no zero, a contradiction.

3) If the residue characteristic of K is p # 0, we can easily construct an example of entire function
o0

f of infinite order such that f’ does not divide f in A( K). Let f(x) = H (1- i)pn with

«
n=0 n

n
|oen| = m+ 1. We check that g(f,n+ 1) = Zpk is prime to p for every n € IN. Consequently,

k=0
Theorem 13 shows that f is not divided by f’ in A( IK). On the other hand, fixing ¢ > 0, we have
ofint1l) - p"
(n+1)¢ — (n+1)
hence
lim sup q(f;r) =400Vt >0
r—+o0 r

therefore, f is not of finite order.

Theorem 13 suggests the following conjecture:

Conjecture C3: Given f € A(IK) (other than (x —a)™, a € K, m € IN) there exists no
h € A(K) such that f = f'h.

Acknowledgement: We are grateful to Jean-Paul Bézivin for many comments and to the referee
for nice suggestions on simplification and presentation.
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