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Order, type and cotype of growth
for p-adic entire functions

A survey with additional properties
Kamal Boussaf, Abdelbaki Boutabaa
and Alain Escassut

Abstract. Let IK be a complete ultrametric algebraically closed field and let A( IK) be the
IK-algebra of entires functions on IK. For an f € A( IK), similarly to complex analysis,

log(1
one can define the order of growth as p(f) = limsup 2 Cl)fg“ﬂ(r)) When p(f) # 0, +0o0,
r—-+00 r
1
one can define the type of growth as o(f) = limsup %}\cgr)). But here, we can also
r—-4o00 T
q(f,r)

define the cotype of growth as ¥ (f) = limsup where ¢(f,r) is the number of zeros

r——400 rp(f)
of f in the disk of center 0 and radius . Many properties described here were first given in
the Houston Journal, but new inequalities linking the order, type and cotype are given in
this paper: we show that p(f)o(f) < ¥(f) < ep(f)o(f). Moreover, if 1) or o are veritable
limits, then p(f)o(f) = ¥(f) and this relation is conjectured in the general case. Several
other properties are examined concerning p, o, 1 for f and f’. Particularly, we show that

if an entire function f has finite order, then <7 takes every value infinitely many times.

f

Keywords: p-adic entire functions, growth of entire functions, order, type and cotype of
growth.
2010 Mathematics Subject Classification: 12J25; 30D35; 30G06; 46S10.

1. Order and cotype of growth

We denote by IK an algebraically closed field of characteristic 0, complete with respect
to an ultrametric absolute value | . |. Analytic functions inside a disk or in the whole field
IK were introduced and studied in many books. Given v € K and R € IR, we denote
by d(c, R) the disk {x € K | |z —a| < R}, by d(a, R™) the disk {z € K | |z — o] < R},
by C(a,r) the circle {z € K ||z—«a| =7}, by A( IK) the IK-algebra of analytic functions
in IK (i.e. the set of power series with an infinite radius of convergence) and by M ( K)
the field of meromorphic functions in IK (i.e. the field of fractions of A( K)). Given
f € M( K), we will denote by ¢q(f, r) the number of zeros of f in d(0, ), taking multiplicity
into account and by u(f, ) the number of distinct multiple poles of f in d(0,r). Throughout
the paper, log denotes the Neperian logarithm.

Here we mean to introduce and study the notion of order of growth and type of growth
for functions of order t. We will also introduce a new notion of cotype of growth in relation
with the distribution of zeros in disks which plays a major role in processes that are quite
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different from those in complex analysis. This has an application to the question whether
an entire function can be devided by its derivative inside the algebra of entire functions.

Let us shortly recall classical results [5], 6], [8]:

Notation: Given f € A( IK) and r > 0, we denote by |f|(r) the number
sup{[f ()| | [x] = r}.
Theorem A | . |(r) is a multiplicative norm on A( K). Suppose f(0) # 0 and let

a1, ..., Gy be the various zeros of f in d(0,r) with |an| < |anti1], 1 <n <m —1, each zero
an having a multiplicity order w,,. Then

log(|£1(r)) = 1og(|.f(0)]) + D _ wn(log(r) — log(|anl))-

Theorem B: Let f € A( IK) be non-identically zero and let v’ r" €]0, +oo[ with r’" < r”.

Then ., ,
(r_”)Q(fﬂ" )Z |f|(7ﬂ”) > (r_”>Q(fﬂ“)‘
T’ | f1(r") r!

Theorem C: Let f € A( K). Then

[f1(r)

r

If1(r) < vr > 0.

Theorem D: Let f, g € A(IK). Then |fog|(r) = |f|(lg|(r)) ¥r > 0.

Here, we must recall a theorem proven in [3], (Main Theorem) and in [7] (Theorem
33.12), to characterize meromorphic functions admitting a primitive:

Theorem E: Let f € M(IK). Then f admits primitives if and only if all its residues
are null.

The question whether the derivative of a meromorphic function in IK can admit a
Picard value has been thoroughly examined. By [1] we have the following theorem:

Theorem F: Let f € M(IK) be such that there exists ¢ and s €]0,+o0[ satisfying
u(f,r) <er®¥r > 1. Then for every b € K, f' — b has infinitely many zeros.

Definition and notation: Similarly to the definition known on complex entire functions
9], given f € A( IK), the superior limit

. log(log(.f[(r)))
lim sup ( og(r) )

r——+oo
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is called the order of growth of f or the order of f in brief and is denoted by p(f). We
say that f has finite order if p(f) < +oc.

Theorem 1: Let f, g € A(K). Then:
if ¢(|f|(r)® > |g|(r) with o and ¢ > 0, when r is big enough, then p(f) > p(g),

p(f +g) <max(p(f),p(9)),
p(fg) = max(p(f), p(g))-

Proof: Similarly to the complex context we can easily verify that

p(f +g) <max(p(f),p(9), p(fg) < max(p(f),p(g))

and if ¢(|f|(r))* > |g|(r) with @ and ¢ > 0 when r is big enough, then p(f) > p(g). Let us
now show that p(fg) > max(p(f), p(g)). Since lim,_,;~ |g|(r) = 400, of course we have
log(|f.g|(r)) > log(| f|(r)) when r is big enough, hence

log(log(|f-gl(r)))  log(log(|f|(r)))
log(r) - log(r)

and therefore p(f.g) > p(f) and similarly, p(f.g) > p(9g).

Corollary 1.1: Let f, g € A(IK). Then p(f™) = p(f) Yn € IW*. If p(f) > p(g), then
p(f +9) = p(f)-
Remark: p is an ultrametric extended semi-norm.

Notation: Given t € [0,4o0[, we denote by A( IK,?) the set of f € A( IK) such that
p(f) <t and we set

A(K) = | A(K?).

te[0,+o00]

Corollary 1.2. For any t > 0, A( IK,t) is a K-subalgebra of A(K). If s < t, then
A(K,s) C A(K,t) and A°( K) is also a K-subalgebra of A( IK).

Theorem 2: Let f € A(IK) and let P € K[z|. Then p(Po f) = p(f) and
o(f o P) = deg(P)ol ).

Proof: Let n = deg(P). For r big enough, we have

log(log(|f|(r))) < log(log(|Pof[(r))) < log((n+1)log(|f|(r))) = log(n+1)+log(log(|f|(r)))

Consequently,

r——+00 10g<7“) r——+00 IOg(T)

MWmc%mgmm»>§meC%@awqmmv
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< lim sup
r——+oo

and therefore p(P o f) = p(f).
Next, for r big enough, we have

log(log(|f](r))) _ log(log(|f o P|(r))) _ <1Og(10g(|f0P|(7“))))(10g(|P!(T))>

log(n + 1) + log(log(| f|(r)))
log(r)

log(r) — ~ log(r) log(|P[(r)) log(r)
Now,
. log(log(lf o P|(r))Y _ . log(log(lf1(r)))
lim sup = lim sup
r—+400 < log(|P|(r)) ) r—+o0 < log(r) )
because the function h defined in [0,+oc[ as h(r) = |P|(r) is obviously an increasing
continuous bijection from [0, +oo[ onto [|P(0)|,+oc[. On the other hand, it is obviously
log(|P
seen that lim sup <M) = n. Consequently,
r—-+00 log(r)
. log(log(|f o P|(r))) : log(log(lf1(r)))
lim sup = nlimsup
r—+00 ( log(|P|(r)) ) r—-+00 ( log(r) )

and hence p(f o P) = np(f).

Theorem 3: Let f, g € A( K) be transcendental. If p(f) # 0, then p(f o g) = +o00. If
p(f) =0, then p(f o g) = p(g).

Proof: Let us fix an integer n € IN. Let f(z) = Y77 ana™ and g(z) = 3377, bya™.
Since g is transcendental, for every n € IN, there exists r,, such that ¢(g,r,) > n. Then
lg|(r) > |bp|r™ ¥r > 7, and hence, by Theorem 2, we have

(1) p(fog) =np(f).
Relation (1) is true for every n € IN. Suppose first that p(f) # 0. Then by (1) we have
p(fog) = +oo.

Now, suppose p(f) = 0. Let k € IN be such that ax # 0. Let sy be such that
q(f,s0) > k. Then |f|(r) > |ax|r® ¥Vr > so, hence |f o g|(r) > |ar|(lg|(r))* Vr > sq, hence
by Theorems 1 and 2 we have p(f o g) > p(g).

Theorem 4: Let f € A( IK) be not identically zero. If there exists s > 0 such that

lim sup (g(fl?‘)) < 400

r——+00

then p(f) is the lowest bound of the set of s € [0, +oo[ such that

lim sup (@) = 0.

r——+00
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q(f,r)

rt

> is a number b €]0,4o00|, then p(f) =t.

If there exists no s such that lim sup <M> < 400, then p(f) = +o0.

r—-+o00 T8

Moreover, if lim sup (
r——+oo

Proof: The proof holds in two statements. First we will prove that given f € A( IK)
nonconstant and such that for some ¢ > 0, lim sup at/.r) is finite, then p(f) < t.

r—-4o00 T
Set lim sup (q(f—;r)) =b e [0,+o0[. Let us fix € > 0. We can find R > 1 such that
r

r—-—+oco
IfI(R) > € and q(f;T) < b+ e Vr > R and hence, by Theorem B, we have ||j]:||((;)) <
r

Ta(fr) _ (T \rt(bte)
(50 < ()

. Therefore, since R > 1, we have

log(|f[(r)) < log(|f[(R)) +r'(b+ €)(log(r)).

Now, when u > 2, v > 2, we check that log(u + v) < log(u) + log(v). Applying that
inequality with v = log(|f|(R)) and v = rt(b + €)(log(r)) when r¢(b + €)(log(r)) > 2, that
yields

log(log(| f[(r))) < log(log(|f[(R))) + tlog(r) + log(b + €) + log(log(r)).

Consequently,

log(log(|f](r))) _ log(log(|f[(1))) + tlog(r) + log(b + ¢) + log(log(r))
log(r) - log(r)

and hence we can check that

. log(log(| f](r)))
liriligf log(r)

<t

which proves the first claim.
Second, we will prove that given f € A( IK) not identically zero and such that for

some t > 0, we have lim sup q(f;T) > 0, then p(f) > t.
r—-+00 r

By hypotheses, there exists a sequence (r,)ne N such that lim, . ., r, = +oo and

such that liI_'I_l q(f’trn) > 0. Thus there exists b > 0 such that liI_'I_l Q(f’—trn) >b. We
n—-+0o0o T‘n n—-+0oo T‘n

can assume that |f|(ro) > 1, hence by Theorem A, |f|(rn,) > 1 Vn. Let A €]1,4+o0[. By
Theorem B we have

|f1(Arn) (firn) [b(rn)"]
A A
i =V =W

hence
log(| f1(Arn) > log(| f](rn)) 4 b(ry)" log(N).
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Since |f|(rn) > 1, we have log(log(| f|(Ar,))) > log(blog(X)) + tlog(r,,) therefore

log(log(|f|(Arn))  ,  log(blog(}))

N
og(ra) ' log(r) "€
and hence loa(]
o 00021
r—-4o00 IOg(T)

which ends the proof the scond claim.

Example:  Suppose that for each r > 0, we have q(f,7) € [r'logr,r*logr + 1]. Then

)T
of course, for every s > t, we have lim sup q = 0 and lim sup Q(ft )
r——+oo TS r——+oo T
q(f.r)
rt

, T

= 400, so there

exists no t > 0 such that

have non-zero superior limit b < +oo0.

Definition and notation: Let ¢t € [0,400[ and let f € A( IK) of order . We set
Y(f) = limsup q(f;T) and call ¥(f) the cotype of f.
r

r— 400

Theorem 5: Let f, g € A°( K). Then ¢(fg) < ¥(f) +1(g). Moreover, if p(f) = p(g)
then max(¢(f), ¥ (g)) < ¢ (fg).

Proof: Set p(f) = s, p(g) = t. Without loss of generality we can assume s > t. By
Theorem 1, we have p( g) = p(f) = s. Now, for each r > 0, we have ¢(f.g,7) =

q(f,7) + q(g,r) hence

q(g,r)
/r-t

¥(fg) = limsup alf,r) +alg,7) < lim sup a(f,r) + lim sup

r—-+00 r r—-+00 r r—-+o00

hence ¥(fg) < ¥ (f) +¥(g).
Now, suppose s = t. Then

¥(fg) = limsup a(f,r) +4lg,7) > lim sup ax(q(f,r),q(g,7))

r——+oo r r—-+00 r

= max(yp(f), ¥(9)),

which ends the proof.

Thanks to Theorem F we can derive the following Theorem 6:

/

Theorem 6: Let f € A°(IK). Then for every b € K, — b has infinitely many zeros.

I

Iz

Proof Let t = p(f) and take ¢ > ¥(f). Since f € A°(IK), by Theorem 4 we have
1

q(f,r) < cer® when r is big enough, hence by Theorem F the derivative of 7 takes every

value b infinitely many times.



Now we can derive the following Corollary 6.1 that gives the solution for a function
of finite order, of the following general problem: given an entire function f, is it posible
that all zeros of f’ be zeros of f, but finitely many?

Corollary 6.1: Let f € A°(IK). Then f' admits infinitely many zeros that are not zeros
of f.

Theorem 7 is similar to a well known statement in complex analysis and its proof also
is similar when p(f) < 400 [9] but is different when p(f) = +oc.

1
Theorem 7 Let f(z Zanx € A( K). Then p(f) = limsup (Lg(n))
n—+oo \—log |ay|

Proof: If p(f) < 400, the proof is identical to the one made in the complex context,
replacing M (f,r) by the multiplicative norm |f|(r). Let ¢ = p(f) and suppose first that

fllsgg‘(:)‘. Take s > t. For all n € IN, we have |a,|r" <

| |(r) and therefore |a,|r" < e("") and hence |a,| < r~—"e(") i.e.

t < +oo. Let a = limsup,, ,,

(1) log |ay| < r® — nlog(r)
when 7 is big enough. )
Now, choose r = <g); So, we have log |a,| < g . log(n) ie.
~log(|an|) 2 == + = log(%).
Consequently, When n is blg enough we have
nlogn < nlogn < s+ 0(1)

(—loglan|) = {log($) — 5 —

Therefore we have o < s and since this is true for each s > t, that shows that o <¢.

1
Now, take 8 > « so that % < f for n big enough. Then, when n is big
Qnp
n 1
enough, we have nlog(n) < f(—log|ay|) hence n? < Tl and hence |a,| < —. Conse-
r’ o r”nﬁ
quently, |a,|r" < —. Now, for r big enough, |f|(r) = sup |a,|r" < sup —
ne ne IN ne N NA
Putting ¢(n) = 5 and R = 3, we have
1 Tcp(n) R®
[fI(r?) < sup sup —

ne NN (n) x>0 T*
€T
Now we check that the maximum on [0, +o00| of the function g(z) = — is reached when
x:r

T 1
) < ePe. Putting now u = r7,

@l

. R I
x = — and hence is e« = eFe. Therefore, we have |f|(r
e

we can derive |f|(u) < e%_i, hence
log(log(|f|(u))) < Blog(u) — log(ef).
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Consequently,

. log(log(| f[(r)))
s = e ()

<p.

So we have t < (8 and since this is true for all § > «, we have proven that t < «, which
ends the proof when t < 4o0.

nlogn

Suppose now that ¢ = +00 and suppose that limsup —————— < +o0. Let us take
n—too (—loglan|)

s € IN such that

nlogn

2 ————— <sVne NN

. (~log ]
: q(f.r) _

By Theorem 4, we have lim sup ————= = +o00. So, we can take a sequence (7, )me W Such
r—-+o00 S

that

(3) i AT

=t (r)”

For simplicity, set u,, = q(f,rm), m € IN. By (2), for m big enough we have

1
U log (U, ) < s(—log(|ay,, |) = slog (|a ‘>

hence
1 S
(u )um > ‘aum‘ ’
m
therefore ()
r m
|, |° (1) < (um Ytm
i.e.

(£l < ()™

um
put by Theorem A, we have lilf | f|(rm) = +0o0, hence (ry,,)° > uy, when m is big enough
and therefore lim sup M

m——+o0 (Tm)s
and therefore

< 1, a contradiction to (3). Consequently, (2) is impossible

) nlog(n) \ B
b2 (Sogl ) =+ =40

Remark: Of course, polynomials have a growth order equal to 0. On IK as on € we
can easily construct transcendental entire functions of order 0 or of order oo.
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Example 1:  Let (a,)ne ™ be a sequence in 1K such that
—log |a,| € [n(logn)?, n(logn)? + 1]. Then clearly,

im —— = —
n—-4oo n
oo
hence the function Z a,x" has a radius of convergence equal to +00. On the other hand,
n=0
) nlogn
lim 0

n—+oo —log |ay,| -
hence p(f) = 0.

Example 2: Let (a,)ne N be a sequence in K such that
—log |ay| € [nv/1ogn,ny/logn + 1]. Then

. log lan|
m —— =
n—-+00 n

o0
again and hence the function Z anx” has a radius of convergence equal to +00. On the
n=0
1
other hand, lim (M) = +o00, hence p(f) = +o0.
n—+oo \ — log |ay,|

Thanks to Theorem F, we can now prove Theorem 8&:

Theorem 8: Let f = % € M(K) with g € A(K) and h € A°( IK) and (h) < +o0.

Then for every b € K, f' —b has infinitely many zeros.

Proof: Set t = p(h). There exists £ > 1(h) such that ¢(r, h) < ¢r* Vr > 1. Consequently,
taking s > t big enough, we have u(f,r) < r° Vr > 1 and hence f satisfies the hypotheses
of Theorem F. Therefore, for every b € 1K, f’ — b has infinitely may zeros.

Then by Theorem E, we can now derive Corollary 8.1:

Corollary 8.1: Let f = % € M(IK) have all its residues null, with g € A( IK) and
h € A°(IK) and 1 (h) < +o0o. Then for every b € K, f — b has infinitely many zeros.

= 1
Remark: Consider a function f of the form E (— with |a,| = n'. Clearly f
x —
n=1

an)?

belongs to M( IK), all residues are null, hence_f admits primitives. Next, primitives
satisfy the hypothesis of Theorem F. Consequently, f takes every value infinitely many

P
times. Therefore, f cannot be of the form n with P € IK[z] and h € A( K).



2. Type of growth

Definition and notation: In complex analysis, the type of growth is defined for an

log(M
entire function of order ¢t < 400 as o(f) = limsup Ltf(r)).
r—-+00 r

Of course the same notion may be defined for f € A( IK). Given f € A°( IK) of order
1
w and o(f) is called the type of growth of f.

,

~ 1
Moreover, here we will also use the notation o(f) = lim 4i_nf w.
r—-+o00 r

t < 400, we set o(f) = limsup

r—-+4o00

Theorem 9: Let f(x) = Z anz”™ € AY( IK) such that p(f) €]0,+oc[. Then
n=0

o(F)p(f)e = limsup (n {/|an|#9).

n——+oo

Proof: The proof is identical to this of the same statement in € [9], Proposition 11.5.

Notation: Let f € A(K), let (an)ne mw be the sequence of zeros of f with |a,| <
|ant1], m € IN and for each n € IN, let w,, be the multiplicity order of a,,. For every
r > 0, let k(r) be the integer such that |a,| < r Vn < k(r) and |a,| > r Vn > k(r). . We
k(r)
n 1 —1 n
r

rt

n=0

Theorem 10: Let f € A°(IK). Then

p(f) = inf{s €]0, 400 | lim M

r——+oo r

= 0}.

Proof: Indeed, let M = inf{s €]0,+oo[ | lim, 40 bgqﬂ# = 0}. First we will prove
that p(f) < M Let s be such that lim,_, log(‘rw = 0. Let us fix ¢ > 0. For r

k%(’rw < ¢, hence log(|f|(r)) < er®, therefore log(log(|f|(r))) <

log(1
og(log(|f](r))) < s+ — © . This is true for every € > 0, therefore
log(r) log(r)

< sie. p(f) <sand hence, p(f) < M.

big enough, we have

log € + slog(r), hence

i sup 122 00(11(r))

00 log(r)
On the other hand, we notice that

log(|f](r))

M = sup{s €]0,4o0[ | limsup > 0}.

r——+oo
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log(|f](r))

S

=b>0. Let us fix

Now, suppose that for some s > 0, we have limsup
r—-+o00 T

€ €]0,b[. There exists a sequence (r,)nec N such that, when n is big enough, we have
o < log(l71(ra)
)8

slog(ry,) + log(b — €) < log(log(| f|(rn))) < slog(ry) + log(b — €) therefore

log(b—¢) _ log(log(|f|(rn) _ - log(b+e)

< b+ ¢, hence

5t log(r,) log(ry,) log(ry,)
log(1 n .
Consequently, lirf og(log((|f|)(7“ ) = s and therefore p(f) > s, hence p(f) > M. Fi-
n—-+oo og(rn

nally, p(f) = M.

Theorem 11: Let f, g € AY(K). Then o(fg) < o(f) +o(g). If p(f) > p(g), then
o(f) <al(fg). If p(f) = p(g), then max(o(f),0(g)) < o(fg).

If p(f) = plg) and o(f) > o(g) then p(f +g) = p(f) and o(f +g) = o(f). If
p(f +9) = p(f) 2 p(g) then o(f +g) < max(o(f),o(g))-

Proof: Let s = p(f), t = p(g) and suppose s > t. When r is big enough, we have

max(log(|f1(r)), log(Jg1(r) < Tog(1f./(r)) = log(|fI(r)) + log(lg|(r)) and by Theorem 1,
we have p(fg) = s. Therefore

1) = iy (CEULIOD ) oW1y los(lol(),
r——+00 r r——+00 r r—+00 r
< lim sup (M) + lim sup (M) =o(f)+o(g).

r——+00 s r——+o00 rt

On the other hand,
log(|.f[(r))

o
o(f)= limiup pe < limiup -
T—1T00 T—1T00

BF}: ,;(fg) = s, hence o(f) < o(fg). Particularly, if p(f) = p(g), then max(c(f),o(g)) <
a(fg).

Now, suppose s > t. Then by Corollary 1.1, p(f + g) = p(f) = s. Consequently,

(log\f+g|(7’)) (maX(log\fl(r),log\g!(’f’)))

o(f+ g) =limsup < lim sup

r——+00 78 r——+o00 rs
1
:max<limsup( g|f|( )),hmsup (M))
r—-+00 r—-+00 ré

< max (hmsup ( log |f|( )) lim sup (MU = max (o (f),0(g)).

r— 400 r— 400 rt
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Now, suppose p(f) = p(g) = s. Then

log(]f[(r)) < lim sup
rs T ro4oo

) Jim Sup(log(lgl(r)) )>

r——400 TS

lo .g|(r
( g(lJ;Sgl( )))

max (lim sup(
r——4oo

because the two both |f|(r) and |g|(r) tend to +oo with r. Consequently, o(fg) >
max(o(f),o(g)).

Now, suppose again that p(f) = p(g) and suppose o(f) > o(g). Let s = p(f), b =
o(f). Then b > 0. Let (r,)ne w be a sequence such that lim, . r, = 400 and
o lom(7l(r)
n—-+oo n)%
lg|(rn) < |f|(rn). Consequently, when n is big enough, we have |f + g|(r,) = |f|(r») and
hence

= b. Since o(g) < o(f), we notice that when n is big enough we have

(1) i L08(f +9[(ra))

n—+00 (rn)®

=b.

1 n
By definition of o we have o(f + g) > lim og(|.f +9l(rm))

n—too  (ry)PUte) 7 By Theorem 1, we have

p(f +g) < s, hence

log(|f + gl(rn)) log(|f 4 g/(rn))

off +9) 2 lm ()P +9) 2 bm (7n)®
I (A (G) — o(f)

n—+4oo (Tn)s

therefore by (1), o(f+g) > o(f). Suppose that o(f+g) > o(f). Putting h = f+g, we have
f=h—gwith o(g) < o(h), hence o(h — g) > o(h) i.e. o(f) > o(f + g), a contradiction.

1
Consequently, o(f + g) = o(f). Now we have, limsup og(|f t 91(r))

r—-+00 r
1
sy 98017+ 9107
r— 400 rm

Finally, suppose now that p(f + g) = p(f) > p(g). Let s = p(f) and t = p(g). Then,

o(f+ g) = limsup log(lf +g[(r)) w

r—-+00 re

=b > 0. But then,

= 0 Vm > s. Therefore, by Theorem 10, p(f + g) = p(f).

lim sup 10g(\9!(?‘))>

< max < lim sup
r—+00 7

r——400

= max(o(f),a(g))-

Corollary 11.1: Let f, g € A(IK) be such that p(f) # p(g). Then o(f + g) <
max (o (f),o(g))-

Proof: Indeed, suppose for instance p(f) > p(g). Then p(f + g) = p(f) hence, by the
last assertion of Theorem 11, o(f + g) < max(o(f),o(g))-

12



In the proof of Theorem 12, we will use the following trivial lemma:

Lemma L : Let g, h be the real functions defined in ]0,+oo[ as g(x) = and

1— e—tx »
h(x) = ———— with t > 0. Then:

i) inf{jg(z)| |& > 0} = ¢.
i) sup{|h(z)| |x > 0} =t.

Theorem 12: Let f € A°( IK) be not identically zero. Then

p(F)o(f) < v(f) < p(f)(ea() =5 (F)).

Moreover, i 0(F) — T 157 o ipo(p) = i 280S10)

r—-4o0o ']"p(f) r——400 Tp(f)

» then ¢ (f) = p(f)o(f).

Proof: Without loss of generality we can assume that f(0) # 0. Let ¢t = p(f) and set

¢ =1log(|f(0]). Let (an)ne N be the sequence of zeros of f with |a,| < |an11]|, n € IN and

for each n € IN, let w,, be the multiplicity order of a,. For every r > 0, let k(r) be the

integer such that |a,| < r Vn < k(r) and |a,| > r ¥n > k(r). Then by Theorem A, we
k(r)

have log(|f|(r)) = ¢+ Z wy,(log(r) —log(|ay|)) hence

(£ S wnllgr) ~ollan) )

o(f) =limsup -
r

r——+oo

Given r > 0, set ¢, = |a,| and let us keep the notations above. Then

(1) o(f) =limsupo(f,r), ®(f) =limsupy(f,r).

r—+00 r—+00

We will first show the inequality p(f)o(f) < 1(f). By the definition of o(f,r) we can

derive
k(re™®) —a
o(fir) < Z wn(log(r) —log(re ))

rt

n=0

N Z wy, (log(re=*) — log(cy)) fa Z wy,

/r.t t
n=0 k(re—«)<n<k(r)

hence
k(re=@ ) k(re™®)

o(fir) <a Z — + Z w, (log(re=") — log(c,))

t
r
n=0

+a Z %

k(re=o)<n<k(r)

13



therefore

k(re_o‘) k‘('re O‘
" w, (log(re™) —log(cy)
o(f,;r)<a > —+ Z rt )
n=0
Wn,
+a Z F
k(re=>)<n<k(r)
hence
k(re™®) E(re=) _
Wn | _ta wy, (log(re=®) — log(c,))
o(fr)sa Z Tt e t Z (re—a)t
n=0 n=0
Wn Wn
+« Z F — Z F’
0<n<k(r) 0<n<k(re—)
hence
k(re™®) _
“ta wy, (log(re™) — log(cy)) Wy,
U(f,T)S@ ¢ Z (’I“e_a)t + « Z -
n=0 0<n<k(r)

Thus we have

o(f,r) < e o(f,re”®) +ay(f,r).

We check that we can pass to superior limits on both sides, so we obtain o(f) < e~ "o (f)+

1— —ta
atp(f) therefore o( f )(—e) < (f). That holds for every o > 0, hence by Lemma L
o

ii), we can derive

(2) (f) = p(fa(f).

We will now show the inequality

b(f) < p(H)lea(f) = a(f))-

Let us fix & > 0. We can write

o(for) = Z wy, (log(r) ;tlog(re_a))
n=0
M wj(log(re ) ~ log(ca)) (log(r) — log(c;))
+ ; ) T
=0 " K(re—)<j<k(r) "

14



hence

Wre %) wy, k(re ) w;(log(re=®) — log(cy))
olfir)za 3 4+ ) -
n=0 §=0
hence
k(re™®) k(re™®) -
to n —ta wn(log(re a) - log(cn))
O'(f, T) > ae Z (re_m) t+e Z (/re—a>t
n=0 7=0

and hence

a(f,r) > a(f,re™) +e "o(f,re”?).
Therefore, we can derive

ac™u(f) < msup (a(f.7) = o (fre ™))

r——+400

and therefore

ae " Y(f) < o(f) —e "5 (f)).

That holds for every a > 0 and hence, when tov = 1, we obtain (f) < p(f)(ea(f) — 7 (f))
which is the left hand inequality of the general conclusion.

1
Now, suppose that o(f) = 115{1 M
r——+00 r
etOé _ 1

. Then we have

et — 1

limsupy(f,r) < a(f)( ) and hence (f) < a(f)( > That holds for every
7—+00

a > 0 and then, by Lemma L i) we obtain ¢(f) < to(f), i.e. ¥(f) < p(f)o(f), hence by
(2) we have, ¢(f) = p(f)o(f)-

Now, suppose that
k(r)

B(f)= lim Y =t= lim w(fr).
n=0

We can obviously find a sequence (r,)ne W in ]0,+oo[ of limit +oo such that o(f) =
lim,, 400 o(f,7ne”). Then, by (1) we have

—ta 'n —to T'n
O'(f,’f’n)>046 K ¢(f,€—a)+ ¢ O(f’e_a>
hence
limsup o(f,r,) > ae " P(f) + e "“o(f)
n—-4oo
and hence

o(f) = ae™"Y(f) +e "o (f)

15



therefore, 1 (f) < (eto‘a— 1)0(]"). Finally, by Lemma L i) we have, ¥(f) < p(f)o(f) and
hence by (2), ¥(f) = p(f)o(f)-

Remarks: 1) When neither ¢ nor ¢ are obtained as veritable limits when r tends to
+00, the method does not let us prove that 1) = po, the natural conjecture.
2) Concerning the upper bound (f) < p(f)(ea(f) —a(f)) it is possible to improve

and then we have

this a bit by defining the number ug > 0 such that e"°(uy — 1) = — ol

a(f)

P (f) ~5(f)

Uug

U(f) <
Corollary 12.1: Let f € A(IK) be not identically zero and have finite growth order.
Then o(f) is finite if and only if so is P(f).
By Theorems 9 and 12 we can also notice this corollary:

Corollary 12.2: Let f(x) = Z anz" € A°( IK) be not identically zero. Then
n=0

limsup (n {/|a,[P()) < ey(f) < elimsup (n {/|an|P)).

n—-4oo n——4oo

1
Moreover, if ¥(f) = rglfoo rTf)) orif o(f) = TEI}}OO %, then
ey (f) = limsup (n {/|a,|P)).

n—-+00

Theorem 12 suggests the following conjecture:
Conjecture 1:  Let f € A°(IK) be such that either o(f) < +oo or ¥(f) < +oo. Then
(f) = p(fa(f).

Now, by Theorem 8, we can also state Corollary 12.3:

Corollary 12.3: Let [ = % € M(K), with g, h € A( K) not identically zero and be

such that h has finite order of growth and and finite type of growth. Then f’ takes every
value b € K infinitely many times.

3. Order and type of the derivative
Theorem 13: Let f € A( IK) be not identically zero. Then p(f) = p(f’).
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) nlog(n)
Proof: By Theorem 6 we have "y = limsu (
y P =Tmal { = 3ogtn + Dangal)

) . But since <

1
n

In| <1, we have

. nlog(n) . nlog(n)
lim sup ( ) = lim sup (—)
n—+too \—log(|(n + 1)ant1|/  n—otoo \—log(lan+i])

= p(f)-

= lim sup
n——4oo

(n+1)log(n+1)
< —log(\§n+1|) >

Corollary 13.1: The derivation on A( IK) restricted to the algebra A( IK,t) (resp. to
A°(IK)) provides that algebra with a derivation.

In complex analysis, it is known that if an entire function f has order ¢ < 400, then
f and f’ have same type. We will check that it is the same here.

Theorem 14: Let f € A( IK) be not identically zero, of order t €]0,+o00[. Then o(f) =
o(f')-
Proof: By Theorem 8 we have, ep(f')o(f’)

t

= limsup (n(|n + 1Han+1\) ") = lim sup (((n + 1)(]71 + 1Han+1!) )H_H( - ))
n— 400 n—-+oo n 4+ 1

3|+

~ timsup ((n+ 1) (Jn + Ulanssl) ™) = en(Dof)

n——4oo

But since p(f) = p(f’) and since p(f) # 0, we can see that o(f") = o(f).

By Theorems 12, 13, 14 we can now derive

Corollary 14.1:  Let f € A°( K) be not identically zero. Then
p(fo(f) <o (f) <ep(fla(f) and [(f) = ¥ (f)lee < (e = D)p(f)o(f).

Corollary 14.2:  Let f € A°( K) be not identically zero. Then (f') is finite if and
only if so is ¥(f).

Corollary 14.3:  Let f € A°( K) not identically zero. Then in each one of the

be
following hypotheses, we have ¥(f") =¥(f) = p(f)o(f):
) = lm é(fr) and w(f) = im (7).

(7'
i) o(f) = lim_o(f,r) and o(f') = Tim_o(f'r),
i) $(f) = lim_(f,r) and o(f') = Erfooa(f )
i) o(f) = lim_o(f,r) and 9(f') = Tim $(f,7).

By Corollary 12.3, we have the following corollary:

17



Corollary 14.4: Let f = % € M( K) be not identically zero, with g, h € A( IK) and

suppose that f has all residues null and that h has finite order of growth and finite type of
growth. Then f takes every value b € K infinitely many times.

Conjecture 1 suggests and implies the following Conjecture 2:
Conjecture 2: (f) =¢(f) Vf € A°( K).
Theorem 15: Let f, g € A( IK) be transcendental and of same ordert € [0, 4+o0c[. Then

for every e > 0, we have
lim sup <M> = 400.

r—+00 Q(f7 T)
Proof: Suppose first ¢t = 0. The proof then is almost trivial. Indeed, for all € > 0, we
have lim M = 0 hence lim r = +400, therefore lim M = +o00.
r—+oco 1€ r——4o00 q(f7 7“) r—-+00 q(f7 7“)
Now suppose t > 0. By Theorem 4, we have lim sup atf,r) is a finite number ¢ and
r—-+00 r
hence there exists A > 0 such that
(1) q(f,r) < At vr > 1.

Now, let us fix s €]0,¢[. By hypothesis, p(g) = p(f) and hence by Theorem 4, we have

lim sup alg:7) = 400 so, there exists an increasing sequence (7, )ne W of IRy such that
r—-+00 ré
lir+n rn = 400 and qgg, ;n) > n. Therefore, by (1), we have
n—-4oo T )8
)\ n ¢ y'n r'n
(r )SQ(Q ) _ alg 7’8) o
(rn)5q(f,n) (Tn)
and hence .
A lim <(r”) Q(g’r”)) = +0.
n—+00 Q(f7 Tn)
Consequently,
: (r)'*q(g,7)
2 lim sup (—) = +400.
( ) r—+400 q(f7T>

Now, since that holds for all s €]0, t[, the statement derived from (2).

Remark: Comparing the number of zeros of f to this of f inside a disk is very uneasy.
Now, we can give some precisions. By Theorem 15 we can derive Corollary 15.1.

18



Corollary 15.1: Let f € A°( IK) be not affine. Then for every e > 0, we have

. req(f',r)\
e (Sygpny ) =+

and

= +-o00.

. req(f,r)
limsup (*£225)

We can now give a partial solution to a problem that arose when studying the zeros
of derivatives of meromorphic functions: given f € A( IK), is it possible that f’ divides f
in the algebra A( IK)?

Theorem 16: Let f € A(K)\ K|x]. Suppose that for some number s > 0 we have
limsup |q(f,r)|r® > 0 (where |q(f,7)| is the ultrametric absolute value of q(f,r) defined on

r—-+00

IK). Then f" has infinitely many zeros that are not zeros of f.

Proof: Suppose that f/ only has finitely many zeros that are not zeros of f. Then there
exist h € A( K) and P € IK[z]| such that Pf = f’h. Without loss of generality, we can
assume that P is monic. Every zero of f of order u > 2 is a zero of f’ of order u — 1 and
hence is a zero of h. And every zero of f of order 1 is zero of h of order 1 too. Consequently,
h is not a polynomial

Set f(x Z anx™, = Z cnx” h(x Z bpx™ and let s = deg(P). Then

cn = (n+ 1)an+1 Vn € IN. On the other hand, by Theorem A, given any r > 0 we
have |f|(r) = \aq(f,r)|7~Q(f,r) If'1(r) = ]cq(f,ﬂq)\rfJ(f " = |(q(f )+1)aq(f,’r)+1)|7~q(f ) and
|h|(r) = |bq(h,r)|r‘J(h’T). Since h has infinitely many zeros, there exists 9 > 0 such that

q(h,r) > s+ 2 VYr > ro, assuming that all zeros of P belong to d(0,s). Then since the
norm | . |(r) is multiplicative, we have s+ q(f,r) = q(f’,r) + q(h,r), hence

(1) q(f';r) < q(f,r) = 1Vr>rg.

Then, by (1) we have |ep[r™ < Cq(f’ar)rq(f/’r) Vn > q(f’,r),Vr > ro and particularly,
|CQ(f,r)—1|Tq(f7r)_1 <|f'|(r) = |Cq(f/7r)|7“q(f/’r) i.e.

(2) 1(q(f, 7)) ag(r.olr @D =D < | F|(r) = [(g(f,7) + Vag(ppyga|r?

On the other hand, since Pf = f’h, we have |P|(r)|f|(r) = | f'|(r)|h|(r), hence since P is

monic,
B) a0 = () + Doyl Dby nlr 1) > 1o
By (2) we can derive

r*Ha(f,r)agerm Pt < r*l(a(f,r) + Dagimyalr?d"
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and by (3) we have

Q(f7 r ' r s "
(L) 0079 Doyl o 1) < 1 7) + Dyt

therefore we obtain |bq(hm)|rq<h’r)_1|q(f, r)| < r®. Consequently,

() ) <
4 hi(r) <
lq(f,7)]
h
Since h is transcendental, we have lim | ‘g) = +o00 Vm > 0. Now, suppose that for

r——+oo 1

some integer m we have limsup |q(f,7)|r™ > 0, hence there exists a constant ¢ and an
r——+oo

increasing sequence (7, )ne W+ such that 1 > 7o, lim,,—, 4 o 7, = +00 and |q(f, ry)|(rn)™ >
¢ Vn. Then |h|(r,) < ¢(r,)*TH™ V¥n, a contradiction to (4). This finishes proving that P
and h do not not exist.

Remark: It is possible to deduce the proof of Theorem 16 by using Lemma 1.4 in [3].

Corollary 16.1 is a very partial answer to the p-adic Hayman conjecture when n = 1,
which is not solved yet.

Corollary 16.1 Let f € M( IK) be such that

1
limsup |[¢(=,7)|r® >0
7—+00 f

for some s > 0. Then ff' has at least one zero.

1
Proof: Indeed, suppose that ff’ has no zero. Then f is of the form ’ with h € A( IK)

/
and [/ = —72 has no zero, hence every zero of h’ is a zero of h, a contradiction to Theorem

16 since limsup,_, o, |q(h,r)|r® > 0.

Remarks: Concerning complex entire functions, we check that the exponential is of order
1 but is divided by its derivative in the algebra of complex entire functions.

1
It is also possible to derive Corollary 16.2 from Theorem 1 of [1]. Indeed, let g = 7

By Theorem 4, lim sup a(f,7)

r—+o00 r

is a finite number. Consequently, there exists ¢ > 0 such

that q(f,r) < cr! Vr > 1 and therefore the number of poles of g in d(0,7) is upper bounded

by crt whenever r > 1. Consequently, we can apply Theorem 8 and hence the meromorphic

function ¢’ has infinitely many zeros. Now, suppose that f’ divides f in A( IK). Then
/

every zero of f’ is a zero of f with an order superior, hence “— has no zero, a contradiction.

£2
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If the residue characteristic of IK is p # 0, we can easily construct an example of
entire function f of infinite order such that f’ does not divide f in A( K). Let f(z) =

o0

H (1 — i)pn with |a,| = n+ 1. We check that q(f,n + 1) = Zpk is prime to p for
A,

n=0 k=0

every n € IN. Consequently, Theorem 16 shows that f is not divided by f’ in A( IK). On

the other hand, fixing t > 0, we have

q(f,n+1) p"
(n+ 1) = (Tl

hence
lim sup q(f;r)

r—+o0 r

—4+oo Vt >0

therefore, f is not of finite order.

Theorem 16 suggests the following conjecture:
Conjecture 3 Given f € A( KK), other than (x —a)™, a € K, m € IN, there exists no
h € A( K) such that f = f'h.
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