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Abstract. An  algorithm to  retrieve  the  complex  refractive  index  and  size  distribution  of 

spherical  particles  from  Dual-Polarization  Polar  Nephelometer  data  is  presented.  The 

assessment of the refractive index is based on the lookup-table approach, which is safe against 

converging to  a  local  minimum,  i.e.  false  solutions.  The results  of  tests  of  the  algorithm 

against real experimental data are outlined. The retrieved characteristics are in the expected 

ranges and in good agreement with the nature of particles and the specifications of the aerosol 

generators. It is demonstrated that, when a population of small particles, e.g.,  atmospheric 

aerosols, is dealt with and a gradient algorithm is employed to estimate the complex refractive 

index, either the algorithm must be able to overcome the problem of local minima or one 

should have some a priori information about credible ranges of the real and imaginary parts.
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1. Introduction

Aerosols have been identified as a major uncertainty in predicting the global energy 

budget  [1,  section  2.4].  The  knowledge  of  microphysical  and  optical  characteristics  of 

aerosols  is  of  importance  for  modelling  the  radiative  balance  of  Earth’s  atmosphere, 

understanding the cloud life cycle, and remote sensing of tropospheric aerosols.

The knowledge of aerosol properties is extended first of all by means of  in situ and 

laboratory measurements. And, nephelometers contribute significantly to that extension. For 

example, a considerable amount of experimental single scattering matrices as functions of the 

scattering angle (from about 3 to 174 degrees) have been obtained with the light scattering 

facility in Amsterdam. The measured data are available at the Amsterdam Light Scattering 

Database [2].

The long term objective  of  the  Dual-Polarization  Polar  Nephelometer  (D2PN) [3], 

designed at Laboratoire de Météorologie Physique, is to develop a database of optical and 

microphysical characteristics of aerosols and to test inverse codes against it. The D2PN is a 

device to measure the parallel and perpendicular polarized components of light scattered by 

an ensemble of aerosol particles. Measurements are carried out at the single wavelength 

800 nm in the interval of scattering angles from 10° to 169° with the step of 1°.

On the base of sensitivity tests of D2PN data to optical and microphysical parameters 

of ensembles of spherical particles, we showed [3] that D2PN data enable to retrieve some 

microphysical parameters along with the assessment of the complex refractive index. At the 

same time, there are limitations on retrieval of complex refractive index that are related to the 

degree of absorption of particles [3]. It is of importance to test those conclusions and our 

retrieval approach against real experimental data. The aim of this paper is to present results of 
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tests we performed. Our retrieval approach is outlined first. Thereafter the experimental data 

and retrieval results are presented. Section 4 is devoted to the discussion.

2. Retrieval approach

As for atmospheric aerosols, most of the retrieval methods are based on the Lorenz-

Mie theory (see, e.g., [4]), that is, aerosols are modelled as spherical particles. Due to the 

progress in modelling of optical properties of single particles with diverse geometrical shapes, 

spheroid models come into play to account for aerosol particle nonsphericity. For example, 

the Version 2 AERONET (AErosol RObotic NETwork) retrieval [5] provides a number of 

aerosol  parameters  (i.e.,  size  distribution,  complex  refractive  index  and  partition  of 

spherical/non-spherical particles). Nevertheless, homogeneous spherical particles remain the 

dominant model for aerosol inverse problems. And, our retrieval approach is also based on 

that model.

Broadly speaking, the retrieval of the complex refractive index inm   and the size 

distribution of particles consists of two tasks: (i) the retrieval of the size distribution when 

values of n  and   are preassigned, and (ii) the assessment of the complex refractive index. 

When a value of the refractive index is preassigned, we employ a code that relies on the 

method developed by Dubovik and colleagues (see, e.g., [6, 7]), hereafter D&C’s method. 

There are several reasons to prefer that method. The most important reasons are discussed in 

the following.

First of all, D&C’s method provides non-negative solutions. The problem of positivity 

of a retrieved particle size distribution is known for a long time (see, e.g., [8 – 9]). It concerns 

not only the contradiction that negative values are allowed as a solution for fundamentally 

positive  parameters.  Usually,  negative  values  appear  at  the  size  range  of  large  particles. 
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Compared to the total number concentration their percentage can be sufficiently small. But, 

the contribution of the negative values to optical characteristics cannot be neglected because it 

is proportional to the cross section of a particle [4]. A number of algorithms, which employ 

the non-negativity  constraint,  were proposed (see, e.g., [8 – 12]). As it  concerns the non-

negativity  constraint,  we  prefer  D&C’s  method  because,  in  our  opinion,  retrieval  of 

logarithms of physical characteristics is the most natural and smart way to avoid negative 

values.

The second reason is  the flexibility  of D&C’s method, i.e.,  there are  a  number of 

alternatives for implementing the inversion so that the scheme can be easily used with other 

applications [6 – 7]. The last but not least reason is that the AERONET operational code is 

based on that method. In other words, its high quality is proven through successful processing 

of huge sets of real experimental data. We note in passing that we performed a large number 

of simulations, including multimodal size distributions and different levels of measurement 

errors. Our simulations confirmed high quality of D&C’s method when applied to D2PN data.

The details  of D&C’s method are beyond the scope of the present work; interested 

readers are  referred to  the papers  [6 – 7].  For clarity  sake,  we point  out that  retrieval  of 

particle size distribution from D2PN data is related to a system of Fredholm integral equations 

(or an equation) of the first kind (see, e.g., [7, 13]):

  
max

min

)(),,,,()( 0,//,0,//,

r

r
drrfrnKI  , (1)

where )(// I  and )(I  are the parallel and perpendicular polarized scattered components 

when the sampling volume is illuminated by the unpolarized light; )(0 I  is the unnormalized 

phase function;   is  the scattering angle;  ),,,,(0,//, rnK   denote the corresponding 

cross sections; r  is the radius of a particle; )(rf  is the number size distribution of particles. 
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The total number ),( maxmin rrN  of particles with radii between minr  and maxr  per unit of 

volume is:


max

min

)(),( maxmin

r

r
drrfrrN . (2)

The components )(// I  and )(I  can be expressed as follows:

 )()(
8

)( 1211// 


 FF
C

I sc  ,  )()(
8

)( 1211 


 FF
C

I sc  , (3)

where ][ 1mCsc  is the scattering coefficient, )(11 F  and )(12 F  ][ 1sr  are the elements 

of the scattering matrix (see, e.g.,  [14, 15, section 4.2]). The element  )(11 F  is called the 

scattering phase function and satisfies the following normalization condition:
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The values of the unnormalized phase function can be deduced from the D2PN data by means 

of the formula:
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4
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III sc  . (5)

The  parameter  
)(

)(
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


F

F
P   is  called  the  degree  of  linear  polarization  for  incident 

unpolarized light (see, e.g., [16]) and can be computed as follows:
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The parallel  polarized  component  )(// I  is  measured  by D2PN for  the scattering 

angles  ranging  from  10°  to  160°;  and  the  perpendicular  polarized  component  )(I  is 

measured from 19° to 169°. The both components are recorded with the step of one degree. 
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The discretization  by quadrature  approximates  Eqs (1)  by the  linear  systems,  i.e.,  by the 

matrix equations [7, 13]:

i
k

k
kii rd

rdV
rnKI   ln

)(
),,,()( 0,//,0,//,  , (7)

where  ),,,(0,//, ki rnK   are kernel  matrices;  )()(ln)( rfrvrrdrdV  ;  )(rv  is the 

volume of particle with the radius  r ;  i  are measurement errors. Thus, D&C’s method is 

used to solve Eq. (7) when the complex refractive index inm   is preassigned.

The approach we employed to estimate the complex refractive index of particles is 

discussed  in  the  following.  The  dependence  of  the  kernel  matrices  on  the  real  n  and 

imaginary   parts of the refractive index is considered through the lookup-table, that is, the 

kernel  matrices  were precomputed  in grid points  of  inm  ,  which cover  for  sure the 

whole range of expected values. In D2PN retrieval code, the lookup table covers the intervals 

from 1.1 to 1.9 for n  and from 1E-10 to 1E+1 for  .

In the main grid of the lookup-table, the real-part range is divided into 40 intervals 

with the linear steps of 0.02; the imaginary-part  range is  divided into 50 intervals  with a 

logarithmic step. For each value of the refractive-index grid, a size distribution is retrieved. 

The intermediate value III inm   of the refractive index is derived using the condition of 

minimum of the root mean squared relative errors (RMS). Thereafter, the grid of n  and   is 

refined around III inm  . For each value of the refined grid, a size distribution is retrieved. 

The final value  FFF inm   is derived using the condition of minimum of the RMS. The 

corresponding size distribution is considered as the retrieved one.

The lookup-table approach (LTA) is time-consuming because an inverse problem must 

be solved at each point of the refractive-index grid. For example, the LTA is about 104 times 

more time-consuming compared to  the code developed by Dubovik and colleagues  [6,  7] 

where an iterative algorithm (successive approximations) is employed to estimate inm  . 
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At the same time, the LTA has the following advantages. It does not depend on an initial guess 

and is safe against converging to a local minimum, which can lead to a false solution. The 

LTA provides possibility to show root mean squared relative errors as a function of n  and 

,  i.e.,  as  a  3D plot.  This  is  especially  convenient  when graphics  software  enables  image 

rotation. All minima can be seen and analyzed at the one time.

3. Experimental data and retrieval results

3.1 Measured characteristics

Our  measurements  were  carried  out  for  several  populations  (ensembles)  of  liquid 

droplets. First of all, the populations differ in the size distribution. For the first set of data, a 

liquid  aerosol  generator  (PLG-2000,  Pallas  GmbH)  produced  small  droplets;  and  for  the 

second one, large droplets were generated (VOAG 3050, TSI Inc.). The populations of liquid 

droplets differ in the complex refractive index as well. They were generated from (i) water, 

(ii) ethanol, (iii) Di-Ethyl-Hexyl-Sebacate (DEHS), (iv) the DEHS-ethanol mixture of 50% 

ethanol, and (v) the DEHS-ethanol mixture of 95% ethanol.

The optical scheme and the technical parameters of D2PN are described in details by 

Verhaege et al. [3]. The D2PN sampling volume is illuminated by the unpolarized light at the 

wavelength  800 nm. The polarized components parallel )(// I  and perpendicular )(I  

to the scattering plane were measured. The accuracy of the measurements is estimated to be 

better  than 5% when the single scattering conditions are assured and the concentration of 

particles is sufficiently high. The quantities  )(// I  and  )(I  are proportional to scattered 

intensities (see, e.g., [17], p. 1), but are not real ones. Their relationships with the scattering 

coefficient, the elements of the scattering matrix and the degree of linear polarization are done 

in Section 2.
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Our retrieval code were tested against four following cases of the measured data: (i) 

the perpendicular )(I  and (ii) the parallel )(// I  components taken individually, (iii) the 

unnormalized phase function )()()( //  III   , and (iv) the components I  and //I  taken 

together.  The  D2PN  measurements  are  carried  out  with  the  step  of  one  degree  for  the 

scattering angles ranging from 10° to 160° for )(// I  and from 19° to 169° for )(I , that 

is, the perpendicular and parallel components are recorded at 151 values of  . Consequently, 

the  unnormalized  phase  function  )(I  and  the  degree  of  linear  polarization  )(P  are 

deduced for 142N  values of   in the scattering angles range from 19° to 160°. The D2PN 

data appeared to be highly redundant with respect to the size distribution of homogeneous 

spheres [3]. That is why it is reasonable that we obtained the very close results for all four  

cases. Therefore, only results for the unnormalized phase function )(I  are presented below.

Four representative examples of measured phase functions )(I  are shown by points 

in Figs. 1(a) and 2(a). (Because of the small step of  , the points merge together. Points are 

seen separated in the zooming rectangle.) The cases 1(a) correspond to populations of small 

droplets.  The  symbols  “w”,  “e”  and  “d”  stand  for  water,  ethanol,  and  DEHS particles, 

respectively. The functions are shifted along the vertical  axis due to the fact that  )(I  is 

unnormalized and depends on the total number concentration of droplets. All three functions 

are quite smooth; and, as might appear at first sight, nothing indicates that they are related to 

droplet-populations having different values of the refractive index. The phase function 2(a) 

corresponds to a population of water droplets. It has two pronounced peaks that correspond to 

the primary and secondary rainbows. That indicates that we deal with a population of large 

droplets.

3.2 Retrieved characteristics
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It should be pointed out that the retrieval approach, outlined in Section 2, was applied 

to the experimental data under blind conditions. That is, the operator was provided only by the 

measured characteristics; he had had no any additional information. The retrieved particle size 

distributions are shown in Figs. 1(b) and 2(b). There is a pairwise correspondence between 

Figs. 1(a) and 1(b), i.e., the distribution “w” is the inversion of the phase function “w” and so 

on.  It  is  seen that  the small-particles  generator  produced droplets  with a size distribution 

having maximum at the particle radius of 1 m . The width of the DEHS size distribution is 

higher compared to those one of the water and of the ethanol. That may be due to the fact that 

the DEHS viscosity is more than 10 times higher. According to manufacturer's specifications, 

the generated particle sizes as well as the concentration depend substantially on the type of 

liquid.  As  it  is  seen  in  Fig.  2(b),  the  large-particles  generator  produced  droplets  with  a 

monomodal  size  distribution  having  maximum  at  particle  radius  of  28  m .  The  size 

distribution is quite narrow; that is why the rainbow peaks of the phase function 2(a) are well 

pronounced.

The assessed values of the complex refractive index and the “true values” of the real 

part are shown in Table. The “true values” were measured using an Abbe refractometer. All 

data correspond to low absorbing liquids.  For low absorbing particles,  only the range ( 

<1.E-4) of the imaginary part of the refractive index can be estimated from D2PN data  [3]. 

That is why, the  true values of    are not  given. In Table, seven examples are given. The 

cases, shown in Figs. 1 and 2, are highlighted in bold. The retrieved values of   are less than 

or close to 1.E-4, which is in agreement with the conclusions of the paper [3].

The complex refractive index of water is of 1.329 + i 1.25E-7 for the wavelength of 

800 nm [18]. In the case of large droplets, the retrieved value of the real part is perfect. For  

small  particles,  the  estimated  value  is  1.311.  This  value  is  within  the  error  bars  that 

correspond to the D2PN measurement  errors. In the both cases,  the imaginary part of the 
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refractive index is within the expected range of values (less than 1.E-4) of low absorbing 

particles. For small particles, the assessed values of the real part of ethanol and of DEHS are 

close to the “true” one. They are well distinguished despite the fact that the phase functions of 

Fig. 1(a) might appear similar.

The assessed values of two integral parameters of the size distributions, i.e., the mean 

diameter and the volume median diameter VMD , are given in Table as well. We have only the 

manufacturer's specifications on the particle generators as the “true information”. Thus, the 

generated populations are referenced as small, mean, and large in Table. It is seen that the 

estimated  values  of  VMD  are  in  good  agreement  with  each  other  and  with  the  “true 

information”.

The phase functions computed from the retrieved distributions, i.e., the retrieved phase 

functions, are plotted by lines in Figs. 1(a) and 2(a). The careful examination of zoomed plots 

reviled a good fit of the measured data.

4. Discussion

As it  was mentioned  above,  the  lookup-table  approach is  time-consuming.  On the 

other hand, the advantage of the LTA is that it provides possibility to obtain a 3D plot of root 

mean squared relative errors (RMS). Figs. 3 and 4 show two representative examples of the 

RMS as a function of n  and  . The first one is the DEHS small particles. It corresponds to 

the phase function “d” of Fig. 1(a). The second example is the large water droplets (the phase 

function of Fig. 2(a)). 

As it is seen in Fig. 3, one deals with a nonlinear inverse problem when the value of 

the complex refractive index inm   is to be retrieved. The valley of local, i.e., secondary, 
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minima is at the real part 73.1n . Thus, if a gradient algorithm was employed and an initial 

guess  was  chosen,  for  example,  at  7.1n ,  a  false  solution  would  be  obtained. 

Consequently, when one deals with a population of small particles, e.g., atmospheric aerosols, 

and the complex refractive index is retrieved along with the size distribution, either a gradient 

algorithm must be able to overcome the problem of local minima or one should have some a 

priori information about credible intervals of n  and  . The second valley of minima is at 

455.1n . Compared to the “true value” of 450.1n , that value is within the error bars, 

which correspond to the D2PN measurement errors.

As it is seen in Fig. 4, there are no secondary minima within a reasonable range of the 

complex  refractive  index.  The  sharp  valley  of  minima  is  at  329.1n ,  i.e.,  in  perfect 

agreement  with  the  complex  refractive  index  of  water.  And,  the  valley is  much  sharper 

compared to that one of Fig. 3. Thus, when droplets are large, any gradient algorithm is able 

to  provide  a  reasonable  value  of  n .  That  is  due to  fact  that  the  angular  location  of  the 

rainbow peak strongly depends on the real part of the refractive index (see, e.g., [14, section 

13.2]).

From the above reasoning it follows that, when large sets of D2PN experimental data 

are involved, an automated code based on the method of Dubovik et al. (see, e.g., [6, 7]) can 

be employed not  only to  retrieve  particle  size distributions,  but  to  estimate  values  of the 

complex  refractive  index.  At  the  same time,  it  is  preferable  to  exercise  a  spot  check  of 

assessed data using the lookup-table approach.

In both cases, the valley of minima is involved. At the assessed value of the real part, 

the variations of the RMS value are very small, i.e., negligible, if the imaginary part   is less 

than 1.E-4. That confirms the conclusion of the paper [3] that only the range of the imaginary 

part of the refractive index can be estimated from D2PN data if particles are low absorbing.
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As it was mentioned in Section 3.1, D2PN data are redundant with respect to the size 

distribution and refractive index of homogeneous spheres. On the other hand, this is not the 

case when other types of particles, e.g., aspheric, or irregular, or inhomogeneous, or having 

rough surface and so on, are concerned. For example, the degree of linear polarization )(P  

exhibits a different angular behaviour for different populations of mineral particles (see, e.g., 

[19, Fig. 10]).

5. Conclusions

The accuracy of D2PN experimental data and of the employed inversion algorithm is 

sufficient  to  estimate  the complex refractive  index and to retrieve the size distribution of 

ensembles of spherical particles. All assessed parameters are in the expected ranges and in 

good agreement with the nature of particles and the specifications of the generators.

It is confirmed that, in the case of the low absorbing particles, measurement errors 

substantially reduce the sensitivity to the imaginary part of the refractive index and only the 

range (<1.E-4) of the imaginary part can be estimated.

The  lookup-table  approach  does  not  depend  on  an  initial  guess  for  the  real  and 

imaginary parts of the refractive index. It is safe against converging to a local minimum, i.e. 

false solutions. The LTA provides the general view of the nonlinear properties of the inverse 

problem by way of 3D plots.

When a population of small particles, e.g., atmospheric aerosols, is dealt with and a 

gradient algorithm is employed to estimate the complex refractive index, either the algorithm 

must be able to overcome the problem of local minima or one should have some  a priori 

information about credible ranges of n  and  . It is preferable to exercise a spot check of 

assessed by the gradient algorithm data using the lookup-table approach.
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Figure Captions

Figure  1.  Unnormalized  phase  functions  (a)  and  retrieved  size  distributions  (b)  of  small 

droplets.  The  symbols  “w”,  “e”  and  “d”  stand  for  water,  ethanol,  and  DEHS particles, 

respectively.

Figure 2. Unnormalized phase function (a) and retrieved size distribution (b) of large water 

droplets.

Figure 3. 3D plot of RMS errors vs the imaginary and the real parts of the refractive index of 

small DEHS droplets.

Figure 4. 3D plot of RMS errors vs the imaginary and the real parts of the refractive index of 

large water droplets.
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Tables

Table.  True values of the real part of the  refractive index,  estimated values of the  complex 

refractive  index  and  assessed  values  of  integral  parameters.  VMD  stands  for  the  volume 

median diameter. 5%+95% and 50%+50% are the DEHS-ethanol mixture of 95% and 50% of 

ethanol, respectively. The cases, shown in Figs. 1 and 2, are highlighted in bold.

Complex refractive index Size
True value Retrieved values Retrieved values
Real part Real part Imaginary 

part

Generated 

particles

Mean 

diameter, 

m

VMD , 

m

Water 1,329 1,311 < 1E-04 small 1,57 2,00
Water 1,329 1,324 < 1E-04 mean 2,88 10,89
Water 1,329 1,329 < 1E-04 large 26,3 79,34
DEHS 1,450 1,455 < 1E-04 small 0,41 1,68
Ethanol 1,360 1,350 < 1E-04 small 1,51 2,62
5%+95% 1,370 1,375 < 1E-04 large 1,83 54,39
50%+50% 1,410 1,436 1,98E-04 large 2,53 77,11
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Figure  1.  Unnormalized  phase  functions  (a)  and  retrieved  size  distributions  (b)  of  small 

droplets.  The  symbols  “w”,  “e”  and  “d”  stand  for  water,  ethanol,  and  DEHS particles, 

respectively.
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Figure 2. Unnormalized phase function (a) and retrieved size distribution (b) of large water 

droplets.
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Figure 3. 3D plot of RMS errors vs the imaginary and the real parts of the refractive index of 

small DEHS droplets.
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Figure 4. 3D plot of RMS errors vs the imaginary and the real parts of the refractive index of 

large water droplets.
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